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Abstract: We are concerned with the existence and multiplicity of normalized solutions to the

(=A)Su+ V(ex)u = Au+h(ex)f(u) inRN,

fractional Schrodinger equation / (P = a , where (—A)* is
N 7

the fractional Laplacian, s € (0,1), a,¢ > 0, A € R is an unknown parameter that appears as a
Lagrange multiplier, i : RN — [0, +00) are bounded and continuous, and f is L2-subcritical. Under
some assumptions on the potential V, we show the existence of normalized solutions depends on the
global maximum points of # when ¢ is small enough.

Keywords: fractional Laplacian; normalized solution; mass critical exponent
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1. Introduction
1.1. Background and Motivation

In this paper, we investigate the multiplicity of normalized solutions for the fractional
Schrodinger equation as follows:

d
S = (—ayp+ vy - g(P)y inRY, )

where 0 < s < 1, i denotes the imaginary unit and (x, t) is a complex wave. A solution
of (1) is called a standing wave solution if it has the form ¢(x,t) = e~"*u(x) for some
A € R. (—A)® stands for the fractional Laplacian, and if u is small enough, it can be
computed by the following singular integral:

s u(x) —u(y)
(=A)°u = C(N,s)PV. - mdy.

Here, the symbol P.V. is the Cauchy principal value and C(N, s) is a suitable positive
normalizing constant.

The operator (—A)* can be seen as the infinitesimal generators of Lévy stable diffusion
processes [1], it originates from describing various phenomena in the field of applied
science, such as fractional quantum mechanics, the barrier problem, Markov processes, and
the phase transition phenomenon, see [2-5]. In recent decades, the study of the fractional
Schrodinger equation has attracted wide attention, see, e.g., [6-9] and the references therein.

In [10], Alves considered the following class of elliptic problems with a L?-subcritical
nonlinear term:
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—Au = Au+h(ex)f(u) inRN,
{ /]RN lu|?dx = a. @)

By using the variational approaches, the author shows that problem (2) admits multiple
normalized solutions if € is small enough. Particularly, the numbers of the normalized
solutions are at least the numbers of the global maximum points of /. Moreover, for the
following class of problem:

—Au+V(ex)u=Au+ f(u) inRN,
lu|?dx = a,
RN

a similar result is also obtained for some negative and continuous potential V.

Motivated by [10], our interest is mainly focused on the fractional case with both
potentials and weights. Actually, our purpose of this paper is devoted to the multiplicity of
normalized solutions for the fractional Schrodinger equation

(—A)u+ V{ex)u = Au+ h(ex)f(u) inRY,
/RN lul?dx = a, ®

wheres € (0,1),a,&€ >0, A € Ris an unknown parameter that appears as a Lagrange multiplier.

In the local case, when s = 1, the fractional Laplace (—A)*® reduces to the local
differential operator —A. If V(x) = 0, Jeanjean’s [11] exploited the mountain pass geometry
to deal with the existence of normalized solutions in purely L2-supercritical, we refer [12-15]
for more results in this type of problems. In [16], they considered the related problem
forg =2+ %. The multiplicity of normalized solutions for the Schrodinger equation or
systems has also been extensively investigated, see [17-19].

For the non-potential case, a large body of literature is devoted to the following problem:

lu|?dx = a%. @
RN

{ —Au=Au+g(u) inRY,
In particular, for the case g(u) = |u|P~'u, by assuming the H'-precompactness of
any minimizing sequences, Cazenave and Lions [20] showed the attainability of the L?-
constraint minimization problem and the orbital stability of global minimizers, it is assumed
that E, < 0 for all «# > 0, and then the strict subadditivity condition as follows holds.

E,Xﬂg < Es+ E/g. ®)

However, when dealing with the general function g, it is difficult to show if (5) holds.
Shibata [19] proved the subadditivity condition (5) using a scaling argument.

In addition, if V(x) # 0, Ikoma and Miyamoto [21] studied the existence and nonexis-
tence of a minimizer of the L?-constraint minimization problem as follows:

e(a) = inf{E(u)|lu € H (RN), |u|3 = a},

where 1
_ 4 2 2 _
E(u) = 2./]RN(WM dx + V(x)|ul%)dx ./RN F(u)dx,

V and f satisfy some suitable assumptions. They performed a careful analysis to
exclude dichotomy and proved the precompactness of the modified minimizing sequence.
When dealing with general nonlinear terms in mass subcritical cases, one can apply the
subadditive inequality to prove the compactness of the minimizing sequence.
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Zhong and Zou in [22] studied the existence of a ground state normalized solution to
Schrodinger equations with potential under different assumptions, and presented a new
approach to establish the strict subadditive inequality. Alves and Thin [23] studied the
existence of multiple normalized solutions to the following class of elliptic problems:

{ —Au+V(ex)u = Au+ f(u) inRN,
/' (6)

N lu|?dx = a,

wheree >0, V: RN — [0, 00) is a continuous function, and f is a differentiable function
with L?-subcritical growth. For the normalized solutions of the nonlinear Schrodinger
equation with potential, we also see [24-26] and the references therein.

In the case 0 < s < 1, few results are available. In the paper [27], the author
proved some existence and asymptotic results for the fractional nonlinear Schrodinger
equation. For the particular case of a combined nonlinearity of power type, namely,
f(t) = uulT?u+ |ulP~?u, h(x) = 1and V(x) = 0,ie2 < g < p < 2!, Luo and
Zhang [28] proved some existence and nonexistence results about the normalized solutions
for L2-subcritical, L2-critical, and Lz—supercritical. Dinh [29] studied the existence and
nonexistence of normalized solutions for the fractional Schrodinger equations as follows:

(=8)u+V(x)u = |ul’?u, nRY. )

By using the concentration—compactness principle, he showed a complete classifica-
tion for the existence and nonexistence of normalized solutions for the problem (7). For
more results about the fractional Schrédinger equations, we can refer to [30,31] and the
references therein.

1.2. Main Results

In what follows, we assume f € C!(RVM,R) is odd, continuous, and satisfies the
following assumptions on f:

(f1) l‘{w)‘—c>0,where2<q<;5:2+%

1
) hm £(1)

oo [P
(f3) There exist o, B € R satisfying 2 < &« < 8 < p such that

S 4
=0,where2<p<p=2+5%

0 < aF(t) <tf(t) < F(t)p forany t > 0.
Moreover, h and V satisfy the following assumptions.
(A)) h € C(RN,RY),0 < heo = lim h(x) < max h(x) = h(a;) for 1 <i < kwitha; =0
|| —=-c0 x€RN
andaj ;éaiifi 75],

(A2) V € C(RN,R), V(a;) = inf V(x) < lim V(x)=0forl<i<k
xeR

|x|—=4c0
The problem (3) is variational, and the associated energy functional is given by the
following:

=2 Jen [(—A)2uldx + 5 > / Jutdx — /IRN h(ex)F(u)dx, u € H*(RN), (8)

: 2
/ [(—A)2uldx = //sz N+2)s| dxdy.

It is easy to know that I, € C!(H*(RN),R) and

L(u)p = /RN( A)3u( (pdx+/ (ex u(pdx—/RNh(sx)f(u)(pdx, Vo € H5(RN).
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The solutions to (3) can be characterized as critical points of the function () con-
strained on the sphere as follows:

— A 2 _
Sg—{ueH(R)./RN|u|dx—a}. )
Now, we are ready to state the main result of this paper.

Theorem 1. Suppose (A1), (A2), (f1) — (f3) hold, then there exists e1 > 0 such that prob-
lem (3) admits at least k couples (uj, A;) € H*(RN) x R of weak solutions for e € (0,e1) with
S |uj|2dx =a,A<0and I(u;) <O0forj=1,2,--- k.

The paper is organized as follows: In Section 2, we study the autonomous problem
and give some useful results, which will be used later. Section 3 is devoted to the non-
autonomous problem. In Section 4, the proof of Theorem 1, is given.

2. The Autonomous Problem

In this section, we focus on the existence of a normalized solution for the autonomous
problem.
(=A)u+nu=Au+uf(u) inRN,
/ lul?dx = a, (19)
RN

where s € (0,1),a,u > 0,7 < 0,and A € R is an unknown parameter that appears as
a Lagrange multiplier. With the assumptions (f1) — (f3), it is standard to show that the
solutions to (10) can be characterized as critical points of the function as follows:

1 s
J(u) = 3 Jew |(—=A)2ul*dx + g /]RN u?dx — F/RN F(u)dx, (11)

restricted to the sphere S, given in (9). Meanwhile, set

o(w) = 5 [ (=) uPdx—p [ F()ax,

and

Ya = lglf ]O(M).

Theorem 2. Suppose that f satisfies the conditions (f1) — (f3). Then, problem (10) has a couple
(u, A) solution, where u is positive, radial and A < 1.

The proof of Theorem 2 is standard. For the sake of convenience, we give the details.
Before the proof, some lemmas are given below.

Lemma 1. Assume u is a solution to (10), then u € S, N P, where
s N N
o s (N AV, 2 Ny _Np _
P:= {u e H (RV)] /RN (—8)ufdx + = /RN F(u)dx - /RNf(u)udx - 0}.
Proof. Let u be a solution (10), then we obtain the following:

./RN [(—A)3ul?dx + (7 — A) /H‘{N uzdx—y./RNf(u)udx =0. (12)

In addition, one can show that u satisfies the Pohozaev identity as follows:

(N —2s) /RN |(—A)3u?dx + N( — A) /RN uzdx—ZNy/RN F(u)=0,
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J (u)

>

which combined with (12) gives the following:

s N N
Ayl i _ 0K —
/RN|( A)2u|~dx + 5 /RNF(u)dx 2 /RNf(u)udx 0.
O

Lemma 2. Assume (f1) — (f2), then we have the following:

(i) ] is bounded from below on S,;
(ii) Any minimizing sequence for ] is bounded in H*(RN).

Proof. (i) According to the assumptions (f1) — (f2), there exist C1,C, > 0 such as the
following:
[F(1)] < C1|t]T + Coft|P, VEtER, (13)

where g, p € (2,2 + 4—13) By the fractional Gagliardo—Nirenberg-Sobolev inequality [32],
N(a—2)

N(a-2) a_ N@-2)
Lo <cena([emie) T (L) T s

for some positive constant C(s, N, a) > 0. Then, (13) and (14) give the following:

N(q-2)
q _ s 4s
T R e N U MG
- R
N(p—-2)
— S 45
_ ﬂCzC(;rN'P)a;’N(Zs . (/R |<—A>‘zu|2dx) . (15)

Since q,p € (2,2 + %), we infer that 0 < w, W < 1. Therefore J(u) is

S
bounded from below on §S,.
(ii) Since u € S,, the conclusion immediately follows from (15). O

The lemma above guarantees the following:

E, = inf J(u),

ues,

is well-defined. Now, we study the properties of the function | defined in (10) restrict to S,
and prove Theorem 2.

Lemma 3. Foranya > 0and n < 0, there holds E, < 0. In particular, we have E; < %

Proof. From the condition (f;), we know that }in& @[(,t) = ¢ > 0, then there exists { > 0 as
—
follows: E(6)
t c
) G 25 velogl. (16)

In fact, taking u € S, N L®(RYN) as a fixed non-negative function, we define the
following:

(Txu)(x) = e%Tu(eTx), forallx € RN andall T € R,

thent*u € S; and
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Moreover, for T < 0 and || large enough, we have the following:
0< e%fu(x) <, VxRN,

which combines with (16) to give the following;:

(9—2)Nt

./I;&NF((T*u)(x))dxzie : '/H%N|u\‘7dx.

Hence, as follows:

J(rru) = % RN|(—A)%(T*u)|2dx+772—a—y/RNF(T*u)dx

1 ZST/ s o2 na uc (g=2)Nt /
- _A 2 L 2 q . 17
26 . [(=A)2u|"dx + > qu - |u|7dx 17)

IN

Since g € (2,2 + £), increasing || if necessary, we deduce the following:

1 s ¢ (g—2)Nt
EEZST/RNK_APMFCU_%E 7 /RN|u“7dx:KT<O.

Hence, we obtain the following:
J(rxu) < Ket T <0,

and then E, < 0. In particular, we have E, < . The proof is complete. [

In the following, we adopt some idea introduced in [22] to obtain the subadditive
inequality:

Lemma4. Fory > 0,17 < 0andlet a,b > 0, then

(i) aw E, is nonincreasing;
(ii) a > E, is continuous;
(iii) E;yp < Eq+ Ep. If Eq or Ey, can be attained, then E, , < E; + Ej.

Proof. (i) For any & > 0 small, there exist u € S, NCP(RN) and v € S, , N CP(RN) such that

J(u) < Ei+e Jo(v) <Yy, +e

Since u and v have compact support, by using a parallel translation, we can take R
large enough, satisfying the following:

(x) =v(x—R), suppuNsuppd=Q.

Then u + 3 € S and

1 5 _ = 2
E, < J(u+3) = E//sz |(u+v)|ixzy|§\]u+zv)(y)’ dxdy+g\u—|—z7|%—y/RN F(u+9)dx

s @) + [, HO DD 00 g,

x — y|N+2

Suppose that

supp u C Br(0) and supp @ C Bzr(0)\Br(0),
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we obtain the following:

[[, =0 =00 gy _ ] M) =200) 4 U008 1,
R2N R2N

|x_ |N+2s |x_ [N+25

—2u(x
_//sz - y‘N+2sd dy.

Noting that [x — y| > R is large enough, we have the following:

Ey < J(u+0) < J(u)+](0) +e<J(u)+Jo(0) + € < Ea+Yp o +3e < Eg +3e. (18)

Here, we used the fact Y;,_, < 0. Then by (18) and the arbitrariness of ¢, we obtain
that E, < E; forany b > a > 0.

(ii) We prove the following two claims:

Claim1: lim E, ; < E,.

h—0+
For € > 0, by the definition of E,, there exists u € S, such that

Es <J(u) < Es+e (19)
Setting
a—h, 1
b= () = (=),
and u;(x) = u(§), we obtain the following:
lim t =1 and |]5 = tNa=a—h. (20)
h—=0+

Then, by using (i), we have J(u;) > E,_j. In addition,

tN—ZS

J(ue) = —

512 ntN oo N [
. [(=A)2u| dx—l—T'/RNu dx — ut /RN F(u)dx
thZS s 2 N 1 s 2
= — RN|(—A)2u| dx + ¢ (](u)—2 RN|(—A)2u| dx)

N-2s 1— 2s s
= tNI(u>+%/I%N|(_A)EM|de,

by (19) and (20), we obtain the following:

lim E, , <E,+e
h—0+ a=h ="=a

Since ¢ is arbitrary, the claim holds.
Claim2: lim E > E,.
h—0+ ath = ~a
Actually, we consider the case h = %,n € N. Take u, € S, 41 such that J(u,) <
1
Ell+% + e Set
na

Un(x) := na—i—lu”(x)'

By Lemma 2, we know {u, } is bounded in H*(RYN). Moreover, we have the following:

lv |2:£|u ‘zzﬂ a—O—l =a
"2 a1 T a1 n ‘
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Hence, we obtain u, € S;. On the other hand,

na
||Un _u”HHs(RN) = (1— na+1>||un||Hs(RN) — 0 as n — +oo0.

Then
Eq < liminf](v,) = Iminf[J(un) +0n(1)] = Lm Egyp.

Thus, we obtain the following;:

lim E > E,.
h—0+ ath = ~a

Moreover, E, j, > E; > E, ., holds due to (i). Hence, we obtain the following:

lim E,_, > E;> lim E,.;.
h—ot ° = ﬂihaO* ath

We complete the proof of (if).
(iii) Firstly, we prove that

Eg, < 0E; for 6 > 1 closing to 1.
For any € > 0, we take u € S, N P such that

J(u) < E;+e.

Setting 7i(x) = u(v_%x) for v > 1, by the assumption, we have |ii|3 = va and the

following:
_ 1 s
J) = 5 [ I(-a)k yzdx+’7/ y/RNFudx

1 N-2s

N-2s 52 2
SV /RN [(—A)2u dx—i—?/RNu dx—yv/RNF(u)dx.

Then, we obtain the following:

d _, N—2s _2 [ 2 Ui
@) = =S F [ jea)iupde+ D[ wdde—p [

Since u € P, we know the following:

/RN|(—A)%u|zdx+¥/RNF(u)— [ Sz =o

Thus

d - N N—2s _2 )
@) = Jw) = (v N =2) [ 1(=8) uPdx
N—-2s _» 1 Nu 1

= (S v V-3 RN[Ef(“)“—F(”)]dx

N —

= G ¥ o3 [ Pl

Obviously, if § > 0 is small, it follows that

2s
N-2 s N N —
Sk o NE Np(v™~ —1)
2s 2s 2s

— ¥ <0, forve [1,1+¢] (21)
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Then by (21) and the condition (f3), we obtain the following:

d N—-2s _2 Np ,a—2 [
Z71(7) — < _
Iy (1) — J(u) < ( S MY = ) 5 ),/RNF(”)dx<O'
Namely, the following;:
d .
I (@) — J(u) <0, for Vv € [1,1+¢].

Therefore, for any 6 € (1,1 + &), we have the following:

0 4 0
(@)~ () = [ 1@y < [ pdv = ()0 - 1).
1 dv 1
Then, it is easy to see that
Ep, < J(i1) < 0J(u) <O(Es +¢).
Since the arbitrariness of ¢, we obtain the following;:
Ego < 0E;, 6 € (1,143).

If E, is attained, we can take u as a minimizer in the above step, and obtain the
strictly inequality as follows:

Ego < J(i1) < 0](u) = 0Eq, 0 € (1,1+).

Furthermore, following the proof of (i), since E, is nonincreasing, if E, < 0, for any
b € (a, +0c0), we can obtain some uniform ¢ > 0 satisfying

Eg. < OE., VO € [1,14¢{),Vc € [a,b].
Now, for any a > 0 with E; < 0 and 6 > 1, we take ¢ > 0 such that
Eqyrye < (L+Kk)E, Vk € [0,8), Ve € [a, 0b].
Then, we may choose kg € (0,¢) and n € N such that
(14ko)" <6 < (1+ko)™T,

and so

< (1+k0)nE( 9) IZS (1+k0)n71‘: = 0E,.
1 n 0
Then, if E, is attained, we obtain that Eg, < 0E; for any 6 > 1. For 0 < b < g, we obtain

the following:

a+b b b
Ea:Ea—}—EEa:Eﬂ—i-;E%bSEa—I—Eb.

Eu+b - En+ba S

a a
If E; or Ej is attained, we obtain the following;:

a

Eu:E%b<b

Ey, (22)

and thus E,;; < E; 4 Ep. The proof is complete. [



Mathematics 2024, 12,772

10 of 20

The next compactness lemma on S, is useful in the study of the autonomous problem
as well as the non-autonomous problem.

Lemma5. Let {u,} C S, bea minimizing sequence with respect to E,. Then, for some subsequence,

one of the following alternatives holds:

(i)  {un} is strongly convergent;

(ii) There exists {y,} C Sq with |y,| — oo such that the sequence v,(x) = uy(x + yn) is
strongly convergent to a function v € S, with J(v) = E,.

Proof. By Lemma 2, we know ] is coercive on S, the sequence {uy } is bounded, so u,, — u
in H*(RN) for some subsequence. Now we consider the following three possibilities:

(1) Ifu # 0 and |u|3 = b # a, we must have b € (0,a). Set v, = u, — u, by the
Brézis-Lieb Lemma [33], we obtain the following:

|4 (x |00 (x) — vu(y)|?
//H\{ZN |x _y|N+25 d dy //Rz[\] |x _y|N+ZS dxdy

|2
//Rm |N+25 dxdy + o, (1). (23)

Since F is a C! function and has a subcritical growth in the Sobolev sense, we can see
the following:

F(u dx:/ —udx+/ u)dx +0,(1 24
[ Flndz= [ (1), (24)
Furthermore, setting d,, = |v,|3, and by using

|tnl3 = [onl3 + |un3 + 0n (1),

we obtain that d,, € (0,a) for n large enough and |v,|3 — d with a = b + d. Hence, the
following:

E, +0n(1) = ]

[on(x) —vn(y) 2 17
- 2//RZN |xfy|N+25 dxdy + 5 |Un|2 V/ n)dx

2
2 //RzN |N+2>s| dxdy + - 1 |”|2 V/ u)dx 4 0, (1)

= J(on) +J(u )+0n( )
Eq, +Ep +0,(1).

v

Letting n — 400, by Lemma 4, we find the following:
E, > E;j+E, > E,,
which is absurd. This possibility can not exist.

(2) If |un|3 = |u|3 = a, it is well-known that u, — u in L?(RN). Then, by (13) and (14),
we have the following;:

./RNF(un—u)dxg Cl/]RN|un—u\‘7dx+Cz/RN ity — u|Pdx

N(g-2)
< C(/RN i — u?dx) ="k

N(p—2)

([ ln = upPd) 55
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Hence, we obtain fRN F(un — u)dx — 0. From (24), we obtain the following:
/]RN F(uy)dx — ./RN F(u)dx.
These limits together with E, = Llrf J (1) provide the following:
n o0
_ - 3 2 _
Ea= ngTWZ/RN B)2un|? 4 ) dlx }l/ dx
1 2
> 5 [ 8P 4 ypd)dr—p [ Fds = ()
> E,.
Since u € S,, we infer that E;, = J(u), then ||u,||?> — ||u||?, where || || denotes the

usual norm in H*(RV). Thus, u,, — u in H*(RN), which implies that (i) occurs.
(3) If u = 0; that is, u, — 0 in H%(RN). We claim that there exists > 0 such that

liminf sup |un|?dx > B, for some R > 0. (25)
n——+4o00 yeRN Br(y

Indeed, otherwise by Lemma 2.2 of [34], we have u, — 0in L'(RN) forall ] € (2, 32%).
Thus
_ _1 AV, 2 ﬁ 24
Eq+o0n(1) = J(un) = 3 RNl( A)2up|*dx + undx V P(un)dx
= AP+ ’7/ w2dx +0,(1 ( )
2 JRN "
which contradicts the Lemma 3.

Hence, from this case, (25) holds and |y,| — oo, then we consider i, (x) = u(x + y»),
obviously {ii,} C S, and it is also a minimizing sequence with respect to J,. Moreover,
there exists # € H*(RN)\{0} such that #,(x) — # in H*(RN). Following as in the first two
possibilities of the proof, we infer that i, (x) — i in H*(RV), which implies that (ii) occurs.
This proves the lemma. O

In what follows, we begin to prove Theorem 2.

Proof of Theorem 2. By Lemmas 2 and 3, there exists a bounded minimizing sequence
{un} C S, satisfying J(u,) — E,. Then applying Lemma 5, there exists u € S, such that
J(u) = E,. By the Lagrange multiplier, there exists A € R such that

J'(u) = A®'(u) in (H*(RY)), (26)
where ®(u) : H(RN) — R is given by the following:
— 1 2 smN
CD(u)—E/RN|u| dx, ue H'(RN).
Therefore, from (26), we have the following;:
(=A)u+nu=Au+puf(u) in RV, (27)

By Lemma 1, we can obtain the following;:
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(/\—17)/RN u?dx /RN |(—A)%u|2dx—y/RNf(u)udx

==k [ Fwdx+ % /RN fuw)udx - V/RNf(”)”dx
- [/RN(NF(L[) = Ngzsf(u)u)dx}

Furthermore, according to the condition ( f3) and the claim 3, we must have A < 7.
Next, we will prove that # can be chosen to be positive. Obviously, we have
J(u) = J(|u]). Moreover, since u € S, shows that |u| € S,, we infer that

Eo = J(u) = J(lul) = Ea,

which implies that J(|u|) = E,, and so, we can replace u by |u|. Furthermore, if u* denotes
the symmetrization radial decreasing rearrangement of u (see Section 1 [35]), we observe
the following:

u (x u(y)?
//RZN |x_y‘N+28 dXdy< //IRZN y|N+ZS dXdy/
/ |u|2dx—/ u* |2dxand/ dx—/ F(u*)dx, (28)
RN RN

then u* € S, and J(u*) = E,, it follows that we can replace u by u*. Similarly, as in [36], one
can show that u(x) > 0 for any x € R. This completes the proof. [

3. The Non-Autonomous Problem

In this section, we first give some properties of the functional I¢(u) given by (8)
restricted to the sphere S;, and then prove Theorem 1. Define the following energy
functionals:

1 s 2
Lo(w) = 5 [ 1(=8)%ul dx—hoo/RNF 1)dx
and fori=1,2,--- ,k,

Lo, (u) :% - [(—A)2ul?dx + @/RN uzdx—h(ai)/RN F(u)dx.

Moreover, denoted by E 4, E;, 4, and Ec 4 the following real numbers:

Eeq = inf I(u), Esq= inf I (1), Ecopq = inf Leo(u).
ues, UeS,

ues,
The next two lemmas establish some crucial relations involving the levels E; 45, Eco 4,

and E;, ;. For any «, B € R, set

1 s
Jup(u) = 7 Jen |(—A)iu|2dx+§/RN uzdx—zx/ F(u)dx,

RN

where

Ewpa = uigsfﬂ Iaﬁ(”)'
Lemma6. Fixa > 0,let 0 < hy < hpand Vo < V; < 0. Then Ehzvz,ﬂ < Eh] Via < 0.
Proof. The proof is standard and we omit the details. [

Lemma 7. limsup Ecy < Eg g < Ewoy <0,i =1,2,--- k.
e—0+
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Proof. By the proof of the Theorem 2, choose uy € S, such that I (19) = E; 4. For
1 <i <k, we define
_ _ 4 N
U= up (x . ) xeR

Then u € S, for all € > 0, we have the following:
Eeq < I(u) = |( A)2ugl3 + = 5 / (ex + a;)uddx — /N h(ex + a;)F(ug)dx.
R

Letting ¢ — 07, by the Lebesgue dominated convergence theorem, we deduce the
following:
limsup E¢; < 111(1)1 Ie(u) = I, (ug) = Eg; 4. (29)

e—0t

Noting that E« 4 can be achieved, due to 0 < he < h(a;) and V(a;) < 0, we have the
following:
Eai,u < Eoo,a < 0.

It completes the proof. O

Hence, by Lemma 7, there exists €1 > 0 satisfying E;; < Ec foralle € (0,€1). In the
following, we always assume that e € (0,¢7). The next three lemmas will be used to prove
the (PS). condition for I, restricts to S, at some levels.

Lemma 8. Assume {u,} C S, such that I(u,) — casn — 400 with ¢ < Eeoq < 0, then

0 := liminf sup |1 (x)[2dx > 0.
n—00 yeRN B(y,1)

Proof. We argue by contradiction and assume that 6 = 0, then up to a subsequence, we

have u, — 0in L(RN) for all I € (2, {2), by the Lebesgue dominated convergence
theorem and (f1) — (f2), we infer the following:

/RN h(ex)F(uy)dx — 0 as n — +oo. (30)
Since V(x) — 0 as |x| — oo, one can show the following:

./RN V(x)u2dx = 0,(1),
which combined with (30) gives the following:

1

3 Jon | (=8 2un*dx +0(1) > 0,

0>c=1I(uy) +o(l) =
which is a contradiction. [

Lemma 9. Under the assumption of Lemma 8, assume u, — u in H*(RN), then u # 0.

Proof. By Lemma 8, we have that

liminf sup | (x)[2dx > 0.
" yeRrN Y Br(y)
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So if u = 0, there exists {y,} satisfying |y,| — oo, let i, = u,(x + y,), obviously
{fin} C Sa, we have the following:

c+0,(1) =I(uy)

_ 1 3 2 2

= 5 [ =27 dx+2/ oddr— [ h(ex) F(un)ds

_ 1 3~ 02 o) - _

= 5 [ D P [ viextep)ids /]R hex + ey ) F(f,)dx
1

= Ioo(ﬁn)—i—i/ (V(ex +eyn) — Vo 2dx+/ h(ex + eyn))F(#i,)dx

= Io(in) +04(1) > Eco g + 0 (1),

which is absurd, because ¢ < Ew 4 < 0. This proves the lemma. [

Lemma 10. Let {u,} C S, be a (PS). sequence of I, restricted to S, with ¢ < Eeyq < 0 and
Uy — ue in H¥(RN). If v, = uy —ue 4 0in H*(RN), there exists B > 0 independent of
€ € (0,¢&1) such that

lim inf |, — uc|3 > .

Proof. Setting the functional ® : H*(RN) — R given by the following:

1
u) = E./RN |u|>dx.

It follows that S, = ®~!({a/2}). Then, by Willem (Proposition 5.12 [33]), there exists
{An} C Rsuch that

Hlsl(un) - )Li’lq),(un)H(Hs(RN))/ — 0 asn — +oo. (31)

By the boundedness of {u, } in H*(RN), we know {A,} is a bounded sequence, thus
there exists A, such that A, — A as n — +oco. This together with (31) leads to the following:

I(ue) — Ae® (1) =0 in (H5(RN)Y,

and then
||I£(vn) - )\n@/(?}n)H(Hs(RN))/ — 0 asn — +oo. (32)

By a straightforward calculation, we have the following;:

Ewq > liminf I (uy)
n——+oo

n——+o0

= liminf<lg(un) - %Ié(un)un + %)\na —i—on(l))

[ h(ex) 1
= léi‘i?of /]RN > f(un)undxf/RN h(ex)F(un)dx+§Ana+on(1)
1
2 E/\Sa/
implying the following:
2Eco,0
Ae < ~ <0, foralle € (0,¢). (33)

From (32), we obtain the following:

% 2+/ (ex)| vy [2dx — Ae|vn |3 — /RNh(sx)f(vn)vndx =oy(1), (34)
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which combined with (33) gives the following:

s 2E
)20 |2+/ (ex)|vy[*dx — . £hooa /RN |0 [2dx < /RNh(sx)f(vn)vndx—b—on(l).
Then
J | 3o+ G [ foufdx < Co [ fonl?dx +0(1), )

for some constant C3 > 0 that does not depend on e € (0, 7). If u,, /4 ue in H*(RN); that
is vy # 0in H%(RN), the last inequality ensures that there exists Cy > 0 independent of &
such that
liminf [v,|} > Co. (36)
n——+o00

Then, by the fractional Gagliardo-Nirenberg-sobolev inequality,

foul® < Cls, Na) ([ 1(=m) 30,257 ([ fouP) 3",
RN RN RN

for some positive constant C(s, N, «) > 0. We have

timinf [ foul? < Cls,N,p)( [ 1(=8) 30,25 timinf [ o, )85
n—+oo JgRN T T T " n—+oo JRN "
( o\ P _N(p=2)
< C(s,N,p)K (hmmf log|5)2™ %, (37)

n—+oo JRN

where K > 0 is a suitable constant independent of ¢ € (0,¢1) satisfying the condition
f]RN 2 v)? < K for all n € N. Now, the lemma follows from (36) and (37). [

Next we will give the compactness lemma.

Lemma 11. Let
0<po< min{Eoo,a —Eu S(Eoo,a — Eai,a)}.

Then, for each € € (0,¢€1), the functional I, satisfies the (PS). condition restricts to S, if
c< Eﬁi,ﬂ + 00-

Proof. Let {u,} be a (PS). sequence for I restricts to S, and ¢ < Eg, 4 + po. It follows that
¢ < Ecoq < 0, since {uy} is bounded in H*(RYN), we let u,, — u, in H*(RN). By Lemma 9,
ue Z 0. Denote v, = u, — ug, if uy, — ue in HS(]RN), the proof is complete. If u, /4 1, in
H*(RN), by Lemma 10,

liminf v, |3 > B.

n— 400

Setb = |ug\%, d, = |vn|% and suppose that |vn|% — d > 0, then we obtaind > > 0
and a = b+ d. From d,, € (0,a) for n large enough, we obtain the following:

c+0n(1) = L(uy) = I(vn) + Le(ue) + 0 (1). (38)
Since v, — 0in H® (]RN ), we can follow the lines in the proof of Lemma 9. Then
(04) > Eao, +0n(1), (39)
by (38) and (39), we obtain the following:

c+oy (1) = Ig(un) Eoo,d,, + Ie(ue) + On(l)

>
> Eoo,dn + E”irb + On(l).
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Letting n — oo, by the in Equation (22), we have the following:

d b
c> Eoo,d + Eai,b > EEOO,a + EEal-,a

d
= Ea,-,a + E(Eoo,a - Ea,-,a)

Z Ea’-,a + g(Eoo,a - Elli,ll)/

which is a contradiction, because ¢ < E;, ; + g(Eoo,,Z — Eg;0). Therefore, we can obtain
Uy — e in HS(RN). O

In what follows, let us fix g, 7 > 0 satisfying the following:

(1) Bg(a;) N By(aj) fori # jandi,j € {1,...k};
) UK Bs(a;) C Br(0);
®) Qp =UiBg (@),

We set the function G, : H*(RN)\ {0} — RN by

6 Ja el
¢ S~ ul?dx 7

where y : RN — RN denotes the characteristic function; that is, the following:

) ox if |x| <7,
x(x) = P, if|x| > 7.

The next two lemmas will be useful to obtain important (PS) sequences for I, restricted
to S,.

Lemma 12. For e € (0,¢€1), there exists 61 > 0 such that if u € S, and I(u) < Eg, 4 + 01, then

Gg(u) S Qg,Ve € (0,81).

Proof. If the lemma does not occur, there must be §, — 0, ¢, — 0 and {u,} C S, such that
Ie, (un) < Egq+6nand G, (un) € Qg,Vs € (0,&1). (40)

So we have
Eui,a < Ia,v(un) < Isn (un) < Eui,a + 6n,
then
{un} C Sgand Iy, (1) = Eg, 4

According to Lemma 5, we have one of the following two cases:
(i) uy — uin H(RN) for some u € S;;
(ii) There exists {y,} C S; with |y,| — oo such that the sequence v, (x) = u,(x + y,) in

H*(RN) to some v € S,.

For (i): By the Lebesgue dominated convergence theorem,

Jrw x(ex)[unPdx - fon x(0)]ul*dx

G pr—
sn(un) fRN|un|2dx fRN |u|2dx

=0€Q;.

[Ss

Then G, (1) € Q; for n large enough, which contradicts (40).
2

For (ii): We will study the following two cases: (I) |enyn| — +o00; (II) exyn — y for
some y € RN,
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If (I) holds, the limit v, — v in H*(RN) provides the following:
I, (u ):1|(—A)%v |2+1/ V(enx + enyn)|v |2dx—/ h(enx + €nyn)F(vn)dx
e, \(Un 3 nl|2 2 Jrn n nYn)|On RN n nYn n
—Ioo(v) as n — 4-o0. (41)

Since I¢(un) < Eg;q + 0, we deduce the following:
Eoo,a S Ioo(v) S Eui,a/

which contradicts E;, ; < Ecoq in Lemma 7.
If (II) holds, by (41), we obtain the following:

Ign (Lln) — Ih(y)V(y) (Z)) as n — +oo,

and then Ej(,)v(y).a < Inty)v(y)(v) < Ega- By Lemma 6, we must have h(y) = h(a;) and
V(y) = V(a;). Namely, y = a; for some i = 1,2,...,k. Hence,

G (1) = Jan x(enx)|un|*dx _ Jan X(enx + enyn) |0 [*dx
En AT S [un]?dx Jrw o0 |?dx

Jaw x(y)|o[>dx
Jrn |o[>dx

:OGQEr
2

which implies that G, (1,) € Q; for n large enough, which contradicts (40). The proof
2
is complete. O

From now on, we will use the following notations:
° Géz‘:{u € Sat|Ge(u) —ail < p};
o 90 ={u€S:|Ge(u) —ail = p};
o Bl=inf L(u);

} ueo}
o pBl=inf L(u).
1€
Lemma 13. Let pg be defined in lemma 11. Then,
B < Egq+ poand Bi < B, for Ve € (0,¢7).

Proof. Let u € S, satisfy
Iu’-(u) = Eui/g.
For 1 <i < k, we define the following;:

0i(x) == u(x— %), x € RN,

Then i1l (x) € S, foralle > 0and 1 < i < k. Direct calculations give the following:

" 1 s 1
L(a}) = E|(—A)2u|§ +ts /RN V(ex +a;)|ul>dx — /RN h(ex + a;)F(u)dx,

and then ,
lim I (4.) = I, (u) = Eq,, (42)
e—0

we know 5

, ; d
Ge(0}) = Je (e + i) lu|dx —a; as e —» 07,

S u]2dx
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So 7k (x) € 6! for e small enough, which combined with (42) implies the following:
i o1
Ie(0) < Egpu+ X Ve € (0,¢1).

Decreasing ¢; if necessary, we know the following:
,Bfg < Esa+po, Ve € (0,¢7).

For any u € 96!, which is u € S, and |G¢(u) — a;| = p, we obtain the following:
Ge(w)| £ Qp.
Then by Lemma 12,

Ie(u) > Eg 0+ 61, forallu € 862 ande € (0,¢1),
which implies the following:

IB; - 1%5 L(u) > Eg 0+ 1.
ueab:

Then, we have ‘ '
B. < B, foralle € (0.e7).
O

4. Proof of Theorem 1

Proof. By Lemma 13, for each i € {1,2,...,k}, we can use the Ekeland’s variational
principle to find a sequence {u}, } C S, satisfying

‘ ‘ ‘ 1 ‘ ‘
Le(1uh) = B and Le(w) > L(uy) — ~ [ — uy ||, Voo € 6.

Recalling Lemma 13, i < B, and so u!, € 6:\96! for n large enough.
Letw € Tui, Sa, there exists 6 > 0 such that the path 7y : (—4,6) — S, defined by the
following:
i
t
|uj, + twls

belongs to C'((—4,6), S,) and satisfies
v(t) € 1\d6 Vt € (=6,6), v(0) = u', and 7/ (0) = w.

Then for any t € (0,9),

L(y(1) = Le(1(0)) _ Le(y(t) — Le(uy) 1

v(t) — ul,
f

t o t = n

Taking the limit of t — 0%, we obtain the following: I/ (1) (w) > —1||w||. Replacing
w by —w, we obtain |I/(u},) (w)| < L||w]|.
Then, we have the following:

—_

sup{|I; (1) ()| « |[wl| < o} < -

Consequently,

Ig(uil) — ,Bé asn — +oo and ||Ig|gﬂ(u’n)|| —0asn — +oo,
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thatis, {u},} isa (PS) Bi for I, restricts to S,. Since B < Eg, o + po, it follows from Lemma 11
that there exists u' such that u, — u’ in H*(RN). Then, we obtain the following:

ut €0, I.(u,) = B. and I£|’Sa(uf1) =0.

Moreover,

Ge(u') € Bs(a;), Ge(w/) € Bs(ay),

and

Bs(a;) N By(aj) = @ fori # j,

which implies that ut # w for i # jwhile 1 <i,j <k, we can understand I, has at least k
nontrivial critical points for any ¢ € (0, ¢1). Therefore, we obtain the theorem. [
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