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1. Introduction

One of the most important generalizations of conventional calculus is quantum cal-
culus, often known as g-calculus, because it has been shown to be applicable to quantum
physics and various other fields of study, including number theory, combinations, orthog-
onal polynomials, etc. Initially, the theory of g-calculus was developed by Jackson [1].
The introduction of g-calculus opened the possibility for the introduction and study of
the g-analogs of several elementary and special functions, for example, g-exponential,
g-trigonometric, g-gamma, g-beta [2], g-hypergeometric [3], and g-Bessel functions [4,5]. In
recent years, the theory of g-special functions has attracted additional attention due to their
usefulness in different emerging branches of mathematics and the sciences.

There is a close relationship between Bessel functions and problems involving circular
or cylindrical symmetry. The free vibrations of a circular membrane can be studied, and
the temperature distribution along a cylinder can be calculated, as two examples. Not only
are they essential in electromagnetic theory but also in countless other branches of physics
and engineering. Because of their natural link with cylinder-shaped domains, “cylinder
functions” are shorthand for all solutions to Bessel’s equation.

We were motivated by the applications of Bessel functions in different fields of science
and engineering. Bessel functions are also used to find separable solutions to Laplace’s
equation and the Helmholtz equation in spherical coordinates and are therefore particularly
relevant for many situations involving wave propagation and static potentials. The g-
analog of these functions has attracted the attention of several researchers, who developed
the theory of g-Bessel functions. g-Bessel function J}(x;q) was introduced and studied
by Jackson [6]. ],%(x;q) was introduced and studied by Ismail [7] and also studied by
Hahn [8]. Hahn and Exton introduced the third g-Bessel function [9-11]. Some well-known
forms of g-Bessel functions (J}(x;q)) of the first kind can be found in [4,12]. The theory
of g-Bessel functions has been studied by many mathematicians and physicists. This
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theory has grown to include two variables [13] and generalized g-Bessel functions [14].
Srivastava [15] considered some recent developments with respect to the extension of the
g-Bessel polynomials.

Recently, several researchers working in the field of g-special functions introduced
and studied several properties of g-Bessel functions (see, e.g., [13,14,16-21]). The series
definition of a g-Bessel function ], (x; q) is given by the following expression

oy @) & D/ 2"
i) = e B @@ i
© (C1)k(x/[2], n+2k
:k;) [ (k}q'”) for —oo < x < oo. (1)

n+1;q)oo _

@) (4 E/)
ing function also characterizes the first kind of g-Bessel functions (J}(x;9) or J,(x;q))

(see, e.g., [4,12]):

which converges absolutely for |x| < [2]; and . The following generat-

eq([Z]q_lxt) eq( - ([Z]qt)_lx) = i Ju(x;q) t" for t #0 and —oco < x < oco. (2)

n=—oo

For any real number (r > 0), in view of (1), we have the following series definition of
the g-Bessel functions of the second kind:

o (_ x/[2] r+2k
Jrq(x 2 ( o 1{1))[k]q! for —oo < x < 0.

In this paper, we present new properties of g-Bessel functions. Applying our results,
we characterize g-Bessel functions of the first kind. New summation and integral represen-
tations for g-Bessel functions of the first kind are also established. In summary, some of the
results presented in this paper are original; we also refer to results reported in the literature
as special cases (see, e.g., [2-5,7,9-12,22,23] and references therein).

2. Preliminaries
In this section, we state some basic definitions, notations, and known results in quan-
tum calculus that are needed for further discussion throughout this paper.
The complex number w has a g-analog defined as follows (see, e.g., [24,25]):
1—q%
w =
]y = ==

w

=Y 4! for0<g<1landweC. (3)
k=1

The g-factorial (see [24,25]) is defined as

| = s=1lslg = [1g[2lg - .- [r]g 0<g<l r>1
[r]4! 1

which satisfies [r +1];! = [r + 1]4[r];!. Fora € Cand 0 < g < 1, the g-shift factorials
((a;q)s) (see [24,25]) are defined by

(“;Q)O = 1/

s—1

(@;9)s =] —4q"a) for s €N, 4)
r=0
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and .
. — 3 . — _ A"
(@) = lim (a;)s = r]})(l q'a).

The following known property is important for computation (see [24]):

(@:9)r+s = (a;9)r(aq’;q)s for r,s € N.

For more information on the g-shift factorial ((a; q),), please refer to [24,25] and related
references therein. It is known that the equivalent expression of Equation (4) is represented
by (see [24,25])

CTy(r+s) | [rlglr+1glr+2]5...[r+s—1]; s>1
([T]q)s - Fq(r) - {1/ 5 — 0[ (5)
where I';(r) is the g-gamma function (see, e.g., [2]) satisfying
Lp(r41) = [r]g. (6)

Gauss'’s g-binomial coefficient (see [24,25]) is given by

|
|:r:| :% fort:O,l,...,r.
), =gy

For more details, we refer the reader to [24,25] and references therein.
In [24,25], the two g-exponential functions indicated by e;(x) and E;(x) were defined,
respectively, by

eq(x) = i [:lc}”' for 0 < g < 1. (7)
n=0 L""1q*
and - .
E,(x) = ;0 q(*ﬂ)[;}q! for 0 < g < 1. ®)

The following is the relationship between e, (x) and E4(x):
Theorem 1 (see, e.g., [24,25]). For0 < q < 1, we have
eq(x)Eq(—x) = 1. )

In [26], when a function (f) was being differentiated with regard to an x value, the
notation for the g-derivative is (D, f(x)) was given by

Dq,xf(x):w for 0 < g < 1 and x #0.

In particular, we have

Dy x" = [n]gx" .

The kth-order g-derivatives of g-exponential functions (see [26]) are given by
D’;,xeq(ocx) = ockeq(zxx) for keN, 0 <g<land aeC

and
D’q‘,xEq(zxx) = akq(g)Eq(ochx) for keN, 0 < g <1land a€C,
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where D’,;,x represents the kth-order g-derivative with regard to x. In particular, we use Dy x
instead of D%,x' The following formula is well known (see [26]):

Dy,x (f(x)g(x)) = f(x)Dgx8(x) + g(qx) Dy« f(x). (10)

For any function (f(x)) the g-definite integral is defined as follows (see, e.g., [1]):

a 00
| Fdax = (1 =a)a L g flag").
n=0
In particular, we have the following (see [1]):

/ D, f(x)dgx = f(x). (11)
A g-definite integral of the g-derivative of a function (f) on [0, 4] is defined as follows

(see, e.g., [1]):
/0 qu(x)dqx = f(a). (12)

For more information on the g-derivative and g-definite integral, we refer the reader
to [1] and references therein.

It is well known that the following generating function characterizes the Bessel func-
tions of the first kind (J,,(x)) (see [27]):

1 1 ad
exp [zx(t — t)] = ngw Jn(x)t"  for t#0 (13)
and the series definition

) (_1)k(x/2)n+2k

CICEL] for —oo < x < o0. (14)

Ja(x) =

k=0
In view of Equation (13), for x = 0, we have
Y. Ja(0)" =1.
n=-—oo
By comparing the two sides of the previous equation, we find that

Jn(0) =0 for n #0,

and
Jo(0) = 1.
Again, based on Equation (13), we can deduce

Jo(0)=0  for n=0.

Furthermore, inputting n = 1 and x = 0 into the g-derivative of Equation (14), we
obtain

/ 1
J1(0) = 5

For more details, we refer the reader to [27] and references therein. It is well known that

J-n(x;q) = (=1)"Ju(x;9)-
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It is obvious that if we take x = 0 in (2), we obtain

Y Ja(0g)t" =1

n=—0oo

Comparing both sides of the above equation for equal powers of ¢, we obtain
Jn(0;9) =0, for n#0
and
Jo(0;9) = 1.
Taking n = 0 and x = 0 into the g-derivative of Equation (2), we have
Jo(0;9) = 0. (15)
Similarly, taking # = 1 and x = 0 into the g-derivative of Equation (2) yields

1,(03) = [zl]q (16)

Remark 1. Replacing x with —x in (1) yields
Jn(=x:9) = (=1)"]u(x;4)-

Theorem 2 (see, e.g., [27]). For any Bessel function (], (x)), the following differential recurrence
relations hold:

D x"Jn(x)} = x"Ju-1(x), (17)
Di{x"Ju(x)} = —x""Jupa(x), (18)
Ds Ju(x) = Ju-1(x) = 2 Ja(x), (19)
Ds Ju(x) = ZJu(x) = Jusa (), (20)
and ,
D Ju(x) = 5 (J1(x) = o1 () @)

Remark 2. Taking n = 0 in Equation (20) yields

Jo(x) = — (). (22)

The following crucial formulas are used to prove our results.

]% (x) =4/ %sinx (23)
I%(x) =4/ %cosx. (24)

Theorem 3 (see, e.g., [27]).

and

Theorem 4 (see, e.g., [23]).

L Ju) =5 [ o)y 25)
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3. Characteristics of g-Bessel Functions

In this section, we study several features of g-Bessel functions of the first kind, includ-
ing their recurrence relations.
We now establish the following recurrence relations for a g-Bessel function (J,,(x;q)).

Theorem 5. The g-derivative of the product of q-Bessel function J,(x;q) and power x™ can be
expressed by the following recurrence relation

n n+1xn
Dq,x{xn]n(x}Q)} = [;Tq]n—l(xﬂﬁ + (\[q[)z]q]nl (\/ﬁx;q), (26)

Proof. By multiplying each side of (1) by x”, then taking the g-derivative of the product
with regard to x, we obtain

o (__ 27”1 4 zk] 2k+2n—1

Dol n(i0)} ;0 n+k] (2l

(27)

From Equation (3) for [2n 4- 2k];, we have

17q2(n+k)
2n+2k|l, = ———
[ }q 1_q
_ 1_qn+k n+k

= [n+k]g(1+4""5).

Incorporating the aforementioned formula into the right-hand side of Equation (27),
we obtain

. ' B ) ( 1)k(1_‘_qn+k)x2k+nfl
Dg{x"Jn(x;q)} —m Z [ 4k — 1],[K], ([Z]q)2k+"—1

(_1)kxnfl+2k

k=
- Tﬂ g(:) m—1 +k]q![k]q!([z}q)n—1+2k

|
(V)" = (—1)k(ax
" AR

) n—142k
(28)

By using (1), we can prove (26). O

Theorem 6. The g-derivative of the product of q-Bessel function J,(x;q) and power x~" can be
expressed by the following recurrence relation:

Doga{x"Ju(x;9)} = —[2x]:lfn+1(x?4) - (\/ﬁ)[z]qx]nH(\/quQ)/ (29)

Proof. By multiplying both sides of Equation (1) by x™" and taking the g-derivative of both
sides of the result with respect to x yields

. e (1M
Dq,x{x ]n(x,'q)} = 2 [ﬂ+k]q![k}q!g[z]q)2k+”' (30)

k=0
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Based on Equation (3), for [2k];, we have

_ 2k
= [Klg(1+4").

Taking the preceding formula into the right-hand side of Equation (30) yields

x—n ® )(1+q)2k+nl
Dgx{x "Ju(x;9)} ,
q,x n q kgl n+k k } ([ ]q)2k+n 1
or, equivalently,

—x—n @ (_1)k(1+qk+l)x2k+n+1
[2]f1 k=0 [n+k+ 1]q![k}q!([2]q)2k+n+1

Dyx{x "Ju(x;9)} =

_xh @ (—1)kxnt142k
TRl A1tk H 1([2]g)n 12
(\/ﬁ)—n-i-lx_n i (ﬂx)n+1+2k
2, & [n+1+kmk1q'<[ )T

Making use of (1), we arrive at (29). O

Theorem 7. The g-derivative of g-Bessel function ],(x;q) can be expressed by the following
recurrence relation:

[”]q
q"x

n+1
Dyx Jn(x:q) = qn[lz]qfnﬂx;q) + %Inl(\/ﬁx;q) —

Jn(x;9), (31)

Proof. Applying (10) to the left side of Equation (26), we have

n—1 . Ny (e o\ x" . (ﬂ)”+1xn .
[nlgx™" Ju(x; q) + (qx)" ], (x;q) = m]n—l(x/Q) + T]nq(\/ﬁx,q), (32)

or, equivalently,

ey ] ) S
Ju(x;9) = m]nfl(xr‘ﬂ + anfl(\/éx,q) - qn;]n(X,q), (33)

which can be rewritten as (31). O

Inputting (10) into the left-hand side of (29), we obtain the following theorem.

Theorem 8. The g-derivative of g-Bessel function J,(x;q) can be expressed by the following
recurrence relation:

o ( n+l (1]

Dq,x ]n(x;Q) = ﬁ]rﬁl(”ﬂ) - \/[ZL]nJrl(\/ax/'Q) +

(x;q). (34)
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Theorem 9. The g-derivative of q-Bessel function ],(x;q) can be expressed by the following
recurrence relation:

n+1
]n 1(9(7 q) [ ] In+1(x q) (\/E])[ ] ]n 1(\/>x q)

[n]qq"

1
Dyx Jn(x;q) = z]q(qn [
n+1

(\/[2 ]n+1(\/>x Q)

(50 - b)) 9

Proof. Multiplying Equation (31) by g and adding the result to Equation (34), we ob-
tain (35). O

can be

Theorem 10. The g-derivative of the product of q-Bessel function J,(x;q) and '[;,]Z + [n}f(qn

expressed by the following recurrence relation:

[n]g , [n] "

AT q) + '
(q”x ;’ >]n(X,I7) _m]nfl(x/‘ﬂ_'_m]’“rl(x’q)

(V)" oy v .
+ m]n—l (Vax;q) + W]rﬂrl (Vax;q). (36)

Proof. The difference between Equation (31) and Equation (34) yields (36). O

As direct consequences of Theorems 5-10, we establish the following identities for
g-Bessel function [, (x; q).

Corollary 1. The following identities hold:

qxJ1(x39) = ——Jo(x;9) + ﬂIo(\/ﬁx;q) — 1(x:q), (37)
2] 2],
/ —x’l x’l
(xq) " 1 (x;9) = x 2 J1(x;q) — le(x;q) - m]z(\/ﬁx;q), (38)
Jo(x;9) = [zﬁh(x;q) — ([\2/]? J1(V4x:9), (39)
" (2
", . -1 . q ’ .
Jo(x;q) = mh(xﬂi) - Wfl(ﬁx/Q)- (40)
Proof.

(i) Takingn =1 in Equations (26) and (29), we obtain
/ X qx
9xy(x:9) + 11 (%:9) = 5-Jo(x:0) + o Jo(vaxi4),
24 2]
which is equivalent to (37).
(ii) Taking n = 1in Equation (29), we have
-1

/ —X x’l
(g%) " 1(x:9) —x 2(x;q) = —sz(x;q) — m]z(\/ﬁx; q),

which is equivalent to (38).
(iii) Taking n = 0 in Equation (34), we show (39).
(iv) Differentiating both sides of Equation (39) with respect to x, we prove (40).
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Now, we represent some integral representations of a g-Bessel function (J,(x;4)). In
view of Equations (15), (39) and (40) and using Equations (11) and (16), we obtain the
following:

1 _
/0 [2]1[7(1+qk+l)]l(x?‘7)dqx:]O(l}t])—1 (42)
and v
/0 [;Tq(l +qk+1)];/(x;q)dqx = ]6(1;,1) — ](,)(O;q) — ]é(l;q). 43)

Substituting 1 with 1 5 in (2) and substituting n with — 1r1 (2), since I[4(1/2) = /714
(see [18]), we establish the following formulas for g-Bessel functlons of the first kind:

Corollary 2. Let 0 < g < 1. Then

]%(X}fi): [2]4([ ] [x - © + © _> (44)

o \RL72,  2RB/2,0/2, | 2B,/
and
Rl A xt _
Jy (o) = mq(l 2R0/2, T 2EB/, 0/, ) )

Remark 3. (1) Equations (17)—(22) can be obtained by substituting q — 1~ in Equations
(26)—(36), respectively;

(2)  Equations (23) and (24) can be obtained by substituting q — 1~ in Equations (44) and (45),
respectively.

Here, we provide various examples illustrating the efficacy of the outcomes achieved
in this part.

Example 1. (1) Taking n = 2 into Equations (26) and (29), we obtain the following recurrence
relations of the g-derivatives of the products of J>(x;q) with power x> and J_(x;q) with

power x~2:
Dy (3 0)) = [;‘]zqu;q) W (i)
and o .
Dyr{x2ha(x:9)} = —%Is(x;q) - [;]Cq—ﬂfsmx; 7).

(2)  Taking n = 3 into Equations (31) and (34), we obtain the following recurrence relations for
J5(x;q):

Dy (i) = i) + Y (i) - re)

and

9* & }

_ 3
Dyx J3(x;q9) = [1]1 Ja(x;9) — { P Ja(v/ax;q) + J3(x;9).
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(3)  Taking n = 2 in Equation (35), we obtain the following recurrence relation of J>(x;q):

2

Dy Ja(xiq) = [Q}q(q[l]qmq) it + g]fhwxq)
2

[;]/jfs(\fx q) + 2l Iz(xﬂ)—[qufz,q(x;@)

4. Summation and Integral Representations

In this section, we establish some summation and integral formulas for a g-Bessel
function (J,(x;¢q)) by utilizing the identities (7) and (9), as well as the generating function
and series description, of J,(x; q).

Recall that the hypergeometric representation of ,¢s was defined by (see [28])

by,by, -+, b, 0 b,b, b))y N S—TH1 gh
74)5( 1,02 ,EI, ):Z 1,02 q) ((—1)"17(2))

C1,C2,---,C Cer2/---/CS;q)Vl (q’q)n
and ,
a,b ) > (a;9)n z
5 q,2 . (46)
24)1( c 1 ;0 q) (q;q)n

In particular, the following g-hypergeometric functions was given in (see [28]):

B —b

Theorem 11. The following summation formulas of q-Bessel function [, (x; q) hold:

i q(’é)(x/[z]q)k]n+k(x;q) _ (x/[Z}q)n'

k=0 [Klg! [n]y! )

Proof. In view of Equation (9), we have

eq(m;lﬁ) eq( - ([Z]qt)71x> Eq(([z}qt)ilx) = eq(@]f“) ,

which, upon using Equations (8), (7) and (2), yields

£ o Z (15)(x/[2]'q)kt_k 5 (x/[Z]q?"t”’

n=—o0 —0 [k]q- n=0 [”]q'

or, equivalently,

oo w(x; () ko yn—k oo (x/[Z] )nt"
ZZI = [k(]q![])t =L T

NnN=—00 k=

By changing the index of n to n + k as the range of the values of n on —co < 1 < oo,
we obtain

o a( (’é) x/ o (x/[2]g) "
5 Z]+k q) [k}q.( []) - q'q '

N=—00 k=

Therefore, by comparing the equal powers of ¢ on both sides, we obtain (48). [
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Theorem 12. The following summation formula of g-Bessel functions J,(x;q) holds:
© q_(lzc) X
) Ja(x:4) = / Jo(y; 4)dqy- (49)
k=0 2lg Jo

Proof. By applying Equation (1), we have

o0 (_ )”(x/[ ] )2n+2k+1
Z]2k+1 xX; q) k%o [ ]q'[TI—I—Zk—i-l]

1 n— k(x/[ ] )2n+l

:§§ [n— k]! + k + 1!

By multiplying the right side of the above equation by %Z:,

we obtain

q(}é)—nk

1Ky (—1)" (x/[2)g) "

q(é)—nk ’

o n (_1\—k 1 (12()7
Zbkﬂ xq) =3, =) [f}q‘q,
[n — k]!

n=0k=0
Making further use of (5) and the following property (see [28])

—n

(4:9)n —k(5—nk
—1 2 ,
(q}Q)nfk( )

(@ "=

we arrive at

o o () (1)

Iifzk+1,q(x) =Y )

Making use of Equation (46) yields

‘ (_1)n(x/[2]q)2n+l |
n=0k=0 ([n+2]q)k[k]q! [n]g!n + 1,190

I ' q x/
kg%]zkﬂ(x/‘ﬂ 224’1( nia 74 ) (]! + 1],!

n=0

By using Equation (47), we obtain

- © (|n nk—(é‘) 1\
k;obkﬂ(x;q) ~y (ln+1]),49 (-1) (x/[z]'q

=0 ([ +2]p), [n]g![n + 14!

or, equivalently,

© Ty(n + 2)Ty(2n + 1)g" @ (~1)" (x/

i Jaks1(x:9) = Y
k=0

= T;(2n +2)Tg(n +1)[n],![n + 1]4!

Therefore, making use of Equation (6), we obtain

kg()bk+1(x,q) = ngf) [2n +1]4[n]4![n] 4!

By applying Equation (12), we obtain

o0 nk*(g)(_l)n(x/[z]q)zn"'l
} .

K+ 11g* gt nlgt [ + 1)1 @ %
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il -6 px2 (—ghyt(y/]2 2n
k;O]zk+l(X;q): q[z]q /0 Z( 7) (y []q) dqy,

= [n]q![n]q!

which can be simplified as (49). O

Theorem 13. The following summation formula of g-Bessel functions (], (x; q)) holds:

ki I D) Jn—kq(y) = Jn(x +y39). (50)
Proof. By replacing x with x + y in the generating function (2), we have
ea (1215 xt) ea (= (120af) ~*x)eq (213 91) ea( = (12ar) ') = iw Julx + ;)
By using Equation (2) again, we obtain
YL hwaktog = ¥ o)t

N=—00 k=—o0 n=—oo

Equating the equal powers of ¢, we prove (50). O
Remark 4. When q — 17, Equation (49) reduces to Equation (25).

Finally, we consider a few examples that show the effectiveness of the results that
were attained in this section.

Example 2. (1) Taking n = 2 in Equation (48), we obtain the following summation formula of
g-Bessel function J,(x;q):

5 18 (v/[20) k(i) _ (x/[2))°
= [K]q! Blg[2]g

(2) Taking n = 3 in Equation (50), we obtain the following summation formula of g-Bessel
function J3(x;q):

i Tk D) a—kq(y) = J3(x +y;9).

k=—o00

5. Conclusions and Recommendations for Future Work

Recently, many special g-functions have been used to study quantum calculus. It is
amazing that this led to the presentation of new properties of g-Bessel functions of the
first kind using some identities of g-calculus. The generating function and series definition
of the g-Bessel functions of the first kind (J,,(x; g)) are the most important part of all of
these tasks. In this paper, we characterized the properties of g-Bessel functions of the first
kind and obtained some of their recurrence relations, summation formulas, and integral
representations. We also presented a few examples to demonstrate the effectiveness of the
proposed strategy.

We now outline our proposed main avenues for future research, starting with the work
presented here. The results presented in this paper suggest several ideas to characterize
properties of g-Bessel functions and other special g-functions of the second and third
kinds and obtain recurrence relations, summation formulas, and integral representations.
Moreover, the results established in this paper can help us obtain new expression results
related to other special g-functions in future studies.
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