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Abstract: In this article, we consider the improved perturbed nonlinear Schrodinger Equation (IP-
NLSE) with dual power law nonlinearity, which arises in optical fibers and photovoltaic-photo-
refractive materials. We found grey and black optical solitons of the governing equation by means of
a suitable complex envelope ansatz solution. By using the Chupin Liu’s theorem (CLT) for the grey
and black solitons, we evaluated new categories of combined optical soliton (COS) solutions to the IP-
NLSE. The propagation behaviors for homoclinic breathers (HB), multiwaves and M-shape solitons
will be analytically examined. All new analytical solutions will be found by an ansatz function
scheme and suitable transformations. Multiwave solitons have been reported by using a three-waves
technique. Furthermore, two kinds of interactions for M-shape soliton through exponential functions
will be examined.
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1. Introduction

Optical solitons have been extensively applied in high-speed and high-capacity com-
munication systems as an information carrier. The nonlinear Schrodinger Equation (NLSE)
is one of the rarely used models in this context and describes the evolution in optics [1-19].
Recently, the study of exact rational solutions, their interactions, homoclinic breathers
and multiwaves has been receiving attention from many scientists for their applications
in biophysics, nonlinear fibers, oceanography and plasma. There are some adequate
techniques that are applied to achieve the retrieval of rational solutions to the nonlinear
systems [20-34].

The IP-NLSE in its dimensionless form is given as [35],

0 + a0 + 0O + F (|OP ) = i(e505 + C4(|Q|2m(2>x + C5(|Q|2’”>XQ) 1)

where x and t stand for the spatial and temporal variables, respectively, while Q(x, t)
is the soliton pulse profile. The 1st term interprets the linear evolution. The m stands
for a nonlinearity factor that is applied to put the model into a generalized setting. c4
represents the self-steepening perturbation term, while the coefficient of c3 is the inter-
modal dispersion and cs is the nonlinear dispersion coefficient. The coefficient of b accounts
for the group velocity dispersion and the coefficient of a accounts for spatio-temporal
dispersion and hence Equation (1) stays integrable. The coefficient ¢ interprets the non-
Kerr-law nonlinear term. Now, in order to use the functional F, it is important to consider
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the smoothness of F(|Q)>Q)) : C — C. Treating the complex plane C as a two-dimensional
linear space R? the function F(|Q|2Q)) is continuously differentiable, so that

F(|Q\2)Q€ G Ck((—m,m)x(—n,n):R2>. )
nm=1

2. Dual-Power Nonlinearity

This nonlinearity is used in photovoltaic photorefractive materials such as LiNbOs [35],
F(s) = c15" + cps*" 3)

where ¢ and ¢, are constants. Therefore, Equation (1) reduces to [35],

i + aQx + bQy + (c1\0|2” + c2|0\4”)0 - i(c;;Qx + c4(|0|2’”0)x + C5<|Q|2m>x0)’ @)

since for dual power law nonlinearity, m = n. Furthermore, as expected, for n = 1, the
dual power law changes to the parabolic law and Equation (4) will be entertained in the
upcoming sections of the paper. Some researchers worked on the stated model. For instance,
Biswas et al. investigated optical soliton perturbation via a trial function method [35] and
Ekici et al. studied the analysis of solitons in nonlinear materials [36], but the motivation of
this document is to find the grey and black optical solitons for the governing equation by
means of a suitable complex envelope ansatz solution. With the application of CLT to the
grey and black solitons, we evaluate new sets of COS for the model. Furthermore, we will
discuss the propagation of homoclinic breathers, multiwaves and rational solitons[37-39].

The rest of the article is as follows: In Section 3, we will give the evaluation of grey
and black optical solitons by using a complex envelope ansatz solution. Our Section 4
contains the CLT extended to optical solitons with its applications to the stated model. In
Section 5, we will give the evaluation of COS of type-I and in Section 6 the evaluation of
COS of type-II. In Section 7, we learn the multiwave solution for the governing problem
via a three-waves scheme. In Section 8, the HB scheme is presented and we compute
new solitons. In Section 9, we will form the rational solitons and their interactions in
Section 10 and Section 11 respectively. Our Section 12, contains the discussions and finally
our Section 13 contains the conclusion.

3. Grey and Black Optical Solitons (GBOS)
For these solitons, we apply the following transformation in Equation (4) [40],

Q(x,t) = B(x, t)e’® with E(x,t) = kot — kix + v (5)

where the B(x, t) is a complex function, Q)(x, t) stands for phase shift, v denotes the phase
constant, k, represents frequency and kj represents wave number. To find GBOS for
Equation (4), we choose [40]:

B(x,t) = tanh[y(x — vt)]A + i (6)

where v is pulse width and 7 denotes inverse group velocity shift. The amplitude of
B(x,t)is

N|—

[B(x,t)] = [A2 + B — AZsecl?(y(x — ot)) | @)

and, furthermore, the nonlinear phase is

e B
Gni = tan”! {/\tanh(iy(x — Ut)):| ®)
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For B = 0 in Equation (6), a dark soliton is known as a black soliton. However, for § # 0 in
Equation (6), a GOS is attained.
Substituting Equation (6) into Equation (3):

icski B+ ibk3 B — iko + iaki ko — ic1 B> 4 icgky B* — icaf® — icytanh® (17) BA*
+(—2icaky° — 2icski ) y/ B2 + tanb (3)A2 + (—ie1pA + icak BA2 — 2ica A% ) tank? () +
(—eskid =BG + koA — akikad + 1A — caftA + 1)) +

(6e4k1 B2 + 6eski 1) /B2 + tanh? (1)A2 tanh () + )

coAStanh? () + (—C4k1/\3 + 202/32/\3> — 1A sech? (1) tanh(n7)

+(bicaki A% + 6icspA%) tan 2 () /B2 + tan 2 (1)A2 +

(—2c4k1/\3 - 2c5k1/'\3) tan h3(;7)\/52 +tanh2(n)A%2 =0

Solving distinct equations from the coefficients of tanh, tanh tanh? and tanh? we find

the following:
Constants:
icsky B+ ibk2B — ikp + iakikop — icy B3 + icsk1 Bt — icyB° = 0, (10)
tanh?:
—ic1 BA% + icgky A — 2icypPA% = 0, (11)
\/ B2 + tanh? (1) A2:
—2icgk1 B2 — 2icsk B =0, (12)
B? + tanh?(17)A2 tanh (7 ):
6cak1 B?A + 6eski BA = 0, (13)
tanh(z):
—c3ky A — BK2A + koA — akikoA + ¢y BZA — cuf*A 4+ A =0, (14)
\//32 + tanh? (1) A2 tanh(77)2:
6icgk1 BAZ + 6icspA? = 0, (15)
tanh(7)3:
—204k1A% = 2¢5k1A3 = 0 (16)

3.1. Type 1: Grey Optical Soliton (GOS) (B # 0)
By evaluation of equations from Equation (10) to Equation (15) for  #= 0, we get [40]:

kl - 2C624ﬂ2/
ko — C2ﬂ2(4bﬁ2C2+ﬁ2C£+2C3C4)
2= c4(2ap*cr—cy) !
C5 = —Cy4, (17)
A=A,
B =B
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Hence, the GOS of Equation (3) is
, 2cpx > 2% (4bB?ca + B2 + 2304 )t ,
Q t) = — — — Atanh . 1
() = exp [ ( 2E e (~if + Atanh(y)) 18)
The pulse intensity is
1

1O (x, t)| = {,32—1—)\2—)\zsechz[q(x—vt)]}z. (19)

The nonlinear phase shift is
Oy = arctan [ & ] . (20)

Atanh[y(x — vt)]
The soliton will exist provided # > 0 and v > 0.

3.2. Type 2: Black Optical Soliton (BOS) (B = 0)

By evaluation of equations from Equation (10) to Equation (15) for § = 0, we get [40]:

ky = _bk%fcliAiJqul’
ak1—1

C5 = —C4,

v =",

B=8

A=A

Hence, the black optical soliton of Equation (3) is

bk3 — 1A% + c3kq )t
Qz(x,t)—)\exp[i<v—k1x+( 1= ad” +ak) >]tanh(17).

Clkl—l

Its intensity is
1
1 (x, 1) = {/\2 — A2sec K[ (x — vt)]}z.

4. Optical Solitons Extension via Chupin Liu’s Theorem (CLT)

(21)

(22)

(23)

The CLT shows a relationship among kink-bell and kink-type solutions [40]. This
theorem is also used for nonlinear fibre optics. This theorem can be used to compute the
COS results of a nonlinear model. For this reason, we will utilize the CLT to extract the COS
of governing model via the GOS and BOS Equations (18) and (22). Hence, the modified
Chupin Liu’s Theorem on the relationship among dark-bright and dark soliton solutions is

given by the subsequent definition. Suppose we are given a nonlinear model,

Al(Q/ Ar QJC/ AXI Qtl At/ QXX/ AXXr .. ) - 0/
AZ(Q/ A, Qx/ AXI Qf/ Af/ QXX/ AXX/ .. ) =0.

(24)

Here, O = Q(x,t), A = A(x,t), A1 and A; are polynomials about (), A and their deriva-

tives. If Equation (24) has dark soliton solutions

{Q = Gy{tanh[B(x — vt + ¢o)]},
A = Hy{tanh[B(x — vt 4+ ¢o)]}.

(25)
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then Equation (24) has COS

A = Hy {tanh[2B(x — vt + ¢o)] + isech[2B(x — vt + )]} 26)

{Q = Gy{tanh[2B(x — vt + go)] + isech[2B(x — vt + o)},
where Gy and Hy, are polynomials.

5. COS Category-I
By using the CLT to the GOS Equation (18), we derive the following COS of category-I,

) 2 2 2 4b 2 + 2.2 +2 ¢ ‘ ‘
O3, 1) = exp [ ( -, ok ( cféfzﬁzi 2 =2 )] (—i + Atanh(y) + isech(n)) @7
with intensity
|OQ1(x, 1) = {/\2+/32+2A,Bsech[2;7(x—vt)}}% (28)

and nonlinear phase shift

B+ Asech2n(x — vt)]}

X tan h[2y (x — ob)] @9)

O,Np = arctan [
6. COS Category-I1

With the application of CLT to the BOS in Equation (22), we compute the COS of
category-II:

2 .32
Qu(x,t) = A(tanh(y) + isech(r)) exp li <v —kyx + (oK :kllA_t CSkl)t) ] (30)

with intensity
Q4(x, ) = A (31)
and nonlinear phase shift

sech[2n(x — vt)]

QsNg = 2
3NL = arctan tan h[2n(x — vt)] (32)
7. Multiwaves Solitons
The ansatz is [41]:
Q(x,t) = p()e®, ¢ =kx—vt, §=kx—ot. (33)
By substituting Equation (33) into Equation (3) and extracting real and imaginary parts
respectively:
cakop — b + 0 + akoo + c19° + 3cakop® 4 2eskop* + copp® + bk — akqoy’ =0, (34)
and

sk — 2bkokytp + vy + akyop + akyoy + caky P + 24k P + 2esky Py = 0. (35)
We apply the following logarithmic transformation to Equations (34) and (35):

¥ =2(Inf),, (36)



Mathematics 2023, 11, 2122 6 of 19

and obtain,

cakof*f — IS +of f + akooftf + 4oy f2F2 4 2bK3 F2F 2 + 12e4ka f2F 2 — 2akyof2f 2 (37)

+16cskaff 44+ 16c2f 0 — 3032 F f +3akyoff f +bIGFAF —akjof*f = 0.
Moreover, the three-waves ansatz [41] is:
f = by COSh(IZlg + ﬂz) + by COS(a3€ + 04) + by cosh(a5§ + a6), (38)

where a; are any constants. Substituting Equation (38) into Equation (37) and solving the
equations from of cos, sinh and cosh coefficients:

Set I.
o — av+cz++/a20%+2aczo+4buc’
2 2b 7
k=%, (39)
as = as.
We have

2b

(av+63+ \/ 202 +2a03v+4bvc%) x
i| —vt+
2e

) (—asby cos[ag + az(—vt + ©%) |sin[ay + az(—vt + )| +1Ty)

Qs(x,t) = , 40
5(x/1) by cos[ay + az(—vt + BX)| + bocos[ay 4+ aq (—vt + %52) | 4 bycosh[ag + as(—vt + %X )] (40
where ITy = a1bg cos[ay + a1 (—vt + %X) |sinh [ay + a1 (—vt + Z2) | + 11,
and I1, = asb, cosh [ag + a5 (—vt + 2% ) |sinh[ag + as(—vt + %F*)].
Set II. When
o — av+c3++/a202+2ac30+4buc
2 = 2 ’
ki =0, 41)
bo = bo,
as = 4as,
by usage of the above values,
, +e3++/a202 + 2aczv-+4boc] ,
2exp lz (vt + <m} sTve th e vc3)x>] (—azby cos(ay — azvt)sin(ag — azvt) + I13)
06(xr t) = ’ (42)

by cos(ag — azvt) + bocosh(ay — ayvt) + bacosh(ag — asvt)

where I3 = a1by cosh(ay — ajvt)sin(ay — azvt) + asbycosh(ay — ajot)sinh(ay — aqvt).
8. HB Approach
We consider f as follows [41]:
f = e—p(ﬂﬁ-m@) + blep(a‘l""a?yg) + bo COS(pl(ﬂé _|_ a5g)), (43)

where a1, ap, a3, a4, by, b1, as and a¢ are constants. Inserting Equation (43) into Equation (37)
and selecting coefficients of exp, cos and sin and evaluating them:
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Set I. When

—32a‘11czp2+3aa%k1v+aa1u3k1v—2aa§klv

Cl = - 4 2 4
toap?43 Zka1 3aa3k
_ —128ajcop”+3aatkiv—3aazk v _

ky = e a5 =0, (44)
ca — 7256a¥c265p5748aa‘11a3C5k1p3v+48aa?a§cSk1p307128aa%c2p20+3a%u%k10273a2a§k102+48a?65p0
3 —128atco p?+-3aatky v—3aa3k v ’

via the above values and Equation (6), we obtain

; (—vt+— (7128a%62p2+3a;%k1v—3aa%k1v)x>
2 (_alefp(afrul (7vt+k1x))P + azby pg*P(HZJF”l (7vt+k1x))> e 48ajcsp
Q7(3C, t) =

efp(a2+a1(fvt+k1x))p + blpefp(ﬂ2+a1(fvt+k1x)) 4 bO COS(616P1) (45)

Set II. When

_ 8(9a1—5a3)a3cop?
== 3a1—3a3 4
ki = _2%,
p*(a1—az)(a1—7a3)a (46)
. _1611‘]1c2p4(a1—7a3) as =0
- 3&2]73&3 85 =Y

ky =0.

via the above values and Equation (6), we get

toitear (703t 8 6efegp! (1 ~7a5)t

2 —a pe_p<112+111 ( 3a1—3a3 __pz(alfu:;)(u] —7113)11)) + H4 e 34,343

Qg(x,t) = , (47)

16a4c p4(a] —7a3)t 8
Ao ()
e P<2 1 3ay—3a3 p2(ay—a3)(ay—7a3)a +b0COS({16P1)+H5

16H462p4(ﬂ1 —7a3)f 8 > )
—plax+a 1 ~ __ X
where I1y = a1bype p( 2 1( 311313 p*(a1-a3) (a1 ~7a3)a

toatcrpt(ay—7a3)t 8x > )
and Ils = blep <a2+u1< 3a1—3a3 p2(ay—a3)(ay~7a3)a ) )
9. Evaluation of M-Shape Solitons
For this type of solitons, we choose f as [41,42]:

f=(dil +dp)* + (d30 + ds)* + ds, 48)

where d;(1 < i < 5) are some constants. Using Equation (20) in Equation (7) and extracting
equations from coefficients of { and their evaluation gives:

SetI. Whend, =d, =0,

o1 — _862 (d%-l—d%) — cods (d%-ﬁ-d%) (bCzd%d5+bd%d5—6C3C4)

1= ds e 6cy (aczd%d5+acd§d5+6C4) ’
ky =0, (49)
_ cads(di+d3)
6C4

Using the above values we get,

5 _cod] (di+d5)ds (beadids +bd3ds—6cscy )t cod3(di+d3)ds (beodids+bd3ds—6cscy )t N
604(ac2d%d5+acd§d5+604) 3C4(ﬂC2d%d5+aCd§d5+6C4) 1

Qg(x, t) =

, (50)

2 2
ds + 2 ¢ (d3+d2 ) ds (beyd2ds+bd3ds —6cscy )t y ¢ (3 +d2)ds (beyd? ds+bd3ds —6cscy )t
3 1 664(ac2d%d5+acd§d5+664) 3 3C4(aczd%d5+acd§d5+6q)
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where Ni — oxp |i _cz(d%+d§)d5(bczd%d5+bd§d5f6C3C4)t cods (d3+d3)x
1= exp 3cy (chd%d5+ucd§d5+6C4) 6c4 ’

Set II. Whendy, = dy =0,

o = 78c2(d%5+d§),
_ cods(d3+d3) (bepddds+bd3ds—6cacy )
= 6c4(ac2d%d5+acd§d5+6c4) ’ (51)
e — cods (d3+d3 ) a(beod3ds+bd3ds —6cscy )
1= 664h(ﬂ€2d%d5+{1€d%d5+6€4) !
ky — cods (d3+d3)
2= 6y :

Using the above values and Equation (6) we get,

(242 oo} (d}+d3)ds (beadids +bd3ds—6cacy )t cod3 (df+d3)ds (bepdids+bd3ds—6cacy )t PN
1 6C4(uc2d%d5+acd§d5+604) 3C4(11C2d%d5+116d%d5+6€4) 1
QlO(xr t) =

;o (52

ds 4+ d2 e (3+d2)ds (beyd2ds+bd3ds—6cscs )t oo (d2+d3)ds (beyd2ds+bd3ds —6cscy ) x L2
5 1 6C4(aczd%d5+acd§d5+6r:4) 364(ac2d%d5+acd§d5+664) 2

B A co(d3+d3)ds (bepdds+bd3ds—6escs )t | cods(d+d3)x
where Nj = exp |:l ( 3cy (aczd%d5+acd§d5+6C4) + 6cq and,

N :d2 _C2(d%+d§)d5(bCzd%d5+bd§d5—6C3C4)t uCz(d%-‘rd%)(%(bCzd%d5+bd%d5—6C3C4)x
2 3 6c4 (ac2d%d5+acd§d5+664) 6bC4(ﬂC2d%d5+aCd§d5+6C4)

10. One-Kink Interaction for M-Shape Soliton
We choose f [41,42]:
f=07+03+ds+%, (53)

the @) = d1{ +dy, Oy = d3l +dy, O3 = del +dy di(1 < i <7),are constants. Applying
Equations (53) and (37) and setting equations of { and exp coefficients:
Setl.Ilfdy =d, =0,

4864](2
-84,
5
ko (—c2d3d3 —c2d3d2+324c3)
90c4ds (2 +d3) !
ad3d3v*+192c,d7+384csd3d5+192c4d}
U= d3ad? ’
5443

ds = 3o k1 =0,

T besdz’
_ a3d%dikyv, —abddd2k3 +192acydik, +384acyd3d5ky +192acydiko +Fy
- A2k d3a ’

Fy = ad3d2v; 4 192c4d5 + 384c4d3d3 + 192¢,4d3.

1 =

C) =

(54)

Using the above values we get,

18cy (ad2d3v2 +192c,d% +384cyd?d2 +192c,d3 ) t
e 4( 395 471 4713 4 3)

5| 18eie ’ besdzdzads _ 2t(adBd3 +192c4d+384c, 2 d3+192¢4d3)

6esd? &a —H | H

Oy (x, t) =

55
p 18c (ad3d3o? +192cyd} +384c, 33 +192c,d% )t ! (55)

7 23,42
d5 +e 6c5d5d5nd3 + H3

23t (ad3d3v?+192c4d} +384cyd3d3+192c4d3)

where H; = 2 ,

. t(ad2d30v2+192¢,d%+384c,d?d2+192c4d3
szeXp[l(_( - ST 43)+k2x and
35
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B2 (add20? +192c4d4 13840y B+192c4d3)” | 2 (ad3d30P4192c,d% 43840, 23 +192¢,d4 )
H3 = d4d6a2 + d4d6112 ‘
3¥5 375

SetII. When dy, = d, =0,

1
3
o 7]6(35 —C5d%—2€5d%d%—(ﬁ5d%
=3 8Tc, k2,

Cy = csko

7

1
4 242 4\ 3
30 —c5d] —2c5d1d3—55d3 ) 3

8Icy

o (56)

17

4 242 4\ 3

3 7C5d172€5d1d3755d3 3
8lcy

o —esdi—2csdd3—csdd \ B
to =t

ds

Using the above values we get,

&

(—vt+k1x)

+Q el (—vt+kyx)

) —c5d}—2c5d3d3—c5d} )

1 < 81cy
3 dy+
—csdt—2csd3d3—csd \
2 2( 8Tc, e

@I

33

le(x, t) =

, (57)

2( —c5d}—2c5d3d3 —c5d}
1

2. 42 dy+
333 (d3+d3) 7

1
4\ 3
81y (7vt+k1x)
4 22 AN 3
3 ( —c5d] —2c5d5d5 —c5d3 ) 3

I

+e 3 + Q2
8lcy

where Q1 = 2d%(—vt + kyx) + 2d5(—ot + ki x),

Q2 = d3(—vt + kyx) + d3(—vt + kyx).

11. Two-Kink Interaction for M-Shape Soliton
We consider [41,42]:
f=bre &t 4 pyetaltas, (58)

where a1, a3, a3 and a4 are some constants. By usage of Equations (37) and (58) and solving
the equations from coefficients of the exp functions:

Set 1.

o aa3c3+b
k= ab(az—1)(az+1)ad’
ko — zm§C3+b
2= ab(az—1)(az+1)’ (59)

aa§C3+b
V= "5
az(ag—l)(a3+l)a§’
c1 =0,a5 =as,a; =0.

Using the above values we have,

(ﬂﬂ%é‘3+b)l’ (na%63+b)x

ag+az| — +
Dasbe 4 3( ab(a3—1) (a3 +1)a3 a(a371)(a3+1)a§> exp {i(— b((aa%q,-i—h)t (aa§03+b)x >}

a3—1)(az+1)a? a(az—1)(az+1)as

(na%c3+b)t n (aa§63+b)x >

013([)(, i’) =
ble“Z + b2€u4+u3 <_ub(a371)(n3+1)a§ a(a371)(a3+1)a§

(60)
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12. Results and Discussion

We have successfully obtained the soliton solutions by assigning appropriate values to
parameters and they show a discrepancy of waves. First, by applying the complex envelope
ansatz approach, we have evaluated two solution sets for the governing model and their
profiles are plotted. Notice that the 3D, 2D and contour grey optical soliton graphs of
O (x, t) in Equation (18) are presented with distinct parameters c; = 4, = 10,¢3 = 30,
c4 =5a=20,b=14,A=10,v =5, = 1in Figure 1. Moreover, the black optical soliton
graphs of () (x, t) in Equation (22) are constructed with distinct parameters ¢; = 4, c3 = 30,
c4 =5,a=20,b=14,A=10,v = 5,7 = 1in the 3D, 2D and contour expressions (see
Figure 2). Secondly, by applying the complex envelope ansatz approach and Chupin Liu’s
theorem the combined optical solitons of type-I and type-II are generated. The combined op-
tical soliton type-I graphs of Q)3(x, t) in Equation (27) are presented with distinct parameters
¢ =4,=10,c3 = 30,c4 = 5,a = 20,b = 14,A = 10,v = 5,57 = 1 in Figure 3. Sim-
ilarly, the combined optical soliton type-II profiles for solution Q4(x,t) in Equation (30)
are presented with various parameters c; = 4, = 10,c3 = 30,¢4 = 5,04 = 20,b = 14,
A =10,v = 5,7 = 1 in Figure 4. Furthermore by applying the three-waves assumption
on f in Equation (37) we have generated the multiwave solutions respectively. The mul-
tiwave graphs of Q¢(x, t) in Equation (42) are plotted with distinct parameters a3 = 0.25,
ag = 3,a1 = 10,ap = 1.5,a5 = 10,a¢ = 3,bp = 0.5,c3 = 3.5,b; = 3,bp = —2.5,a = 3,
b =1,v = 0.1 in Figure 5. Moreover, the multiwave graphs of Q¢(x, ) in Equation (42)
are plotted with distinct parameters a3 =2,a4 = 1,41 =5,ap = 5,a5 = 4,a6 = 3,bp = 0.5,

c3 = —2,bp = =5bp = —25,a = 1,b = 1,v = 5 in Figure 6. Similarly, the multi-
wave profiles for the solution Q4(x, f) in Equation (42) are plotted via distinct param-
eters a3 = 05,44 = 7,00 = 2,00 = 1l,a5 = 4,04 = 3,bp = 05,c5 = —2,b; = =5,

by = —2.5,a = 3,b = 1,v = 5 in Figure 7 respectively. In addition, with the usage of the
homoclinic breather (HB) scheme we have computed the 3D, 2D and contour HB graphs of
Q¢ (x, t) in Equation (42). These are plotted with distinct parameters a; = —1,a3 = 0.25,
a, = 5,&6 = 3,b0 = O.S,p = 3.5,b1 = 3,b2 = —2.5,k1 = 3,C2 = 1,C5 = 3, p1 = 4,
v = 5in Figure 8. The 3D, 2D and contour HB profiles of ()4 (x, f) in Equation (42) are plotted
with distinct parameters 4y = —-1,a3 = 3,44 = 10,046 = 3,bp = 05,
p=2350by =3,bp =25k =3,c0 =1,c5 =3,p1 =4,v = >5inFigure 9. Furthermore, the
HB shapes of Q4(x, t) in Equation (42) are plotted with distinct parameters a; = 0.25,a3 = 3,

ag = 10,46 = 3,bp = 05,p = 35,y = 3,bp = —25k = 3,c0 = 1,5 = 3,
p1 = 4,v = 0.1 in Figure 10. The 3D M-shape soliton profiles for the solution in Equation (52)
are attained with d; = 0.5,ds = 5,co = 3,c53 = 0.5,c4 = 3.5,d5s = 3,4 = —2.51in

Figure 11. Similarly, the 2D M-shape soliton profiles for the solution in Equation (52)
are computed with d3 = 0.5,d5 = 5,cp = 3,c3 = 0.5,c4 = 35,d5 = 3,4 = —25in
Figure 12. The one-kink M-shape soliton interaction slots via d3 = 0.5,c, = 3,c3 = 0.5,
c4 =35k =3,k =1,d7; = 1,c5 = 1,v = 1 are given in Figures 13 and 14 respec-
tively. Finally the 3D M-shape soliton interaction profiles for Equation (60) are plotted with
ap = —6,a4 = 3,b =0.5,c3 =3.5,a =3,b; = 1,bp = 4,b = 1 in Figure 15.
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Figure 1. The GOS graphs of (1 (x,t) in Equation (18) are presented via ¢; = 4, = 10,¢3 = 30,
c4=5a=20b=14A=10,v=57ny=1.
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Figure 2. The BOS graphs of ();(x, t) in Equation (22) are expressed via ¢; = 4,¢3 = 30,c4 = 5,
a=20,b=14A=10,v=573=1.
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Figure 3. The COS type-I graphs of Q3(x,t) in Equation (27) are presented via ¢; = 4,8 = 10,
c3=230,c4=5a=20,b=14A=10,v=5,y=1.
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Figure 4. The COS type-II graphs of Q4(x,t) in Equation (30) are plotted via ¢ = 4,8 = 10,
c3=230,c4=5a=20,b=14A=10,v=5,y=1.

_D.B_l l l ‘ l
R o L L N

|
-4 -2 0 2 4

Figure 5. The multiwave graphs of ()s(x, t) in Equation (42) are plotted with a3 = 0.25, a4 = 3,
a1 =10, a,=15,a5=10, a6 =3, by =05, c3 =35, b1 =3, bp=-25,a=3,b=1, v=0.1.
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Figure 6. The multiwave graphs of Q4(x, t) in Equation (42) are plotted with a3 = 2, a4 = 1,
a :5, {12:5, 115:4, a6:3, b0=0.5, C3:—2, bl :—5, b2:—2.5, 11:1, b:l, v =>5.
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-0.10

Figure 7. The multiwave graphs of Q¢(x,t) in Equation (42) are plotted with a3 = 0.5, a4 = 7,
a :2, {12:1, a5:4, u6:3, bOIO.S, C3:—2, bl :—5, b2:—2.5, {123, b:l, v =>5.

Figure 8. The 3D, 2D and contour HB graphs of (4 (x, t) in Equation (42) are plotted with distinct
parameters a; = —1, a3 = 0.25, a4 =5, a4 = 3, bp = 05,p =35, by =3, bp = -25, k; =3,
ca =1, c5 =3,p1 =4, v =15, respectively.
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Figure 9. The 3D, 2D and contour HB profiles of Q¢ (x, t) in Equation (42) are plotted with distinct

parameters a; = —1, a3 = 3, a4 = 10, a4 = 3, bg = 0.5, p = 3.5, by = 3, bp = =25, k; = 3,
ca =1, c5 =3, py =4, v=>5, respectively.
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Figure 10. The 3D, 2D and contour HB shapes of Q¢(x, t) in Equation (42) are plotted with distinct
parameters a; = 0.25, a3 =3, a4 =10, a6 =3, by =05, p=3.5,b; =3, bp = -25,k; =3, o =1,
cs =3, p1 =4, v = 0.1, respectively.
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Figure 11. The 3D M-shape soliton profiles for the solution in Equation (52) are constructed with
d3 = 0.5, d5 = 5, Cy = 3, C3 = 0.5, Cy = 3.5, d5 = 3, a= —25.
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(g)d1 =6

Figure 12. The 2D M-shape soliton profiles for the solution in Equation (52) are constructed with
d3 =0.5, d5 =5, Cy) = 3, 3 = 0.5, Cqy = 3.5, d5 =3,a=-25.

Figure 13. Cont.
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(8)d1 =6

Figure 13. One-kink interaction for M-shape soliton to Equation (57) via d3 = 0.5,¢cp = 3,c3 = 0.5,
Cy = 3.5,k1 = 3,k2 = 1,d7 = 1,C5 = 1,0 =1.
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Figure 14. Cont.
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Figure 14. The 2D profiles for Figure 13, respectively.
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Figure 15. The 3D M-shape soliton interaction profiles for the solution in Equation (60) are constructed
withay = —-6,a4,=3,b=05,¢c3=35,a=3,b1=1,b,=4,b=1.
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13. Conclusions

This article derived the grey and black optical solitons to the IP-NLSE with and
dual power law nonlinearity via a complex envelope ansatz solution which arises in
optical fibers and photovoltaic-photo-refractive materials. We thereafter applied the CLT
to compute new forms of COS. Furthermore, the propagation of homoclinic breathers,
multiwaves and M-shape solitons is analytically deliberated. All new analytical solutions
are evaluated by ansatz functions techniques and transformation involving logarithmic
functions. Multiwave solitons are successfully constructed by using the three-waves
method. Two categories of interactions for M-shape solitons through exponential functions
are successfully examined in Figures 13-15.
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