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Abstract: Bayes minimax estimation is important because it provides a robust approach to statistical
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Bayes minimax estimation of the mean matrix of a matrix variate normal distribution is considered
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1. Introduction

Let X = (x;j) be a p x m matrix random variable with a matrix variate normal
distribution with mean matrix ® = (Gi,j) and covariance matrix I, ® I,;, where I is the
k x k identity matrix and ® denotes the Kronecker product.

The matrix variate normal distribution finds applications across various fields, includ-
ing multivariate statistical analysis, machine learning, and signal processing. In multivari-
ate statistical analysis, it serves as a fundamental tool for modeling covariance structures
in datasets where the observations are matrices, such as in longitudinal studies or mul-
tivariate time series analysis. In machine learning, it is utilized for modeling complex
dependencies among high-dimensional data, particularly in tasks involving matrix-valued
inputs or outputs, such as in recommender systems or tensor factorization. Moreover, in
signal processing, the matrix variate normal distribution is employed for modeling the
joint distribution of multiple correlated signals or images, enabling efficient estimation and
inference in applications such as array processing or medical imaging.

Some recent applications of the matrix variate normal distribution include analysis of
multiple vector autoregressions [1]; brain connectivity alternation detection [2]; capacity
for severely fading MIMO channels [3]; integrated principal components analysis [4]; deter-
mination of the relationship between incidence and mortality of asthma with PM2.5, ozone,
and household air pollution [5]; autism spectrum disorder identification [6]; and identifica-
tion of depression disorder using multi-view high-order brain function networks [7], to
mention just a few.

Bayesian minimax estimation is a statistical approach that combines Bayesian inference
with minimax decision theory. In traditional Bayesian inference, we use prior knowledge
and observed data to update our beliefs about the parameters of interest. Minimax decision
theory, on the other hand, focuses on minimizing the maximum possible loss (risk) that can
occur under different parameter values.

In Bayesian minimax estimation, we seek an estimator that minimizes the maximum
possible posterior expected loss, where the expectation is taken with respect to the posterior
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A ~ Ny (0 A7 (I = A) @1 ), A~ |A|5‘1g<

distribution of the parameter given the observed data. This approach is particularly useful
when there is uncertainty about the true parameter value and when it is important to
protect against worst-case scenarios.

There has not been much work on Bayesian estimation of the parameters of the matrix
variate normal distribution. Ref. [8] extended the so-called Stein effect and proposed an
empirical Bayes estimator, outperforming the maximum likelihood estimator, X, for the
case m > p + 1. Since then, many classes of minimax estimators better than the maximum
likelihood estimator have been found. Ref. [9] derived a large class of unbiased risk
estimators, including a class of minimax estimators obtained by [8]. Using the result of
Stein, ref. [10] extended the results of [11] to the multivariate case. For the case of X ® I,;,
where Z is an unknown positive definite matrix and p > m + 1, ref. [12] introduced a class
of minimax estimators containing those of [8]. Ref. [13] derived a large class of minimax
estimators using the Stein identity and the Haff identity [14] for the case m > p + 1. For
the case of & = I;;, Ref. [15] found orthogonally invariant hierarchical priors, resulting in
Bayes estimators that are admissible and minimax. For the case of an unknown covariance
matrix, Ref. [16] obtained a generalized Bayes class of minimax estimators of the mean
matrix for m > p + 1, p > m + 1. Ref. [17] obtained Bayes minimax estimators of the mean
for the case of common unknown variance. Ref. [18] obtained Bayes minimax estimators of
the normal mean matrix for the case of common unknown variances.

For the problem of estimating the mean matrix of an elliptically contoured distribution,
Ref. [19] derived generalized Bayes minimax estimators for the mean matrix; ref. [20] also
obtained a class of minimax estimators for the mean matrix, which was used to find a class
of proper Bayes minimax estimators of ©.

In this paper, we derive a large class of (proper and generalized) Bayes minimax
estimators of @ containing estimators of [15] as a special case. In fact, we extend the
results of [21] to the multivariate case. The main result, giving a large class of (proper and
generalized) Bayes minimax estimators, is developed in Section 2. Section 3 considers two
examples of classes of (proper and generalized) Bayes estimators. In particular, example 1
demonstrates a result from [15]. Some concluding remarks are given in Section 4.

Throughout this paper, let |A|, tr(A) and A’ denote, respectively, the determinant,
trace and transpose of a matrix A. Also for A and B, let B < A mean that A — B is
positive definite.

2. A Class of Bayes Minimax Estimators of the Mean Matrix

Let Ny (0,1, ® I;) denote the matrix variate normal distribution with mean matrix
© and covariance matrix I, ® I;. Assume that X ~ Ny (9, I, ® Im). Assume also that

tr(A)

where A = (A;;) isa p X p matrix distributed as g, and g is a differentiable positive function
on (0,1). In addition, assume g is such that

i atm o tr((p-a)laee
(@) = (2n)"’7/ g(tr(A)>|A| Pl A Ze_wd& 2
0y p<A<Ip 14

where dA = /\Z.g< jd)ti,j. Note that (2) will be proper if g is integrable on its domain.
The purpose of this section is to construct generalized (and proper) Bayes minimax
estimators of ® under the loss function

L(5;0) = tr((5—®)(5—®)’). (3)

The following lemmas give sufficient conditions on g and a such that the generalized (or
proper) Bayes estimators with respect to (2) are minimax.
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Let O, be the set of orthogonal matrices of order p. Let V,, , = {V € R"*?, V'V =1, },
where m > p. Write X as ULV', where U € O, V € V;,, and L = diag(l1, I, ..., 1,) with
h>b>--->1,>0.

Lemma 1. Fori =1,...,p, write ¢; = ¢;(F) and F = diag(fy,...,fy) = L. The risk of a
shrinkage equivariant estimator § = UL(I, — ®(F)) V' is

R(6;0) =mp+E

P
Z{f@%— (n—p-+ gy -4 S —a IO jﬁj"”H @

i=1 j>i
provided each expectation exists.

Proof. See [9].
If ®(F) = F1¥(F), where ¥(F) = diag(¢1(F), ..., ¢(F)), then by replacing ¢; by %,
(4) can be written as

R(8;0©) = mp+E f L/ (m—p-1)¥ _4f, aalﬁ —42 — ®)
i=1 fi fl fl ]>zfl f]

Using (5), we obtain Corollary 1. O

Corollary 1. Suppose
5= (I,, - UF’l‘I’(F)U’>X, )

where F~1 = diag(fl_l,fz_l, . ..,fp_l). Then, & is minimax under (3) if

I. Forany i, ; is non-decreasing with respect to f;;
I 0<¢py<tpp 1< < <2(m—p—1).

We give conditions on g and a for obtaining generalized (proper) Bayes estima-
tors of the form (6) such that the resulting estimators satisfy the conditions of Corol-
lary 1, and hence are minimax. Note that the conditional distribution of ® given X, A is
Npsm ((Ip = A)X, (I, — A) ® L,). Therefore, the generalized Bayes estimator of © with
respect to (2) under (3) is (see [15])

5:(X) = E[O|X] = E[E[O|X,A]|X] = (I, — E[A|X])X. (7)

E[A|X] denotes expectation with respect to the posterior distribution of A, that is
tr(A aym_y _ r(AXX)
P o g (T ) A1 F e T 0, < A <)), ®

so the resulting estimator &, (X) can be written as 8, (X) = (I, — E[A|X])X, where

atm tr( AXX!
/ Ag(tr(A)> A e A
0pxp<A<Ip p
atm tr(AXX!
/ g(tr(A)>|A|+2_1e (2 )dA
0y p<A<Iy p

E[AX] =
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Now, using X = ULV’ and letting A — UAU’,

J Ag(tr(A)> AT A
0pxp<A<Ip p

g(tr(A) > |A| ﬂém_lei tr(/z\F)dA
0y p<A<Iy p

E[AIX]=U U’ (10)

So, we have 8, = (I, — U®(F)U’)X, where

/ Ag(tr(/\)) |A‘W*167@d1\

OPXp<A<IP p

/ g(tr(A)) ‘A|#7le_n(é\F)dA .
0pxp<A<I, p

The estimation problem discussed in this paper is invariant with respect to X — PXQ
and @ — POQ for any P € O, and Q € Oy,. Also, (2) is orthogonally invariant, namely

®(F) = (17)

(@) = 7(POQ). (12)
For every P € Oy and Q € Oy, according to Lemma 1 in [15], ®(F) is a diagonal matrix,

say ®(F) = diag(¢1(F),...,¢,(F)). Also, §; = (I, — U®(F)U')X, where ® = F'¥(F)
and the resulting J, is of the form (4) with ¥(F) = diag(y1, ¢2,...,¢p) and

i A at+m r(AF
/ )\i,ig<tr( )>|A|El€_t(9)d1\
0y p<A<I, p
tr(A atm _ r(AF)
I g(r( )>|A|*2 e A
0pxp<A<I) p

Now, let Ay = Agfork =1,...,pand Ag; = Yii\/ Ak for k < L. The Jacobian of this
transformation is

¥i(F) = f; (13)

—1

P
]((/\1,1!‘-'//\p,p//\l,Zr-”/)\p—l,p) — ()\1;--'/)\pr'71,2/~-r'7p—1,p)) H . (14)

p
It holds that [A| = |T| ][ Ar, where T = () is a p x p positive definite matrix with
k=1
Yk k = 1. Denoting dT' = Agjdyy; and dA = /\,led)\k, we can write ¢; as

p
' A A s (S kgl/\kfded
. T 2 T
A (a0 L 1

;(F) = f; =

(15)
Z A

N r 7_1 4 a+p+m 3 =
2
[ Rty T U oot [ Er e

Note that fo J<T<, |T|
page 22 of [22]) Then we can write

1 1 p n+p+m 3 i] Mefk

¥i(F) = fi - ; : (16)

1 1 1 P a+p+m 3 = 1’\kfk
/0/0 ZAk H T dA

dAdr

(“5") 14T is finite for a > —m (see, for example, Theorem 1.4.5 on
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Lemma 2 shows that 0 < ¢p <91 < --- < ¢1.
Lemma 2. If g(t) is a decreasing function in t, then 0 < pp < ¢, 1 < -+ < Py,

Proof. We show that i; — ¢; > 0 for j > i. The proof is similar to the proof of part (iv) of
Lemma 3.1 in [20]. By using the transformation y; = %, k =1,...,p with the Jacobian

|4
J((AMy o Ap) = (ya,--yp)) = 11 fl;l,(16) can be written as
k=1

p p atpim-3 _kE
Fotbas(e £ ) (f ) s

lpi - )é (17)
f, _ p 14 a+p+m—3 =
({1"' Opg(p 1k§1%§) (kl:llyk ’ 2 dyp - -dig
fori=1,...,p. Forj > i, we can write
_ _ +P+"1 3 7tr(Y)
iy = 0 ( yf)g(v tr(YF 1))IYI 2 dY -
i = . ,
S g E-n) YT e ay

where Y = diag(y1, 2, . .. ,yp). O

In order to prove ¥; —; > 0 for every j > i, without any loss of generality, it is
enough to show that the following function is non-negative

fl fp 1 1 a+p+m 3 (Y
—/0 A (1 —y2)g(p e (YET) )Y ey (19)

Now, let O; » denote the p x p permutation matrix which interchanges the first and second
rows by letting ¥ — O1,Y. Let W = O1,YO;,. The Jacobian of the transformation is
J(Y — W) = 1because O, = 0/1,2 = Of% and W = diag(wl,wz, ... ,wp). We can rewrite
(19) as

fi fr w Pow atptm=3 _ tr(W)
r :/ o M —w R [ KNV W e T dW. (20)
) A A (w2 1)8<P (f A k;:,z 7, W]

Note that we can replace wy’s with y;’s in (20); its value does not change, meaning

f fp ]/2 p atptm=3 ()
- + W e 2 dY. (21)
/ (y2—w1)g ( ( HtH k;u 7 )|

Combining (19) and (21) yields

— fl,“ fo _ v Y| (v Yy P atpim=3 7¢-(y)
_/0 , yz)<g<p k; fk) g(p (f2+f1+k§2fk Y] dy. (22)

Note that we have two cases. One case is y; > vy, and the other case is y1 < y2. If y1 > y2,

since f1 > fo, then
1 1 1 1
a(7-5) =i 7) =
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which implies

V2o k) _ 1y Yk VY2 v %k
<f1+f2+k§,2fk>_p <k_21fk>§p <fz+f1+ ngk). (24)

Since g(-) is a decreasing function,

1y M Moda oy A 25
g(*’ L)\ mn T 5w )) @)
so we have

) A Mo &M
ool B2 ()

Hence, L(F) > 0 for the case y; > y». For the case y; < y», we can similarly show L(F) > 0.
It can be proven similarly that ¢; — ¢; > 0 for every j > i and hence pp < ¥pp1 < --- < .
Clearly, ¢, > 0,and hence 0 < ¢, < ¢, 1 < -+ < Y.

We need Lemma 3 to continue.

Lemma 3. Let { denote a probability density function with respect to a o-finite measure v
on RP. For any two points, A = (Ay,...,A) and p = (u1,...,pp)", define A Ap =

(min(Ay, 1), ..., min(Ap, pp)) and AV p = (max(Ay,p),. .., max(Ay, up))'. Suppose
{ satisfies

CA)C(m) <CAAMETAV p). (27)

If functions f and g are non-decreasing in each arqument and if f, g and fg are integrable with
respect to ¢, then

[ Fgmznder) = [ fAza)dv(a) [g)cadu(r). 28)

Proof. See [23]. O

Lemma 4 gives conditions for ¢; (f1, f2, ..., fi_1, fi, fi+1,---, fp) to be non-decreasing
inf;,i=1,...,pforfixed fi, fo,..., fi—1, fix1,- -, fp-

Lemma 4. Suppose g satisfies

at+m+p—1 P
I limA. ? Y A =0fri=1,...,p;
fim A g<r7 k:Zjl k> fori p
14
Aig’ (Ifl r /\k>
II. Fori=1,.. — k=1 7/ g non-increasing in )L]',j =1,...,p;

-/p/ P
g(rfl )y Ak>
k=1
HL For A= (A Ay, Ap) and A = (A, 2, Ay ), where 0 < A, A < 1,i =1, p,
Q(+) satisfies

g(r"l é/\k>g<P_l Zp: Ai) < g(P‘lé(Ak VA2)>g<P‘1 Xp:()\k AA’k)>- (29)

k=1 k=1

Then, for any i, ; is non-decreasing with respect to f;.
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Proof. We can write (16) as

@y (F)

P = fiiq)O(F)/ (30)

where

a+p+m—3 ):‘ Akfk
/ / AK ( ZAk> (ﬁAkz ) A @31)

for k = 0,1. We have

3~ am Tam ar ey ) @
and
ad;f) _ } {C(F) (HW)%BHF)}, (33)
where
F) = /01.../01g<p1 (H,;-Ak)) (ﬁA;wﬁ>ekiizmd}\i (34)
and
1 . 18g<p’1 - /\k) P apns) b
:/O /0 Akt o (;cHlAk 2 >e 7 dA. (35)
By replacing (33) with (32), we have
i 1 {(®o — ®1)C(F) + (BoP;1 — B1Py) }. (36)
ofi  PG(F)

Since C(F) > 0 and also & — CI>1 > 0, we have (&g — ®1)C(F) > 0. In order to prove
%i > 0, it suffices to show that ( )cbl > b (F) . That is,

f

=1
o Az-g’<p1 plAk> o
> /O/O = g(A)dA/O /O AE(A)dA, (37)
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where

4 atpim—3 él el
£
&(A) = L . (38)

1 1 14 a+p+m 3 ): /\kfk
[ [ el ): M TTA 2 dA
0 0 k=1

Using condition (III), it is easy to show that

EA)E(N) <EAVA)E(AAL) (39)

for A = (Al,)xz, .. .,/\p) and A = (/\3,/\’2, e ,/\2,). Because of condition (II), Lemma 3 can
be applied to prove (37), so %—ljlf >0foralli=1,...,p. O

Lemma 5 gives conditions for determining an upper bound on .

Lemma 5. Assume that g(17) = limyq g(t) < oo and

g(t) _
}g% i = C (40)
For some o« < 0 and some ¢ > 0,
lim lim --- lim ¢1(F)=a+m+p—1 (41)

fp—roo fp,1—>oo f1—oo

Proof. Note that % is continuous in (0, 1) and has limits at the points 0 and 1. So, this
function is bounded on its domain, meaning there exists a k > 0 such that

g(t) < ke*. (42)
From (16),
P
1 1 p a+p+m 3 kgl’\kfk
// Mgl 12Ak HAk T dA
0 0
$1(F) = f1 = : (43)
1 1 4 4 a+p+m—3 k§ Atk
//8 P Y A TTA T e dA
0 0 k=1 k=1
Letting Ay — %, we obtain
/ / M (E, A)dA
ll’l(F) = Ooo Ooo ’ (44)
/ / Mo(F, A)dA
0 0

where fori =0, 1,

P a+p+m 3 I€=1Ak
M;(F,A) = (-12]}><H< ) 0<Ak<fk)> ~Gegt (45)

k=1
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We now bound the integrand of M; in order to apply the Lebesgue-dominated conver-
gence theorem. First, using (42), we have

/w/w---/leFAdA
o Jo 0
r
fl f2 fP . 1 p p a+p+m 3 kgl)\k
— /\l _ 5 dA
/0/0 /0 lg(”(k_ ))(U )

zx a m—3 g M
- /fl /fz /ff’ )\l P kzl T (H,\ S )e_k% dA. (46)

Since &« < 0, we have

P
Ak

3 a m— X
/f1/f2”' fp/\ﬁ(f”(kl“)(l—[ k+p+ 3)5 =) ar
0 0 0
£
1 rf fr [P a++m3 = 7k
///M(H p ) “Sa @)
0o Jo 0 1

Since a > —m, we have

P
X Ak

fl/fz /fn '<p atptm=3 k=1
/ AT A e~ 2 dA
0o Jo 0 21
at+m+p-1) | . —1 2i—1
_ 2F’<+;*’1+zrp—1<”+l9;m )F<a+p+rz+ i ) (48)

Thus, (46) is finite, and the Lebesgue-dominated convergence theorem can be used. Hence,

lim lim ~~~lim/ / / M. (F, A)dA
fp—r00 fp1—00 fimeoJo Jo 0

- / / / lim lim --- lim M;(F,A)dA
0 0 0

fp%OO fp,] —»00 f1~>oo

p
oo [e] [e ] ; p a+p+m—3 kglAk
= C LEEIRY )L /\ 2 6_ 2 dA
Ikl

_ Czp(a+mz+p1)+irp_1<a+p—|2—m—1)F<a+p+n;+2i—1). (49)

Finally, using (44) and the above limits, we have

lim lim --- lim y(F)=a+m+p—1, (50)

fp—)oofpflﬁoo f1—>oo

the desired result.
The results of Lemmas 2, 4 and 5 are our main result.

Theorem 1. (a) If the conditions of Lemmas 2, 4 and 5 hold and if a < m — 3p — 1, then the
generalized Bayes estimator 8, (X) with respect to (2) is minimax under the loss function (3).

(b) Further, if g is integrable, then the estimator &, is proper Bayes and minimax, and hence
admissible under (3).
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3. Examples

We give two examples in this section to which our results can be applied. We also
make connections to [15].

Example 1. Assume that ¢(t) = 1 for 0 < t < 1. For this function g(t) = 1, the class of prior
distributions (@) is the form of

m tr((1p-2) ' ae0’)

_mp atm _q -
() = (271) " ? /0 L N A e 2 dA. (51)
pxp p

This is the same class of prior distributions studied by [15]. If we do the same as in Section 2
of [15], we will obtain the class of Bayes estimators of the form 6, = (I, — UF ¥ (F)U') X with

Y (F) = diag(y1(F), ..., ¢p(F)), where

4
a+p+m3> Zl Mk
R P

p =
o <k1:[1 At

7 dA
£

14 a+p+m—3 =1 k/k
B (f),

¥i(F) = fi (52)

7 dA

fori=1,...,p. We now show the class of Bayes estimators is minimax under the loss function (3).
1t is sufficient to show that the conditions of Theorem 1 are satisfied, meaning that we should show
that g(t) =1 for 0 < t < 1 follows the conditions stated in Lemmas 2, 4 and 5. Note that Lemma 2
states that if function ¢(t) is decreasing in t, then the conditions of Lemma 2 hold. Because g(t) =1
is a constant function, it is decreasing in t. So, the conditions of Lemma 2 hold.

Fora > —%ﬂ,
atp+m—1
lim A, 2 =0 (53)
/\,‘*}0
p p
Aig' (P’l r Ak) Aig (P’l b3 /\k>
fori =1,...,p. Also ———=<%* = 0 and so ————="<% is non-decreasing in Aj,
(5 ) s(r 5 u)

j=T,ep For A= (M, Az, Ap) and A = (Af, b, A)), where 0 < A, Al < 1,

i=1,...,p, the inequality

g(pl ki Ak)g <p1 ki@ <g <p1 f (A v A@)g (pl f (Ak A A,;)> (54)

k=1 k=1

p
holds because g(p_l Y )\k) = 1. Therefore, g(-) satisfies the conditions of Lemma 4.
k=1

Further, g(171) = ltiﬁlg(t) =1 < co and, if we select & = 0, then

t)

tim 8 1, 55
A?go et %9)
Thus, the conditions of Lemma 5 hold. Now, if 4 < m — 3p — 1, then based on Theorem 1,
the proper Bayes estimators J,; are minimax under loss function (3). Thus, our class of
minimax estimators include [15]’s results.
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Example 2. Another class of prior distributions 7t(®) can be constructed by taking g(-) to be
gy=CcePo<t<1, (56)
where ¢’ > 0and B > 0. Then, 7t(©) will be

ir((1p—n) "' a00)
T dA. (57)

tr(A) u+m

P|A

mp

@) =2 —T/ -
7(®) =c(2m) opxp<A<1pe

- Al e

If we follow the discussion of Section 2 in order, the Bayes estimators will be of the form
6z = (I, — UFYY(F)U'") X and Y (F) = diag(y1(F), ..., ¥p(F)), with

a+p+ms> - {:)\k(§+f7k

P
1... 1)\1. HA 2 e k=1 )d/\
fO 0 k
. k=1
a m—. — 4 E fl
R () 5o

fori=1,...,p. We show that this class satisfies the conditions of Theorem 1. Based on Theorem 1,
it is sufficient to show that the conditions of Lemmas 2, 4 and 5 are satisfied. Lemma 2 states that if
g(t) is decreasing in t, then Lemma 2 holds. Since ¢’ > 0and B > 0, g'(t) = —c'Be Pt < 0 for
each 0 < t < 1. Therefore, the condition of Lemma 2 is satisfied.

(58)

For A = (A1, A2,...,Ap) and A = (A’l,/\’z,...,)\;),whereo <A A <1li=1,...,p,

B i Mo B )5 M ﬁk}gl(/\kw»,’() /Skil(AkAA;()

e P e P <e P e Z (59)

and so condition IIT of Lemma 4 holds. Also, ifa > —(m + p — 1), then

atmip- 16—/3( ! ):1/\]‘> -0 (60)

at+m+p—1
lim A, ? p! Z A | = lim A,

Ai—0 ! Ai—

/\‘/< 71£/\k>
k=1 —

= —c'BA, is a decreasing
Z /\k>

functionin A; foreach j =1,..., p, so condition I of Lemma 4 holds. We have

fori =1,...,p, so condition II of Lemma 4 holds.

g(17) = ltlTnlng( ) = ltiﬁw’e_ﬁt = e P <o (61)
and, if we choose « = —f, we obtain
t
lim % =cd >0. (62)

Hence, the conditions of Lemma 5 hold. Also, if 2 < m — 3p — 1, then all the conditions of
Theorem 1 hold and hence the Bayes estimator é,; obtained with respect to the priors 77(®)
is minimax under the loss function (3).

4. Concluding Remarks

The problem of estimating the mean matrix @ of a matrix variate normal distribu-
tion with the covariance matrix I, ® I;; under the loss function tr ((5 -0)(0— @)') has
been investigated.



Mathematics 2024, 12, 1098

12 of 14

This is an invariant problem with respect to the group of orthogonal transformations.
We considered the following prior distribution which is invariant under the group of
orthogonal transformations.

mp [ atm o tr((p-a)laee!
(@) (ZN)_TP/ g(tr(A)>|A| Ea IR 26_%d1\. ©3)
Opxp <A<, p

Using the invariant discussion, our Bayes estimators are of the form
6z = (I, — UF 'Y (F)U") X, where ¥(F) = diag(y1(F), ..., ¢p(F)), with

P P
1 1 Y Ak 14 a+p+m—3 kgl Mefe
S g (n A >e_ rd)
k=1
¥i(F) = fi 7 (64)
P
1 1 Y A 14 a+p+m-3 kgl/\kfk
o Jog k:]p (H/\k 2 )e‘ T dA
k=1

fori=1,...,p.

In this paper, we have obtained the conditions for the continuous function g(-) such
that the resulting Bayes estimators are minimax under the given loss function. If we want
to make a comparison between the results of [15] and our results in this paper, it should
be said that the difference is only in g(-). [15] showed that if g(t) = 1,0 < t < 1, then
the resulting Bayes estimators are minimax under the given loss function. We obtained
conditions on g(t) such that the resulting class of Bayes estimators is minimax. We also
showed that the function g obtained by [15] applies to the conditions obtained in this paper,
so the results of our paper include [15]’s results. Also, we presented another example in
such a way that if g(t) = ¢ e Pt,0 <t <1 wherec, B > 0, then the conditions obtained in
the paper are valid and the resulting Bayes estimators are minimax under (3). Hence, we
have obtained a larger class of Bayes estimators which include the class of Bayes estimators
obtained by [15].

The estimator proposed in this paper being minimax and admissible could lead to
improved inference in various application areas of the matrix variate normal distribution,
including analyses of multiple vector autoregressions; brain connectivity alternation de-
tection; capacity for severely fading MIMO channels; integrated principal components
analyses; determination of relationships between incidence and mortality of asthma and
PM2.5, ozone, and household air pollution; autism spectrum disorder identification; and
identification of depression disorder using multi-view high-order brain function networks.
We provide two examples:

Example 1 —Suppose that there are three mines in one area and the owner of all three
mines is the same. Suppose the owner wants to know how much gold, copper, zinc,
aluminum, bronze, and iron can be extracted per kilogram of ore in each mine. They
want the authorities to randomly extract one kilogram of ore from each mine in one
day n certain times and determine the amount of the metals in a laboratory:

gold copper zinc aluminum bronze iron
minel Xi;  Xi1p X3 X14 X5 Xie
mine2 X1  Xop  Xog3 X24 Xo5  Xog
mine3 X3; Xsp X33 X34 X35 Xsp
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They are faced with the following matrix of variables

Based on previous experience, they know that the amount of each metal extracted from
each mine is independent of other mines and the amount of other metals. They also know
that the amount of metal extracted from each kilogram of ore has a small dispersion and
that the amount of each metal from each mine has a normal distribution. Our results in this
paper can be used to estimate the means of the metals extracted.

Example 2—Suppose that a researcher wants to investigate the effect of the number of
study hours (3 or 4 h) on the progress of three students in four subjects: mathematics,
history, art, and geography. They choose four classmates at random and ask them to
spend 3 h per week studying each subject for half of a semester and 4 h per week for
the other half of the same semester. They want to observe the results per student as a
random matrix as follows:

Information of student k Mathematics score History score Artscore Geography score

3h
4h

X111k X1k X153k X4k
X511k X5k X253k X4k

Suppose the numerical results are

175 1225 185 195 17 1485 195 185
N { 1525 15.75 17.25 18.25 } N [ 15.25 14.75 17.25 18.75 }
3 = r X4 = .

« {16.5 13.75 18.75 17.75] [17.2 15.75 19.25 18.25}
1= 7 X2 = s

165 1585 175 1875 155 13.85 165 19.25

The researcher previously performed similar tests in other schools; it was found that
the number of study hours (3 or 4) has no effect, the rates of progress in each course
are independent from each other, and each variable of this random matrix has a normal
distribution. If they want to estimate the mean of the matrix variate normal distribution,
our results can be used.

A future study could be deriving explicit expressions for moments of ®|X. These may
be obtained using the results of [24].
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