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Abstract: In this paper, we study the space of G-permutation degree of some classes of topological
spaces and the properties of the functor SP{, of G-permutation degree. In particular, we prove: (a) If a
topological space X is developable, then so is SP¢ X; (b) If X is a Moore space, then so is SP¢. X; (c) If
a topological space X is an M;-space, then so is SPZ X; (d) If a topological space X is an M;-space,
then so is SPg X.
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1. Introduction

Let F be a covariant functor acting on a class of topological spaces. The following
natural general problem in the theory of covariant functors was posed by V. V. Fedorchuk
at the Prague Topological Symposium in 1981 (see [1]):

Let P be a topological property and F a covariant functor. If a topological space
X has the property P, then whether F(X) has the same property, and vice versa,
if F(X) has the property P, does the space X also have the property P?

This paper deals with such questions.

Let G be a subgroup of the symmetric group S, n € N, of all permutations of the
set {1,2,...,n}, and let X be a topological space. On the space X", define the following
equivalence relation rg: for elements x = (x1,xp,...,x,) andy = (y1,Y2,...,¥n) in X"

xtgy < thereis o € G withy; :xa(i),l <i<mn.

The relation r¢ is called the G-symmetric equivalence relation. The equivalence class
of an element x € X" is denoted by [x]¢ or [(x1,X2,...,Xs)]g. The quotient space X" /rg
(equipped with the quotient topology of the topology on X") is called the space of G-
permutation degree of X and is denoted by SP¢ X. The quotient mapping of X" to this space
is denoted by ﬂZ,G ; when G = S, one writes 7t(..

Let f : X — Y be a continuous mapping. Define the mapping SP¢ : SPE X — SPZY by

SPef(IXle) = [(f(x1), f(x2), -, f(xn))lG, [X]c € SPEX.

It is easy to verify that SP{, as defined is a functor in the category of compacta. This
functor is called the functor of G-permutation degree.
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In [1,2], V. V. Fedorchuk and V. V. Filippov investigated the functor of G-permutation
degree, and it was proved that this functor is a normal functor in the category of compact
spaces and their continuous mappings.

In recent years, a number of studies have investigated various covariant functors, in
particular the functor of G-permutation degree, and their influence on some topological
properties (see, for instance, [3-6]). In [3,4], the index of boundedness, uniform connected-
ness, and homotopy properties of the space of G-permutation degree have been studied,
and it was shown in [4] that the functor SPE preserves the homotopy and the retraction
of topological spaces. References [5,6] deal with certain tightness-type properties and
Lindelof-type properties of the space of G-permutation degree.

The current paper is devoted to the investigation of some classes of topological spaces
(such as developable spaces, Moore spaces, Mi-spaces, Mp-spaces, Lasnev’s and Nagata’s
spaces) in the space of G-permutation degree.

Throughout the paper, all spaces are assumed to be T7.

Observe that the space SP¢ X is related to the space expn X of nonempty < n-element
subsets of X equipped with the Vietoris topology whose base form the sets of the form

O(Uy, Uy,..., Uy) = {F € expn X : FC U U, FNU; #Q, i =1,...,k}

where Uy, Uy, ..., Uy are open subsets of X [2].

Observe that the mapping nﬁrc : SPEX — exp, X assigning to each G-symmetric
equivalence class [(x1, X2, . .., ¥, )] the hypersymmetric equivalence class [(x1, X2, . . ., X, )]
containing it represents the functor expy as the factor functor of the functor SP¢ [1,2].

Also, the spaces SPZ X and exp, X are homeomorphic, while it is not the case for n > 2 [2].

2. Results

In this section, we present the results obtained in this study.

For an open cover -y of a space X and a subset A of X, the star of A with respect to 7y is
defined by St(A,y) =U{U € y: UN A # @}.

Let 7y be an open cover of X. Obviously, SPgy = {7}, o (U1 X ... x Uy) = [U7 X ... X
Uyl : Uy, ..., U, € v} is an open cover of SPEX.

Proposition 1. Let SPy be an open cover of SPEX. For each [(x1, ..., xn)]c € SPEX, we have
St([(x1,...,xn)]G, SPEY) C [St(x1,7) x ... x St(xy,7)]c-

Proof. Let [(y1,...,¥n)]lc € St([(x1,...,%u)]G,SPEY). Then, there exists [U; x ... x Uy]g €
SPgy such that [(y1,...,¥n)|c € [Uy X ... x Uy]g. On the other hand, [U; x ... x Uy]g C
(Vi x...x Vy]gifand onlyif UL, U; C UL, V;and forevery V;,i =1,2,...,n, there exists
a permutation o € G such that U,(;) C Vi. Hence, we obtain that [(y1,...,yx)]c € [U1 X
.. X Uyl C [St(x1,7) X ... x St(xy,7)]g. This means that St([(xy,...,xn)]c,SPgY) C
[St(x1,7) X ... %xSt(xy,7)]g- O

Lemma1l. Let xq1,Xy,...,x, bepointsof X. Foreachi =1,2,...,n, let {Ul-m}ﬁz1 be a decreasing
sequence of nonempty subsets of X such that (;,_q U, = {x;}. Then,

[Ulm X Uzm X ... X unm]G = {[(Xl,X2,. . .,xn)]G}.
1

ﬁjg

Proof. Leti = 1,2,...,n, and assume that [y1,¥2,...,Ynlc € Ny—1[Uim X Uz X ... X
Uum|g- Then, for each positive integer m, [y1,Y2,--.,Ynlc € [Urm X Uz X ... X Upm]c-
This means that there exists a permutation o € G such that y; € Uy ;,, foralli =1,2,...,n.
In addition, y; € Ny —1 Up(ijm = {x,(i)} foralli =1,2,...,n. Consequently, it follows that
Yi = Xg(i)- This means that [(yl,yz, R ,yn)]c = [(X1, X2, ... ,xn)]c. O
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Proposition 2. Let X be a space, and let x1,x, ..., xy be points of X. For each i = 1,n, let
U, = {uim}meN be a local base of X at x;. Then, SPEU = { [U1yy X Uny X .. X Upm] g Uiy €
Uu,i=1, n}meN is a local base of SPE X at [(x1,x2,...,%n)]c-

Proof. Without loss of the generality, suppose that U;,,, .1 C U, for every positive integer
m. Let SPLV be an open subset of SPE. X which contains [(x1,X,...,%s)]g. Then, there
exist open subsets V4, V,, ..., Vi, of X such that [(x1,x2,...,x4)]g € [Vi X Vo X ... X Vj] c C
SPRV. Put Vy, = N{V € {V},V5,..., Vu} : x; € V} forevery i = 1,n. Then, Vy,..., Vy,
are open subsets of X such that [(x1, %2, ..., Xn)]g € [Vig X Vi X ... X Vi, | o C [V1 X Vp %
o X Vn] o C SPEV. Sincel; is alocal base at x;, there exists a positive integer m; such that
X € Uy, C Vi, Let m = max{my,...,m,}. Then, x; € Uy,; C Vy,. Consequently, [Uy,, X
Uy X .. X Unm| 5 € SPEU and [(x1,%2, .., Xn)]G € [Uim X Uz X .. X Upm] g C [V X
Vi, X oo X Vxn] C SPLV. Therefore, SPEU is a local base of SPE X at [(x1, X2, ..., xn)]c. O

A space X is developable [7,8] if there exists a sequence {7, : m € N} of open covers
of X such that, for each x € X, {St(x,y,) : m € N} is a local base at x. Such a sequence
of covers is called a development for X. It is well known that every metrizable space is
developable, and every developable space is clearly first countable.

Remark 1. Clearly, the above definition of the developable space is equivalent to the following:
(a) For each x € X and for each positive integer m such that St(x,v,) # @, St(x, ym) is a
neighborhood of the point x, and
(b) For each x € X and for each open U containing x, there exists a positive integer m such
that x € St(x, vn) C U.

Theorem 1. If X is a developable space, then so is SP. X.

Proof. Assume that X is a developable space and {u,, : m € N} is a development for X.
For every m € N, let

m
Ym = {ﬂVj:Vjeyj,jzl,n}.
=1
Then, {7ym }men is also a development for X such that St(x, v,,41) C St(x, v ) for all
x € X and every m € N. Put

SPE’)/m = {[Uml X ... X Umn]G Uy, o, Upn € ’)’m}

n

It can be easily checked that SPZ 7y, is an open cover of SPE X for every m € N.

Now, we will prove that for each [(x1,x2,...,%1)]G IS SPEX,
{St([(x1,x2,...,xn)]G, SPE&Ym) }men is a local base at [(x1,x2,...,X,)]g. Let SPEU be an
open subset of SPE X such that [(x1,x2,...,%4)]c € SPEU. Then, there exist open sub-
sets Uy, Uy, ..., U, of X such that [(x1,x2,...,%4)]c € [Up x Uy x ... x Uy]g C SPRU.
Since {St(x;, Ym)}men is a local base at x; for any i = 1,n, there exists a positive inte-
ger m; such that St(x;, ym,) C Uy, = N {Uj cxe Up,j = 1,n}. Then there exists
m > max{my, my,..., my} such that St(x;, ym) C St(x;, ym,) foralli = 1, n. By Proposition
1, we have

[(x1,x2,...,x0)]lc € St([(x1,x2,...,%1)]G, SPEYm)
C  [St(x1,vmy) X ... X St(xn, Ym, )]G
C Uy x...x Uyl C[Up x...x Uylg C SPgU.

By Statement (b) of Remark 1, it means that SP¢ X is a developable space. [

A regular developable space is a Moore space [7,8].
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Proposition 3. If X is a Moore space, then so is SP¢ X.

Proof. By Theorem 1, if X is a developable space, then the space SP¢ X is also developable.
On the other hand, it is well known from [9] that regularity is preserved under the closed-
and-open mapping and Cartesian product. Therefore, if X is a regular space, then the space
SPE X is also regular. [

A family U = {Uq }4e 4 of subsets of a topological space is closure preserving [7,9] if
Usea, Usr = Uge a, Ua for every Ay C A.

Theorem 2. If U is a closure-preserving family of subsets of X, then SPEU = {[Uy x Up X ... X
Ul : Uy, Uy, ..., Uy € U} is a closure-preserving family of subsets of SPEX.

Proof. Let SPEUy be a subfamily of SPEU and [(xq,x2,...,%n)]c € SPEX \ U{SPEW :
SPEW € SPRUp}. Let V; = X\ U{U : x; € X\ U, U € U}. Since U is a closure preserving
family of subsets of X, we have that V; = X\ U{U : x; € X\ U, U € U}. This means that V;
is an open subset of X and x; € V; foralli =1,2,...,n. Let SPEV = V1 X Vo x...x Vylg.
Then, SPLV is open subset of SPE X, [(x1, X2, ...,X)]c € SPEV and SPEV N SPEW = @ for
all SPEW € SPgUy. Therefore, [(x1,x2,...,%n)]c € SPEV C SPEX \ U{SPEW : SPEW €
SPgUo}. It shows that [(x1,x2,...,x1)]c € SPEX \ U{SPEW : SPEW € SPLUp}. Hence,
SPgU is a closure preserving family of subsets of SPE. X. [

A family U is called o-closure preserving [7] if it is represented as a union of countably
many closure preserving subfamilies.
An M;-space [7,8] is a regular space having a o-closure preserving base.

Example 1. Let Q denote the set of rational numbers. For x € R, put Ly = {(x,y) : (x,y) €
R?,y > 0} and X = RU (U{Ly : x € R}). Define a base for a topology on X as follows: for any
s,t € Qandz = (x,w) € Lysuchthat 0 <s < w < t, we put U3,(z) = {(x,y) : s <y < t},
and let U be the set of all such U;(z). Forallr,s,t € Qand z € Rsuchthats <z < tandr >0,

we put
Visi(z) = (s, ) U (H(wy) : 0 <y <rwe(s,6)\ {z}})

,and let V be the set of all Vy 5 +(z). Now, put B = U U V. Then one can check that B is a o-closure
preserving base for X. It shows that X is an My-space. Moreover, the space X is a first countable,
but non-metrizable space.

Theorem 3. If X is an My-space, then so is SPEX.

Proof. Let X be an M;-space and U = |J;; U; be a o-closure preserving base in X. Since the
union of two closure preserving family of subsets of X is also closure preserving, we assume
that U; C U; 1 for each i. For every positive integer i, set SPEU; = {[Uy x Uy X ... x Uy]g :
Uy, Uy, ..., U, € U;}. Obviously, SPEU; C SPEU, 4 for all positive integers i. By Theorem 2,
U; is a closure preserving family of subsets of SPZ X, and at the same time U/; is a family of
open subsets of SP. X. Therefore, SPEU = ;2 SPEU; is a o-closure preserving family of
open subsets of SPZ X.

Now, we will show that SPEU is a base for SPE X. Let [(x1, X2, ..., X,)]g be an arbitrary
element of SPE X and SPZU be an open subset of SPE X such that [(x1,x2,...,x1)]c €
SPZU. Since U is a base for X, there exist Uy, Uy, ..., U, € U such that [(x1,x2,...,%4)]g €
[Uy x Uy x ... x Uy|g C SPEU. Since U; C U;q for each positive integer i, there exists
ip such that Uy, Uy, ..., U, € Uj,. Then it follows that [U; x U X ... x Uy]g € SPEU;,.
Therefore, SPE.U is a base for SP{, X. This means that SP{. X is an M-space. [

A collection B of (not necessarily open) subsets of a regular space X is a quasi-base
in X [7] if whenever x € X and U is a neighborhood of x, there exists a B € B3 such that
x €IntB C B C U.
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An Mjp-space [7,8] is a regular space having a o-closure preserving quasi-base.
Theorem 4. If X is an My-space, then so is SP¢ X.

Proof. Suppose that X is an Mp-space and B = |Ji2 B; is a o-closure preserving quasi-base.
Since the union of two closure-preserving family of subsets of X is also closure preserving,
we assume that B; C B; 4 for each i. For each positive integer i, put SPE.B; = {[B1 x By x
... X Bylg : By, By, ..., By € B;}. Obviously, SPLB; C SPEB;,1 for all i. By Theorem 2,
B, is a closure preserving family of subsets of SPZ X. Therefore, SPEB = ;2 SPEB; is a
o-closure preserving family of subsets of SP¢. X.

Now, we will prove that SPE. B is a quasi-base for SPE X. Let [(x1,x,...,X,)]¢ be an
arbitrary element of SP¢ X and SPZ V be an open subset of SPE X such that [(x1, x2, ..., xu)]g €
SPZ V. Consequently, there exist open subsets Vi, V3, . .., V;; of X such that [(x1, x2, ..., xu)]G €
[Vi x Vo x ... x Vy]g C SPLV. Since B is a quasi-base for X, there exist a permutation
o € Gand Bg(j) € B; such that xj € IntBU(]-) C VU(]-), where j = 1,2,...,n. Note that
[(Xl, X2,.. .,xn)]c € [Il’ltBl X IntBy X ... X IntBn]G C Int([31 X By x ... X Bn]G) C [Bl X
By X ... X Bylg C [Vi x Va x ... x Vy]g C SPEV. It shows that SPE B is a quasi-base for
sPRX. O

Recall now that a space X is said to be stratifiable if f for every closed subset F C
X there is a sequence of open subsets (U(F,k))xey such that (i) F = Ngen U(F, k) =
Nken U(F, k), and (ii) if F; C F,, then U(F;, k) C U(F,, k) for each k € N. In the paper [10]
it was proved that a space is stratifiable if and only if it is M,. Therefore, we obtain
the following:

Corollary 1. If a space X is stratifiable, then so is SP X.

A space X is a Lasnev space [7,8] if there exist a metric space Z and a continuous closed
mapping from Z onto X. Lasnev spaces are known to be Mj-spaces.

Theorem 5. Let X be a space, and let n be a positive integer. If X" is a Lasnev space, then so
is SPEX.
G

Proof. Suppose that X" is a Lasnev space. Then, there exist a metric space Z and a
continuous closed mapping ¢ : Z — X". Since 7} ; : X" — SPgX is a closed, onto
mapping, we obtain that the mapping 71} s 0g : Z — SPEX is also a closed mapping
from the metric space Z onto the space SPZX. This means that the space SPgX is a
Ladnev space. [

Theorem 6 ([8]). Let X be a space. Then, X? is a Lagnev space if and only if expo X is a Lasnev space.

As we said in the Introduction, in Reference [2], it was shown that the spaces SP2X
and expp X are homeomorphic. Hence, we obtain the following corollary.

Corollary 2. Let X be a space. Then, X? is a Lagnev space if and only if SP?X is a Lasnev space.

A space X is a Nagata space [11] provided that for each x € X, there exist sequences
{Un(x)},,cn and {Vin(x) },, o of open neighborhoods of x such that for all x,y € X:

(1) {Un(x)},,cy is alocal base at x;
(2) ify & Up(x), then Vi, (x) N Viu(y) = @ (or equivalently, if V;,(x) N Vi, (y) # @, then
x € Un(y)).

The definition of the Nagata space is equivalent to the following [11,12]: a Nagata
space is a first countable stratifiable space.
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Corollary 3. Let X be a space, and let n be a positive integer. If X is a Nagata space, then so is SP¢ X.

3. Conclusions

This work is related to the following important question. Let F be a covariant functor
and P a topological property. If a space X has the property P, whether F(X) has the
same or some other property. We studied the preservation of certain classes of spaces
(developable spaces, Moore space, Mi- and Mj-spaces, Nagata spaces) under the influence
of the functor SP¢, of G-permutation degree. We proved that this functor preserves each
mentioned class of spaces. It would be interesting to study the preservation of these and
some other properties under the influence of other important functors.
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