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1. Introduction

We let N be a set of all natural numbers, Ny be a set of non-negative integers, Z be a
set of all integers, R be a set of all real numbers and for k € Z the notation Ny represent the
setof {n € Z:n > k}.

Nonlinear difference equations and system of difference equations can be used in
modeling problems which arise in physics, finance, engineering, biology, and many other
areas (see [1,2]). In fact, by using different discretization methods for continuous problems,
we obtain models of difference equations and systems; see, for instance, [3,4]. There has
been a lot of studies concerning the periodicity, oscillation behavior, the boundedness,
stability of nonlinear difference equations and system of difference equations, see for
example [5]. Devault et al., in [6], studied the boundedness, global stability and periodic
character of solutions of the following difference equation:

xn+1=p+x';—7m, n €Ny, meN,, 1)
n

where p € (0,00), x_;,i € {0,1,...,m} are positive real numbers. Then, in [7], Equation (1)
was extended to the following two-dimensional system of difference equations:

_ Xpn—
xn+1:A+M, yl’l+1:A+ nm,

n Xn

neNy, meZ", (2)
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where A € (0,00), x_;andy_;, i € {0,1,...,m} are positive real numbers. The authors
proved that every positive solutions of System (2) is bounded and persist and the unique
positive equilibrium point is a global attractor for case A > 1. Also, they showed that
System (2) has unbounded solutions for the case 0 < A < 1, and m is odd. Finally, they
determined that every positive solution of System (2) is periodic of a prime period two
for case A = 1 and m is odd, and has no two prime periodic solutions for case A =1
and m is even. Later, Glimiis, in [8], studied the global asymptotic stability of the unique
positive equilibrium point under certain parametric conditions and the rate of convergence
of positive solutions of System (2). Moreover, the author examined the behavior of positive
solutions of System (2) using the semi-cycle analysis method. Finally, Abualrub and
Alogeili, in [9], considered the following difference equations system:
Yn—m Xn—m

xn+1:A+ ;o Y+ =B+ 7 HGNO/ m€Z+/ (3)

Yn Xn

where parameters A, B € (0,0), the initial values x_;, y_;, i € {0,1,...,m} are positive
real numbers, which is a natural extension of System (2). They investigated the behavior
of positive solutions of System (3) employing the semi-cycle analysis method. Also, they
studied the asymptotic behavior of the solutions of System (3) for cases 0 < A < 1 and
0 < B < 1. Finally, they showed that the positive solutions of System (3) are bound-
edness and persistence, and that the unique positive equilibrium point of System (2) is
globally asymptotically stable. Other related difference equations and systems of difference
equations can be found in references [10-22].

Motivated by aforementioned studies, in this study, we consider the following three-
dimensional higher-order system of difference equations:

Uy w,,_ U, _
Upy1 = X+ 2K v =Y+ 2K w=Z+ K neNy, kezZt, @

Un Wn Un

where parameters X > 0, Y > 0 and Z > 0, and initial conditions u_;, v_;, w_;,
i € {0,1,...,k} are arbitrary positive numbers. It is easy to see that System (4) has a
unique positive equilibrium (1,3, @) = (X+1,Y+1,Z+1). By taking X =Y = Z,
System (4) is reduced to the following system:

Upig = X+ 07k =X+ wz';*", Wyt = X+ Ky eNy keZt, (5)

On n Un

where parameter X > 0 and initial conditions u_;, v_;, w_;, i € {0,1,...,k} are arbitrary
positive numbers, which was considered in [16] with p = 3. So, we suppose that X # Y # Z.
From now on, we investigate the dynamical behavior of System (4) for cases0 < X,Y,Z < 1
and X > 1,Y > 1, Z > 1. We also deal with the behavior of the positive solutions of
System (4) using the semi-cycle analysis method. Finally, we offer numerical examples
representing different types of behavior of solutions to System (4).

Our work completes and generalizes the works mentioned in the literature summary
above, and this is our main motivation for the present study.

Our paper is organized as follows: The behavior of positive solutions of System (4)
using semi-cycle analysis is studied in Section 2. The asymptotic behavior of positive
solutions of System (4) when 0 < X < 1,0 < Y < 1land 0 < Z < 1 is investigated
in Section 3. In Section 4, we study the boundedness and persistence of System (4) and
the global behavior of the unique equilibrium point of System (4), whereas the rate of
convergence of System (4) is studied in Section 5. Some numerical examples which support
our analytical results are given in Seciton 6.

2. Semi-Cycle Analysis

In this section, we discuss the behavior of positive solutions of System (4) using
semi-cycle analysis. It is easy to see that System (4) has a unique positive equilibrium
(1,0,0) = (X+1,Y+1,Z+1).
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Theorem 1. Suppose that {u,, vy, wn}‘;lo:_k is solutions to System (4). Then, either this solution
consists of a single semi-cycle or it oscillates about the equilibrium (i1, 0, @) = (X +1,Y+1,Z+1)
with semi-cycle having at most k terms.

Proof. We assume that {u,, v,, wn};l“’sz possess at least two semi-cycles. That is, there
exists ny > —k such that either

u}’lo < 1 + X S Mno-i-l/
Ung <14Y < vpyt1, (6)
Wy <1+ 2 < Wyy+1

or

Uy 2 1+ X > upyqq,
Ony >1+Y> Ung+1s (7)
Wy > 1+7Z > Wyyy1.

Here, we consider only the first case; the other can be investigated in a similar way.
We suppose that the first semi-cycle starting with term (14,11, Vny+1, Wny+1) has k terms. In
this case, we have

Uy, < 1+ X< Upg+1, Ung+2s -+ - Ung+ks
U}’lo <1 + Y S vn0+1/ v}’l0+2/ e /Un0+k/

wi’lo <1 + Z S wn0+1/wn0+2/ o /wn0+k/

which implies that uu”ik <1, vynik < 1and ww—”ik < 1; then, we obtain, from System (4),
no no no

— Ung

ut’lo-‘rk-‘rl =X+ Ung 1k <X+ 1/
_ Wny

UVlo-i-k-‘rl =Y + W 15 <Y + 1/
_ Ung

wno+k+1 =Z+ gk <Z+ 1/

from which the result follows. O

Theorem 2. Suppose that k is an odd integer and {uy, v,, Wy }5,__ is a solution of System (4)
which possesses k — 1 sequential semi-cycle of length one. Then, every semi-cycle after this point is
of length one.

Proof. We let k be the odd integer and {uy, vy, wn};"sz be Solution (4) which possesses
k — 1 sequential semi-cycle of length one. Then, from the definition of a semi-cycle, there
exists ng > —k such that either

Ung, Ung+2s -+ - Ung+k—1 <14+X< Upg+1, Ung+3s+ -+ Ung+ks
Ungr Ong+2s -+ 1 Ung k-1 < 1+ Y < 0po1, Ung 43, - -+ Ung ks
Wiy, Wig42s++ s Wiy k—1 < 1+Z < wpyi1, Wny+3, - e Wtk
or
Ung, Ung+2s - - - r Ung+k—1 >1+X> Ung+1, Ung+3, - - - s Ung+ks

Ungr Ung+2s -+ - » Ung+k—1 >14Y > Ung+1, Ong+3s+ - - » Ong+ks

Wnyr Wng+2s -+ + r Wi +k—1 >1+Z> Wig4+-1s Wng+3, -+« s Wrg4k-
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Here, we consider just the first case since the other can be dealt with similarly. In this
case, we can write the following inequalities:

uno

Upgk+1 = X + <X+1,

un0+k

Ungrk+1 = Y + ::0 <Y+1,

Ung+k

N <741,

w
Wny+k

Whpytrkt1 = Z+

which means that (1,4, Uyt k, Wny+k) is the kth semi-cycle of length one. By using the
induction method, we can easily show that every semi-cycle after this point is of length
one. Hence, the proof is complete. [

Theorem 3. System (4) has no nontrivial k-periodic solution (not necessarily prime period k).

Proof. We suppose that System (4) possesses k-periodic solution. Then, from System (4),
we have (1, _, Uy, Wy_x) = (Un, vn, wy) for all n > 0 and so

Uppr = X+ 25 =X +1,
Un-&-l:Y“‘wJ,i;k:Y‘i‘l/
Wy =Z+E =741

Hence, solution (i, vy, wy) = (X+1,Y +1,Z + 1) is the equilibrium solution of
System (4). O

Theorem 4. All non-oscillatory solutions of System (4) converge to the equilibrium
(1,0,w) = (X+1,Y+1,Z+1)asn — oo.

Proof. We suppose that System (4) possesses a non-oscillatory solution as {u,, vy, wn }5 .
Here, we just prove the case of a single positive semi-cycle since the other can be
achieved in a similar way. Then, from assumption, for all n > —k, we have (uy, vy, wy) >
(X+1,Y+1,Z+1)andso

Upgr = X+ 2k > X +1,
Upp1 =Y+ BE>Y 41,
W1 :z+”g—;k >Z7Z+1,
which implies that v,y > v, w,_x > wy, and u,_ > u,. So, we obtain
Uy = Up Z Uy > 2 X+1, neNy,
Upk 2 0n 2 Uppp > 2Y+1, neN,

Wy 2> Wy > Wyap > >2+1, neNy,

which means that {u,}, {v,}, {w,} have k convergent subsequences

{unk}/ {unk-i-l }/ sy {unk+(k71) }/

{oucd Avmks1 - A0k -1y}
and
{war} {wnk1}, - AW -y

since they are decreasing and bounded from below. So, each subsequence is convergent.
Hence, forall j € {0,1,...,k — 1} there exist a;, b;, ¢; such that
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im u, . ; = a; Iim v, ; = b; Iim w,;.; = c;.
oy nk—+i i nk—+i L e nk-+i i
Thus,
(o, bo, co), (a1,b1,¢1), -+, (ag—1,bx—1, k1)

is a k-periodic solution of System (4), which contradicts Theorem 3, because System (4) has
no non-trivial periodic solutions of (not necessarily prime) period k. Therefore, the solution
tends to the equilibrium. [O

3.TheCase 0 < X <1,0<Y<1land 0K Z < 1

In this section, we discuss the asymptotic behavior of the positive solutions of Sys-
tem (4) when0 < X <1, 0<Y<land0< Z < 1.

Theorem 5. Consider system (4). Let 0 < X < 1,0 <Y < 1,0 < Z < 1and
T = max{X,Y, Z}. Assume that {u,, vy, wy}5__, is a positive solution of system (4). Then, the
next statements are true.

(a) Ifkisoddand 0 < up,_q < 10<02m,1<1,0<w2m,1<1,u2m>ﬁ,vzm>ﬁ,

Woy > ﬁform = 12;1‘,37",. .,0, then

limy, o0 tpy = 00, limy, 00 U2y, = 00, limy, 0 Woy, = 0,

liInn~>oo Up+1 = X, limy e Uon+1 = Y, lirnn~>c>o Won+1 = Z.

(b) Iszsoddand0<u2m<1 0 <0y <1,0 < wyy <1, g1 > % vzm_1>ﬁ,
Wop—1 > 1 form—%,%,. ,0, then

limy, o0 Upp1 = 00, liMy 00 V41 = 00, limy oo Woy 41 = 0,
limy, 00 Upy = X, limy, 40002, =Y, limy, 00 Woy = Z.

Proof. We consider only Case (a) since the other case can be proven similarly.
(a) Since T = max{X,Y, Z}, we obtain

O0<up =X+ 55 <X+ <X+1-T<X+1-X=1,
0<uvy = Y+wk<Y+ - <Y +1-T<Y4+1-Y=1,
O<wy =Z+ 52 <Z4 L <Z+1-T<Z+1-Z=1

and

U_ 1

u2:X+%>X+U,k+1>U,k+1>ﬁ,
Y+wk+l SY+w g > w_ k+1>1 T

wz—Z+uk“ > Z+U_jq > U > o

By using induction method, we obtain

0 <uzn-1, Von-1, Won-1 <1, zn, Von, Won > 7—, MEN,
and so for | > &3
v w:
Upjg =X+ 2;211(:1 > X+ (%) (k+1) = =X+Y+ ;7121 2kk+22)
>X+Y 4wy (2k+2)—X+Y—0—Z+Tzi+z>X+Y+Z+u2l_(3k+3),

gy =X+ S Xy ) = XY+ 242

U411 Wyl -2

> XAY Wy gy = X+ Y +Z+ 0D > X b Y+ 7+ uy(3143)-

Uyl —2k—3
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Similarly, one can easily see that inequality ug) > X + Y + Z + ug_(3¢4.3) holds. Thus,
forall p € N, ugpy > X+ Y +Z+upy 3441)- I n = pl, then limy, o2y = 00, as
p — oo, n — oo. Similarly, we can obtain limy, . 02, = 00, limy e W2, = 0. On the other
hand, using the conditions of Case (a) and taking the limit on both sides of each equations

of (4) in the following system,

U2pn—k Woy—k
Uppi1 = X+ , Uogpp1 =Y+ , Wy =Z+ ——

Ugp— k

U2n Won Un

we have

lim upyyp1 =X, lim vy, =Y, lim wyyp1 =2,
n—oo n—oo n—oo

which is desired. O

4, TheCaseX >1, Y >1andZ > 1

In this section, we deal with the boundedness and persistence of positive solutions
of System (4) when X > 1,Y > 1and Z > 1. Also, we show that the unique positive
equilibrium of System (4) is globally asymptotically stable when X > 1,Y > 1and Z > 1.

Theorem 6. Consider System (4). Let X > 1,Y > 1and Z > 1. Then, for every positive solution

of System (4) we have the following inequalities, for i = k+ 3,3k +3 and | > 0:

XYZ(X+1)+XZ) (7> 4 XYZ(X41)+XZ
—1-xvyz J\XYZ T XYZ-1

X < Uz < (uj + =T %v7 XYZ=1

XYZ(Y+1)+XY)( 1 ) | XYZ(Y+1)+XY

Y <ogpea)yy < (vj + T xvz XYZ -1

XY
XYZ( z+1)+yz) (5 ) 4 XYZ(Z41)+YZ

Z < W(aky3)4j < (wj + T =xvz XYZ -1

wherel > 0,j = 2,3k + 4.

7

7

Proof. We let {(u,, vy, wy)} be a positive solution of System (4) and be X > 1,Y > 1 and
Z > 1. Since u, > 0, v, > 0and wy, > 0 for all n > —k, from System (4), we have

u, >X>1, v,>Y>1, w,>7Z>1, n>1.
Further employing (4) and (8), we obtain
y = X+ 250 < X+ Juy g
Up_1 Y ¥n k—1r
vn—Y—t—w"kl <Y+ 20, k1,
wn:Z+”Z;7E]<Z+ywn_k_1

for all n > 2. We let {(xy, yn, zn) } be the solution of system

1 1 1
Xn =X+ ?yn—k—lf Yn = Y + Zn k-1, zZn=2+ ?xn—k—lf

such that
Xi=u;, Yi=v;, zi=w; i=-k+1,1

Now, we use the induction method to prove
Uy < Xy, Op <VYp, Wy <2zZy nN>2

We assume that (12) is true for n = m > 2. From (9), we have

n>2,

(8)

(10)

(11)

(12)
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Umi1 < X+ 30k < X+ $Ymok = Xmi1,
U1 <Y+Zwm k<Y—i— ZZm—k = Ym+1, (13)
Wiit1 <Z+Xum k<Z+ XXm—k = Zm41-
Thus, (12) is true. From (10) and (11), we obtain
X(343) (14 1)+ = AX3k43)i4j T U YEkt3)(141) 1) = WY 3k+3)14j T Z(3k43)(141)+] = AZ(3k+3)1+j + 4, (14)

where! >0,j=23k+4,a= 337, b=X+1++$,c=Y+1+Landd=Z+1+ % The
general solution to equations in (14) are

b ., b
Xk = (W + ——7)8 + 7
B XYZ(X+1)+XZ., 1 o XYZ(X+1)+XZ
= (4 + —xvz ) xvz) XYZ -1 ' (15)
C 1 C
y(3k+3)l+j - (U]+ a—1)a + 1—a
XYZ(Y+1)+XY,, 1 1 XYZ(Y+1)+XY
i+t —xvz ) vz XYZ-1 ' (16)
and
d ., d
Z(3k+3)1+] = (w +71)ﬂ +1_a
B XYZ(Z+1)+YZ,, 1 u XYZ(Z+1)+YZ
= Wi+ xvz ) (xv7) XYZ-1 ' (17)

where ! > 0, j = 2,3k + 4. Then, from (8) and (12) and the solutions in (15)—(17), it follows
thatforallj =2,3k+4and/ >0

| XYZ(X+1)+XZ XYZ(X+1)+XZ
X < ugpyaygj < (4 + " xvz ) (xvz ) + = =yz=1 -

XYZ(Y+1)+XY 1 XYZ(Y+1)+XY

Y < 0paapsj < (0 + “Txyz ) (xvz ) +—xyz=1 (18)
XYZ(Z+1)+YZ | XYZ(Z41)+YZ

Z < wikgay < (wj+ 1 XYZ ) (xvz ) )((YZ—)l ,

where | > 0 and j = 2,3k + 4, which is desired. O

In the following theorem, we show that unique equilibrium (i, 9, @) = (X+1,Y+1,Z+1)
is a global attractor.

Theorem 7. Let X > 1,Y > 1and Z > 1. Then, every positive solution of System (4) converges
to the equilibrium (i1,0,@) = (X +1,Y+1,Z+1)asn — oo.

Proof. We let {(u,, vy, wy,)} be a positive solution of System (4) and be X >1,Y > 1 and
Z > 1. We assume that

w1 = limy o supxy,, up = limy_eo SUPY,, us = limy,—eo SUPZ,, 19
I =limyseinfx,, Iy =limyeinfy,, I3 =Ilim,_einfz,.

From Theorem 6, we can write the next inequalities:

0<X<h<up<+4oo, 0<Y<bhb<u <+o0, 0<Z<I3<uz< +oo. (20)
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Also, from System (4) and (19), we obtain

M1§X+Il%, M2§Y+%3, M3§Z+%1,

I I3 I (21)
112X+EI ZZZY_F%/ ZBZZ_*—EI
from which it follows that
Liug > Xup + I, (22)
uyly < Xlp + uy, (23)
buz > Yuz + 13, (24)
uply < Yi3 + ugz, (25)
lauy > Zuy + 1y, (26)
and
usl < ZIi + uy. (27)

By multiplying both sides of inequality in (22) by 13 and both sides of inequality in (27)
by uy, we obtain

uzliup > Xuouz + louz, upuzly < Zuoly + upuy,
from which it follows that
Xuous + bhuz < Zuply + upuy. (28)

Similarly, multiplying both sides of inequality in (23) by u3 and both sides of inequality
in (24) by u;, we obtain

usily < uzXly +uzuy,  urluz > Yuzuy + lzug,

from which it follows that

Yuszuq + lzuq < uzXly 4 uzuy. (29)

Again, similarly, multiplying both sides of inequality in (25) by u; and both sides of
inequality in (26) by u, we have

uruply <upYls +uquz,  uzlzuy > upZuq + ugly,

from which it follows that

upur Z + uply < Yuqls + uqus. (30)
From (28)—(30), we have

Xupusz + lyuz + Yuqug + l3ug + upur1Z + usly < upZly + usuq + uzXlp + usuy + 1 Yls + uqus, (31)
which implies that

Xupus + lhuz + Yujug + lzuq + upu Z + uply — upZly — upuq — uzXlp — uztp — u1Yly — uquz <0 (32)
and consequently

Xuz(uz — ) + Yur (uz — I3) + Zua(uy — I) —ug(up — l) —uq(uz —I3) —ua(uy — ) <0. (33)

Since X—1>0,Y—1>0and Z—1 > 0, from (33) we have u; = l;,uy = Iy and
u3z = I3, from which along with (22)—(27) it follows that

Imu,=hL=u1=X4+1, lmov,=b=u=Y+1, lmw,=hL=u3z=2+1, (34)
n—00 n—o0 n—oo

which completes the proof. [
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Lemma 1 ([9]). Assumethat A > 1and0 < e < m ,fork € N. Then a= <1

2
—(kt1))e(A+T)

The following theorem offers us the local stability of the unique equilibrium point of
System (4) when X >1,Y > 1and Z > 1.

Theorem 8. If X > 1, Y > 1and Z > 1, then the unique positive equilibrium (il, 3, W) =
(X+1,Y+1,Z+1) of System (4) is locally asymptotically stable.

Proof. The linearized equations of System (4) about the equilibrium point (X +1,Y +1,
Z+1) are

Xn1 = F(Xn), n € Ny, (35)
where X, = (1l uf?, o o, ol wfl 0f, )T, where
ul) = wg ) =g, ulTY =y,
o) = 0,08 = v,p,. 00 =0, (36)
Wl = wy, 0 = w,q,..., WY = Wn—ks
and F : [O,Oo)ngr3 — [0,00)3k+3 such that for all T = (”(1)'u(2)" v

uktl) o) @) okt M) @)

, wkiD) € [0,00*3, B(T) = (A(T),u®, ...,
w1 £(T),0@),. .0

(1), £3(T), w®, ..., wk+D), where

(k+1 w(k+1 (k1)
A(T) =X , o(T) = , f3(T) = T)'
u
Then, we obtain
of, k) af !
Ay =~ aln(D =
af, _ (k+1) af, _ 1
aw(zl) (T)—_(a;u(l))m aw(kil)(T)_W/ (37)
af (k+1) af R
au(i) (T) - (Mu(l))z/ au(kil) (T) - M
Jr is the Jacobian matrix of F at the equilibrium point (7,9, @) = (X+1,Y+1,Z+1),
which is given by
~1 1
0 00 0 y7 00 v O 0---0 0
1 0---0 0 0 0---0 O 0 0---0 O
0 1---0 0 0 0---0 O 0 0---0 O
0 0---1 0 0 0---0 O 0 0---0 O
0 00 0 0 00 0 5§ 0--:0 4
0 0---0 O 1 0---0 O 0 0---0 O
Jr=| 0 0---0 0 0 1---0 O 0 0---0 O (38)
0 0---0 O 0 0---1 0 0 0---0 O
—1 1
i 00 ¥ 0 0---0 0 0 0---0 O
0 0---0 O 0 0---0 O 1 0---0 O
0 0---0 O 0 0---0 O 0o 1---0 O
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M ©

—1 doqs
X+1 " d;

-1 d 1 d
0 vz, 00 vImpg 0
-0 0 0---0 0 0
) 0 0 0 0
k
-1 d 1 d
0 0 0-- Tt 00 zn
.0 0 it 0---0 0 0 0---0 0
di12
1 dyys o
Xy L 0 0---0 0 do
-0 0 0 0---0 0 g
-0 0 0 0---0 0 0 0. daks 0

We suppose that A, Ay, ..., Az 3 are the eigenvalues of matrix Jr and that
D = diag(dy,dy, ..., ds.3) is a diagonal matrix, where

di =dipo =dysz =1, dn=dri14m = doggoym = 1 — me,

form e {2,3,...,k+1} and 0 < € < min{ (Xfi)_(}(“), (Y+}1/)_(i+1)' (Z+Zl)_(]1<+1) }. From this
and taking into account the fact that 1 — me > 0, for all m € {2,3,...,k+ 1}, we conclude

that matrix D is invertible. Matrix DJzD ! is given by

d3f42
In order to find the infinite norm of DJzD !, we show that the sum of absolute
values of the entries of each row is less than one. For this, by considering the fact that
dy >dy > - >dgiq, den > digs > 00 > doyp and dy g3 > dogig > 00 > dapyz, we
can write the following inequalities for every j € {1,2,...,3k 4+ 2}:
d.
T2 <, (39)

dj

from which, along with A > 1 and Lemma 1, it yields

1 d L1 d 1 N 1

Y+1din Y+ldyy Y+1 0 (1—(k+1)e)(Y+1)
2

1—(k+1e) (Y +1)

<1

<1

Similarly,

1 dy 1 d

+ <1
Z+1dogys  Z+ldziys

and

1 dyys 1 dyys

< 1.
X+1 dl X+1dk+1

Since Jr has the same eigenvalue as D.J ;D‘l,
0(Jr) = max{|Ai|} < ||[DIFD |,

but
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1 1 d ds  d 1 1
1y _ dy ds k+1
IPTFD ||°°_maX{Y—|—1+(1—(k+1)e(Y+1)’d1’d2’”" 4 'Z11 -kt Dez+1)
1 1
X+1 " (1= (k+1)e(X+1)
<1 (40)

Since he modulus of every eigenvalue of Jr is less than one, the unique equilibrium
point (i7,7,@) = (X +1,Y +1,Z + 1) of System (4) is locally asymptotically stable. [

Theorem 9. If X > 1, Y > 1 and Z > 1, then the unique positive equilibrium
(1,0,0) = (X+1,Y+1,Z+1) of System (4) is globally asymptotically stable.

Proof. The result follows immediately from Theorems 7 and 8. [J

5. Rate of Convergence

In this section, we study the rate of convergence of a solutions which converges to the
equilibrium point (7,7, @) = (X +1,Y 4+ 1, Z + 1) of System (4) in the region of parameters
described by X > 1,Y > 1and Z > 1. The following result presents the rate of convergence
of solutions of the system of difference equations

¥, = [M+N(n)]¥,, (41)

where ¥, is a (3k + 3)-dimensional vector, M € C(k+3)x(3k+3) js a constant matrix and
N : Zt — COk3)x(3k+3) js 3 matrix function with

IN(n)|| =0, as n— oo, (42)
where ||.|| denotes any matrix norm.

Theorem 10. (Perron’s Theorem, see [18]) Assume that Condition (42) holds. If ¥, is a solution of
System (41), then either ¥, = O for all large n or

¥l
%= lim
n—oo |[¥y |

or 1
6= tim ([¥])"

exists and ¥ is equal to the modulus of one of the eigenvalues of matrix M.
Theorem 11. Assume that {uy,, vy, wn}ff:ik is a solution of System (4) such that

imu,=a=X+1, limov,=9=Y+1, lmw,=w=2Z+1.
n—oo n—oo n—oo
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Then, the error vector

e un —u

1 _
€n—1 Up—1 — U

1 _
€k Up—k — U

e2 Uy — 0

2 _
e Uy — 0

n = . =

2 —
€k Opy—k—70

e Wy —

3 _
€, 1 Wy—1 —wW

3 py
Cr—k Wn—te —W

satisfies both of the asymptotic relations for some i € {1,2,...,k},

. 1 o . Y o
0 = tim (|[l)F =AJr@ o), 6= tim Ll s, @)

n=eo |[¥yl]

where O is equal to the modulus of one of the eigenvalues of Jr at the equilibrium point (i, 3, ).

Proof 10. We let {u,, vy, wy }5;__, be a solution of System (4) such that

mu, =ii=X+1, limo,=0=Y+1, limw,=®=2Z+1. (44)
n—o0 n—s00 S
We have

n " " B

U’l*l*ﬁ:Y*%*Y*l:wnj}_wn:wn;ﬁ_w*wnw_w, (46)
n n " B

g1 — = Z 4 Mk g g Mk T Mk m 0 Un 0 W)
Un Un Uy Uy

using the fact that
1 _ 2 B 3

e, =Up—1i, €, =v,—0, €, =w,—,

then, the equations in (45)—-(47) can be rewritten in the following form:

2 2
1 _ Ch—k &
en—i—l - Un Unl (48)
3 3
e e
2 n—k n
e == - —, 49
n+1 wn wn ( )
1 1
e e
3 _ n=k tn
€1 = BT (50)
Now, welet A; =C;=D; =E; =M, = N; =0, fori € {0,1,...,](}, By = —vin,
Bi=0forie{1,2,....,k—=1}, By =3, Fp= -5, F=0fori e {1,2,...,k—1}, F = -,

Ly = —uin, Li=0forie {1,2,...,k—1}and L} = u% Then, the equations in (48)—(50) take
the form of
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k k k
enir = Y Aiey i+ Y Bien i+ Cen (51)
i—0 i—0 i—0
2 . 1 ko £,
€1 = Z Dienfi + Z Eienfi + Z Fien—i/ (52)
i—0 i—0 i—0
3 S k 2 £ 3
Cpy1 = ) Liey i+ ) Miep_;+ ) Niey ;. (53)
i=0 i=0 i=0

We have
limy, 00 A; = limy 00 C; = limy 00 D; = limy 00 E; = limy, 500 M; = limy, oo N; = 0, fori € {0,1,...,k},

limn_>oo Bl = limn_>oo Fl == llmn_wo Ll = 0, fOI' Z S {0, 1, e ,k - 1},
(54)

Sl

limy o By = =3, limyyeo Fo = —5,  limpoe Lo = —3,

==

’ hmi’l%oo Fk = %/ hm}’l—}oo Lk =

STEY

That is,

BO:_%“l‘an/ Bk:%_._b}’l/
Eq = —% +an, Ep= % + B, (55)

LOZ_%_F’)/V[/ Lk:l—“l‘&n/

u

wherea, -0, b, = 0, ay, — 0, By =0, v» = 0, 6, — 0 for n — oo. Then, we possess the
next system of the form (41)

Eny1 = (M+ N(n))&n, (56)
where &, = (eh, el _1,...,el e3¢ |, .2 e3¢ ..., )T and
0 00 0 % 00 y3y 0 0---0 0
1 00 0 0O 0.0 0 0O 00 0
o 1...0 0 0 0.0 0O 0 0---0 0
o 01 0 0 00 0 0 00 0
0 00 0 0 00 0 4 0--:0
o 00 0 1 00 0O 0 0.0 0
M=|o0 00 0O 0 1.--0 0 0 0---:0 0 [, (57
o 00 0 0O 0.1 0 0 00 0
-1 1
g 00 ¥ 0 0.0 0 0 0--:0 O
o 00 0 0O 00 0O 1 00 0
o 00 0 0O 00 0 0 1.0 0
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o 0---0 0 a, 0---0 b, 0 0---0 O
1 0---0 0O 0 O0---0 O O 0---0 O
o 1---0 0 O O0---0 O O O0---0 0O
o 0.--1 0 0O 0---0 O O O0---0 O
0 0---0 0 O O0---0 0 O ay---0 PBn
o 0---0 0 1 0---0 O O O0---0 0O
Nm)=|0 00 0 0 1---0 0 0 0---0 0 |, (58)
o 0---0 O O O0---1 0 O O0---0 o0
Y 0---0 6, 0O 0---0 O O O0---0 O
o 0.--0 0 0 0---0 O 1 0---0 O
o 0---0 O O O0---0 O O 1---0 0O

o 0---0 0 0 0---0 O O O0---1 0

where |N(n)|| — 0as n — co. Matrix M is equal to Jr. So, by applying Theorem 10 to
System (4), the result holds. [

6. Numerical Examples

In this section, we provide numerical examples which demonstrate different types of
the behavior of solutions to System (4).

Example 1. Consider the next system:

I G R e T L . S NS (59)
On—1 Wyn—1 Un—1

with initial values u_3 = 051, u_, =8.47, u_1 =2.55,v_3 =2.08, v_, =3.71, v_1 = 20.79,
w_3 = 1228, w_p = 0.38, w_1 = 2.41 and parameters X = 1.7, Y = 2.5, Z = 1.9. Then, the
equilibrium point Ty = (i1, 0, @) = (2.7,3.5,2.9) of System (59) is globally asymptotically stable.
That is, since the parametric conditions in Theorems 8 and 9 are satisfied, Figure 1 shows that the
equilibrium point Ty = (i1, 9, @) = (2.7,3.5,2.9) of System (59) is globally asymptotically stable
(see Figure 1, Theorem 9).

25F ]
201 1
15r 1
10 1

SM\> W ’

[0 = | | | | 1
0 20 40 60 80 100

n

u(n),v(n),win]

— u(n) — v(n) w(n)
Figure 1. The plot of System (59) with X >1,Y > 1and Z > 1.
Example 2. Consider the next system:

(. Wy, Uy
Uy =X+ =2 o, =Y+ 2w, =7+ neN,, (60)
On—1 Wy—1 Up—1
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with initial values u_4 = 313, u_3 = 151, u_» = 071, u_1 = 1.12, v_4 = 1.27, v_3 = 0.08,
v_p =142, v_1 =223, w_4 =077, w_3 = 0.28, w_p = 0.18, w_1 = 1.21 and parameters
X =0.78,Y = 043, Z = 0.97. Then, the equilibrium point T'p = (i1, 9, ) = (1.78,1.43,1.97) of
System (60) is not globally asymptotically stable. Moreover, System (60) has unbounded solution.
More precisely, from Thereom 5, since X > 1,Y > 1and Z > 1, System (60) has unbounded solu-
tions. Furthermore, Figure 2 implies that the equilibrium point T = (11,9, @) = (1.78,1.43,1.97)
of System (60) is unstable (see Figure 2, Theorem 5).

1x1010} ]
8x10°f ]

6x10°} ]

u(n),v(n),win]

4x10°} ]

2x10°} ]

oi —_— A«AAAAAA
80

0 20 40 60
n

100

— u(n) — v(n) — w(n)
Figure 2. The plot of System (60) with X <1,Y <land Z < 1.
Example 3. Consider the next system:

Uy = X+ 25 g =y + 5 =z S e, (61)

Un—1 Wy—1 Up—1

with initial values u_s = 214, u_4 = 1.44, u_3 =0.92, u_», = 0.53, u_1 = 0.01, v_s = 0.13,
vy =240v_3 =1560v_ =327, 0v_1 =003 w_s =025 w_y4 =196, w_3 = 2.25,
w_y = 3.05, w_1 = 0.31 and parameters X =Y = Z = 1. Then, the solution of System (61)
oscillates about the equilibrium point (11,0, ®) = (2,2,2) of System (61) with semi-cycles having
at most five terms. Then, the equilibrium point (41,0, @) = (2,2,2) of System (61) is not glob-
ally asymptotically stable. Further, System (60) possesses an unbounded solution (see Figure 3,
Theorem 9).

3 Nh\\h\\h\\h\\h\\h\\h

WWWWWWN

u(n),v(n),w[n]
N

1 1
0: | L L L | L L L | L L L | L L L | L L L \;
0 20 40 60 80 100
n
— u(n) — v(n) — w(n)

Figure 3. The plot of System (61) with X =Y =Z = 1.
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7. Conclusions

This study represents a contribution to the analysis of three-dimensional concrete
nonlinear system of difference equations with arbitrary constant and different parameters.
This paper mainly discusses the dynamic properties of a class of higher-order system of dif-
ference equations by utilizing semi-cycle analysis, stability theory and rate of convergence.
The main results are as follows.

(i) From semi-cycle analysis of System (4), it is determined that System (4) has no non-
oscillatory negative solutions, no decreasing non-oscillatory solutions, no nontrivial
periodic solutions of period k. It is also determined that the solution of System (4) is
either non-oscillatory solution or it oscillates about the equilibrium point of System (4),
with semi-cycles having k + 1 terms.

(i) When X > 1,Y > 1and Z > 1, the positive solution of System (4) is bounded
and persists.

(iii) When X >1,Y > 1and Z > 1, every positive solutions of System (4) converges to the
equilibrium (X +1,Y+1,Z+1).

(iv) When X > 1,Y > 1and Z > 1, the unique equilibrium point of System (4) is globally
asymptotically stable.
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