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Abstract: In this research paper, we present a new inertial method with a self-adaptive technique for
solving the split variational inclusion and fixed point problems in real Hilbert spaces. The algorithm
is designed to choose the optimal choice of the inertial term at every iteration, and the stepsize is
defined self-adaptively without a prior estimate of the Lipschitz constant. A convergence theorem is
demonstrated to be strong even under lenient conditions and to showcase the suggested method’s
efficiency and precision. Some numerical tests are given. Moreover, the significance of the proposed
method is demonstrated through its application to an image reconstruction issue.
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1. Introduction

In this paper, we consider the Split Variational Inclusion Problem (SVIP) introduced

by Moudafi [1], which is the problem of finding the null point of a monotone operator in a

Hilbert space whose image under a bounded linear operator belongs to another Hilbert
space. Mathematically, the problem is defined as follows: find

a* € Hy

such that 0¢€ my(a”) 1)

and

b* = Ba* solves 0 & my(b"), (2)

where 0 is called the zero vector, with H; and Hj being both real Hilbert spaces together with
the multivalued maximal monotone mappings, m; : H; — 2 where i = 1,2. Furthermore,
the bounded linear operator is denoted by B : H; — Hj. We denote the solution set of (1)
and (2) by I'.

An operator m : H — 2! is called:

(i) Monotone if
(k—x,a—b)>0 V kem(a),x em(b) VabeH.

(i) Maximal monotone if the graph of any monotone mapping does not properly contain
graph G(m) of m, where:

G(m) ={(a, k) € Hy x Hy | k € m(a)}.
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(iii) The symbol used to represent the solution of m when a certain value A greater than
zero is used as a parameter is called the resolvent, which is denoted by J":

Ji(a) = (I+Am)~(a) VacH.

Other nonlinear optimization problems, such as split feasibility problems, split
minimization problems, split variational inequality, split zero problems, and split
equilibrium problems, can all be generalized by the SVIP; see [2-4]. Reducing SVIPs
to split feasibility problems is important when modeling the intensity-modulating radiation
therapy (IMRT) treatment planning. Moreso, the SVIPs play important roles in formulating
many problems arising from engineering, economics, medicine, data compression, and
sensor networks [5,6].

Recently, several authors have introduced some iterative methods for solving SVIPs,
which have improved over time. In 2002, Byrne et al. [7] first introduced a weak
convergence method for solving SVIPs as follows:

ans1 =y (an +yB*(Jy? — I)Bay), 3)

for some parameter A > 0, we have B* representing the adjoint of B together with
L = |[B*B|[, v € (0,2) and J}" = (I 4+ Am;)~! known as the resolvent operator for
m; (with i = 1,2). The sequence {a, } generated by (3) was proved to converge weakly to
a* under some certain conditions. Moudafi [1] proposed an iterative method that helps to
solve SVIP with inverse strongly monotone operators; he also obtained weak convergence
results using the following iteration:

ayi1 = U(ay +yB*(F—1)Ba,) Vn €N, 4)
where A > 0,7 € (0, %) with L being the largest absolute value of the operator B*B,
U= Jy'(I-A¢p)and F = Jy*(I —Ag), and J;"' together with J\? are the resolvent
operators of m and my, respectively. Lastly, let ¢ : Hj — Hj and ¢ : Hy — Hj be single-
valued operators. Marino and Xu [8] presented an iterative scheme that considers the
strong convergence of the viscosity approximation method introduced by Moudafi [9]:

aps1 = (I —a,G)Fa, + ayGpB f(an) n >0, 5)

f is a function that contracts on the set H with the contraction coefficient & € (0,1). G
is a linear operator that is strongly positive and bounded on H with a constant . The
parameter is defined in a way that 0 < B < L, exclusive. There exists a nonexpansive
mapping F and a sequence {a;, } that takes values in (0, 1). The strong convergence of the
sequence {a,} obtained from (5) to the fixed point a* € Fix(F) := {a* : F(a*) = a*} has
been proven. Furthermore, a* serves as the unique solution of the variational inequality:

(G=PBfla*,a—a*) >0,a€C. (6)

The presentation of the optimality condition for the minimization problem is included
as follows:

1
Ianel(rzli(Ga,@ — h(a),

the function & is a potential function for § f, i.e.,

h(a) = {Bf(a) for a€ H}.
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In 2014, Kazmi and Rizvi [10] were inspired by the work of Byrne et al. (3) to propose
the following iteration for solving SVIPs. For a given a; € Hj,
kn = Jy " (an + yB*(J3? — I)Bay), )

api1 = anf(an) + (1 —ay)Sk, n>1,

where & > 0,7 € (0, 1), L is the spectral radius of the operator B*B and sequence {a,}
satisfies the conditions: limy ey = 0, Y5 gttn = 00, and Yo" ( |ay — ay_1| < co. The
sequences {k,}, {a,} generated by (7) converges strongly to z € Fix(S) NI. Note that
algorithms (3), (4), and (7) contain a stepsize 7, which requires the computation of the
norm of the bounded linear operator; this computation is not easy to compute making
these algorithms difficult to compute. The inertial technique has been gaining attention
from researchers to enhance the accuracy and performance of various algorithms. This
technique plays a vital role in the convergence rate of the algorithms and is based on a
discrete version of a second-order dissipative dynamical system; see, for instance [11-20].
In Hilbert spaces, Chuang [21] introduced a hybrid inertial proximal algorithm for solving
SVIPs in 2017:

The proof of this proposed algorithm establishes that if {A,} C [A, ﬁ] and {a,}

meets a specific requirement, then sequence {4, } from Algorithm 1 weakly converges to
an SVIP solution:

Y Nlan — an_q)* < o (8)

n=1

Algorithm 1 Hybrid inertial proximal algorithm.

Initialization: Choose {6,} C [0,1),{Bn} C (0,1). Letag, ay € Hy be arbitrary. Set n = 1.
Iterative steps: Calculate a,,,1 as follows:
Step 1. Set v, = a, + 0, (a, — a,—1) and compute

by = T3 [on — AuB (1= J3%)Bos],
where A, > 0 satisfies
Anl|B* (I = J32)Boy — B*(I = Jg2)Bby|| < oy —bul| 0<6<1

if b, = v, then stop and b, is a solution of the SVIP. Otherwise,
Step 2. Compute
any1 = ]‘1];1”1 (vn - ‘Xnd(vn/ bn))/

where
d(Un/ bn) =0, — by — An[B*(I - ]Z;z)BUn - B*(I - ]g;z)anL

<Un — by, d(vn/ bn)>
[d(on, ba) |2

Ay =

Setn =n+1and go to step 1.

It is easy to see that Algorithm 1 depends on a prior estimate of the norm of the
bounded operator, and the Condition (8) is too strong to verify before computation.

Furthermore, Kesornprom and Cholamjiak [22] improved the contraction step in
Algorithm 2 and introduced the following algorithm for solving the SVIP:
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Algorithm 2 Proximal type algorithms with linesearch and inertial methods.

Let{,A € (0,1),6 > 0, and sequences { B }nen € (0,00), {6, }nen € [0,0) C [0,1). Take
arbitrarily a; € H; and compute

kn = an+0n(an—ay,_1)
by = ]/Tnl (kn — pn B (I — ]g?)Bkn)/ )
where (,; = 6¢" and r, is considered as the smallest possible non-negative integer such
that
oul[ B (1~ J32)Bky — B (I — J3)Bbyl| < Allkn — il
Define

Ap+1 = ky — (,blxnd(kn/ Pn)
where ¢ € (0,2),

d(kn, o) = ks — by — pu(B* (I = ) Bk — B* (I — J;2) Bby)

and "
(kn — bu,d(kn, 0n)) + pull (I — ]ﬁnz)anHZ

1 (kn, on) |17

Ny =

They also proved a weak convergence result under similar conditions as in
Algorithm 1. Let us mention that both Algorithms 1 and 2 involve a line search procedure,
which consumes extra computation time and memory during implementation. As a way to
overcome this setback, Tang [23] recently introduced a self-adaptive technique for selecting
the stepsize without a prior estimate of the Lipschitz constant nor a line search procedure
as follows (Algorithm 3) :

Algorithm 3 Self-adaptive technique method.

Initialization: Choose a sequence {(,} that is non-negative and satisfies conditions
0<n<4,influ,(4—Cn) > 0. Select starting points arbitrarily 2y and set n = 0.
Iterative step: Given the current iterate a,(n > 0). Compute

Cnf(an)

T (an) |2 + [ Han) ]2

and calculate the next iteration as
anp1 = Jy (I — mB*(I = J?)B)ay.

Stop criterion: If 4,11 = a,, then stop the iteration. Otherwise, set n = n + 1 and go back
to the iterative step.

where f(a) = 3|[(I — J{?)Ba||%, T(a) = B*(I — J?)Baand H(a) = (I — ;" )x. The author
proved that the sequence generated by Algorithm 3 converges weakly to a solution of
the SVIP. Tan, Qin, and Yao [24] introduced four self-adaptive iterative algorithms with
inertial effects to solve SVIPs in real Hilbert spaces. This algorithm does not need any
prior information about the operator norm. This means that their stepsize is self-adaptive.
The conditions assumed in performing the strong convergences of the four algorithms are
as follows:

(C1) Let the solution set of (SVIP) be nonempty, i.e., () # @.
(C2) Let Hy and H; be assumed to be two real Hilbert spaces with a bounded linear
operator and its adjoint denoted by B : H; — Hp and B* : Hy — Hj, respectively.
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(C3) Let T; : H; — H;,i = 1,2 be the set-valued maximal monotone mappings and
f : Hi — Hj is a mapping which satisfies the p-contractive property with a constant
pe€lo1). )

(C4) Let the sequence {@;,} be positive such that lim, e ¢* = 0 where {c,} C (0,1)
satisfies limy, 000 = 0and ;> ; 05, = 0.

Various methods inspired the first iterative algorithm. Namely, Byrne et al.’s [7]
method, the viscosity-type method, and the projection and contraction method. An it-
erative method called the self-adaptive inertial projection and contraction method is uti-
lized for solving the SVIP. A description of the initial iterative method is provided below
(Algorithm 4):

Algorithm 4 Viscocity type with projection and contraction method.

Initialization: Set A, x,{ > 0, x,6 € (0,1), x € (0,2), and let ag,a; € H.
Iterative steps: Calculate a,,,; as follows:
Step 1: Given the iterates a,,_1 and a,(n > 1), setk, = a, + x,,(a, — a,_1) where

. ‘Z] .
com Tty ) o

. (10)
X otherwise.

Step 2. Compute g, = Jur,[kn — vuB*(I — Ja1,) Bky] where 4, = {x“" and w, is the
smallest non-negative integer such that

Yul|B*(I = Jar,) Bkn — B*(I — Jar, ) Bqu | < Olkn — qul- (11)

If k;, = qu, stop the process and consider g, a valid solution for the problem (SVIP).
Otherwise, proceed to step 3.
Step 3. Compute g, = ky, — kKpnc, where

cn = kn— qn — ’Yn[B*U - ]/\T2>Bkn - B*U - ]/\T2>Bqn]/
pn = Lo, (12)

Step 4. Compute a,11 = 1jnf (an) + (1 — 11n)gn-
Go to step 1 after setting n = n + 1.

Strong convergence was obtained. The second proposed algorithm is an inertial Mann-
type projection and contraction algorithm to solve the SVIP, which is presented as follows
(Algorithm 5):

Algorithm 5 Mann-type with projection and contraction method.

Initialization: Set A, x,{ > 0, x,6 € (0,1), x € (0,2) and let ap, a1 € H.
Iterative steps: To determine the upcoming iteration point a,, 1, follow these steps:

kn =an+kn(an —ay_1),
n = I/\T] [kn - ')’nB*(I - ]/\Tz)Bkn]/

8n = ky — KUnCn,
App1 = (1 =1 — t)kn + Tngn,

where {x,,}, {vs}, and {c,} are defined in (10), (11), and (12), respectively.

(13)

Strong convergence was obtained. The third proposed algorithm is an inertial Mann-
type algorithm whereby the new stepsize does not require any line search process, mak-
ing it a self-adaptive algorithm. The details of the iterative scheme are described below
(Algorithm 6):
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Algorithm 6 Inertial Mann-type with self-adaptive method.

Initialization: Set A, x > 0, ¢ € (0,2) and letap,a; € H.
Iterative steps: To determine the upcoming iteration point 4,1, follow these steps:

ky =a,+ xn(“n - an—l)/
8n = Jar, kn — vuB*(I — Ja1,) Bka), (14)
Ap+1 = (1 —Nn — Tn)kn + Tudn,

The sequence {x, } is given in Equation (10) and the value of the stepsize vy, is modified
using the subsequent formula below:

Yn = { I1B*(I=Jaz,) Bku|* if |IB(I=Jar,)Bkull # O, (15)
0 otherwise.

Strong convergence was obtained. The algorithm proposed fourthly is a variation of
Algorithm 6, which leverages the viscosity-type approach to prove the robust convergence
of the proposed method. We present the algorithm as follows (Algorithm 7):

Algorithm 7 New inertial viscocity method.

Initialization: Set A, x > 0, ¢ € (0,2) and letap,a; € H.
Iterative steps: To determine the upcoming iteration point a,,,1, follow these steps:

ky = ay + xn(an - 61,171),
8n = aty [kn — yuB* (I — Ja1,) Bkx], (16)
p1 = funf(an) + (1 = 17n)8n,

where {x,} and {7, } are defined in (10) and (15), respectively.

Strong convergence was obtained. The four algorithms contain an inertial term that plays
a role at the rate of the convergence of Algorithms 4-7. Note that the strong convergence
theorems proved for Algorithms 4-7 proposed by Tan, Qin, and Yan were obtained under
some weaker conditions. Zhou, Tan, and Li [25] proposed a pair of adaptive hybrid steepest
descent algorithms with an inertial extrapolation term for split monotone variational inclusion
problems in infinite-dimensional Hilbert spaces. These algorithms benefit from combining two
methods, the hybrid steepest descent method and the inertial method, ensuring and achieving
strong convergence theorems. Secondly, the stepsizes of the two proposed algorithms are
self-adaptive, which overcomes the difficulty of the computation of the operator norm. The
details of the first algorithm are presented as follows (Algorithm 8):

Algorithm 8 Inertial hyrbid steepest descent algorithm.

Requirements: Take arbitrary starting points a9;a; € H;. Choose sequences {a,} C
[0,1),{nx} and {B,} in (0,1) and 7, T, u > 0.
1. Setn =1and compute k, = a, + a,(a, — a,—1) and adaptive stepsize

[ B*(1—W,)Bky ||
0 otherwise.

ull (1—Wa2) By |2 ;
- { Bk, ¢ Fix(Wy), a7

2. Compute b, = Wy (k, — A, B*(I — W,)Bky).
If b, = ky, then stop. Otherwise, compute a,, 11 = BnTuh(bn) + (I — BupD)by,.
4.  Setn =n+1and returnto 1.

»
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Strong convergence was obtained. The second proposed algorithm is presented as
follows (Algorithm 9):

Algorithm 9 Self-adaptive hybrid steepest descnt method.

Requirements: Two arbitrary starting points ag;a; € H;. Choose sequences {a,} C
[0,1),{ns} and {B,}in (0,1) and v, T, u > 0.
1. Setn =1and compute k, = a, + an(ay, —a,_1),zn = Wi (k,) and adaptive stepsize

|| (1= W») Bz |2 ;
2, = 4 1B Wapz, 2 B2n & Fix(Wa), (18)
otherwise.
2. Compute by, =z, — AyB*(I — W,)Bzy,.
3. If by = z, = ky then stop. Otherwise, compute a,,1 = PBuTuh(by) +

(I - ﬁnﬂD)bn-
4. Setn=n+1andreturntol.

Strong convergence was obtained. The assumptions applied to Algorithms 8 and 9
are as follows: Let Hy and H; denote two Hilbert spaces, and suppose that B : H] — H»
is a linear operator that is bounded. Additionally, let B* be the adjoint operator of B. Let
fi : H; — H; be a vj-inverse strongly monotone mapping with i = 1,2 and m; : H; — 2!
be set-valued maximal monotone mappings withi = 1,2. D : H;j — Hj is Ly-Lipschitz
continuous and y-strongly mapping with Ly, > 0. Let h : Hy — Hj be L;-Lipschitz
continuous mapping with L; > 0. Moreover, Alakoya et al. [26] introduced a method with
an inertial extrapolation technique, viscosity approximation, and contains a stepsize that is
self-adaptive; thus, the method is known as an inertial self-adaptive algorithm for solving
the SVIP (Algorithm 10):

Algorithm 10 General viscosity with self-adaptive and inertial method.

Step 0: Select ag, a1 € Hy, {pn} € (0,4),{Bn}, {an} € (0,1),{6,} C [0,60) for some 6 > 0.
Setn = 1.
Step 1: Given the (n — 1)-th and n-th iterates, set

Uy = ay + 0, (ay, —a,_1).

Step 2: Compute
kn =]y (on — B (I —J}2))

where

(19)

et i 1Tl + [ H(ea) I £ 0,
Tni n n
0 otherwise.

Step 3: Compute

Apt1 = anf(an) + Buan + (1 — Bn)I — 4 G)Sky.

Set n = n + 1 and return to Step 1.

where S : Hy — Hj is a quasi-nonexpansive mapping, G : H; — Hj is a strongly positive
mapping, and f : H; — Hj is a contraction mapping. The convergence of a common
solution for the sequence {4, } generated by Algorithm 10 was established by the authors
through proof of its strong convergence z € I' N Fix(S) provided that {a, } and {6, } satisfy
lim Z—: [lan — a,—1]] = 0. Itis clear that Algorithm 10 performs better than Algorithms 1-3

and other related methods. However, there is a need to improve the performance of
Algorithm 10 by using an optimal choice of parameters for the inertial extrapolation term.
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Based on the outcomes above, our paper presents a novel approach that utilizes
an optimal selection of inertial term and self-adaptive techniques for solving the SVIP
and fixed point problems by employing multivalued demicontractive mappings in actual
Hilbert spaces. Our algorithm enhances the results of Algorithms 1-3 and 10, and other
associated findings in the literature. We demonstrate a robust convergence outcome, subject
to certain mild conditions, and provide relevant numerical experiments to showcase the
efficiency of the proposed method. We also consider an application of our algorithm to
solving image deblurring problems to demonstrate the applicability of our results.

2. Preliminaries

In this section, we present certain definitions and fundamental outcomes that will be
employed in our ensuing analysis. Suppose that H is a real Hilbert space, and C is a subset
of H that is closed, nonempty, and convex. We use a, — p and 4, — p to denote the strong
and weak convergences, respectively, of a sequence {a,} C H to a point p € H.

For every vector k € H, there exists a unique element Pck in the subspace C such that

[IPc(R) — K| = min{|z k|| : z € C}.

The metric projection from H onto C is denoted as Pc and can be defined by the
subsequent expression:

(i) Forke Handz € C,
z=Pc(k) & (k—z2z-b) >0, VbeC (20)

(i) (k—b,Pc(k) = Pc(b)) > ||Pc(k) — Pc(b)|[* VKb € H;
(iii) Foreachke€ Hand b € C

16— Pc (k)| + Ik — Pe(k)||* < Ik — b~

An operator F : H — H is called:
(i) a-Lipschitz if there is a positive value of « such that

||[Fb— Fa|| < a|lb—a|| Vbae H
and a contraction if « € (0,1);

(i) Nonexpansive if F is 1-Lipschitz;

(iii) Quasi-nonexpansive when its fixed point set is not empty and

[Fb—pll < lb—p| VbeH,peFix(F)
(iv) k-demicontractive if Fix(F) # @ and there exists a constant k € [0,1) such that
[IFa—pl? < lla— plP+klla — Fal® Ya€H, pe Fix(F).

Note that the nonexpansive and quasi-nonexpansive mappings are contained in the
class of k-demicontractive mapping; we also follow the same conditions for the Hausdorff
mapping, S : H — 2H.

Suppose we have a metric space (X, d) and a family of subsets CB(X) that are both
closed and bounded. We can induce the Hausdorff metric using the metric d on any two
subsets X, Y € CB(X). This metric is defined as follows:
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H(X,Y) =maxqsupd(x,Y),supd(X,y) ¢,
xeX yeYy

where d(x,Y) = in{/d(x,y). A fixed point of a multivalued mapping S : H — CB(H) is a
ye

point a € H that belongs to Sa. If S(a) only contains a, then we refer to a as a strict fixed
point of S. The study of strictly fixed points for a specific type of contractive mappings
was first conducted by Aubin and Siegel [27]. Since then, this condition has been rapidly
applied to various multivalued mappings, such as those in [28-30].

Lemma 1. The inequalities stated below are valid in a Hilbert space denoted by H.:
i) ||b—a||*>=||b||> —2(b,a) +||a|]|* Vb,a€ H;
(i) ||b+a||® < ||b||?> +2(a,b+a) Vbac H.

We also use the following Lemmas to achieve our goal in the section on the main
results; Lemmas [31-33].

3. Main Results

In this section, we introduce our algorithm and provide its convergence analysis. First,
we prove the state of our algorithm as follows:

Let Hi, Hy be two real Hilbert spaces, and the multivalued maximal monotone
operators are denoted by m; : H; — 2Hi, where i = 1,2. We denote the bounded linear
operator with its adjoint as B : Hy — Hj and B* : Hy — Hj, respectively. Fori =1,...,m
define S; : H; — CB(Hj) be a finite family of k;-demicontractive mappings such that I — S;
is demiclosed at the point zero with S;(q) = {q} Vg € Fix(S;) and k = max{k;}. Suppose
that the solution set:

I'={a"€Hy:0€my(a"),0€my(Ba*)}N h Fix(S;) # @. (21)
i=1

Let our contraction mapping be ¢ : H; — Hj with a constant of ¢ € (0,1) and
D : Hy — Hj be a strongly non-negative operator with # > 0 being its coefficient where
this condition, 0 < ¢ < g, is satisfied. Moreover, let {e,}, {p,,i}, {An} be non-negative
sequences such that 0 <y < €y, 0,5, Ay < u < 1. Define the following functions:

fla) = 311(1 ~ J2)Bal? @)
and
T(a) = B*(I—Jy?)Ba, H(a) = (I—]3")a. (23)

Now, we present our algorithm as follows (Algorithm 11):
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Algorithm 11 Proposed new inertial and self-adaptive method.

Step 0: Choosewa > 3,7, € (0,4) and select initial guess ap, a1 € Hy. Setn = 1.
Step 1: Choose 0, such that 0 < 6, < 6, where 0, is defined below, given the
(n — 1)th and nth iterates:

: n—1 €n } .
_ min if a ay,_
0, = {”+“—1’max{\lan—ﬂnflHrnzl\ﬂn—ﬂnfﬂlz} n 7 G, (24)
nﬁ;ll otherwise.

Set
Up = an + Op(ay — a,_1).
Step 2: Compute

nf (On)

T T (on) 12 + 1 H(om) |2

and
bn = trfnl(I_TnB*(I_ trTnz)B)vn

Step 3: Compute the next iterate via

{Zn = Pn,Obﬂ + erzl On,iXn,ir (25)

A1 = Alg(an) + (1= AyD)zy,

where x,,; € Sjbyand }}_; p,; = 1. Setn = n + 1 and go back to Step 1 .

To ensure our convergence outcomes, we have made assumptions on the control
parameters Ay, €4, py, ; that must meet certain conditions:

(C1) limy oAy =0and Y 5y Ay = o0,
(C2) liminf,eo(pno —k)pn; >0 Vi=1,2,...,1,
(C3) €4 = 0(Ay), ie., limy o0 f\—: =0.

Remark 1. It is clear from (24) and Assumptions (C3), that

. 6}’1 2 . Bn 2 . €n .
Jimm 2, — a, < Bim 2 s — a0 < Jim T =0
and ] P
. n . n . €n
Jim S llan = ana |l < Jim o flan —ap || < Jim S =0,

Convergence Analysis

We begin the convergence of Algorithm 11 by proving the following results.

Lemma 2. Consider the function f : Hy — Rand h : H; — R defined in (22); then, the functions
T and H defined on (23) are Lipschitz continuous.

Proof. Since T(a) = B*(I — J;*)Ba, therefore

IT(a) = T®)I* = (B*((I—J5*)Ba— (I —Jz)Bb),B*((I - J5)Ba— (I - J;*)Bb))
= ((I-Js*)(Ba—Bb),BB*((I—J7*)Ba— (I J;*)Bb))
LI[(I - J5?)Ba — (I - J7*)Bb|P, (26)

IN
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where L = ||B*B||. On the other hand,

(T(a) = T(b),a—b)y = (B*((I—Js*)Ba—(I—]z?)Bb),a—Db)
((I = J™)Bg — (I — J™)Bb, Ba — Bb)
> |[(I-Jg*)Ba— (I J&?)Bb|*. (27)

Combining the above formulas, we have:
1
(T(a) = T(b),a—b) > 7[[T(a) = T(B)|,

T being % inverse strong monotone implies that its inverse is L-Lipschitz continuous.
Furthermore,
(T(a) = T(b),a—b) < |[T(a) = T(b)[|[|a—b]],

hence
|T(a) = T(b)|| < Ll|a —bl|.

Likewise, it can be observed that the function H exhibits Lipschitz continuity. [
Lemma 3. The sequence {ay}, which was generated by Algorithm 11 is bounded.
Proof. Given g € I, then

llon —qll = |lan+0n(an —a,—1) —q||
llan —ql| + Oullan — an—1]]. (28)

IN

Since T # @, then q = ;' (q), Bp = J;*(Bq), and (I — J;)Bq = Bq — Bq = 0. Note
that T(v,) = B*(I — J;?)Buy,, I — J;* is firmly nonexpansive, therefore we obtain the

following:
(T(on),vn—q) = (B*(I—Js*)Boy, o0 —q)
= ((I—J7*)Bon — (I—J7*)Bq, Bon — Bq)
> ||(I-J5*)Boa|?
= 2f(vn) (29)
and
lon —ql? = [1Jg" (I - B (I~ J&*)B)on —ql[?
< [T =wB*(I - J5*)B)on —q|
o — g — 7T (on) [
[lon = qlI? + T2 T(0n)|1 = 27 (T (vn), 00 — 4)
< lon = ql? + Tl T(wn)[1? — 47 f (0n)
2
< o —qlPP = (4 - fon) . 30
< Mon=alE=om = ) S HG 0

Since 0 < 1, < 4, then ||b, —ql|| < ||v, —q||. We use Lemma [31] to obtain the
following results:
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l|zn —

l|an41

ql)?

il

IN

IN

IA

IN

INIA

IN

,
HPn,Obn + Z Pn,iXn,i — q‘ ’2
i=1

r r
Pn,0![bn — QHZ + ZPn,iHXn,i - QHZ - an,OPn,ian _Xn,i||2

i=1 i=1

PnOHb _q“ +anz anlsq ZPnOPnsz Xn,i||2
=1
,

Pn,Oan_‘1||2+Z:Pn,i (Sibn, S 1‘7 2 nOPn,iHbﬂ_Xn,in

Pn0l[bn —q||2+anz (116w — qlI* + xid (bn, Sibu)? anopme — Xl
1 =112 = 3P0 — 0ol b — sl (31)
i=1
thus, we apply condition (C2) and have the following;:
[z = qlI < []bn — gl (32)
Follow from (28), (30), and (31) to obtain:
1A (58 (an)Dg) + (1 = AnD)(zn — 4)|
Anll8g(an) = Dall + (1 = Aunp)| |20 — 4|
Aa12(8(@n) = 8(0)) + (68(a) = D)II| + (1 = Aur) |20 =l
AnGollan —ql| +Anll8g(q) = Dall + (1 = Awnp)[[lan — gl[ + Oullan — an]]]

(1= An( = ¢o))llan — qll + Aul|8(q) — Dgl| + (1 — Aun)on||an — an-1]|
(1= An(y —¢o))llan — gl +

3 |168(q) — Dql| — Al
T e e e ) )
1-Aun \ 6, .
Note that sup,,~; (W) 1=llan — ay—1]| exists by Remark 1 and let
|168(q) — Dyl ( Ann)
M = max ,su g — ay,_ .
{ P G P

Therefore, we have the following:
llani1 —qll < (1 —An(y —&0)llan —qll + An(y — o) M

We continue and use Lemma [32] (i) to imply that {||a, — p||} is bounded and therefore,
{a,} is also bounded. Consequently, sequences {v,, }, {z,}, and {b, } are bounded. [

Lemma4. Given {ay} as the sequence generated by the proposed Algorithm 5, put s, = ||a, — q|[?,

iy = W, Un = 55— CU ( (Cg(q) — Dg,an41 — q) + AuMy), for some My > 0 and
on = it My where My = sup,oy (1= Aug)(llan —ql| + [lans —gl[) +2(1 -

An)?|lan — ay-1|]) and g € T.

Then, the following conclusions hold:

(i) sys1 < (1= Gn)Sn + Cn + Fniin.
(i) —1 <limsup,_,  uy < +oo.
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[lon —qlI?

Proof. From Algorithm 11, we have

lon —ql> = llan +6n(an — ay_1) —qlf?
||an — ‘7||2 +20,(an — q,a0 —a,_1) + 91%“’171 - an—1||2' (34)

Let us use Lemma 1(i) in order to determine the following results:
_ 2 2 2
2(an = q,an — an-1) = —|lap—1 — q|[> + |lan — q||" + [lan — ap_1]| (35)
thus, substituting (35) into (34), we obtain

llan —ql1? + 6n(=llan—1 — gl 1> + [lan — gl + [l — au-1|1?) + 63 lan — ay1]?
llan = ql? + 0u(lan = qlI* = [lan—1 — q|[* + 26u]|an — au1|[?). (36)

IN

Now, we follow from Lemma 1(ii) and have that

a1 —ql> = |[An(Z8(an) — Dq) + (1 — AuD)(zn — q)|*
< (L= Aun)?|lzn — ql* + 270 (Eg(an) — Dq, a1 — q). (37)

Follow from (30), (32), and (34) to obtain

a1 —qll> < (1= 2Awn)?||on —ql1* + 224 (88 (an) — Dq, ani1 —q)

2(¢g(an) — Dq,ap11 —q)

a1 — ql?

IN

IN

(1= 2Au)?(an = q|* + 6u(llan — ql1> = |an—1 = q|[*) +264]an — a,1|*) +
2An(¢g(an) — Dg, ay11 — q)

= (1= Aan)?[|an = ql1> + 621 = Awp)? (|[an — q|* = [lan—1 — gI1*) +
20, (1 = Auy)?[|an — ay 111> + 244 (&g (an) — Dg, ani1 — q)

< (1= APl — gl + 81 = Aun)(llan — qll + lan—1 gl )l s — au 1] +
20, (1 — An’?)2||ﬂn - an—1||2 +2An(8g(an) — Dq, 8,41 — q)- (38)
Also,

2(%(g(an) —g(q)) +¢8(q) — Dg,ap11 —9q)
2¢ollan —qll||lant1 —qll +2(g(q) — Dq,an41 —9)
go(llan — ql* + llans1 — ql1*) +2(E8(q) — Dq, 441 — q)- (39)

<
<

Furthermore, substitute (39) into (38) and have that

[(1 = Au)® + Anol[an = gl P+ 62(1 = Aurp)* ([lan — gl| + [|an—1 — gl D)[lan — an ]| +

260, (1 = Aup)?[an — a1 * + Auollania — gl 1> + 24 (38(q) — Dg, 11 — q)

(1= A (29 = Go))llan — 11> + (Aun)?[|an — gl > + 6a[(1 = Aur)*(lan — gl| + [lan—1 — 4l]) +

2(1 = Aun)?|an — a1 |[]||an — an-a|| + Angollana — ql[*> +27u(Eg(9) — Dq, an i1 —q)

(1= An(2g — 20)) lan — 4112+ Anollns1 — 4112+ al(1 — Ay 2(1[an — g1l + a1 — gl1) +

201 = An)2llan — an-al]11an = @u-1ll + An(2(E8(0) — D, as1 — 4) + Auhy) (40)

for some M; > 0, we have that



Mathematics 2023, 11, 4708

14 of 27

(1= An(29 = ¢0))

e a2 n _
o =l < ST o, g1+ =l — sl M2 +
An(2(¢g(9) — Dq,an41 — q) + AnMy)
1—Aulo
_2/\11(77_(3‘7) 2 O _
(1 1 _)\ngo_ ||lln QH + 1 _)\ngUHan anleMZ
20 (17 — E0) (2(68(q) — D, ans1 — ) + Auby) 1)
1— Anlo 2(n —¢&o) '

Furthermore, from the boundedness of {a,}, it is easy to see that

sup uy < sup (2|1¢g(q) — Da*||||an41 — q|| + My) < o0.

n>0 n>0 Z(p - 5‘7)

Our next objective is to demonstrate that limsup,,_,  u, > —1. To do so, we will
assume the opposite and suppose that limsup,_,  u; < —1, which implies that there exists
nyg € Nwhere u, < —1 Vn > ng. Therefore, according to (i), we can conclude that

Snt1 < (L—9n)sn +cn + Juttn
< (I—=Fn)sn+cn—Tn
= cn+su—Fn(sn+1)
< cn+sp—2(n — o)Ay, (42)

By induction, we obtain
r r
Sus1 <sug+ Y i —2(n—E&0) Y A Vn = ng.
i:no i:no

Taking the limit superior of both sides of the last inequality and noting that c;
approaches 0, we obtain

r

limsup s, < sy, — lim 2(p—¢o) Y Aj = —oo.

n—o0 i:no

This is a contradiction of {s,} being a non-negative real sequence. Therefore, we can
conclude that limsup,, ,  u, > —1. O

Remark 2. Given that the lim,, s Ay — O, it becomes easier to confirm that j,, also approaches
zero. In addition, according to Remark 1, ¢, approaches zero with an increasing n value.

Now, we present our strong convergence theorem.

Theorem 1. Given {a,} as the sequence generated by the proposed Algorithm 11 and suppose
that Assumption (C1)-(C3) are satisfied. Then, {a,} strongly converges to a unique point
p = Pr(I — D +¢g)(p), which solves the variational inequality

(D—¢g)p,p—a) <0,a€el. (43)

Proof. Given g € T. We will use @, to denote ||a,, — g||. Below are the possible cases we
are considering.
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CASE A: We start by assuming that there exists a np € N such that ®,, is monotonically
decreasing Vn > ng. Then, limy oo @y — P41 — 0. Our first aim is to demonstrate that

im0 {|[bn — O, [1Xn,i = bull, llan 1 — aull} — 0.

llon —anll = |lan —an +6n(an —ay_1)l|
= Onllan —a,_1|| >0 as n — oo, (44)
thus, limy, ;e ||vn — a,|| = 0. From Equations (30) and (37) we have that:

2(v,,
7771(4 - 7771) HT(Un)lj\(ZErHI){(vn)HZ < an _‘7”2 - an _‘7“2

< low =gl = Nlans1 — gl + [an1 — ql* = [bn — q]

< lan — ql* + 6 M(|[an — an1]) = [|ant1 — q|[> + (1 = AnD)| |20 — q[ |+
200 (58(an) — Dg, an11 — q) — |[bn — g

<@y — Dyyq + 0 M||ay — a1l + [|bn — 4[> = AnT|[bn — gl >+
20, (¢g(an) — Dg, a1 —q) — ||bn —q||> = 0 as n — co.

(45)

Note that inf#,(4 — #,) > 0 and T together with H are Lipschitz continuous, so we
obtain that:
. 2 .
lim f*(,) = 0.
Therefore, f(v,) — 0and ||b, — v4|| — 0asn — oo. From (30), (31), (36), and (37), we
obtain the following results:

lani1 — gl < (1= Aun)?|lze — ql1* + 24 (Eg(an) — D, ay11 — q)

r
< (1- An’?)z{an - 6]||2 - Z(Pn,o —k)oy,il|bn Xn,i|2} +2An(¢g(an) — Dq, 8,01 — q)

i=1
< (1= A2 { Il = gl + On(llan — ql? = llau-1 —ql[2) } + (1 = Aar)?

r
{2911””71 - ”n71||2 - Z(Pn,o — K)on,il[bn — Xn,il 2} +2Au(g(an) — Dq,an11 — q)- (46)
i=1
Hence,
r
(1- Anﬂ)z Z(PH,O - k)Pn,i‘ by — Xn,i||2 < (1- An’?)ZH’Zn - q||2 +0n(1 — )‘n’7)2(||‘1n —q |2
i=1

—lan—1 = ql1?) +26u(1 = Aun)[|an — an1|?

+2A0(E8(an) — D, an i1 — q) — [|ans1 — 4l

Dy — D1+ AnMs + 04 (1 — Autp) (@ — Pyyyq)

+0n(1— An’7)2||an - ﬂn—l”z

+2A,(Cg(an) — Dg,ay,41 —q) — 0 as n — oo. 47)

IN

Thus, by applying condition (C2), we obtain

Jim {[by = xnil| = 0. (48)
We also have that
;
lzn —ball = |lon,0bn + ZPn,an,i — byl

i=1
;
< Pn,Oan_an+ZPn,i||Xn,i_bn||_>0/7’l_>°°/ (49)
i=1

N
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thus limy, e ||z — by|| = 0. Therefore,
lim ||z, — an|| = lim (||zy — by|| + ||bn — anl|]) = 0.
n—oo n—oo
Finally,
llani1—zull = |[AnCg(an) + (1= AnD)zy — zal|
= Mu||ég(an) — Dzyl| — 0,n — oo, (50)

which results in the following:
[lans1 — anl| < |lans1 — znl| + ||zn —an]| = 0 as n — oo.

As k — co, the subsequence {a,, } weakly converges to a*. Denote F,;, = I — 1, B*(I —
J5'?)B, since ;2 is firmly nonexpansive, hence F,, and [, (I — 7, B*(I — J5'2) B) are aver-
aged and nonexpansive. So the subsequence {v,, } converges weakly to a fixed point a* of
the operator J,'' F,. We now show that a* € T thatis a* € m;'(0) with Ba* € m,'(0) and
a* € Ni_,Fix(S;). From (30) we have

o f2(vn)
T = T T [ Ei o)

7S [lon =gl = [1ba — qlI%,

since T and H are Lipschitz continuous, thus T (v, ) and H(v,) are bounded. In addition,
inf#,(4 —1,) > 0, hence f(v,) — 0asn — 0. Since the subsequence {a,, } converges
weakly to a*, therefore, the function f is lower semi-continuous and |[v, — a,| — 0 as
n — oo, then we can determine

0< f(a*) < liginff(vnk) = '}glgof(vn) =0.

That is,
* 1 *
f@) =Sl - 2)Ba*||* = 0.

This implies that Ba* is a fixed point of ]}732 or (I — 52)Ba* = 0, then we can have
Ba* € m;'(0) or 0 € my(Ba*). Moreover, the point a* is a fixed point of the opera-
tor Jo (I — tB*(I — J5*)B), which means that a* = J;"'(I — 7,,B*(I — J;'*)B)a*. Since
(I —J5?)Ba* = 0, hence (I — t,B*(I — J;*)B)a* = a*, consequently a* = J;"a*, This
implies that a* is a stationary (fixed) point of J,'!, in fact, a* € m; 1(0). Furthermore, from
(48) and the fact that I — S; is demiclosed at zero, then a* € Fix(S;) fori =1,...,r. Hence
a* eT.

First, we show that {a, } strongly converges to a*, where a* = Pr(I — D + g)a* is the
unique solution of the variational inequality (VI):

(D—¢gg)a*,a* —a) <0,aeTl.

For us to achieve our goal, we prove that limsup, , ((D — {g)a*, a* —a,) < 0.
Choose a subsequence {ay; } of {a,} such thatlimsup; , (D — £g)a*,a* — a,) = lim;_,«
((D—¢g)a*,a* — ay;). Since a,, — 7 and using (10), we have

limsup((D —¢g)a™,a" —an) = lm((D—¢g)a*,a” —ay,)
((D—¢gla*,a” —a)
(@ —(1- (D—gg)a’,a” —a) <0.  (51)
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Furthermore, we make use of Lemma 4, Lemma 4(i), and (51) to obtain that
|lan —a*|| — 0, implying that sequence {a,} strongly converges to a*. Case A is con-
cluded.

CASE B: Now we assume that {||a, — g||} is not monotonically decreasing. Then for
some 1y and Vn > ng, we define ¢ : N — N by the following;:

p(n) =max{t e N:t <n:¢pp < Ppy1}.
Moreover, ¢ is increasing with lim,,_, ¢(n) — co and
0 < lagmy —qll < llagmys1 —qll. ¥V n=no.
We can apply a similar argument to the one used in Case A and conclude that
;}E&Hb‘f’( — Up(n ||—11rn||x¢ i —bpn ||—hm||’1¢n)+1 gl =0.

Thus, Qo (ag(y)) € I', where Qy (a4, ) is the weak subsequential limit of {a,) }. Also,
we have

limsup((D —g)q,q9 — a¢(n)) <0. (52)

n—oo

Thus, we follow from Lemma 4(1) and we have

22 (1= g
lagagsn —alP < (1 M)¢<n—qz + B (2429(0) — D, agiuys1 — ) + Agony M)+

$(n
e Ma 1)~ g1 | (53)

=Y >5

for some M > 0 and where

My = supyz1((1 = Mgy @) (g = a1l + lage) 1 = all) + 21 = Mgy )l |ap(ay = g -1l1)-
Since [[ag(,) — q| > < lap(my+1 — 4l |? then from (2?), we obtain the following results:
2 p(n) (11 = G0) 2 () (11 = 60)
¢(n 2 ¢(n)
0 < (1 W lagmy —all” + W@@é’(ﬂ) — Dq,ap(n)11 — ) + ApmyM) +

M2||ﬂ4> (n) — Bgp(n)—1l|
— A6

—|lag — gl (54)

Hence, we obtain:

2A () (n—¢o p T 22\4) (’7 o)

. 2 Dq,ap, + ApyM) +
17}\4}(”)50 [ap(n) Romio (2(¢8(q) — Dq, ap(n) 11 — q) + Ap(n) M)

o Mbs||a —a _
(n) 2||_¢<n> o)1l (55)
1 A‘P(”)gg
Therefore, we obtain the results below:
nMalla (m)—1ll
lagn) —alF < 20E8(q) — D ap(uys1 — 4) + Mgy My + 2020000 . (56)

2)\47 (n) (77 60)

Since the sequence {aq,(n)} is bounded and limy ;e Ag(,) — 0, it follows from
Equation (52) and Remark 1.

lim {{ag ) — gl = 0. (57)

We can conclude that Vn > n,, the following statement holds:

0 < [lan — q|I> < max{|lag() —all% lag 1 — alI*} = llagu) 1 —all*
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Hence, lim,, 0 ||@n — q|| = 0. Therefore, we imply that sequence {a,} converges
strongly to g. This completes the proof. [

The result presented in Theorem 1 can lead to an improvement when compared to the
findings of [26]. It is important to recall that the set of quasi-nonexpansive mappings can
be classified as 0-demicontractive. Therefore, we can utilize the same discoveries to obtain
outcomes when approximating a common solution for the SVIP, together with a restricted
number of multivalued quasi-nonexpansive mappings. The following remark highlights
our contributions to this paper:

Remark 3.

(i) A new optimal choice of the inertial extrapolation technique is introduced. This can also be
adapted for other iterative algorithms to perform better.

(ii)  The algorithm obtained a strong convergence result without necessarily imposing a solid
condition on the control parameters.

(iii) The self-adaptive technique prevents the need to calculate a prior estimate of the norm of the
bounded linear operator at every iteration.

(iv) The algorithm produces suitable solutions that approximate the entire set of solutions I as
stated in (1), using appropriate starting points. This feature sets it apart from Tikhonov-type
reqularization methods, which always converge to the same solution sequence. We find this
attribute particularly intriguing.

4. Numerical Illustrations

Let us provide some numerical examples that demonstrate the effectiveness and
efficiency of the suggested algorithms. We will compare the performance of Algorithm 11
(also known as Algorithm 11) with Algorithms 1, 2, 3 and 10 (also known as Algorithms 1,
2,3, and 10, respectively). Kindly note that the renumbering of the article occurred due
to the change in the numbering style in the template. All codes were written in MATLAB
R2020b and performed on a PC Desktop. Intel(R) Core(TM) i7-6600U CPU @ 3.00 GHz
3.00 GHz, RAM 32.00 GB.

Example 1. Let H] = Hy = R3 and B, my, my : R3 — R be defined by

1 -1 0 4 0 0 6 00
B=|1 2 0], my=|030 and mpy=1{ 0 5 0 |. (58)
0 0 3 0 0 2 0 0 4

It is easy to check that the resolvent operators concerning my and my are defined by

T T
m _ ay ap as i m _ ai az az
7' (@) <1+4¢T'1+3U'1+20> and_ 7" (a) <1+50'1+50'1+4a>

oro > 0and a € R3. Also, let F; : R3 — 2R be defined b
j Y

—(3j+1)x . .

— = —(j+1a if a<0

I P N i ©9)
—(+1)a, —LK= if a>0
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It is clear that T(F) = {0} and #(Fja, F;0) = (j 4 1)?|z|*. Thus,
2 (Bi+1) |
d(a,Fa)® = ’a+ g
_ ’ (3j+4) [*
a 3
(92 +24j+16 o
= — .
Furthermore,
H(Fa, F0)? = (j+1)%a?
= [a—0P+ (> +2j)la— 0
912 4 2j
2 J ] 2
= - —_ Fa).
la — 0]~ + 9j2+24j+16d (a,Fa) (60)
Hence, F; is k-demicontractive with k = 9].(2(’172271]%)16 € (0.1). Moreover, the solution set
I' = {0}. We choose the following choice of parameters for Algorithm 11: 6,, = ﬁ, N =
%, Bn = m%rl, Ap = n%rl, ¢=1a=0,2 g(a) =% D(a) = a. For Algorithm 1,
we take 0, = 3—14,5 = 0.03; for Algorithm 2, we take 6,, = ﬁ’ 0 = 0.04, A = 0.03; for

Algorithm 3, we take 11, = 0.04; and for Algorithm 10, we take 6, = %,D{n = %H,Un =

2\|3173\|2' We test the algorithms using the following initial points:
([Case I]) ay = eye(3,1) and a1 = rand(3,1),

([Case II:]) ag = rand(3,1) and a1 = rand(3,1),

([Case III:]) ag = randn(3,1) and a; = randn(3,1),

([Case IV:]) ag = ones(3,1) and a; = rand(3,1),

where “eye”, “randn”, “rand”, and “ones” are MATLAB functions. We used ||a,+1 — a,| <
107° as the stopping criterion for all the implementation. The numerical results are shown in
Table 1 and Figure 1. Furthermore, we run the algorithms for 100 randomly generated starting
points to check the performance of the algorithms using the performance profile metric introduced by
Dolan and More [34], which is widely accepted as a benchmark for comparing the performance of
algorithms. The details of the setup of the performance profile can be found in [34]. In particular,
for each algorithms € S = {1,2,...,5} and case p € P = {1,...,100}, we defined a parameter
tp,s which is the computation value of algorithm s € S for solving problem case p € P such as the
number of iterations, time of execution, or error value of Algorithm s € S to solve problem p € P.
The performance of each algorithm is scaled concerning the best performance of any other algorithm
in S, which yields the performance ratio

_ tp.s
~ min{tys:s €S}

Mp,s

We select a parameter 1, such that 1, > 11,5 for all p and s, and s = 1, only if solver s is
unable to solve problem p. 1t is worth noting that the choice of v, does not affect the performance
evaluation, as explained in [34]. To determine an overall assessment of each solver’s performance,
we use the following measurement:

Ps(t) = nlpsize{p € P :nps < t},

the probability Ps(t) represents the likelihood of solver s € S to achieve a performance ratio 1,,s
within a factor t € R of the best possible ratio. The performance profile Ps : R — [0,1] for a



Mathematics 2023, 11, 4708

20 of 27

solver is a non-decreasing function that is piecewise continuous from the right at each breakpoint
when Ps is defined as the cumulative distribution function of the performance ratio. The probability
Ps(1) denotes the chance of the solver achieving the best performance among all solvers. The
performance profile results (Figure 2 show that Algorithm 11 has the best performance for 100% of
the cases considered in terms of the number of iterations. In contrast, Algorithm 3 has the worst
performance. Moreover, Algorithm 10 performs better than Algorithms 1-3 even in worst senerios.
Also, Algorithm 11 has the best performance for about 82% of the cases in terms of the time of
execution, followed by Algorithm 10 for about 18% of the cases. In contrast, Algorithm 3 has the
worst performance in terms of the time of execution. It is good to note that despite the self-adaptive
technique used in selecting the stepsize for Algorithm 3, its performance is relatively worse than
other methods.

Table 1. Numerical results for Example 1.

Case I Case II Case III Case IV
Algorithm 11 No of L. 13 15 17 14
CPU time (s) 0.0013 0.0076 0.0090 0.0018
Algorithm 1 No of L. 43 50 63 48
CPU time (s) 0.0282 0.0223 0.0114 0.0156
Algorithm 2 No of L. 41 48 59 46
CPU time (s) 0.0270 0.0191 0.0137 0.0166
Algorithm 3 No of L. 104 140 160 73
CPU time (s) 0.0305 0.0425 0.0278 0.0194
Algorithm 10 No of L. 28 32 37 28
CPU time (s) 0.0167 0.0161 0.0148 0.0034
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Figure 1. Cont.
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Figure 2. Performance profile results for Example 1 in terms of number of iterations (left) and time of
execution (right).

Example 2. Our algorithms are utilized to solve an image reconstruction problem that can be
modeled as the Least Absolute Selection and Shrinkage Operator (LASSO) problem described in
Tibshirani’s work [35]. Alternatively, it can be modeled as an underdetermined linear system
given by

z=ma+e, (61)

where a is the original image in RM, m is the blurring operator in M x N(M << N), € is noise,
and z is the degraded or blurred data which must be recovered. Typically, this can be reformulated as
a convex unconstrained minimization problem given by

(1 )
min< =||ma —zl||5 + Alla , 62
min{ 3ma 213+ Allal ©)

N

where A > 0, ||al|2 is the Euclidean norm of a and ||a||1 = Y |y,| is the ly-norm of a. Various
i=1

scientific and engineering fields have found the problem to be a valuable tool. Over the years,

several iterative techniques have been developed to solve Equation (62), with the earliest being the
projection approach introduced by Figureido et al. [36]. Equivalently, the LASSO problem (62) can



Mathematics 2023, 11, 4708

22 of 27

be expressed as an SVIP when C = {a € R : |ja||y < t} and Q = {z}, my = dic, my = dig,
where ic and ig are the indicator functions on C and Q, respectively. We aim to reconstruct the
initial image a based on the information the blurred image z provides. The image is in greyscale and
has a width of M pixels and a height of N pixels, with each pixel value within the [0, 255] range. The
total number of pixels in the image is D = M x N. The signal-to-noise ratio, which is determined
by the amount of noise present in the restored image, is used to evaluate the quality of the resulting
image, and it is defined by

lall2
SNR = 20 x log,, (m ’

with a and a* being the original and restored images, respectively. In image restoration, the
quality of the restored image is typically measured by its signal-to-noise ratio (SNR), where a
higher SNR indicates better quality. To evaluate the effectiveness of our approach, we conducted
experiments using three test images: Cameraman (256 x 256), Medical Resonance Imaging (MRI)
(128 x 128), and Pout (400 x 318), all of which were obtained from the Image Processing Toolbox
in MATLAB. Specifically, we degraded each test image using a Gaussian 7 X 7 blur kernel with
a standard deviation of 4. We processed the algorithms using the following control parameters:
Algorithm 11: 6y = &5, 1 = §23, Bn =741, M= g1 G = La=04 g(a)=

D(a) = 2a. For Algorithm 1, we take 0, = 75,A = 0.05; for Algorithm 2, we take

a

8

0, = %, 6 = 0.06, A = 0.09; for Algorithm 3, we take 17, = 0.05; and for Algorithm 10, we take
0, = %H,an = m,an = W. We also choose the initial values as ayg = 0 € RM*N gnd
a; = 1 € RMXN_ The numerical results are shown in Figures 3—6 and Table 2. It is easy to see
that all the algorithms efficiently reconstruct the blurred image. Though the performance of the
algorithms varies in terms of the quality of the reconstructed image, we note that Algorithm 11
was able to reconstruct the images faster than other algorithms used in the experiments. This also
emphasizes the importance of the proposed algorithm.

Original Blurred

Figure 3. Cont.
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Figure 3. Image reconstruction using cameraman (256 x 256) image.

Original Blurred Alg 5

Figure 4. Image reconstruction using MRI (128 x 128) image.
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Figure 5. Image construction using Pout image (291 x 240).
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Figure 6. Graphs of SNR against iteration number. Top Left: Cameraman; Top Right: MRI; and
Bottom: Pout.

Table 2. Computational result for Example 2.

Cameraman MRI Pout
Algorithms
Time (s) SNR Time (s) SNR Time (s) SNR

Algorithm 11 14.2169 34.3580 2.3627 26.4215 11.3969 40.2075
Algorithm 1 16.9989 34.3517 2.7461 26.9565 12.5370 37.7244
Algorithm 2 19.6273 34.3468 2.8171 25.8976 12.3931 40.9870
Algorithm 3 18.8111 34.4365 2.7333 26.4675 13.5479 40.3109
Algorithm 10 17.3022 31.5974 2.7074 24.6775 12.3144 36.2867

5. Conclusions

Our paper proposes a novel inertial self-adaptive iterative technique that utilizes
viscosity approximation to obtain a common solution for split variational inclusion prob-
lems and fixed point problems in real Hilbert spaces. We have selected an optimal inertial
extrapolation term to enhance the algorithm’s accuracy. Additionally, we incorporated
a self-adaptive technique that allows for stepsize adjustment without relying on prior
knowledge of the norm of the bounded linear operator. Our method has been proven to
converge strongly, and we have included numerical implementations to demonstrate its
efficiency and effectiveness.
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