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1. Introduction

Differential equations were and still are the link between mathematics and real-life
phenomena. In different branches of science, differential equations are used to model and
describe life phenomena and problems, see, for example, [1-4]. One of the main branches
of differential equations is the functional differential equations, from which the delay
differential equations (DDE) are derived. DDEs are a better way to describe phenomena
as they take into account the phenomenon’s memory. It is worth noting that the even-
order differential equations appear in mathematical models of various physical, biological,
and chemical phenomena, including, for instance, problems of elasticity, deformation of
structures, or soil settlement.

The study of the asymptotic and oscillatory behavior of solutions of DDEs has been and
still attracts the attention of many researchers. Finding adequate conditions to guarantee
that all differential equation solutions oscillate is one of the main objectives of oscillation
theory. Ladas [5] is one of the earliest monographs on oscillation theory, covering the
findings up until 1984. This book’s main focus is on how deviating arguments affect the
oscillation of solutions; neutral delay equations are not discussed in this book. It should be
noted that monographs [6,7] are important and vital contributions to the oscillation theory.
For further results, techniques, and references, monographs [8,9] covered and summarized
many of the findings reported in the literature up until the past ten years.

Recently, it is easy to notice the many developments in the methods and techniques for
studying the oscillatory behavior of second-order DDEs, see [10-16]. While the differential
equations of higher-order have been studied with development as well, it is much less
compared with what the equations of the second order have enjoyed.
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This study aims to derive new criteria for testing the oscillation of the non-canonical DDE

(a(t) ~ (v<”-1><t>)k)' +o(t) - (K () =0, M

where t > ty, n > 4 is an even natural number, k > 1 is a result of dividing two odd natural
numbers, and the following assumptions hold:

Pl: a,h € CY([ts,),(0,00)), p € C([ty,),[0,00)), ' (t) >0, h(t) < t, and
/too a~Vk(v)dv < co.

A continuous function u that is differentiable n times is said to be a solution to
Equation (1) if it satisfies this equation. In this study, we consider only non-zero solutions
as well as those that do not vanish eventually. A solution of a differential equation is
called an oscillatory solution if it has arbitrary large zeros. Other than that, it is called
non-oscillatory.

Notation 1. For the sake of brevity, we define the following operator and functions:

v

A[F; u,v] :/ F(s)ds,

u
no(t) :== A[a‘l/k; t, oo} and 1541 = Alys; t,00] fors =0,1,...,n—3.

In both the delay and advanced cases, Koplatadze et al. [17] found asymptotic classifi-
cation for non-oscillatory solutions of the equation

o™ 4p-(voh) =0, t>0. ()
One of their results for the delay case is that they prove that Equation (2) oscillates if

lim sup [h . A[h”_2 05 t, oo} + A[h”_2 -0 h, t}

t—oc0

+%A[v~h”*1 - p; O,hH > (n—1)L

In 2011, Agarwal et al. [18] checked the oscillatory behavior of the solutions of the
equation.
-1 e
‘v” ‘ D) 4 F(tvoh) =0, ©)]
in the canonical case, where k > 0, F € C!([tp, ) x R), vF(t,v) > 0 and F(t,v) sgn
v > p(t)|v|/S for v # 0. Using comparison and Riccati substitution techniques, they

obtained various forms of criteria that ensure the oscillation of all solutions. Moreover, they
presented some oscillation condition for the more general equations

k-1 !
(“U(n_l)‘ 'U(n_l)) —|—F(t,thrv/0g) =0,

and

a1 ey
‘z ‘ -z + F(t,voh) =0,

where z := v+ p - (v o 7). Using the averaging technique, Xu and Xia [19] established some
oscillation conditions for Equation (3).
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In the even-order equations, the study of the non-canonical case differs from the
canonical case in the probability of the existence of decreasing positive solutions, and this
requires the presence of an additional condition to exclude it. In the canonical and non-
canonical cases, Baculikové et al. [20] used the comparison technique to test the oscillation
of the solutions of the equation

(a- ("5 £ 0. (Govoh) =0, (4)
where G € C([tp,),R), G'(t) > 0, and G(uv) > G(u)G(v) for uv > 0. They excluded
decreasing positive solutions by assuming that there is a ¢ € C!([ty,c0)) with o(t) > t,
o'(t) > 0and (0,—2 o h) < t such that

' +a~VE - (Afp; to, ])* - (Ly—p oht) - (uogunoh) =0 )
is oscillatory, where
01 =0 0it1=0i°¢ Li=¢—tand Liy(t) = AlL;; t, 0],

fori = 1,2,...,n — 3. Later, in 2013, Zhang et al. [21] set criteria for the oscillation of
Equation (4) when G(u) = u*, where they excluded decreasing positive solutions using the

condition - -
!
1imsupA[<P~p"— (/1)) T () >; to,t] = oo, (6)
t—o0 [ pl
where
(t) = L A{(v—t)”_3- ;t oo}
P (7/1 — 3)| Mo; t,
and

p1(t) = (71_14)!1\[(1} — t)”f4 1o; t, oo]

Very recently, using the comparison technique with a first-order equation, Muhib et al. [22]
introduced a standard that ensures that there are no positive decreasing solutions to (1). They

proved that if there is a ¢y > 0 such that 75+1 . 0 > egkr,_3(t), and

k(1 —eo)
minfA [p ko b t] > ==,
f— 00 QM2 e
then there are no positive decreasing solutions to Equation (1). By using a generalized
Riccati substitution, Moaaz et al. [23] presented a new criterion for oscillation of solutions
of fourth-order quasi-linear differential equations

() (@"(0)") + £t 0(0(e)) =0

in the non-canonical case. They utilized an approach that gives rise to two or three
independent conditions, eliminating non-oscillatory solutions. Moreover, they establish
conditions in a non-traditional form (limsup(:) > 1), while condition (limsup(:) = o)
cannot be applied.

Nabih et al. [24] iteratively deduced new monotonic properties of (). They discuss the
non-canonical case in which there are possible decreasing positive solutions. Then, they
found iterative criteria that exclude the existence of these positive decreasing solutions. Us-
ing these new criteria and based on the comparison and Riccati substitution methods, they
created sufficient conditions to ensure that all solutions of the studied equation oscillate.

In this paper, we extend Koplatadze’s results to DDEs in the non-canonical case.
We begin by setting conditions that exclude positive decreasing solutions to the studied
equation. Then, we derive some new monotonic properties through which we can find
improved relationships between the solution with delay and without delay. In addition,
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we present additional standards that ensure that all solutions to the investigated equation
oscillate. Finally, we apply the new results to some special cases to clarify their importance
and applicability.

2. Positive Decreasing Solutions

In this section, we obtain a new condition that ensures that all positive decreasing
solutions of (1) are excluded. For this, we need the following lemma, which presents
nontraditional monotonic properties of the derivatives of decreasing positive solutions.

Lemma 1. Assume that v is an eventually positive decreasing solution of (1). Then, eventually,

(n—2—s) !
(_1)s<077s(t)(t)> >0, fors=0,1,...,n—2. 7)

Proof. Suppose that v is an eventually positive decreasing solution of (1). Since v is
eventually positive and 1 — co as t — oo, we have that v o h is also positive. Thus, from (1),

(u~ (v(nl))k), <0. (8)

According to Lemma 1.1 in [25], which classifies the signs of derivatives of positive
solutions, the class of decreasing positive solutions achieves

(=1)°0®)(¢) > 0, fors =0,1,...,n—1. )
Using (8) and (9), we get

—v("*Z)(t) < A[v(”*l); t,oo}

_ A[a—uk_ <a~ (v(n_1)>k>l/k; t’oo]

< a5 (0o (Epo(e) (10
Therefore,
(U(nz)>’ o - 01 g~k p(n=2)
= 2 2 0/
o U
which leads to
73 , p(n—2)
_pln )(t) > A[v(” ). t,oo] =A|no ; 00
1o
v(nfz)(t)
- t).
170(1,) T]l( )
Then,

li
U(H_B) _ " - v(”_z) + 1o - v(n_3) <o
m "

Repeating the same approach, we get the desired result. O
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Theorem 1. If

lim sup [(17”2 oh)A [fk’ to, h
n

t—o0 n—2

+ Al 0i ]

mAW’E*Z 0 (n20h); £, OOH >k, (11)

then there are no eventually positive decreasing solutions of Equation (1).
Proof. Suppose the contrary that v is an eventually positive decreasing solution of (1). As

in the proof of Lemma 1, we get that (9) and (10) hold. Applying the operator A| - ; t, 0]
(n — 3) times to (10), we arrive at

o <a'lkooN) Ly o (12)
By applying A[ - ; t,o0] one more time, we obtain
o> —ql/k . pn=1) Mp—2- (13)
Now, let w := al/k . p(n=1) . #n—2 + v, which from (13) gives w > 0. Then,
oW — (al/k , v(n71)>/ S VL S s D )
Hence, from (12), we arrive at
w' < (ul/k . v(”_l))/ “Nn_n < 0. (14)

From (1) and (13), we find

—p- (von) = <((11/k . v(”l))k)/

_ k(al/k . U(n—l))’H (al/k . U(n—l)),

Ukil Ol’l 1/k _ /
> ke (),
Mh—2
and so,
/
(al/k . v(n71)) < _%,777;:% -p-(voh). (15)
Applying A[ - ; t1,t] to (15), we have
1/k 4y (1) N = .
a’*(t)o (t) < kA Ha_p-p-(voh); ty,t|. (16)

Combining (14) and (15), we get
/ Lk
W < =2l P (VOh).
By applying A[ - ; t,00] to the last inequality, we obtain

w(t) = L Alyk o -p- (0oh); too],

==

which, from the definition of w, yields
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v(t) > —al/k(t)v("_l)(t)nn,z(t) + %A[iy’,ﬁ,z -p-(voh);t, oo]
Hence, from (16), we arrive at
1 _ 1
o(t) = a2 (DA [1EZs - p- (0o h); bt + ZA [y p- (0o h); 00,
and, thus,
k-1 . k .
kvoh = (anzoh)A[’?n—z p-(voh); tlfh} +A[77H p-(voh); h,OO}
Z:é -p-(voh); tl,h} —|—A[;7§_2 0 (voh); h,t]
+A[7h o -p- (0o h); t,00]. (17)

v
—
=
7
N
o
=
~—
>
—
=

From Lemma 1, we have that (7) holds. It follows form (7) that

. (120 m)(w)
(o)) 2 (20 wo )

Thus, (17) becomes
k= (a2 Oh)/\{ﬂﬁj - p; tl/h} +A{17,’§,2~p; h, t}

+m/\ [TIIYCL—Z . p . (7711—2 (e} h)/ t, OO:| ,

which contradicts assumption (11). O

It is easy to notice the importance of the monotonic properties of the positive solution
in obtaining the exclusion criterion. By extending the approach followed in [10], these
properties can be iteratively improved, as in the following lemmas.

Lemma 2. Assume that v is an eventually positive decreasing solution of (1). If there exists a
6o > 0 such that
o(t) > koIn=3() (18)

S0

/!
v
— | <0.
(Wﬁz)

Proof. Suppose that v is an eventually positive decreasing solution of (1). From Lemma 1
and its proof, we get that (7), (9), and (10) hold.

First, we need to prove that lim;_,. v(#) = 0. From the fact that v(t) > 0 and v/(t) < 0, we
have that lim;_;e v(t) = ¢ > 0. Now, we suppose that ¢ > 0. Then, (voh)(t) > ¢, for t
large enough. We can see that (15) and (16) hold if we proceed as we did in the proof of
Theorem 1. From (16) and (18), we arrive at

then, eventually,

_ c _
Mty < [t

Nn— (t) .
_CMlﬂﬁz(t)' tl,tl

1 1
B _C(5<’7n2(t) - ’7n2(t1)>. 1)

IN
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Since lim;—c0 77, ', (t) = o0, we obtain that 17, (t) — 17,1, (t1) > Iy, 2, (t) for 1 € (0,1)
and t large enough. Thus, from (12) and (19), we find

/ . Mn— (t>
o' (1) < a* (1) (), s (t) < _C(Slnn—z(t)/

and after applying A[ - ; t1, t] to this inequality, we conclude that

o(t) <o(t) —cdlln ma(t) ast — oo,
Mn—2(t)

which is a contradiction. Therefore,

lim v(t) = 0. (20)

t—o0

Next, applying A[ - ; t1,t] to (15), we have

al/k(t)v(nfl) (t)

IN

/(1) oV () — %A [ (0o b t]

< a5 ()oY (h) — oA [ d e e,
which from (18) yields
a ( )U ( ) =4 ( 1)0 ( 1) U( ) 77n—2(t) 7’]n—2(t1) @

It follows from (20) that a'/*(t1)0("=1) (t1) 4 8v(t) /11,2 (t1) < 0. Then,

v

at/k. o1 < _ . (22)
T Hn—2
Combining (12) and (22), we see that
a0/ (8) Sz (a5 00 5 < =00, (23)

This implies

!
v 20" + 81,30
( ) > = 5+1 <0
17;1—2

anz
This is the desired result. O

Lemma 3. Let v is a solution of (1), v is eventually positive and decreasing, and thereisa § € (0,1)
such that (18) holds. If there are m € Nand A > 1 such that 6; < 6;11 <1fori=0,1,...,m—1,

and 11,—2(h(t)) > Any—a(t), then
!/
v
<0
Om -
(7711—2>

SAY
5i+1 = ﬁ, 120,1,...,m_1.

1

(24)

~

eventually, where 6y = & and

Proof. Suppose that v is an eventually positive decreasing solution of (1). From the proof

of Theorem 1, we get that (12), (13), and (15) hold.

First, we need to prove that lim;_e (U(l‘)i];f%(t)) = 0. From the fact that U(t)n;foz(t) >0
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!
and (v(t);yn_f%(t)) < 0, we have that lim;_,e (v(t)ryn_f%(t)) = ¢; > 0. Now, we suppose
that ¢y > 0. Then, 5
o(t)1,-5(t) = c1, (25)

for t > t1, where t; large enough. Now, we define the function
al/k . v(”fl) . ’71’!—2 + v

P = ,

Jo
anz

which from (13) gives i > 0, eventually. Then,

/
1/k | o(n-1 1k . p(n—1
r_ (ﬂ 7k p(n )) “Mp—2—4a Ik yln )'Un73+‘vl al/k'vﬁpq)'ﬂnfz%fv5
¥ = 7% " oot 0fn—3-
n—2 n-2

Hence, from (12) and (15), we arrive at

k g1k (n-1)

lp/g_lﬂniz.p.(voh)_._éorlnf?) (ﬂ 0 ) _'_507771—3'7]‘

k b ) bo+1

) Mn—2 )

It follows from (18) that

)yt (woh) T (15 0ln 1) o

¥ = —% ;750+1 0 % T o0 ST
n—2 Mn—2 n—2

with the fact that o/ (¢) < 0 yields

(26)

%
anz

From the proof of Lemma 2, we obtain that (23) holds. Using (13) and (25), inequality
(26) becomes

Y <t < ghey IS, @7)
Nn—2 UHEZ Hn—2
Integrating (27) from t; to ¢, we find
ﬂnfz(h)

2
l/)(t1> Z 5OC1 In }’]n_z(t) .

Then, (1) — o0 as t — oo, is a contradiction. Therefore, ¢; = 0.
Next, applying A[ - ; t1,t] to (15), we get

AR (oD (1) < a/* (1) oD (1) — %A[q,ﬁj p-(voh); tl,t]. (28)

/
From Lemma 2, we get that (U(t)ﬂ;foz(t)) < 0. Thus, (28) turns into

1 2, oh
al/k(t)v(l’l—l) (t) < Ell/k(tl)v(n_l)(tl) — EA ;7}];:; 0" n_()‘s -v; tlrt‘|
n—2
kg yon=1) sy L 0() [ k1 (5 .
< @M (0)o" I () - Ay -p-(ylp0h); tt

777172({’)
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with (18) gives
ﬂl/k(t)v(n_l)(t) < ﬂl/k(fl)v(n_l)(tl) 5 f(t) A[W;_;(t) .7771—520 ; tl,t]
Tln(LZ(t) T]anO (t) Un(L2
t n—3(t
< k)t (n) - a0 ) -A[Z;;( ), tl,t]
Wn72(0 Mn—2 U)
_ SA% (¢ 1 1
< al/k(tl)v(n 1)(t1> ) ( T30 /p\ 1_50(1?1)).

14 ﬂflo—z(t)

Using the fact that lim; (v(t)nﬁ%(t)) =0, we find

a/k o) < g,

Nn—2 '

From (23), we arrive at 17,5 - ' < —d17,—3 - v, and, hence,

I
(Y
( : ) <o.
Mi—2

If 61 < 1, then we can repeat the same previous procedures and, thus, we get (24). O

Theorem 2. Assume that thereisa 6 € (0,1) such that (18) holds. If there arem € Nand A > 1
such that 6; < 6;11 <1fori=0,1,...,m—1,n,2(h(t)) > Ay,—_2(t), and

lim sup [(;ﬁ;gm o h) A [;7,’:; 0 (;7312 o h); tl,h]
+ (2 oh) - Alnkp-p- (o) bt
+ (mtpoh) - Ak 2o (2o h); too| | >k, (29)
then there are no eventually positive decreasing solutions of Equation (1).

Proof. Suppose the contrary that v is an eventually positive decreasing solution of (1). As

/
in the proof of Theorem 1, we arrive at (17). From the facts that (v(t)n;_lz(t)> > 0and

(e, %5 (1)) < 0, we get

Om
R 0)
D 28 )

and

fn—2(h(s))
o(h(s)) > mv(h(t)) fors > t.

Therefore, (17) becomes
ko= (myon)-AlgkThop- (nnpoh); k]
+(n, 2 0h) - Alnky-p- (0, 0h); t]
+ (’77;12 ° h)A {’7572 0 (n—20h); t, 00} ,

which contradicts assumption (29). O
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3. Asymptotic Behavior and Oscillation

Based on the proofs of Lemmas 2 and 3, we can directly obtain the following result:

Lemma 4. Assume that there exists a 6 € (0,1) such that (18) holds. If there are m € N and
A > 1 such that §; < 6;41 < 1fori=0,1,...,m—1, and n,_o(h(t)) > Any,_a(t), then all
eventually positive decreasing solution of (1) converge to zero, moreover,

;](t) =0.
t—o0 Un”iz(t)

Based on the assumption that the solution v of Equation (1) is ultimately positive,
according to Lemma 1.1 in [25], positive solutions can be classified into the following three
classes:

(@) v >0fori=0,1,n—1and o™ <0;
(b) v > 0fori=0,1,n—2and 0"V < 0;
© (=D >0fori=0,1,...,n—1.
In the following, we review some of the previous results in the literature that provided
criteria that ensure the oscillation of the solutions of Equation (1).

Theorem 3. ([20], Theorem 4 with f(x) = x*). Assume that the DDEs

k
, /¢ hnfl
¢+p'<(n—1§!(al/koh)> (poh) =0 0
and ¢ k
(P/ + (T‘lTl)'al/K . Al/k |:p . (hn_2> ; tos t:| : (99 ’ h) =0, (31)

are oscillatory, for some £o, {1 € (0,1). If there is a ¢ € C'([t, o)) with o(t) > t, ¢ (t) > 0 and
(0n—2 0 h) < t such that the DDE (5) is oscillatory, then all solutions of (1) are oscillatory.

Theorem 4. ([21], Theorem 2.1 with & = B). Assume that the DDE (30) is oscillatory, and

n—2 \ k k+1
(pﬂ](; ((l;th_ 2)!> - (k/tk+ 1)) >;t01t] = o, (32)

no - al/k

lim supA

t—o0

for some Ly, ¢y € (0,1). If (6) holds, then every solution of (1) is oscillatory.

To obtain our oscillation criteria, we combine the criteria that exclude cases (a) and
(b) of the derivatives of the positive solution with the conditions obtained in the previous
section.

Theorem 5. Assume that (11) holds, and the DDEs (30) and (31) are oscillatory, for some £y, {1 €
(0,1). Then, all solutions of (1) are oscillatory.

Theorem 6. Assume that (11) and (32) hold for some £y € (0,1), and the DDE (30) is oscillatory,
for some £y € (0,1). Then, all solutions of (1) are oscillatory.

Theorem 7. Assume that (18) holds for some & € (0,1), and there are m € Nand A > 1 such that
0; <61 <1fori=0,1,...,m—1,1,_2(h(t)) > Any_2(t), and (29) holds. If the DDEs (30)
and (31) are oscillatory, for some £y, {1 € (0,1), then all solutions of (1) are oscillatory.

Theorem 8. Assume that (18) holds for some 6 € (0,1), and there are m € N and A > 1 such that
0; < 0iy1 <1lfori=0,1,...,m—1,n,_2(h(t)) > Ayy_2(t), and (29) holds. If (32) holds for
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some £y € (0,1), and the DDE (30) is oscillatory, for some £y € (0,1), then all solutions of (1) are
oscillatory.

Example 1. Consider a special case of Equation (1), namely the fourth-order DDE

(t5(1/"(t))>/ + potv(hot) = 0, (33)

wheret > 1, pg > 0and hy € (0,1). It is easy to verify that a(t) = t°, p(t) = pot and h(t) = hot.
Then, we have 17, = 3617‘
If we let 6, = 0.5, then Equations (30) and (31) are oscillatory if

16h3

0> —7
P elnhl
0

and
8

[y
hgeln ;-
respectively. Condition (11) reduces to
36
R
(1 +In W)

By Theorem 6, Equation (33) is oscillatory if

po >

16h3 8 36
1712 17
elrlh—0 hoeln% (1+lnhlfo)

po > max (34)

Remark 1. From Theorem 2.4 in [23] it follows that (33) is oscillatory if

8 6h3
p() > max{lz, h%,eh1(1/ho)} (35)

For hg = 1/2, criteria (34) and (35) reduce to pg > 21.262 and pg > 32.0, respectively. Thus, our
results improve the results in [23].

4. Conclusions

Numerous phenomena can be modeled but the resulting differential equations are
frequently nonlinear and cannot be solved in closed form. Therefore, it is very useful to
study the qualitative properties of these equations. The study of qualitative characteristics
helps understand, interpret, and analyze these phenomena.

In this work, we focus on studying some properties of positive decreasing solutions of
an even-order delay differential equation. The non-canonical case was taken into account,
as the canonical case guarantees that there are no positive decreasing solutions of the
studied equation. A new condition that ensures that there are no decreasing positive
solutions has been added. Moreover, we improved the properties of the studied separation
of solutions so that we can obtain criteria of iterative nature. It would be interesting, as a
future research issue, to extend the results of this paper to the neutral and advanced cases.
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