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Abstract: This paper presents a study on the oscillatory behavior of solutions to fourth-order ad-
vanced differential equations involving p-Laplacian-like operator. We obtain oscillation criteria
using techniques from first and second-order delay differential equations. The results of this work
contribute to a deeper understanding of fourth-order differential equations and their connections to
various branches of mathematics and practical sciences. The findings emphasize the importance of
continued research in this area.
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1. Introduction

We take into consideration in our work the oscillatory criteria of the following fourth-
order advanced differential equation

(t)g(u(s(t))) =0,
, 6(t) > &,

where the p-Laplace operator is represented by the first term with (1 < p < o0), and with
coefficient function a € C!([tg,),R), t > to > 0. Furthermore, q,5 € C([tg,),R) and
g € C(R,R).

The oscillatory behavior of solutions for various classes of functional differential
equations was a largely investigated field of research in recent decades. Here we recall the
pioneering papers by Nehari [1] and Philos [2], and the comprehensive book of Agarwal-
Grace-O’Regan [3]. We mention the works of Grace-Lalli [4], Zhang—Agarwal-Bohner—
Li [5], Zhang-Li-Sun [6] (higher order equations), and Bartusek—Cecchi-Dosla-Marini [7],
Ali and Bazighifan [8-14], and Agarwal-Shieh-Yeh [15] (second order equations). More
related studies have been done recently, see [16-18].

Advanced differential equations include several applications in optimization, dynami-
cal systems, and simulation techniques of engineering problems, including power systems,

(att)lw ()1 2u () + (¢
a(t) >0,4(t)>0,q(t) >0
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control mechanisms, networking, and nanomaterials (see Hale’s book [19]). The importance
of p-Laplace equations appears in several applications in the theory of elasticity as well as
in the theory of continuum mechanics, see [20-22]. We recommend the publications of Li-
Baculikova-Dzurina—Zhang [23] for some findings on the oscillatory behavior of equations
resulting from a p-Laplace differential operator as well as the papers of Liu-Zhang-Yu [24],
and Zhang-Agarwal-Li [25].

Therefore, the purpose of this study is to supplement previous work by focusing on the
results in [4,26,27]. Using the integral averaging technique (see, for example, Xu—Xia [28]),
together with the Riccati transformation technique (see, for example, Zhang-Li-Saker [29])
and comparison method with second-order differential equations, we obtain new criteria
for the oscillation of Equation (1). We point out that when all the solutions of (1) are
oscillatory, then the equation itself is called oscillatory; otherwise (1) is said non-oscillatory.

2. Auxiliary Results—Hypotheses

In this section, we summarize significant information and supplementary results from
the literature that will be useful for the remainder of the paper. Additionally, we establish
the notation used.

The definition below pertains to the non-oscillatory behavior of a second-order dif-
ferential equation. We will utilize this definition in the technique of comparing with
second-order differential equations to prove our second theorem.

Now, we take into account the following sets:

D={(ts)€R?:t>s>ty}and Dy = {(t,5) €R*:t > s> ty}.

Definition 1 ([24]). A couple of functions (H1, Hy) € C(D,R) x C(D,R) is said to be of class
S, if the following conditions hold:

(i) H;(t,t) =0fort > tyg, and H;(t,s) > 0 for (t,s) € Do, withi =1,2;

(ii) there exist 7, € C1([tg, o), (0,00)) and (hy,hy) € C(D,R) x C(D,R) such that:

%Hﬂt/S) + ’177((5) Hi(t,s) = hl(t,s)HY*l)/”(t,s), @)

%Hz(t,s) + l;/((ss)Hz(t,S) = hz(t,s)\/H2(t,S), 3)

whenever the partial derivatives ag:" , i =1,2, are continuous and nonpositive on Dy.

1)
~—

For further convenience, we denote:

© 1
(0 = | g

P(t,s)H "L (t,s) 2P~ 11y (s)al(s
nis) = Al )1;1,1 < )2p(9;72(>p)_1 ) be),

1/(p—1)

o(v) = /too<a(kg)/:oq(s)ds> dg.

Our goal here, as stated in the introduction, is to supplement findings in [4,26,27].
Therefore, we discuss in detail all these findings.

We point out that Li-Baculikova-Dzurina—Zhang [23], applied the Riccati transfor-
mation along with the integral averaging method, and concentrated on the way how the
following equations oscillate

/ ]
(s OF 2" 1) + La® @) *u@®) =0, 1<p<e.
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In Park-Moaaz-Bazighifan [30], the Riccati method leads to important and sufficient
conditions for the oscillation of

-

(a0 w0 +gpiao) =0, weven

00 ds _
J; PV ON

In Zhang—-Agarwal-Bohner-Li [5] and C. Zhang-Li-Sun-Thandapani [6], the method
of comparison was applied along with first order equations in order to establish that all the
solutions u of

((se2)°) + gt = @

oo d
Iy e <o
are oscillating or that tlimu(t) = 0 holds whenever 6(t) < t, a < B (with «, B being ratios
—00

of odd positive integers), and w is even.

For the special case when 8 = «, Zhang-Li-Saker [29] obtained several results illus-
trating the findings on the asymptotic behavior of (4), with w = 4. Agarwal-Grace [26] and
Agarwal-Grace-O’Regan [27] considered the canonical even-order nonlinear advanced
differential equation

((u=0)") + o =o, 6

using Riccati transformation method, where they provided several oscillatory results for (5)
where §(t) > t,w is even and B is the ratio of odd non-negative integers.
For 8 = 1, Equation (5) becomes

) (1) +q(t)u(s(t)) = 0. (6)

Now, Grace-Lalli [4] proved oscillatory theorems for (6) in the case where w is even
and under the condition

/oo (s)6“ 1 (s)ds = oo.

to

We point out that applying the above-mentioned theorems to
u)(t) + Bu(pt) =0, 1 > 1, %)

in the case where w = 4 and p = 2, then the hypotheses in [4,26,27] on (7) lead to show that
the results in [27] improve the corresponding ones in [4]. Furthermore, the results in [26]
refine the results in [4,27].

Finally, we mention a few tools that will come in handy as the paper progresses.

Lemma 1 ([6]). Let u € C¥([tg, ), (0,00)) be such that u'®) does not change sign on [to, o)
and u(@) = 0. Assume there is t1 > to with

u @D (Oul(r) <0, forallt > .
Iflim¢_,o0 u(t) # 0, then we can find tg > ty with

0

u(t) 2 (w—1)!

t‘”illu(“’*l)(t)‘, forall 8 € (0,1), t > ty.

Lemma 2 ([31]). Fori=0,1,...,w,let uld (t) > 0and u'“*V(t) < 0. Thus, we have
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Remark 1 ([32]). Fixing co > 0and c; > 0, we have that
(-1 o
p-1) P17~ G

— cnxP/
C1X — CoX =
p? cg

forall x € [0,400).

By a solution of (1) we mean a function u € C3([t,, o), R), t, > to, which has the
property a(t)|u” (t)|P2u" (t) € Cl[t,, ), and satisfies (1) on [f,, c0). We consider only
those solutions u of (1) such that sup{|u(t)| : t > t,} > 0.

The following lemma encapsulates the scenarios to be examined in the demonstrations
of our results.

Lemma 3 ([29]). Let u € C3([t,, o), R) be an (eventually) non-negative and non-zero solution of
Equation (1). Thus, one could get the below cases:
(S1) u(t) >0, u'(t) > 0,u"(t) >0, u"(t) >0, u®(t) <0,
(S2) u(t) >0, u'(t) > 0,u"(t) <0, u"(t) >0, u¥(t) <0,
(S3) u(t) >0, u”(t) >0, u"'(t) <0,
or t > t1, where t1 > 1y is large enough.
f ge enoug,

We are now able to present the specific hypotheses based on the facts of (1):
(H1) Z(t) < oo,
(H2) There exist a constant k such that Ij’(’%)x >k>0,forx #0,

2
(H3) There exist (Hy, Hy) € Sand 6 € (0,1) such that we have:

. 1 t

hltnjoljpm /t1 (Hi(t,s)kn(s)q(s) — 7(s))ds = eo, ®)
t s)h3(t,s

e | (Hz(ffs>‘9<s>w<s> ) W)d =e 0

» _1\P
(FH4) Let 77(s) := 7 TG

. There exists 01 € (0,1) such that we have

p—1

lim sup tt (kq(s) <91‘5;(S)> 771(5(s)) — ﬁ(s)) ds = oo, (10)
t—00 1

3. Main Results

The first result of the paper introduces a theorem that employs the integral averaging
technique to apply Philos-type oscillation criteria to Equation (1).

Theorem 1. If (H1)~(H4) hold, then every solution u € C3([t,, o), R) of (1) is either oscillatory
or satisfies tlim u(t) =0.
—00

Proof. Arguing by contradiction, we suppose that u € C3([t,, ), R) is a positive solution
of (1). So, we assume that u(t) and u(5(t)) are positive for all ¢ > #; large enough.

Now, we distinguish the following three cases (see Lemma 3):
Case 1. If (S1) holds, then by Lemma 1, we have

u'(t) > gt2u”’(t), forall 6 € (0,1), t large enough. (11)

Putting

" p—1
o(t) :==1n(t) (W) (with y given as in (H3)), (12)
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we note that ¢(t) > 0 for t > t; and we have

a " p—1 )
g = (b (t)ipl((?)) +1(t) )
1

P2 (t)u’ (#)a(t) (" (1))"

_(p - 1);7(t) uz(Pfl)(t)
By (11) and (12), we deduce that
9'(t)
/ a(t) (" (1) 2D (" ()P
< 71((:))(”(” +17(t)< 7T ) (p—1)1(1)3F (t)ip(tgt))
" p—1 !
@ OO e -
S TO AT 2[77(t)a(t)]ﬁ¢() "
The equation in (1), and (13) give
/ () AW NO)  (p—1)6 o
A TO A ATy 2[p(Ha()7 T "
Since u’(t) > 0 and 6(t) > t, we get
o) < TWg(0) —kr(ta(t) - ~ P g )
70) 20 (1)a(1) 77

Next, we multiply both sides of (14) by Hj(t,s), then we integrate each side over the
interval [t1, t], So, we have

[ e s)er(s)ats)ds

ty
t —1)0s2
By IS
f 2 (s)a(s)] 7T

Using (2) (that is, the first equation of Definition 1 (ii)), we deduce that

< glnmn)+ [ (s + L) pls)ds
¢

tlt Hi(t,s)kn(s)q(s)ds

t —
< p(t)H(L0) + [ m(E)HT P (1,9)p(s)ds
1

1
—1

1(s)a(s)]?

If we apply the inequality given in Remark 1 for

_ /t(pl)gszq)(s)l’lel(i’,S)dS. (15)
JtH 2[

o = Iy (ts)HP VP (t,9),
x=g(s),
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we obtain that

() HP V7 (1, 6)g(s) - — P10y (1)

2[y(s)a(s)]7
- (¢, s)Hf_l(t,S) 2r=1y(s)a(s)
- pF (6s2)P~"

H1(1,t1) /t:(Hl(t,s)kn(S)q(S) —7(s))ds < o(t),

a contradiction to (8).
Case 2. If (S;) holds, for t > t1, we have

p(t) = o(t) )

u(t)
= yY'(t)= 1199/((;) P(t) +0(t) ML:/((:)) - 192”1/J(t)2 (by differentiation). (16)

>0 (with @ given as in (H3)),

If we integrate the equation in (1) over the interval [t, m] and use u/(t) > 0, then

a(m) (" ()"~ = () ("' () = = [ g(s)g(u(3(s)))s.

Since #/(t) > 0 and 6(t) > t, we obtain that

a(m) (1" ()"~ = a(t) (" (1)) <~k (1) [ g(s)ds oy @12)

= a(t) (u”’(if))p_1 > kuP~1(t) / q(s)ds (passing to the limit as m — o0),
t
k 0 1/(p-1)
= u"(t) > u(t) ( / q(s)ds)
- a(t) ¢ )
Now, we integrate over the interval [t, o), so that we have

wu) [T(G5 o) e <o
W' (t) +u / (/ s s> <0,
¢ \a(@) Je T °
(recall that u”’(t) < 0 and u’(t) > 0),

< E8vi) - el - 5907 @)

I
=
A

~—

Next, we multiply both sides of (17) (with v = s) by H,(t,s), then we integrate each
side over the interval [y, t], So, we have

/tt Ha(t,5)8(s)c0(s)ds

< lp(h)Hz(t, tl) + [t (aast(t,S) + l:éj;Hz(t,S))lp(S)dS
t

-/ 1935)H2(t,s)1[)2(s)ds.

Using (3) (that is, the second equation of Definition 1 (ii)), we deduce that



Mathematics 2023, 11, 1391

7 of 11

/ ds
< ¢(t1)Ha(t, t1) + hz(t s)\/Ha(t,s)p(s)ds

1
—/ ﬂ—Hz(t,s ¢?(s)ds

< (t1)Ha(t, 1) +/ Mds
1 t
= it h) /t1 (Hz(t,S)ﬁ(S)fD(S) -

a contradiction to (9).
Case 3. If (S3) holds and tlimu(t) +# 0, then since a(t)|u (t)|P 24" () is nonincreasing by
o0

(1), we have

2
W) ds S 1P(t1),

a0 () (s) < aV PV, s>t>h.

Now, we multiply both sides by [a!/(P=1)(s)]~1, then we integrate each side over the
interval [t, m]. Thus, we get

W (u) < u"(8) 4+ a/ PV (D) (1) /m a= V(1) (5)ds,
t
= 0<u"(t)+a/P V()" (£)7(t) (letting m — oo),

—a/ P (B _
u”(t) -

(5820

For t > t1, we have

= (18)

a1 ()
¢(t) = O 0, (20)

W (t P*2u/// ! "
I (I C) TR OO

(u(£))"! (" (£))”

Using the equation in (1), then (18) gives

—kq(HyuP~1(6(t))  (p—1)(=¢)P/P-V(1)
(u(£))P~! al/(P=1)(t) '

¢'(t) <

Now, Lemma 1 leads to
u(t) > %tzu”(t). (21)

Using (19) we get g(;((vv))) < “';§,‘5((;’))>. Then, we obtain that

o) = RO 00) @) (=D P
(" (1)) (M”(t))”*1 A /(=1 (1)

, 0102 (t — D) (=) (P (¢
N (P(t)g_kq(t)(lz()) (é(((t)))) o(p a)l(/(qu)l)(t) () 22)

7
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From (18) and (20), we deduce that

-tz () <L (23)

Now, we multiply both sides of (22) (with v = s) by {P~!(s), then we integrate over
the interval [t1, t]. So, we obtain that

G“W0¢U)—C”4UH¢UO+%P—1)Z a VP (5)0P 2 (s)p(s)ds

1

s\
< [ (B5E) oot
/(1) (s
_(p_l)/tl W—”gp 1( s)ds

al/(p=1) ( )

It follows that

/tlt kq(s) (91522(5)) p_lgpfl(é(s))ds

<0 () = 000 + [ (= Da OV e () (s)ds

—)P/ (P15

If we apply the inequality given in Remark 1 for
' (s)
al/(p—1) (s) ’

e =a VP ()P 2(s),
x=—¢(s),

) —

we obtain that

—p)P/(P—1)
(p=1)a V()72 (s)(~9)(s) — Wép‘%s)
=17 1
/e (s)(s)

t 2 p—1
/ (kq(s) (252) e - ﬁ(s))ds
< h)e(h) +1, by (23)).

So, we have a contradiction to (10).
Therefore, we conclude that u € C3([t,, ®), R) can not be a positive solution. So, every
solution u € C3([t,, ), R) of (1) is oscillatory or tlimu(t) = 0is satisfied. O
—0c0

which leads to

The next finding of the work is a theorem that establishes oscillation criteria to Equation (1).
For this purpose, we apply the technique of comparison with second-order differential equations.
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The new hypothesis is as follows:
(H5) For every 6,6, € (0,1), the equations:

20 ta(t) -2, / _
<(9t2;;1|”(t)|p 2 (t)) +kq(tyuP~(t) =0, (24)
) ) 1/(p-1)
u”(t)—i—u(t)/t (a(lg)/g q(s)ds> ’ d¢g =0, (25)
, -1 -1
(ol ol 2w n) + - wrae (S5 (S0) <0 a9

are oscillatory.

Theorem 2. If (H1), (H2) and (H5) hold, then every solution u € C3([t,, ), R) of (1) is
oscillatory or tlirn u(t) = 0 is satisfied.
—r 00

Proof. Arguing by contradiction, we suppose that u € C3([t,, ), R) is a positive solution
of (1). So, we assume that u(t) and u(6(t)) are positive for all t > t; large enough.
Now, we distinguish the following three cases (see Lemma 3):
Case 1. If (S1) holds, then using the same arguments as in the proof of Theorem 1 (Case 1),
we get that the inequality (14) is true. Putting #(¢) = k = 1, from (14) we deduce that
—1)6t2
o)+ L= g
24D (1)
= (24) is non-oscillatory,

+q(t) <0, forallf € (0,1),

a contradiction to hypothesis (H5).
Case 2. If (S7) holds, then proceeding with a similar statement as in the proof of Theorem 1
(Case 2), we get that the inequality (17) is true. From (17), with &(¢) = k = 1, we deduce that

Y1) + ¢ (1) +@(s)g < 0
= (25) is non-oscillatory,

a contradiction to hypothesis (H5).
Case 3. If (S3) holds and tlim u(t) # 0, then proceeding with a similar statement as in the
— 00

proof of Theorem 1 (Case 3), we get that the inequality (22) is true. So, we have

, (=) P (1) 6152 ()\ " ¢(6(1) )P !
v+ s (259) (F) <o

= (26) is non-oscillatory,

a contradiction to hypothesis (H5). We conclude that u € C3([t,, %), R) can not be a
positive solution. It follows that every solution u € C3([t,, o), R) of (1) is either oscillatory
or satisfies limu(t) =0. O
t—ro0
It is worth mentioning that the existence and regularity of the solution in Theorem 1
and Theorem 2 have been proven by Philos in [2].

Next, we provide a simple illustrative example.

Example 1. Consider the fourth order equation given as

(e (1)) + 11—6ef+%u(t +1)=0,t>1, (27)
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that is, we put p = 2, a(t) = €', q(t) = e'*2 /16 and 5(t) = t + 1 in (1). Furthermore, we
choose 17(s) = 0(s) = 1forall s € [ty,o0), and (Hy, Hp) € S with

Hy(v,s) = Hy(v,5) = (v —s)>.

The above equation satisfies all the hypotheses of Theorem 1. So, we conclude that every
solution u € C3([ty, ), R) of (27) is either oscillatory or satisfies tlimu(t) =0.
—00

Since 6(t) = t + 1 > t, we observe that theorems in [5,6] do not work for Equation (27).

Finally, we note that if we continue along this path, we can obtain oscillatory results
for a fourth order equation of the type:

(alt) ()72 (6)) + Ty i) (S ()2 2u(si(0) =0, j>1,
tZto,éi(t)St,1<P2§P1<oo.

Remark 2. There is an interesting open problem concerning the above equation:

» s it possible to have similar results in the case py > p1?

4. Conclusions

In conclusion, this study aimed at investigating the oscillatory properties of solutions to
fourth-order differential equations with a p-Laplacian. The findings of this paper contribute
to the understanding of the asymptotic and oscillatory behavior of such equations and
provide new oscillation criteria through the use of comparison methods with first and
second-order differential equations. This work highlights the relevance of the theory of
fourth-order differential equations to various fields of mathematics and practical sciences,
emphasizing the importance of continued research in this area.
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