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Abstract: In this paper, we provide a brief introduction to the main notions of geometric group theory
and of asymptotic topology of finitely generated groups. We will start by presenting the basis of
discrete groups and of the topology at infinity, then we will state some of the main theorems in these
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of algebraic problems which may appear unrelated.
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1. Introduction

The central idea of the branch of mathematics called geometric group theory (briefly
GGT) is to study group theory from a geometrical viewpoint by means of geometric and
topological methods, for example with the notions of the fundamental group and covering
space (see [1] for an introduction to the subject).

Geometric group theory focuses in particular on those global geometric and topological
invariants which detect the shape at infinity of all universal covers of compact spaces having
the same fundamental group.

This research field has its origin in the work of Dehn from the beginning of the last
century. With his combinatorial approach, he initiated the study of two closely related
research areas: 3-manifolds in topology and infinite groups given by presentations in
algebra. His ability to use simple combinatorial diagrams to illustrate the synergy between
algebra, geometry and topology has made it clear that most of the topological properties of
covering spaces are related to the fundamental group and do not depend on its presentation
(and hence on the choice of the space one may associate with the group) (see [2]).

More recently, the field of geometric group theory has undergone impressive develop-
ment due to the work of Gromov [3-5]. The main novelty he introduced is that, instead of
studying groups algebraically, GGT uses both topological and geometric methods, since
one can consider group theory as “contained” in the vast area of geometry via the notions
of word metric and quasi-isometry.

The underlying idea is that, once a group is chosen, the class of all topological models
constructed from it should have some common global geometric conditions (at infinity).

For instance, let us consider the following construction. Start with a finitely generated
group I'. For any such group, there exists a topological space X with 7r1(X) = I'. The group
I acts effectively on the universal cover X of X, and the quotient space for this action is X
itself (i.e., X/T = X). The space X can also be chosen to be a 2-complex, and, if the group is
finitely presented, X is compact.

Of course, both X and X are not unique. On the other hand, some of the algebraic
properties of the group I are transferred into geometric/topological conditions of the space
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X (or X), and one can refer to them as asymptotic (or geometric) properties. Vice versa,
there are also properties of X (or of X) which depend only on T.

One of the first examples that comes to mind when thinking of a topological demon-
stration of an algebraic result is the well known theorem of Schreier, stating that any
subgroup H of a free group F; on | generators (I > 1 integer) is itself free (see [1,6]).

Here, we have a pure algebraic problem in a pure algebraic setting. The algebraic proof
of this fact involves a meticulous and tedious sequence of special transformations on the
subgroup’s generating set that reduces its length. On the other hand, the process is made
more straightforward with a change in perspective and method. More precisely, consider
the free group F; as the fundamental group of a wedge of circles X; and the covering space
associated with the subgroup H, namely p : X — X, where m1(X) = H. The space X
is actually a graph (since it is a cover of a graph), and hence, by contracting a maximal
tree T of X, one obtains another wedge of circles X;;, which is homotopically equivalent
to X/T. Finally, by the van Kampen theorem, one obtains that H = 711 (X) = 7y (X/T) =
711 (Xm) = Fu, namely a free group.

This example shows how the use of geometry and topology can help to elucidate and
visualize the problem and how this can effectively reduce the length and the difficulties of
its solution.

In the next sections, we will provide some basic definitions of geometric group theory
and of asymptotic topology of groups in order to depict the strong interplay of geometry
and topology with group theory, in the spirit of this Special Issue.

2. Discrete Groups and Associated Spaces

For a discrete group, we simply mean a countable group with the discrete topology.

Definition 1. A discrete group T is said to be finitely generated if there is a finite set S of
generators (which means that any element g € T is a product of finitely many powers of some of the
generators s € S).

The group T is said to be finitely presented, I = (S | R), if, additionally, it possesses a finite
number of relators r € R (i.e., words, made of elements of S, that are equal to the identity e).

Now, to any finitely generated group I' with a generating set S, one can define a
somehow “natural” metric on it, which is called the word metric (for more details, see [1]).

Definition 2. Given a finitely generated group T and its generating set S, the length 1g(g) of
any element g of T is the smallest integer n such that there exists a sequence (51,52, -+ ,Sn) of
generators in S for which ¢ = 515 ... s,. The distance of two elements a,b of T is

ds(a,b) = Is(a'b).

Due to this definition, the pair (T, ds), i.e., the group together with the word metric,
becomes a metric space. So, the geometry and topology are already known to some extent
(even if the so-defined space is discrete).

However, we can do better. To any finitely generated group I', we may associate a
graph, called the Cayley graph of I (denoted Cay(T, S)), which depends on the generating
set S.

Definition 3. The vertex set of Cay(T,S) is T. Two vertices g, h are connected by an edge iff
ds(g,h) = 1, namely if and only if h = gs or gs~ 1, for some s € S. Or, equivalently, any vertex g
is joined by an edge with all the vertices of the form gs, for s € S.

Since the group I' is finitely generated, this graph is locally finite. By construction it is
directed and labeled. Moreover, since S generates I, the Cayley graph is connected. Finally,
one can also define a “natural metric”, denoted also by ds, on Cay(I’;S), as follows:

*  One declares any edge to be of length 1;
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e Thedistance d(x;y) of any two points of the Cayley graph can be defined as the length
of the shortest path going from x to y.

In this way, the Cayley graph Cay(I’; S) becomes a connected metric space containing
(isometrically) I'. Obviously, it is finite/infinite if and only if I is. Furthermore, when
restricting this metric to I’ C Cay(T’; S), one recovers just the word metric of I.

If the group I is finitely presented, it is possible to improve the construction of the
above in order to obtain a locally finite 2-dimensional space associated with it.

Let (S | R) be a finite presentation for a finitely presented group T

Definition 4. The Cayley 2-complex of T = (S | R) is obtained by gluing a disk (i.e., a 2-cell)
to all the (closed) paths of the Cayley graph which are labeled by relators r € R.

Remark 1. Obviously, the Cayley 2-complex is simply connected, because all closed paths in the
Cayley graph are labeled by words which are equal to 1 in T', and, by definition, the set of relators R
generates all the relations.

In most cases, the constructions described above are the most useful ones, but there
may be other situations where more of the topology must be determined, and, actually,
there is a second, different way to construct the Cayley graph and Cayley 2-complex in a
topological vein (see also [2]).

Consider the standard 2-complex Xp associated with the presentation P = (S | R)
as follows: Start with a bouquet of loops, i.e., the graph with just one vertex v and with
§S-edge loops at v (one for each s € S), labeled by s. Now, for each relator r € R one
attaches, along r, a 2-cell with I(r) sides (where [(g) is the length of g) to the bouquet of
circles. Obviously, according to the van Kampen theorem, 7r1 (Xp) = I, and its universal
covering space Xp is simply the Cayley 2-complex of T', whereas the 1-skeleton of Xp is
the Cayley graph of I'.

Large-Scale Equivalence

The aforementioned constructions depend on the presentation but not at a “large
scale”. This is the viewpoint of Gromov [4,5]. If spaces are similar (seen from a long
distance), then they should share some common properties that depend on the group that
acts on them.

In fact, the word metrics, Cayley graphs and Cayley 2-complexes constructed from
distinct presentations of the same group I' are actually quasi-isometric (i.e., geometrically
and metrically “similar” in a rough sense).

Definition 5. A quasi-isometry between two metric spaces (X,dx) and (Y,dy) is a map f :
X — Y such that, for constants C and A:

Aildx(xl,JQ) —-C S dy(f(xl),f(XQ)) < AdX(xl,xz) +C
and Ny € Y, dy(y, f(X)) < C.

Roughly speaking, this means that the images of two points which are close (or very far
from each others) remain close (or very far), and any point of the target space is uniformly
close to the image of some point of the domain. Quasi-isometries do not distinguish small
details of the space but rather detect the global geometric behavior.

Since it turns out that an algebraic classification of the class of finitely presented groups
is not possible (because the word problem is undecidable), the main goal of geometric
group theory is to classify them “geometrically”, that is, up to quasi-isometries.

From this perspective, one is interested in properties of groups which are quasi-
isometry invariants (in fact called geometric or asymptotic properties).
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Remark 2.

* A quasi-isometry is not necessarily continuous. For instance, real numbers R and integers Z
are quasi-isometric.

*  Any finitely generated group I (with finite generating set S) is quasi-isometric to its Cayley
graph Cay(T, S) (because the inclusion (T, ds) — Cay(T,ds) is a quasi-isometry).

* IfSand T are two generating sets for the same group G, then the (distinct) metric spaces
(G,dg) and (G,dr) are quasi-isometric.

*  Asa consequence, given a finitely generated group, one can consider the word metric and the
Cayley graph (in the sense that they are well-defined, up to quasi-isometries).

Let us analyze some basic examples that can elucidate the geometric meaning of
quasi-isometries (see [1] for details).

* A metric space is quasi-isometric to a point if and only if it has a finite diameter.

*  The group G is finite if and only if its Cayley graph is quasi-isometric to a point. Thus,
the quasi-isometry class of the trivial group coincides with the set of finite groups. This
is why GGT studies only infinite groups.

®  The free abelian groups Z" and Z" are quasi-isometric if and only if n = m (i.e., they
have the same rank).

¢ The free group of rank 2, F,, is quasi-isometric to Fy, for any k > 2.

Now, the obvious question is the following one: when are two groups quasi-isometric?
For a far more complete answer, see [1,5].

Definition 6. A geodesic in a metric space X is a map f : [a;b] — X s.t. Vs;t € [a, ]],

d(f(s); f(£)) = [s — t].

A space X is called a geodesic space if any 2 points can be joined by a geodesic. This is
equivalent to saying that the distance between any 2 points is the length of the shortest path which
joins them.

The space X is said a proper metric space if any closed ball is compact.

An isometric action of a group T’ on a metric space X is said discrete if for any x € X and
M € [0;00), the set {g € T'|d(gx;x) < M} is finite.

The action is said co-compact if the quotient X /T is a compact space.

In what follows, and until the end of this section, we will refer to [1,2,5] for terminology.

Lemma 1. If X, Y are two proper geodesic metric spaces with T-actions which are discrete, cocom-
pact and by isometries, then T is finitely generated and the spaces X and Y are quasi-isometric.
(Consequently, X and Y are quasi-isometric to Cay(T’;S)).

Corollary 1. The fundamental group of a closed Riemannian manifold is quasi-isometric to its
universal covering space.

Hence, we can deduce that [1]:

e If H C T'is asubgroup of a finite index, then H and I are quasi-isometric.

¢ The fundamental group of a closed orientable surface of genus ¢ > 2 is quasi-isometric
to the hyperbolic plane H?.

e Thecircle S =R/Zhas m1S! = Z, and so Z is quasi-isometric to R.

. The torus T" = R"/Z" has m; T" = Z", and so Z" is quasi-isometric to R".

*  The Euclidean space R" is quasi-isometric to R" if and only if n = m.

®  The hyperbolic space H" is quasi-isometric to H" if and only if n = m.

*  The hyperbolic space H" and the Euclidean space R" are not quasi-isometric.
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Theorem 1 (Gromov [3], Pansu [7]). A group is quasi-isometric to R" if and only if it contains a
finite index subgroup isomorphic to Z.".

Theorem 2 (Gromov [5], Stallings [8]). If a group is quasi-isometric to the free group in two
generators, then it acts properly on some locally finite tree, and hence it is virtually free.

3. The Topology at Infinity

In this section, we will focus on a more topological aspect of GGT; in particular, we
will consider those topological properties of non-compact spaces which depend on some
group actions (for an accurate introduction to the subject, see [2]).

The topology at infinity may be defined as the study of global topological properties
of complements of compact subsets in open topological spaces. The topological behavior
“close to infinity” of non-compact spaces, especially open manifolds, in the presence of
a group action, is under study. The idea is to take a space X together with a filtration by
compact subsets C; C X, such that C; C C;;1 and X = U;C;, and to look at the topology of
X — C; as i goes to infinity.

3.1. Ends

The simplest topological property at infinity is the condition of being one-ended (or
connected at infinity). In other words, being one-ended is equivalent to say that, outside very
large compacts, there is only one “way to go to infinity” (for more details, see [1,2,9]).

In fact, with any topological space X, one can associate the so-called space of ends (that
corresponds, intuitively, to the different ways to go to infinity): it is the set of unbounded
connected component of X — K for large compact subspaces K of X.

The next results represent probably the very beginning of geometric group theory.

Theorem 3 (Hopf [10]). Let K be a finite simplicial complex. The number of ends of the universal
covering space K of K depends only on 111 (K).

Hence, it is possible to define the number of ends for a finitely generated group:

Definition 7. The number of ends ¢(G) of a group G is the number of ends of the universal
covering space K of some (equivalently any) finite complex X having G as the fundamental group.

Remark 3. The number of ends of the finitely generated group G may also be defined as the number
of ends of (one of) its Cayley graph.

Theorem 4 (Hopf [10]). The number of ends of a group belongs to the set {0,1,2,00}.

Actually, if we have 3 ends, we may consider a compact subset C C K, outside of
which starts the three different ways to go to infinity ey, e, e3. Hence, when a non-trivial
element of the group G = 711 (X) translates C within K, it will belong to only one of these
directions, say, e;. However, outside gC, we must again have three directions to go to
infinity. In this new configuration, K- gC, the two directions ¢y, e3 represent the same
direction to infinity. However, since ¢(G) = 3 and this number must be homogeneous
outside any large compact subset, the direction e; should split in two different directions,
thus creating a new different end e4. Using this simple idea, one can prove that, in fact, if
e(G) > 2, then ¢(G) must be infinite (see [1,2]).

In the latter result, we have seen how the presence of a group, and hence of a group
action, puts very strong constraints on the topological behavior at infinity.

Theorem 5 (Gromov [5]). The number of ends of a group is a quasi-isometry invariant.
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Remark 4.

*  The two last theorems are not true for general open manifolds.
o A group has 0 ends if and only if it is finite.

e The number of ends of Z is 2, while e(Z"), for n > 2, is 1.

o The free group of rank 2 has infinitely many ends.

At this point, one may wonder whether it is possible to catch some algebraic condition
as from the topological notion of number of ends. This is the key problem in geometric
group theory: relating geometric properties of a group and its algebraic structure.

Theorem 6 (Hopf [10]). A group has 2 ends if and only if it has an infinite cyclic subgroup (i.e.,
Z) of finite index.

This result was then generalized by Stallings in the 1970s [8] (but see also [6]). He
provided a structure theorem for infinitely ended groups, and, as a result, Dunwoody
in [11] was able to prove the famous Wall’s Conjecture [12] for finitely presented groups
by giving a complete characterization of them starting from finite groups and one-ended
groups via a finite number of natural operations (called amalgamated free products and
HNN extensions over finite subgroups).

Theorem 7 (Stallings [8]). Let G be a finitely generated group with infinitely many ends.

e If G is torsion-free, then G is a non-trivial free product;
*  Or G is a non-trivial free product with amalgamation, with finite amalgamated subgroup.

3.2. The Simple Connectivity at Infinity

Having in mind Stallings” theorem and the fact that one-ended groups are the basic
pieces for constructing all discrete groups [11], one is led to the study of groups with one
end. Furthermore, the first topological notion needed in order to obtain a well-behaved
topology is the simple connectivity. Hence, one usually focuses on the behavior at infinity
of manifolds and groups with “simply connected ends”. Furthermore, for one-ended
spaces, the easiest and strongest topological “tameness” condition at infinity is the so-
called simple connectivity at infinity (see [2,9]). The simple connectivity at infinity tells us
approximately that loops which are very far away (i.e., “at infinity”) should bound disks
which are at a sufficient distance (i.e., “near the infinity”).

Definition 8. A connected, locally compact, topological space X with 1t1(X) = 0 is simply
connected at infinity (SCI) if for any compact k C X there exists a larger compact k C K C X
such that any closed loop in X — K is null homotopic in X — k.

Why is this condition so interesting and powerful? Because it turns out that, for
n > 3, the simple connectivity at infinity just features Euclidean spaces R"” among open
contractible n-manifolds, as proven by the following theorem (that is actually a sum of
several extensive results of different authors).

Theorem 8 (Stallings [13]; Freedman [14]; Perelman [15]).

1. Indimension n > 5, any differential manifold which is open, contractible and simply connected
at infinity is diffeomorphic to the Euclidean space R".

2. Indimension n = 4, the result is true only for topological manifolds.

3. Finally, in dimension n = 3, the same result holds for both topological and differential
manifolds.

Remark 5.

*  Asa corollary, one obtains that Euclidean space R", for n # 4, admits a unique differential
structure.
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e On the other hand, R* supports infinitely many different differential structures (Donald-
son [16]).

Now, what can we say about discrete groups?

Definition 9. A finitely presented group I is simply connected at infinity if the universal covering
space X of some compact complex X, having T as fundamental group, is SCI.

Theorem 9.

*  The simple connectivity at infinity is a well-defined property for finitely presented groups (in
the sense that it does not depend on the presentation) [17].

*  The simple connectivity at infinity is also a quasi-isometry invariant of finitely presented
groups [18].

3.3. The Universal Covering Conjecture

Another interesting implication of the simple connectivity at infinity comes from its
connection with the so-called Universal Covering Conjecture. Since the 1960s, topologists
have studied the behavior at infinity of contractible universal covering spaces of closed 3-
manifolds and proposed the following problem/conjecture (for a more historical panoramic
view, see [9,19]):

Conjecture 1 (Universal Covering Conjecture). The universal covering space of a (connected,
orientable) closed, aspherical (i.e., with a contractible universal cover) 3-manifold is simply connected
at infinity. If the manifold is also irreducible, then the universal cover is R3.

e This conjecture is now a theorem due to Perelman’s recent proof of Thurston Ge-
ometrization Conjecture [15].

*  On the other hand, the Universal Covering Conjecture fails in a higher dimension, as
proved by Davis in the 1980s.

Theorem 10 (Davis [20]). For any n > 4, there exist closed, aspherical n-manifolds whose
universal covers are not homeomorphic to Euclidean spaces (in particular, they are not SCI).

So we are left with the following natural, interesting and difficult question:

Question 1. Are there topological conditions which characterize the class of contractible universal
covering spaces of closed manifolds?

3.4. Topological Filtrations

In the 1980s, Poénaru partially solved the Universal Covering Conjecture, for those
3-manifolds whose fundamental groups satisfy some geometric or topological conditions
(see, e.g., [21]), by “approximating” the universal cover with a filtration of compact and
simply connected 3-manifolds.

Definition 10. A topological space X is weakly geometrically simply connected (briefly
WGSC [22]) if it can be written as an ascending union of compact, connected and simply con-
nected subspaces. Namely, X is WGSC if it admits a filtration, X = U;K;, with K; C K11 and
such that K; are compact, connected and with 1 K; = 0.

Definition 11. A simply connected complex X is quasi-simply filtered (QSF) if for any compact
sub-complex C C X there exists a simply connected compact complex K and a PL-map f : K — X
so that C C f(K) and f|r ¢y : f~Y(C) — Cis a PL-homeomorphism.

The latter condition simply means that every compact subset C of X can be included
(homeomorphically) inside of the image of an abstract compact and simply connected
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complex that is equipped with a simplicial map into X, whose set of double points lies
outside the compact C we started with. In other words, a topological space is QSF if it
admits a quasi-simple filtration, i.e., a filtration which can be “approximated” by finite,
simply connected complexes.

This topological notion has interesting group-theoretical ramifications, as testified by
the next results:

Theorem 11 (Brick—Mihalik [23]; Funar-Otera [22]).

o IfKy, Ky are two presentation complexes for the same finitely presented group T, then Ky is
QSF <= Kjis QSFE. (Ths implies the that QSF property is well-defined fro finitely presented
groups).

*  Many finitely presented groups are QSF (see Remark 7).

The main reason for using this notion lies in the fact that, since for open 3-manifolds,
being simply connected at infinity is equivalent to being WGSC, in order to prove the
Universal Covering Conjecture, one simply needs a method which yields a filtration of the
universal cover of a closed 3-manifold.

Theorem 12 (Poénaru [24]). An open QSF 3-manifold is WGSC and hence simply connected at
infinity.

Remark 6. Thus, in order to verify the simple connectivity at infinity of the universal cover of
a closed 3-manifold, it suffices to construct a quasi-filtration of it (and this is much easier than
obtaining a whole WGSC filtration).

Theorem 13 (Poénaru [21]). Let M be a closed 3-manifold, and assume that T = 711(M?)
satisfies some “nice geometric condition”, then M3 is QSF (and hence simply connected at infinity).

Remark 7. The set of “nice geometric conditions” includes: Gromov hyperbolicity, Cannon almost-
convexity, automaticity and combability (in the sense of Thurston), geometric simple connectivity,
etc. In particular, the class of groups with a “nice geometry” is quite large (see, e.g., [9,25,26]).

4. Inverse Representations

The main tool for proving the last theorems of the previous section was the following
notion, invented and developed by Poénaru in [27] and thereafter utilized in his scientific
work (see [28] but also [19,26,29]):

Definition 12. Let M3 be a 3-manifold. A topological inverse representation for M® is a non-
degenerate simplicial map
f: X2 — M such that:

e  X%isa simplicial 2-complex, which is QSF;
o Themap f is “essentially surjective”, which means that M3 can be obtained from the closure

f(X?) with the addition of cells of dimensions A = 2 and A = 3;
o Themap f is “zippable” (one can pass from X* to f(X?) by an infinite sequence of “simple”
quotient maps f; of very special type, and this has a strong control over the singularities of f).

This exotic notion seems to be suited for the world of 3-manifolds, but it turns out
that it can be used very well for discrete groups too. The necessary adjustment is to look at
groups as 3-dimensional objects. However, of course, not all groups are 3-manifold groups;
hence, one has to allow manifolds to have singularities.

Lemma 2. Any finitely presented group G = (S|R) can be seen as the fundamental group of a
compact but singular 3-manifold M3(G) associated with G.
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This is proved in [26,30]. Here, we can simply state that M (G) is obtained by attaching
|R| handles of index 2 to a handlebody of genus |S]|.

Definition 13. A topological inverse representation for a finitely presented group G is a topological
inverse representation of the 3-manifold M3(G).

In general, the image
Im(f) Cc M3
and the set of double points of f,

My(f) = {x e X2 |{f 1 (f(x))} > 1} € X2,

are not closed subsets, and this is one of the main difficulties when dealing with inverse
representations [28]. Furthermore, as a result, the following definitions arise naturally:

Definition 14. A topological inverse representation is easy if f(X?) and My (f) are closed.

Definition 15. An easy group is a finitely presented group G admitting an easy inverse-
representation; this is a non-degenerate, zippable, quasi-surjective, simplicial map f : X*> — M3(G),
from a QSF complex X2, for which f(X?) and My (f) are closed subsets.

Here, below, we summarize the recent developments concerning this interesting
property of groups and manifolds.

Theorem 14 (Otera—Poénaru [30]). Easy groups are QSF.
Theorem 15 (Otera—Poénaru, [25]). Groups admitting Lipschitz and tame 0-combings are easy.

Theorem 16 (Otera—Poénaru, [31]). Given a finitely presented QSF group I, one can construct a
2-dimensional WGSC topological inverse representation, which is both easy and equivariant.

Conjecture 2 (Poénaru). All finitely presented groups are easy.

5. Conclusions

In this short essay, we intended to give an elementary idea of the close basic connec-
tions between geometry, topology and group theory, following the underlying idea of this
Special Issue. In particular, we have focused on two aspects, one quite geometric (geometric
group theory) and the other more topological (asymptotic topology).
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