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Abstract: Incremental stability analysis for time-delay systems has attracted more and more attention
for its contemporary applications in transportation processes, population dynamics, economics,
satellite positions, etc. This paper researches the criteria for exponential incremental stability for time-
delay systems with continuous or discontinuous right-hand sides. Firstly, the sufficient conditions for
exponential incremental stability for time-delay systems with continuous right-hand sides are studied,
and several corollaries for specific cases are provided. As for time-delay systems with discontinuous
right-hand sides, after expounding the relevant conditions for the existence and uniqueness of the
Filippov solution, by using approximation methods, sufficient conditions for exponential incremental
stability are obtained. The conclusions are applied to linear switched time-delay systems and Hopfield
neural network systems with composite right-hand sides.

Keywords: time-delay system; exponential incremental stability; discontinuous right-hand sides;
Filippov solutions

MSC: 34K20

1. Introduction

Stability analysis in mathematics mainly refers to the relevant research on the long-
term performance of the dynamical system’s steady state. With more and more applications
of neural networks and complex systems, the stability analysis of differential equations,
including time-delay dynamical systems, has attracted more and more attention from
academia and industry. Incremental stability [1,2] has been presented to be a perfect
instrument for stability analysis, which is able to address problems of synchronization of
coupled systems.

Incremental stability means that as time approaches infinity, the solutions of the
dynamical system in different initial states will approach each other, that is, the state
variables of the system with different initial states will gradually converge to the same
trajectory. This property has a very wide range of applications in different fields of academia
and industry. In recent years, due to the increasing potential application value in many
frontier fields, such as PI-controlled missiles, Ref. [3] as well as the synchronization problem
of network dynamics [4-6], there is already a lot of literature available on incremental
stability, e.g., Refs. [7,8] provided a systematic exposition and discussion of related issues,
and Ref. [3] provided specific examples of incremental stability-related applications.

In dynamical system analysis, the theoretical research on differential equations with
discontinuous right-hand sides has also been highly valued because of its wide application.
In some fields, such as mechanical engineering, electronic engineering, and automatic
control theory, many problems rely on relevant theories of these ‘discontinuous’ differential
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equations [9]. Among them, switched systems, as a type of differential equation with dis-
continuous right-hand functions, are particularly commonly used in the field of automatic
control, thus driving the development of related theories [10-13].

In 1964, Filippov [14] studied the motion of Coulomb friction oscillators and proposed
a differential equation with a discontinuous right-hand side. In order to study the trajectory
of the solution, ‘differential inclusion” and set-valued mapping were introduced, and the
existence and uniqueness of the solution of the discontinuous differential equation were
discussed. A detailed discussion on this type of discontinuous differential equation can be
found in reference [15]. Before we study the compressibility of the system, we need to first
ensure the existence and uniqueness of the Carathéodory solution of the system. Filippov’s
theory mainly focuses on the existence and uniqueness of the solution of the non-smooth
dynamical system. The relevant conclusions have been listed in [15].

Research on time-delay differential equations first began in the early 20th century
by Volterra [16,17]. The ordinary differential equations with time delay are commonly
used in contemporary applications, gradually pushing the relevant theories of time-delay
systems to integrity and maturity and producing rich results. There are many important
achievements emerging one after another. It is worth mentioning Hale and Verduyn Lunel’s
comprehensive work [18], which discussed in detail the properties of the solutions for some
time-delay differential equations, e.g., uniqueness, continuous dependence of parameters,
continuity and compactness of solutions, stability and invariance, etc. At the same time,
some concrete analyses and methods on the properties of these solutions for time-delay
systems were proposed in the literature [19-23], among which, Ref. [20] includes an intro-
ductory chapter that provides detailed examples of time-delay differential equations used
to control computer systems, transportation processes, population dynamics, economics,
satellite positions, urban transportation, and so on.

Set-valued dynamical systems, also named Filippov systems, whose right-hand sides
are set-valued mappings, are widely used in these applications mentioned above. These set-
valued dynamical systems are perfect instruments to represent the time-delay differential
equations with discontinuous right-hand sides [20,24-28] or control systems with time
delay [20,29,30]. Therefore, naturally, a large amount of the literature has discussed the
problems along these lines. One of the most important achievements in this field is [31], in
which Haddad focused on upper semicontinuous dynamics, elaborated on the existence
and compactness of the solution set, and also proved the upper semicontinuity of the
solution. Haddad’s work [31] is given under functional differential inclusion, where
the corresponding time-delay term acts on the infinite-dimensional space of continuous
functions.

In recent years, there have been many related analytical studies and achievements on
the incremental stability of Filippov systems. In the case that the local Lipschisz condition is
satisfied, Ref. [32] provided a sufficient condition for the local stability of Filippov solutions.
Ref. [33] used the concept of Filippov solutions to analyze a class of time-delay dynamical
systems with discontinuous right-hand sides. In the sense of the Filippov solution, Ref. [34]
proposed the conditions for global asymptotic stability of the error system of the time-
delay neural network with a discontinuous activation function. While [35] put forward
an approximation method and gave the specific sufficient conditions for the exponential
incremental stability of the switched system.

In this paper, first, several preliminary definitions are given in Section 2. In Section 3,
we research the criteria on the exponential incremental stability of the solutions for time-
delay systems with continuous right-hand sides, involving several specific cases, and
relevant corollaries are provided. Then, in Section 4, under the hypothesis that the system
has a unique solution, we extend the sufficient conditions for exponential incremental
stability to the time-delay system with a discontinuous right-hand side in the sense of the
Filippov solution by using a sequence of ‘continuous systems’ to approach the correspond-
ing Filippov system. In this section, we also provide the conditions for the existence and
uniqueness of the solution for the time-delay dynamical system before stability analysis
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in Section 4.1. The applications on linear switched systems and Hopfield neural network
systems with time delay are given in Section 5, respectively, and corresponding numerical
examples are given in Section 6.

2. Preliminaries

Here, we first introduce some primary definitions, including matrix measure and
multiple norms, incremental stability property, exponential incremental stability, and so on.

Definition 1 (Definition 1 in [35]). For any real matrix A € R™" and a given norm || - ||, we
define the corresponding matrix measure v(A) as
. [[I+hA -1
v(A, |- ]) = Iim —————.
(A1) = lim =
The matrix measure above can be considered as the one-sided directional derivative of the
induced matrix norm function || - ||, evaluated at the point I, in the direction of A.

In the following parts, we will study the incremental stability property of time-delay
systems under multiple norms. Here, we also list the definitions of multiple norms with
subscript x(t) and the corresponding measures. Note that the function x(t) is a piecewise
right-continuous function.

Definition 2. For real matrix A € R"*" and the matrix norm || - [y, (the corresponding vector
measure | - |,.(y)), we here define the corresponding matrix measure yi, () (A) as follows:

T+ hA[ ) — 1
Hry (A4) = lim, 7 '

IE imy, o+ ] (¢ (limy, 0 [X] 5 (14)) exists, then we denote the right (left) limit of
the norm | - | (4 at time point ¢ by [ - | (;+). We say the norm | - |, () is continuous at ¢, if and
only if | - [y 41) = |- |yt—) = | - [x(r), thatis, [ - |, (4 is right-continuous and left-continuous
as well. If there exists D > 0, such that |x|, ;) < D|x[y(s) holds for all t,s € R", we say
| - () is uniformly equivalent.

Then, we extend the definition for matrix measure in the sense of multiple norms.
Consider the time-varying nature of x(t), as follows:

Definition 3 (Definition 3 in [36]). If the following limit exists, the switched matrix measure

with respect to vector norm | - |,y is defined as follows:

—1
Ve (A) = lim — sup |(In +hA)x|ypp) — 1

+
h—0 |X‘X(f):1

where lim stands for the upper superior.

Remark 1. The definition of multiple matrix norms || - || ;) can be thought of as matrix norms
induced by vector norm | - |, ;: for a matrix A,

[Ally¢) = sup [Ax[yy

[y =1

This implies that, if x(t) is constant over an internal [a,a + §), then it holds that

Vit (A) = pypy (A) in[a,a +6).
According to the existence of the switched matrix measure, the definition is as follows,
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Definition 4 ([36]). Define the partial differential of the switched norm | - |, as follows,

|x|x(t+h) -1

9 (] - ly(py) = lim sup 7

T
h—0 ‘x‘x(r):l

If (| - |x(t)) exists at t, we say the multiple norm | - |,y is right regular at time t.
According to the ‘right regular’ property, we have the following proposition [36]:

Proposition 1 ([36]). If the multiple norm | - |,y is right regular, then

1. The multiple norm | - |, ) is right-continuous at time t;
2. vy (o) exists at time t.

For a clearer statement in the following part, we define a transaction function between
norms | - |y and |- [,/,

Definition 5. Function C(x, x') > 0 is the transaction function between norms | - |y and | - |,
satisfying that
[ 1x < COXDI - L

Definition 6. If the function C(x(t), x(¢')) is well-defined for all t and t', we say the multiple
norm | - |,y is equivalent for all t.

Here, we consider the following dynamical time-delay system:
@

where x € R", x ;) = x(t — % (t))(k = 1,...,m) is the time-delay term, each 7 is a
bounded function, max supc(y o) %(t) = T, function r(t) : [ty, +o0) — R is an upper
continuous staircase function, f = (f1,..., fu) : Rex(m+1) [to, +00) — R". The function
¢(-) represents the initial value function, and ¢(-) € C'([to — T, to], R"). Let x(t; ¢, ;) be
the solution of system (1).

Then, we will research the sufficient conditions for incremental stability for time-delay
dynamical system (1), which is defined as follows.

We have the following definition for several types of incremental stability (IS):

Definition 7. Let ¢(t;tg, xo) be the solution of system (1) with the initial time ty and initial value
function xo(-). If there exist a function (s, t) of class KL, and some norm | - |‘[’f07? to) induced by

vector norm | - |, defined as ‘9"|(ffr? o] = SUPsclty— 4] |@(s)|, such that for any initial function

xo(-),yo(-),
|¢(t + to; x0, to) — P(t + to; Yo, to)| < B(Ix0 — Yolfy 74, 1),

then, we say that system (1) is Incrementally Asymptotically Stable (6AS) in the region ©. C R".
If B(s,t) is independent of initial time t, then we say system (1) is Incrementally Uniformly
Asymptotically Stable (SUAS). If function B(s,t) is of class EXCL, then we say system (1) is
Incrementally Uniformly Exponentially Asymptotically Stable (UEAS).

Moreover, if there exists a constant M and ¢ > 0 such that B(-,-) of class KL satisfies (2)
with some norm | - |, then system (1) is said to be exponentially incrementally stable.

B0 — Y0l s 1) = Me %0 — 3ol 51y @
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3. Contraction Theory for Time-Delay Systems

Here, we list the following hypothesis, denoted by Assumption 1, including the
Carathéodory condition to guarantee the existence and uniqueness of the solution of the
time-delay dynamical system (1) with a continuous right-hand side.

Assumption 1. Dynamical time-delay system (1) satisfies the following conditions:

Lo f(x,Xq (1) - - - Xy (1), 7 (F)) i continuously differentiable with respect to x, and continuous
with respect to
(X, Xy (#)7 - - -+ Xy (1), ) €XCEPE foT the switching time points {t1,...,t;,...}.

2. 7 (t) is upper bounded and has a positive lower bound for each k, and max; sup, [tg,00) Tk (t) =
T, mink infte[tg,oo) Tk(t) =T

3. fi : R0 [k, +00) — R (i = 1,...,n) is locally Lipschitz.

Thus, under Assumption 1, system (1) has a unique solution. (Refer to the Refer-
ence [37] for details.)

Here, we try to research the contraction property for time-delay system (1). First,
enlightened by Ref. [38], we prove the following lemma:

Lemma 1. Assume that | - |, t) is right regular, x(t) is a right-continuous staircase function
with discontinuities in {t1,...,t;,...} and |- |y ) < Col - |y holds for any t,t" > to. x(t)
is continuous, ty is the initial time, and T = maxy Sup, Tk(s). For the following time-delay
system:

x(t) = Z By (t)x(t — Tie(t))

where x(t) € R", A(t), Be(t) € R""(k = 1,2,...,m) is piecewise continuous with respect to
t, and the discontinuities belong to {t1,ts,...,t;,...}, which is a countable set. If there exists a
piecewise right-continuous function m(t) > 0 whose discontinuities belong to {t1,ta,...,t;,...},

and matrix-valued functions Blil) (1), B]Ez) (t) such that

i - Dtm(t)
Y k < _
)+ Z 1B () ey ( ; )||BL ()|l (1) (AR (E) + BX(1)) < ()
where DT represents the Dini derivative, and
_ t)
Ak = su Als L( ’
(t) t_Tk(t)r;sgtH ( )Hx(s)m(s)
BY(t) = sup HBk(S)HX(s)ﬂ-
t—T(£) <s<t m(s — T (s))

Then, for each t € [tj, tj 1), we have

%0 yym(t) < sup |x(s)]yym(s) < Co sup [x(s)] s ym(s)

tg—T<s<t to—?fsﬁt]‘

Proof. Let V(t) = sup; _z<g<; |X(0)[(s)m(6). Assume that V(t) is strictly increasing at
time point +*, it implies that V' (#*) = [x(t*)|,(4+ym(t*). There exists j such that t* € [t;, t;,1),
and here we calculate the Dini derivative of |x(t)| X(t]_)m(t),

2t + 1) ey = 12(D) e
D* [|1(8) [y m(B)] = (D) x(1) 5 + m () lim * ) Wl
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limy, 9

in which x(t) can be rewritten as

x(t) =

+ZBk t—Tk ))

t—Ti(t) 1
— [A() + 2 B (1))x(t) +k2 B! )(t)/t i(s)ds+ Y B?
=1

k=1

Thus, we have

[x(t+ 1)yt —

() y(ty)

h

m m

— im0 [\x(f) +n(am + Y BU W +n Y B [ T o)is

+hZB

- mhﬁohxo)w[

+Z||B

= UX(tj) (A(t) + Z Blgl)( )

+Z||B

x(t — (¢

Bl 1% (2
m
k=1
B[] e | (£
thatis,
Let

k=1 k=1

Dy = 0l |

m
k=1

= ()t
t .
o+ LI Ol [ Ol
= () )

D [|x(8) |(z,ym (t)]
rii(t)

o) Oy () + vy (A0 + 5 B @Il ()

+ZI|B D)l (= 7)) |y

||I+h<A<t>+ZB,E”<>||X —1]+2|B Dl [ O

+i||3 Oly(® [ 1AG)(E) + 5 Bils)vls = (s s

m(t) m

() Oty m(8) g (AW + 1 B (0) <) m ()

+f||B (Dl <—Tk<t>>x<mm<f—fk“”m<tni(fr2<t>>
t m

# LB @l [ ) 1AG 6 (o)

+ k_zl 1Bi(s) 1t (5 = T($)) ey m(s — Tk(s))ﬁds

m(s — T(s))

AK(t) = su NAGS) |ty ——=
t—’rk(t)};sgt | ‘X(t’)m(s)

B¥(t) = su By (s 7’%(”
( ) tfrk(t)zsgt || k( )”)((tj) m(s — Tk(S))
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Vi (A(t) + Yy, By

then, for t = t*, we have

DHV(t) < mgg+ +ZB(1 f BB (1) (8)llyqr, (A5 () + BE(2))
k=1

+ZHB Dllx;) mva)go

which is contradictory to the hypothesis that V(f) is strictly increasing at t*. Therefore,
V(t) is decreasing for t € [t;,t;,1), that s,
V(t) < V(t)

that is,

x(0)gym() < sup  [x(s)|xym(s) < Co sup |x(s)]yp,ym(s)

to 7?S5§tj tO 7?§S§t]‘

The lemma is proved. O

With the conclusion in Lemma 1, we can select a proper function m(t) > 0, and prove
the following theorem for exponential incremental stability property of system (1).

Theorem 1. Suppose that Assumption 1 holds for time-delay system (1). x(t) is a right-continuous
staircase function with discontinuities in {t, .. ot J.Let N(t) =#{j:t > t,j=12,.. s
and there exist that

1. A constant Ty > 0,

2. Positive constants yp(k =0,1,...), 70 < 711 <

3. C(x(t),x(t") <Cyforanyt,t' > t,
such that the following conditions hold:
Let A(t) = (0f /0x)(x, Xz, ..., Xz, 7(t)), Be(t) = (0f /0x7, ) (X, X¢y, ..., Xq,, ¥(E)), k

1,...,m be piecewise continuous with respect to t, and the discontinuities belong to {t1,t, ..., t;,...}.
There exist matrix-valued functions B,(cl) (1), Bliz)(t), B,El)(t) + B]EZ) (t) = By(t) such that

D)) + 2y wOIBY () ]y (AR() + BE(1) + 1, ||B£2><t>||x<tfx"(( N =T 00))) < B

exp (Ty(e—m () (1)

where

Af = sup  [|A(S) Iy exp (YNt — TNs)S)
=T (1) <s<t

Bf = sup  [IBi()lly P (YNt — YN(s—z(s) (5 — T(s)))-

=T (1) <s<t

and for any t > Tp,

N(t)-1
Z ’71+1 'Yz tiy1+ 10g ,Bz+1] + Yoto — YN(t ) < -—c 4)

where By = C(x(tx), x(tx—)), then system (1) is exponentially incrementally stable.

Proof. For any initial state xg, 1o, denote the corresponding initial function by x¢(+), yo(-),
x0(+),y0(+) € C([to — T, to], R™). Here, we define a function ¢, (-) as ¢ (s) = (1 —A)xo(s) +
Ayo(s),A € [0,1],s € [to — T, to], which is the initial value function of the initial state ¢, .
Let ¢o = x0, 91 = Yo. f(x, X, ..., Xq,, 7(t)) is continuous with respect to (x, X, ..., Xz, )
except for the switching time points {¢;}, and is continuously differentiable with respect to
x, so we have the solution (t,A) = x(t; ¢, rt), which is continuously differentiable with
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N

lw(t, Al <exp(2

~.

respect to ¢,. Let w = dy/dA, thus we can conclude that w is well-defined and continuous.
From chain rule, w(t, A) is the solution of the following system:

o /dA is well-defined and continuous, with condition (3), from the proof of Lemma 1,
select a piecewise right-continuous function m(t) = exp(yn(;)t) > 0 whose discontinuities
belong to {t1,ty,...,t;,...}, we have

m()]w(t, My < V({E) V() = sup  m(s)|w(s, Al

fo 7?§S§tj
holds for any ¢ € [t;,t;;1). Thus, under the condition (4), we have

m(H)w(t, M|y < V(E) < V() = sup  m(s)|w(s, Ay

to*?SSSt]'
<exp ((7j = 7j-1)t) - hi sup_ m(s)|w(s, A)ly(t;-)
OfTisij
<exp ((vj —7j-1)tj) - ﬁ]t sup m(s)|w(s, A)ly(t;_y)
0~ TS50

< 11 exp (7 —vj-1)t) - Bj -
o

sup  m(s)|w(s, M) y(so)
tg—T<s<ty

N(t)
<ITexp ((v;—7-1)t) - B~
j:l

sup  m(0) sup |w(s,A)] )

Ge[t(}*?,to] tg—T<s<tp

then, we have

—9j-1)t; +1og Bj) exp (0t — Tnept)  sup  |w(to, M)l <€ sup  [w(to, A)l )

i‘o 7?§S§t0 to 7?§S§t0

Therefore, together with the condition (4), we conclude that the time-delay system (1)
is incrementally uniformly asymptotically stable:

[x(ty0,7e) — x(£ %0, 71) |y (1) < Colx(t0,7¢) — x(£x0, 7))
<G y/ a¢m WD M|y < Co / (b, A) (A

<Cpe~ Ct/o sup  |w(to, A)|y ()44

to—T<s<tp
<Coe™®  sup  |x0(6) — y0(0)] )
ee[tof?,to]
O

Actually, the key thought of Theorem 1 is replacing the time-delay term B (f)x (f)
with B,El) (t)xq (1) + B,£2> (H)x(f) + B,Ez) (t) J; ) %(s)ds. In some special cases, we can set

B}El) (t) =0or BIEZ) (t) =0fork =1,2,...,m, which infers the following corollaries.

Corollary 1. Suppose that Assumption 1 holds. x(t) is a right-continuous staircase function with
discontinuities in {t1, .. ot ;. Let N(t) =#{j: t > t,j=12,.. .}, and there exist

1.  Aconstant Ty > 0,
2. Positive constants y(k=0,1,...), 70 <711 < ...,
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3. Clx(t),x(t)) <Cyforanyt,t' > ty,
such that the following conditions hold:

Let A(t) = (of/ox)(x,xq,..., X5, 7(t)), Bx(t) = (0f/0x7)(X, Xv, ..., Xq,, 1(t)),
k = 1,...,m be piecewise continuous with respect to t, and the discontinuities belong to

{tl,i’z,...,t,‘,...},

exp ('yN(t)t)
exp (Yn(t—z (1) (E = () ~

v (A1) + Z 1Bk (E) [l (1) —IN()

and for any t > Ty,

N(t)-1
Z 'Yerl - ')’z tir1+ 10g ﬁ1+1] + Yoto — 'YN( ) < —g,
Z:

where By = C(x(tx), x(tx—)), then system (1) is exponentially incrementally stable.

Corollary 2. Suppose that Assumption 1 holds X (t) is a right-continuous staircase function with
discontinuities in {ty, ..., t;,...}. Let N(t) = #{j: t > t;,j =1,2,...}, and there exist
1.  Aconstant Ty > 0,
2. Positive constants ap > 0(k =0,1,...),
3. C(x(t),x(t") < Cyforanyt,t' > ty,
such that the following conditions hold:
Let A(t) = (of /0x)(x, Xz, ..., Xz, 7(t )) k(1) = (0f /0xq ) (%, Xy, ..., X, 7(1)), k =
1,...,m, there exist matrix-valued functions B( (1), B]E2 (1), B(1 (t) + B]E )( t) = By (t) such that

m

Al + kmzl Bu(1) + Y. (B 1Be(8) oy (A5(H) + B (1) < — e

k=1
where
Alt‘ = sup ”A(S)”x(t) exp ('YN(t)t - ’YN(s)S)
=7 () <s<t

Bf = sup  [IBi(s)lly exP (YNt — YNGs—7(5)) (8 — Tk(5)))

b7 (H)<s<t
and for any t > Ty,

1 NB-1

71 X (i = vty +logBisa] + v0to — vt | < —¢,
i=0

where By = C(x(tx), x(tx—)), then system (1) is exponentially incrementally stable.

4. Incremental Stability for Time-Delay Dynamical Systems with Discontinuous
Right-Hand Sides

Here, we consider the time-delay dynamical systems [39] with discontinuous right-
hand sides using multiple norms, formulated as follows:

1= f(x(t),xq(b),.. ., x5, (1), 1(1)) ®)

where x, x¢, ..., xg, € R", x¢ (t) = x(t — (), (k = 1,...,m) represents the time-delay
term. The right-hand function f may be discontinuous with respect to (x, x, ..., X, ). The
solution of the system (5) can be defined as a solution of the following differential inclusion,
which is named a (time-delay) Filippov system,
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{ i F(x(8), 25, (8), -, 2 (), 7(1)), £ € [0,T] ©

=¢(s),s € [to — T, to]

where x4, (t) = x(t — 1(t)), 7(t) is non-negative for t € [to,T], T € (tg,+], T =
maxj Sup;,; T(s), the initial function ¢(-) is defined on [tg — T, to], and F is a set-valued
mapping defined as follows,

F(x(t), x7 (), .., xq, (1), 7(t)) = K[fI(x(t), x4, (1), - .., X, (£),7(F))
= ) ©{f(B((x,xr,..., x5,),€) \ P, r(t))},

€>0 u(P)=0

where yi(-) stands for the Lebesgue measure, B((x, X¢, ..., Xz,),€) = {(V, Yz, - Y5n) :

|(]/T,L1/TT1,...,]/Im)T — (x7, xIl, .,x3 )| < €} represents the e-neighborhood of

(x,x¢, ..., X5, ) with the given vector norm | - |, and o represents convex closure.

4.1. Existence and Uniqueness of the Solution

Before the main theorem, the existence and uniqueness of the Cauchy problem of
the Filippov system (6) should be proved first. Herein, several of the existing results
on dynamical systems without time-delay terms are presented as follows. Readers are
referred to [15,37,40] for the details. For some dynamical systems without time-delay terms,
formulated as follows,

= f(x,1)

in which x € R", we have the corresponding Filippov system,

X =F(x,t) = =) () co{f(B(x,e)\Pt)} (7)

€>0p(P)=0

Then, from Definition 4 and 5 in [40]. We have concluded that under the following
Assumption 2, it can be guaranteed that system (7) has at least one solution.

Assumption 2 ([40]). The set-valued mapping F : R" x RT = R" satisfies that for all (x,t) €
R" x R, F(x,t) is non-empty, bounded, convex, and closed, and F is upper semicontinuous at

(x,1).

In Assumption 2, ‘upper semicontinuity” for the set-valued mapping F is defined as
follows.

Definition 8 (Section 1, Chapter 2 in [37]). A set-valued mapping F : R" x RT = Y is called
upper semicontinuous at (x,t) € R" x R if and only if for any neighborhood U of F(x,t), 36 > 0,
such that ¥(%,f) € B((x,t),0), F(%,F) C U.

Assumption 3. With respect to a given Euclid norm | - | defined on a n-dimensional space, we
have the following hypothesis:

1. Forany (X,y1,...,Ym, 1) € Rex(m+l) o R F(x,y1,.-.,Ym,(t)) is non-empty, convex,
closed in R", and set-valued mapping F is upper semicontinuous with respect to (X, y1, . .., Ym, ).
2. (Linearly increasing) There exists & > O such that

sup{|v| :v € F(x,y1,.- -, ym, ")} < a(|x|+ |y1|+ ...+ |ym| + 7| +1)

holds for any (x,y1,...,Ym,r) € R™ "1 5 R With Gronwall inequality [41], it can
easily be seen as equivalent to: there exists ©® > 0 such that

sup{|v|:v € F(x,y1,.-.,Ym,7)} <O

holds for any (x,y1,...,Ym, 1) € R0 5 R,
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F(x(8), p(t —a(8)), .., p(t = T (t)), 7(1))
(0) = ¢(0)

3. Function 7 : [ty, T] — [0,00) (k =1,...,m) is continuously differentiable and bounded,
with its upper bound T := max{t(t) : t € [to,T], k = 1,...,m} and lower bound
T=min{7(t) : t € [tp, T], k=1,...,m} > 0.

4. The initial function ¢(-) € L®([ty — T, to], R") is measurable.

5. Forany (x,y1,...,ym, 1) € R S R 5 RY, there exists continuous function h(-)
RT — R*, suchthat |F(x1,y1, .-, Ym, 7(t)) — F(x2,y1, - ., ym, r(£))| < h(|x1 — x2]|) holds.

First, we fix a continuous initial function ¢(-) € L®([to — T, to], R"), then select a
measurable function ¢ : [tp — T, tp] — R" such that ¢(s) € K[¢](s) holds for s € [ty — T, to]
almost everywhere. For t € [t, t) + 7], consider the following differential inclusion [42]:

{ £(t) € F(x(8), 9(t = T (D), ., (t — T (8)), 7(8))
x(0) = 9(0)

From Assumption 3, together with Assumption 2 and the conclusion for the existence
of the solution of system (8), the inclusion (6) has at least one solution defined in [y, ty + T].
Therefore, similarly, the solution can be extended to [ty, +c0). Assume, as an inductive
step, that the solution x is defined on [ty — T, to + N1], for some N = 1,2,. ... Then, one can
consider the vector &« = x(ty) + NT) as the initial state of the following differential inclusion,

/ ®)

t € [to+ N1, to + (N + 1)7] almost everywhere.

Then, one can extend x(t),t € [ty — T, ty + N1] to a right neighborhood of ty + Nz,
the interval [t) — T, fo + (N + 1)z]. That is, we have the following lemma,

Lemma 2. If the time-delay Filippov system (6) satisfies Assumption 3, then, the system (6) has at
least on solution in [ty, T|, T € (0, +o0].

Then, when it comes to the problem of uniqueness, enlightened by Chapter 2, Section 10,
Theorem 1 in [15], we similarly research the conditions for uniqueness of the solution of
system (6).

Theorem 2. Suppose that function f(x(t), x¢ (t),...,Xq,(t),r(t)) defined on region D C R" x
R" x RY is discontinuous on zero measure set M, and there exists an integral function 1(t)
such that |f(x,Xv,..., Xg,,t)| < I(t) holds for any (x,Xv,...,Xq,,7) € D, and I(t) < oo
almost everywhere. Let €9 > 0, for any (xo, X, .., X1, 1), (Yo, Yy - - - » Yo, ) Satisfying that
lxo — yo| < egand |xq —yg| < |x0—wol, (k=1,...,m),

(x0 = y0) - (f(x0, Xz, - Xs t) = F (Y0, Yrrs -+ Y 7 (1)) < 1(E) |20 — ol ©)

Then, under the simplest convex definition (Page 50 in [15]), equation X = f(x, X, ..., Xg,,7(t))
is right-unique on D.

Proof. If for all t € R, any €9 > 0, x(-) and y(-) satisfying that |x(-) — y(o)|‘[’t°7ﬂ] <
|x(t) —y(t)] < €p, on the basis of (9), we have

(x(8) = y(8) - (F(x(t), 2, (1), -, (8),7(8) = F (), ym (D) -y (D), 7(D)) S 1B |x(E) = y(1)[%,

N —

Sl

holds. Thus, we have

(x(t) —y()) (x(t) = y(1))
= (x(t) =y(8)) - (f (x(t), x5y (8), .o, X, (£), 7 (1) = f(Y(8), Yy (), -+, Y (£), 7(H)))
<1(B)]x(t) —y()
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Therefore, similar to the proof of Theorem 1, in Section 10, Chapter 2 in [15], it can be
seen that

(0 -y t0) <0

where L(t) = ftto I(s)ds, that is, |x(t) — y(t)|?e~L(") is decreasing with respect to time t. If
|x(-) — y(~)|‘[’zrit0] = sup{|x(t) —y(t)|: t € [to — T, to]} =0, then |x(¢) — y(t)| = 0 holds
for t > ty, then we obtained the right uniqueness of the solution of system (6). O

If system (5) is a switched system, according to Theorem 2, one can prove the right
uniqueness of the solution.

Here, we formulate a switched system with time delay, that is, the right-hand function
is switched with respect to (x, x¢,, ..., Xq, ).

flx, t) = fi(x,xq, . Xz, 7(1)), (X, Xq, ..., X5, 1) € Ry (10)

in which f; : Rex(m+1) o RT 5 R?, regions R; C Rex(m+1)  RY i =1,...,K. All of the
regions R; have non-empty interiors. The discontinuities are composed of several smooth
hypersurfaces of dimension d(d < (m + 1)n +1). Suppose that {S;}Y, is a sequence
((m + 1)n)-dimensional smooth hypersurfaces, S; = {(x,xq,...,Xq,, t) € R7* (m+1) 5
R* | ¢i(x,x¢, ..., xg,,t) = 0}, in which ¢;(x, X, ..., X, t) € CHRm*(m+1) 5 R+, R), the
continuous region of the function f is a sequence of connected regions, whose boundaries
are the switching surfaces. Suppose that the switching surfaces never intersect each other.
Denote one of the connected continuous region of f by Gf (G; ), then it satisfies that

1. 9G(9G) C Uk Sk

2. f(x,xq,...,%g,,r(t)) is continuous in G;r(G;);

3. ¢i(x,xr,...,xg,,t) > 0(< 0) holds in G;" (G;).

in which G;" and G; are two different regions with their common boundary on ;.

Take a switched system defined as (10) with K = 2, N = 1 as an example.In the
domain G, consider one of the switching hypersurface S, f*(x,xq,...,x,, r(t)) and
f(x,xq,..., X5, r(t)) represent the limiting values of the function f(x, x¢, ..., X, 7(t))
atpoint (x, g, ..., Xg,, t) from the regions G and G, respectively. f;,r (X, Xg, 000 X, (1))
and fy (x, X, ..., Xq,,7(t)) represent the projections of the vectors f* (x, x¢,...,xq,,7(t))
and f~ (X, Xg,...,Xg,,7(t)) onto the normal vector to S directed from G* to G~, respec-
tively, at the point (x, Xz, ..., Xq,, ).

Together with Theorem 2, according to bimodal time-delay systems, we have the
following conclusion:

Theorem 3. Under the notations defined above, for all t € [tg, +00) and point (X, X, ..., Xg,, t) € S,
if the inequality fy (X, Xz, ..., X5, 7(t)) — fu (X, Xq, ..., X, 7(t)) > Ois fulfilled, then right
uniqueness of Filippov solution for the bimodal system (10) (K = 2, N = 1) occurs. (Possibly
different inequalities for different (x, X<, ..., X<, ) and t.)

Proof. We use the conclusion in Theorem 2 to prove Theorem 3 above.

For any point (z,z¢,, . . ., Zg,, t) on the switching surface S, and (x, x,, ..., Xr,,t) € Ry,
(Y, Yz, -+ Yzurt) € Ry, which satisfy that |y, —zq | < [y —z], |xg — 2zq| < |x — 2], |xg —
Y| < |y — x|. Since 9f1/0x, 9f,/0x and df1/9x+,d0f2/0xr, (i = 1,...,m) are bounded,
this implies that there exist [,k; > 0 (i = 1,...,m) such that

m
%ty X7 (8)) = 1 (2 21y 2 7 (D) < 1x = 2+ Y Kil, — 25,
i=1

m
W yms Yt (1) = (2,20, - 2, r (D) < Uy =2+ Y kilyr — 2.
i=1

(11)
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(x -

Similar to the proof of Theorem 2 in Chapter 2 in [15], if fy (¥, X7, ..., Xg,,7(t)) —
fa (X, x5, xg,,7(t)) > 0 holds, then

(x=z)(fi(z zq, - 20, P (£) — f2(2, 20, .-, 24, 7(1))) <O (12)

The inequality (12) still holds if vector x — y is substituted with vector x — z, which is
in the same direction. Together with (11) and (12), it infers that

Y X, X, 1)+ f2(2, 20,00 20, 1) = fi(Z 20, 20 1) = F(W Y1 Y 7))

<ly = x[- (1f(x 2z, 2,7 )—f1(Z/Zru---,Zrm,r)|+f(y,yn/---/yrm/r)—fz(Z/er-'-/Zrm/r)l)

m
<ly—x|- (I|x—z|+ Zkile,- —zg| + 1y —z| + Y kilyz, — 24 ).

i=1 i=1

Thatis, if [y, —z| < [y —z|, [vg —z¢| < [x =z, |3 —yz| Sy — x| (i=1,...,m),
it holds that

(= ) Ty X 7(8)) — F s Yrrr o s 7(6))) < 201+ i k)ly — x2

Thus, together with Theorem 2, at any point (z,z+, ..., Z2q,,t) in the domain, right
uniqueness of the Filippov solution for system (10) (K = 2,N = 1) occurs for t €
[to, +o0). O

4.2. Criteria for Incremental Stability for Filippov Systems with Time Delay

Here, with the conclusions above, we then research the conditions of incremental
stability for time-delay systems with discontinuous right-hand sides.

x(t) = f(x,xq,..., X5, 7(t)) (13)

where x4 (f) = x(t — 1 (t)), %w(t) (k = 1,2,...,m) is a bounded function with respect
to time ¢, the function f(x, Xz, ..., X, 7(t)) = (fi, fa, ..., fu) : R* (m+1) « Rt — R" is
discontinuous with respect to (x, x4, ..., xg,, f) on a zero measure set. r(t) is a piecewise
right-continuous switched function, with its discontinuities in {t1, t, ..., ti, .. 3

Then, according to the discontinuous right-hand side f(x,x¢, ..., xg,,7(t)), with
corresponding set-valued mapping F(x, X, ..., Xx,, 7(t)) = K[f](x, Xz, ..., Xg,, 7(t)), we
construct a sequence of functions {f7(x, x¢,..., me,r(t))};ozl satisfying the following

conditions, denoted by Condition Cyiye—deray (X), where & € R (m+1),

Lo fP(x,xgy,. X, r(1) = (FF, oo fl) : RPX0mHD 5 RE 5 R” is continuous and
continuously differentiable with respect to (x, x, ... x4, ), and continuous with re-
spect to (x, Xt Xg,, 7). Moreover, fip,i = 1,...,m satisfies local Lipschitz condi-
tions for (x, x¢, ... xz,) € Z.

2. Foreach t > t and compact set & C R"*(m+1),

Jim dy{Graph(fP (%, r(t))), Graph(F(Z,r(t)))} = 0

holds, where F(x,xq,...Xq,, 7(t)) = K[f](x,Xxz,...Xq,,7(t)) and dy represents
the Hausdorff metric. Graph(F) and Graph(fP) are considered on R"™*("+1) x
[to, +00), where Graph(F(x, Xz, ... X, r(t))) = {(x, t,y) 1 y € F(x,X¢,...Xq,,1()),
(X, Xg, ... Xg,) € L,t > to}, and so it is with Graph(fF(x, X, ... Xq,, 1())).

3. For any compact set . C R™*("*1)  there exists measure w(-), defined as w(X) =
g(A(Z)), in which A represents the Lebesgue measure, g is a measurable function map-
ping R™ to R™, such that |7 (x, X7, ... Xq,, t)| < w(X) holds for each (x, xr,...xs,) €
Yand t > tg.
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V() (AP () + ZB

+2rk (ONIBEL () Loy (AL (1) + BE(#) +2||B Dl

Thus, we have the following conclusion on incremental stability of time-delay systems
with discontinuous right-hand sides:

Theorem 4. Suppose that system (13) has a unique solution, and there exists a sequence of functions
{f? } >, satisfying Condition Ctlme delay(Z)- X (t) is a right-continuous staircase function with
dzscontmuztzes in {t,.. .} Let N(t) = #{j : t > t;,j = 1,2,...}, and suppose that
there exist
1. A constant Ty > 0,
2. Positive constants y(k =0,1,...), 0 <711 < ...,
3. Cx(),x(t") <Coforanyt,t' > ty,
such that the following conditions hold:

Let AP (t) = (0fP/0x)(x, X, ..., Xx,,7(t)), B,’f( ) = (0fP/0xq ) (%, X1y, ..., Xg,,, (L)),
kh: 1,...,m, there exist matrix-valued functions B] (t) ( ), Bf (t) + B2 (t) = B,f(t) such
that

exp (’YN(t)t)
Jexp (YN(t—r () (F — T

< —7
(1)) — N0
where

AL(t) = sup  [|AP(S)|lyr) exp (Yn(t — TN(s)S)
=T (1) <s<t

Bi() = sup  [IB{(s)]l ) exp (i)t = INGr(s) (5 — (5)))-

b7 (1) <s<t

and for any t > Ty,

N(t)-1
Z (Yi+1 — vi)tiv1 +1og Bita] + voto — YNt < ¢

where By = C(x(tx), x(tx—)), then system (6) is exponentially incrementally stable in ¥ for
t € [tg, +00).

Proof. First, we construct a sequence of functions satisfying Condition Cyjye—getay (£), and
the corresponding sequence of time-delay system:

x(t) = fP(x, Xz, ... xq,,7(t)) (14)

in which, according to Condition Ciime—gelay(X), fi,i = 1,...,m satisfy local Lipschitz
conditions, so it can be seen that (14) has a unique solution for t € R™.

Therefore, from Theorem 1, for each p, system (14) is exponentially incrementally
stable.

Denote any two of the solutions of (6) with different initial function x¢(-) and yo(-) by
x(t) and y(t). Then, here, try to approximate x(t) and y(t) by two sequences of solutions
of (14), denoted by x* and y?, respectively. The initial functions x((s) and yo(s) here are
defined for s € [t — T, to], where T = max sup,c ;o) T(s)-

With f? satisfying condition Cyipe—deray (L), for each given T, tg < t < T, we have
xP(t) and %P (t) are bounded regarding (xo(-), T). It is the same with y”(t). Thus, x?(t)
(y*(t)) is uniformly bounded on [ty, T], and %7 (t) (y*(t)) is uniformly bounded on [to, T]
as well.

Because of Condition 1 in Cyipe—getay (£), xP(t) (y¥(t)) is continuous with respect to
t. Together with Condition 3 in Cyjye—getay (Z), we conclude that x?(t) (y*(t)), p € N* are
equicontinuous for t € [ty, T].

Here, we present the Arzela—Ascoli lemma (similar to Theorem 2.2 in [43]):
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Lemma 3. (Arzela—Ascoli Lemma) X is a compact set on R". If a sequence {f,}{° in C(X) is
bounded and equicontinuous, then it has a uniformly convergent subsequence.

From Lemma 3, one can find a sub-sequence of {x? ()} ,cry+ and {y” () }pen+ (still
denoted by x™(t) and y™(t)) satisfying that x”(t) (y”(t)) uniformly converges to a con-
tinuous function x*(t) (y*(t)) on [to, T], T € (tp,+o0]. For all k € NT, one can find a
subsequence {xkj(t)}j€N+ of {xP(t)},en+ such that |xKi(t) — x*(1)] < % holds on the in-
terval [to, tp + k + 1]. Then, by diagonal selection principle, select a new subsequence
{x* () }ren+ such that {x*(t)}ren+ uniformly converges to a continuous function x*(t)
on [to, T], T € (ty, +o0]. It is the same with x} (t), fork =1,...,m

The system %7 (t) = fP(x,xq,..., X5, 7(t)) has a unique solution. xP(t) satisfies
Lipschitz condition:

|XP(£) = 2P () () < LIE— |12
where t,t' € [tg, T], L > 0. Because of norm equivalence, the Lipschitz condition above
also holds with other norms defined in R"”. Therefore, x*(t) (y*(t)) also satisfies the
Lipschitz condition, that is, *(t) (y*(t)) exists and is bounded and measurable for [ty, T),
T € (tg, +00].

We then have the conclusion that X (t) (y”(t)) weakly converges to x*(t) (y*(t)) on
the space L1 ([to, T], R"), the demonstrations are as follows.

Cy([to, T],R™) is dense in the Banach space L*([tg, T], R"), which is the conjugate
space L1 ([to, T],R"). Therefore, the following equation

T T
[ G =3 a0t =~ [ (400, x7() — x)at
to to

holds for each g(t) € C§°([to, T],R"). Since {xP(t)} is bounded for each p, from the
Lebesgue-dominant convergence theorem we have

Y LR __/T. YR _
Jim, ; (2P (t) — 2%, q(t))dt = ; (q(t), lim xP(t) — 27 (t))dt = 0.

That is, {x”(t) } weakly converges to x*(t) on the space L1 ([to, T], R").

With Mazur’s convexity theorem [43], one can find a}' (b}') with )/ a]" = 1 ()2, b)" = 1)
such that ¥¥ converges to x*(t) almost everywhere on [to, T|, where 7 (t) = Zf:l af xP.
Notice that %7 is in the convex closure of {x?}, ¥¥ converges to x* uniformly. So it is with
§P(t) with g7 (t) = 7, bl'yP, and it is the same with {7, (#)} and {25, ()}

Recall Condition 3 in Cyjye—detay (X)- For = € R", it holds that

li_r)n dy{Graph(fP(%,t)), Graph(F(%,t))} = 0,Vt > to,
p [o 0]

With #7(t) in the convex closure of {fP(x?,x%,...,x% ,r(t))}, for any € > 0, there ex-
ists N > Osuch that xP(t) € B(F(x*,xil,...,xim r(t)),e) forall p > N and (x* X5, CXE ),
(xP, b, x8 ) € X, t € [to, T)

Since € can be arbitrarily small, it can be seen that x*(t) € F(x*,x7,,...,x7 ,7(t)) with
x* € X, which infers that the solution of (6) equals to x*(¢) in ¥ almost everywhere on
[to, T]. For x(t) and x*, both are continuous because %¥ converges to x* uniformly on [to, T],
it can be seen that x* is the solution of (6). So it is with y*(¢).

Because system (6) has a unique solution, x(tf) = x*(t) and y(t) = y*(¢) almost
everywhere for t > ty. That is, x” converges to x(t) uniformly in [ty, T|, T € (to, +0]. A
similar proof can be applied to y?(t) and y(t).

For {fP(x,x¢,..., Xz,,7(t))} is exponentially incrementally stable from Theorem 1,
there exists some M > 0and a > 0,
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[xP(£) = Y7 () | 1) < Me 700 sup  [x0(s) — y0(8) |y (ty)

s€[tg—T,to]

forall p € Nt and t > ty. For each given t > ty, lete(t) = 3Me*(t~0) SUP[ty—7 o] |xo(s) —
Y0(8) |y (1), there exists some po(e, t) with which [xP(f) — x(t)[,,) < €/3 and [yP(t) —
Y(t)ly (1) < €/3hold for p > po(e, t), which implies that

IN

1x(8) = y()xto) [x(8) = P () xtg) + 1W(E) = Y7 (D)lxry) + X7 (1) =47 (8) (1)

< €= 3Me4(t—to) sup  |xo(s) — ]/0(5)|X(t0)-
SG[t()*?,to]

This completes the proof. [

Remark 2. Similar to Theorem 4, Corollary 1 and Corollary 2 can also be extended to discontinuous
cases.

5. Applications

In this section, with the conclusion in Theorem 4, the applications to switched time-
delay systems and Hopfield time-delay systems are given.

5.1. Linear Switched Time-Delay System

Consider the following linear switched time-delay system:

Ar(B)x(t) + Ll Bue(B)x(t = w () + Ji(8),  ¢(x, 37,00, 25,) > 0
Ag()x(t) + X4y Ba()x(t — () + Ja(t),  ¢(x, %7y, X7, ) <O

in which x(t) € R", A;(t), Aa(t) € R"™", By (t), By (t)(k =1,...,m) € R"*" is piecewise
continuous, bounded matrix-valued functions, whose discontinuities are in {t1,t5 ... .t;,...}.
Take a simple bimodal system as an example, with the switching surface S = {(x, x¢, ..., Xg,) :
¢(x, Xz, ..., Xg,) =0}

In order to guarantee the uniqueness of the Filippov solution for system (15), the linear
time-delay system satisfies the following hypothesis:

x(t) = f(x,xq,...,Xq,,t) = { (15)

Assumption 4. The linear time-delay system (15) satisfies:

1. The right-hand function of system (15) satisfies Assumption 3.
2. For each point (x,X+,...,Xg,) € S, the time-delay system (15) satisfies

L xaeenrxa) (4200 = Ax(0)x+ 3 (Bus(t) = B0+ h(6) — a(5)) <0

k=1

Under the definitions and Assumption 4 above, from Lemma 2 and Theorem 3, it can be
obtained that system (15) has a unique solution.

Assumption 5. Suppose that in the continuous regions, the right-hand side f(x, x,, ..., Xz,,t)
satisfies the conditions for exponential incremental stability in Theorem 1, which are formulated as
follows.

Let N(t) =#{j:t > t;,j = 1,2,...}, x(t) be a right-continuous staircase function with its
discontinuous points belonging to {t1,...,t;,...}, and there exist

1. A constant Ty > 0,

2. Positive constants vy (k=0,1,...), 70 <711 < ...,

3. C(x(t),x(t') < Coforanyt,t' > to,

2. MatrixB) B? BV, B2 € Rn<n satisfying that BV (+) + B2)(+) = By (£) and BLY () +

B2 (£) = By(t),
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such that the following conditions are satisfied:

m
Li(t) =vy (Ar(t) + Y BY +2rk (A () + B () IBY (D)o
k=1
exp (YNt
+Z\|Blk M (N“))

s =7
exp (’YN(t w(t) (E = T(t))) N
Lo(t) =vy(Aa(t) + 28& )+ zrk (Ao () + Bar () IBS (D)o

exp (’YN(t)t)
Jexp (YN(—7e (1)) (E = (1))

+ Z HBZk M < =N

in which, fori =1,2,

Ag(t) = sup  [[Ai(s)llyr) exp (YNt — Yns)S)
- (1) <s<t

Bi(t) = sup  [Bix(s)llx(ey exp (vt — IN(s—mi(s)) (5 — (5)))

t—7 () <s<t
and forall t > Ty,

N(t)-1
[(vit1 — 7vi)tiv1 +10g Bir1] + voto — YNt | < —¢, (16)
i=0

where B = C(x (), x(tx—)).

Thus, together with Theorem 4, we have the following corollary on incremental
stability for bimodal linear time-delay systems.

Corollary 3. Suppose that time-delay system (15) satisfies Assumptions 4 and 5. Meanwhile, in
the neighborhood of switching surface S, that is, when —6/2 < ¢(X, X¢, ..., Xg,) < /2, let w =
(Ar(t) — A2(0)x() + Ty (Bui() — Box(D)x(t — (£)) + J1 () — Ja(t), i it is satisfied that

m

pLi(t) + (1 —p)La(t) + % o )(w 7) % Z exp(Yn(nt)

20 &P (YN(—z () (E = (1))

+p(1- p)li ot >{<||Blk o) — 1B 1) (A5 () — A% () + Bae(t) — By (1))
=1

aka

(17)
9

w - ——

ox

t
exp (Ynet) Jer ¢
x(t) €XP (VN(S)S) 0xg,

1, () (1) < exp (rnet) )}
+ ~||pB;y + (1 —p)B su
5 PPk PIBai [l P (&P (YN(s—(s)) (5 — T (5)))

t— (1) <s<t

< —IN()

holds for —% 0 < G(x, Xy, ..., Xq,) < % and p = o(¢(x, Xz, ..., Xg,)/d) € [0,1], then the linear
switched tzme -delay system (15) is exponentially incrementally stable.

Proof. With the conclusion in Theorem 4, by constructing a sequence of time-delay systems
with continuous right-hand sides satisfying Condition Ctimg,dglay(Z) as follows, we can
prove the exponential incremental stability property of system (15):

(P(x’ le’ e "me)

x=f0 =o( S )+ Z By (t)x(t — w(t)) + Ja(t)]

(18)

+<1—o-<"’<""“fl'5“'xﬂ")> (%06 + 3= Ba (11— () + (1)
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in which o(-) is defined as

1, o >1/2,
o(p) =S p+1/2, pe(-1/2,1/2],
0, p<—1/2.

letw = (A1(t) — Az (#))x(t) + Lty (Bue(t) — Bo(8))x(t — T (t)) + 1 (t) = o(t) and p = o
(¢(x, %7, ..., Xr,)/6), the partial derivative of the right-hand function f° with respect to x
and x, are as follows,

J— w.i

8f5(x,xﬁ,...,xfm,r(t)) a((P(x'le"“'xT’”))Al(t)+[1—a((P(x'le"”'xT’”))]Az(t)+1 ¢

0x ) ) 5 ox
of°(x, xfl,a.x.r.k, X, () :a(q)(x, le,(s. ., X7,) VBy(t) + [1 — a(q)(x, le,(s. . X7,) B (£) + %w 88;[;
Thus, it needs to satisfy
L(f*, 1) =v, <PA1+(1—P)A2+ 5w + 21 pByy P)Bﬁ)]>

)+ Vit >>HpB§k) +(1-p)BY

x(t)
exp (’yN(t)t)
26y €XP (N (1)) (E =

.99

(2)
B Oxg,

1
p) 2k +Sw

f

W) = TN

Up(t) = sup || 5= (x(s), x2,(5), -, %5, (), 8) (e P (Ynvent = Tes)s)
Vi(t) = sup [l (x(s), 20, (5), -, X5, (5),8) (1) P (Yt — IN(s—ri(s)) (5 — Tk(5)))

where t € [tj, t;1). Thatis,

m

L(fo‘, t) <pLi(t) + [1 — p]La(¢) + %VX(f) (w 7> % Z exp (’YN(t)t)

() &P (YN (= () (F = w (1))

E)ka

(- p)ki () [(HBﬁ)nX(t) 1B L) (K () — A5(E) + Bag(8) — By (£))
=1
Y.

ox

exp (1v(n!) Hw op
(1) €XP ('yN(5>s) 0xz,

exp (’YN(f) ) )}
20 &P (YN(s—7.(5)) (5 — (5)))

Together with (17), it infers that L(f%,t) < —YN(t), that is, system (18) is exponentially

1 1 1
+ SHPBik) +(1- p)ng)H)((t)( sup

=T (1) <s<t
incrementally stable for each § = %, m € NT. From Theorem 4, it can be proved that the
time-delay system is exponentially incrementally stable. [

W = Béi) =0,(k=1,...,m), we have the following corollary, which is a
variant of Corollary 3.

Here, let B( ) —

Corollary 4. Let N(t) = #{j : t > t;,j = 1,2,...}, and suppose that system (15) satisfies
Assumption 4, and there exist

1. A constant Ty > 0,

2. Positive constants y(k=0,1,...), 70 <11 < ...,

3. C(x(t),x(t")) < Cyforanyt,t' >ty

such that the following conditions are satisfied:
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a m
PLI(E) + (1 - p)Lat) + 3uyy (w af) A5

exp (Yn(nt) _
exp (YN(—g(r) (E = T(t)) ~

exp (VN(t)f)
Yexp (Tn(rm ()t~

Li(t) = vy (A1(t)) + Z 1 Bak(E)llx(e)

La(t) = vy )+ 2 1Bk (8) ]

and forall t > Ty,

N(t)-1
Z (Yier — 7i)tiv1 +1og Biva] + voto — Ynpt| < —¢

| =

where By = C(x(tx), x(tx—)). Moreover, in the neighborhood of switching surface S, that is,
when —6/2 < ¢(x,xXq, ..., Xg,) < 6/2, let w = (A1(t) — Ax(t))x(f) + {1 (Bue(t) —
Bor (1)) x(t — T (t)) + J1(t) — Ja(t), if it is satisfied that

.09

Ox,

exp (’YN(t)t)
10 &P (YN(—z, (1)) (= T ()))

< SUNG
] O]
holds for —6/2 < ¢(x,X¢,...,%z,) < 6/2and p = ¢(x,x¢,,...,X,)/6 € [0,1], then the
linear switched time-delay system (15) is exponentially incrementally stable.

5.2. Hopfield Neural Network Systems with Time Delay

Consider the following Hopfield neural network system with time delay:

1(t) = =D(H)x(t) + T(£)g(x(£)) + S(H)ulxc(t))) +J(#) (19)

where x = (x1,X2,...,%,) " is the state variable, the time-delay term x.(t) = x(t — t(t)).
For any t € R, D(t) = diag{d1(t),...,dn(t)}, T(t) = (T;;(t)) € R™, S(t) = (S;(t)) €
R, ] = (J1,J2,---,Jn) € R"is the input vector, g(x) = (g1(x1),82(x2), .- ,gn(xn))T,
u(x) = (ug(x1), up(x2), ..., un(xn)) "

Here, we list the following hypothesis, denoted by Condition C;:
1.  There exists D = diag{D1,D»,..., Dy}, D; > 0, such that d;(-) is continuous and

% > D;holdsfori=1,2,...,nand {; # {».

2. gi(-) isnon-decreasing and non-trivial in any compact set in R, and each g;(-) has only
finite discontinuous points. Therefore, in any compact set in R, except a finite points py,
where there exist finite right and left limits g;(p;") and g;(p; ) with gi(0;") > gi(pr ),
gi(+) is continuous.

3. u;(+) is non-decreasing and non-trivial in any compact set in R, and each u;(-) has only
finite discontinuous points. Therefore, in any compact set in R, except a finite points 7,
where there exist finite right and left limits u; (") and u; (17, ) with u;(177) > u;(17,),
u;(+) is continuous.

4. Here, define a matrix measure vz, (A) = max;[aj; + X [6i€; Lajj|] for matrix A = (a;;),

with respect to vector norm | - |1 and matrix norm ||A||,;,1 = [|gAZ Y1, where & =
diag{Z1,...,&n}. There exists a positive diagonal matrix &(r(t)) = diag{&1(r(t)),...,
&u(r(t))} such that

Ve(r(1(T) = max{ )+ ; |&i(r(£)&j(r(1) ' T;(1)[} <0
iZ]

holds for t € R™.

Therefore, we have the following corollary:

Corollary 5. Suppose the system (19) has a unique solution for t € R™, and satisfies Condition C,
above. Let N(t) = #{j: t > t;,j =1,2,...}, and there exists
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Positive piecewise right-continuous function m(t) > 0,
A constant Ty > 0,

Positive constants o > 0(k =0,1,...),

C(r(t),r(t")) < Co forany t,t' > to,

such that in the continuous regions of g and u,

=

exp (Tnnt) N L i
exp (YN (t—z(r))(t = T(1))) IS (e ) (x o) lle ey, TN (20)

Let K; = ming[g;(px+) — gi(px—)], Mi = max[u;(ye+) — ui(ye—)], and K = min; K;;,
M = max; M;,

9
Ve(r(a (= D(E) + T(D) 5 (

x,x7)) +

exp (’)’N(t)t)
exp (Yn(r—r(r) (t = T(1)))

K- vg(r(1) 1 (T(£)) + M- IS() [l r(ena <O (21)

Forany t > Ty,

N(H)-1
Y. [(vigr = vi)tiva +1og Biva] + voto — Int| < ¢,
i=0

where By = C(r(ty),r(tx—)), then system (19) is exponentially incrementally stable.

Proof. Suppose that system (19) has a unique solution for t € R™, then we construct a
sequence of ‘continuous systems’ as follows,

#(t) = f°(x,2c,t) = =D(B)x(t) + T(H)F(x (1)) + S()(x<(t)))

where §(x) = (§1(x1),§2(x2), ..., 8n(xu)) ", d(x) = (dy(x1),i2(x2),. .., dn(xy)) . For
each i, denote one of the discontinuous points of g;(x) by p;, and one of the discontinuous
point of u;(x) by #;.

Function §°(x) is formulated as follows, if x; ¢ [p; — §,p; + $], §(x;) = gi(x;), and if

xi € [pi— §,0i+ 5],

O NN
gié(xi):gl(Pz+2>5gz(Pz 2)[ it 5]+g1(P1 j)'

Function ii(x) is similarly constructed. It can be seen that when § — 0, the function
sequence f°(x,x:,t) converges to the Filippov differential inclusion of the right-hand
side of (19), that is, {f°(x,x.,t)} satisfies Condition Ctimg_dglay(Rnxz). Let $i(p;,0) =

(74— (g, — 8
w i;(n;,0) = w. Here, denote the Jacobi matrix of functions

§°(+) and #°(+) by matrix G° and U°. In the neighborhood of the discontinuous point,

0 (x o Ia 5 5

¢ = % = (or2p)= 408 {81(P1,0),82(02,8), - &n (P, 8)}
i (x 7 i

u = a(x 2 |xT (mm2,- = diag{ii1(11,9),82(112,9), - .., An(11n, 6) }

that is, we have
0 R
7 (’S*f“ )~ b1,

af‘s(x,xr,t) _ 5
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In the continuous regions, the function sequence { f‘s(x, X, t)} satisfies (20), and
Ve(r(),1(T(¢)) < 0. Meanwhile, in the neighborhood of the discontinuities, together with
the condition (21), it holds that,

exp (')/N(t)t)
exp (Yn(—r(r)) (t = T(t))
exp (Ynet)
exp (YN (e—(r))(t —T(1))
SVg(ra (=D (1)) +min gi(pi, 6)Ve(r(1)) 1 (T(1))

Ve (D) + T(H)G®) +

] ISCEYU | zr(t1)1

<Ve(r(1 (=D (1)) + Ve(r(ea (T(HG’) + ] ISAU (1)1

exp ('yN(t)t)
exp (Y- (t— T

+ml;ixu'i(17i,(5) 0)) ISl

< = UINEY

for 6 — 0. Therefore, if there exists a large enough number my > 0, such that for each
m>mgy, mE NT,

exp (Ynt)
exp (YN (t—r(e)) (t —

Ve (—D(t) + T(H)G®) + ) IS e < =N

holds for 6 = 1/m. According to Theorems 1 and 4, the time-delay system (19) is exponen-
tially incrementally stable. [

6. Numerical Experiments
6.1. Linear Time-Delay System

Consider a linear switched time-delay system formulated as follows:

(22)

(1) = Arx(t) + Bix(t—7(t))+J1, z'x>0
= Aox(t) + Box(t—7(t))+ o, 2'x<0

where x, x; € R%. The switching surface of system (22) is {x : ¢(x) = z"

z=[1,3]".
Let 7(t) = 1 and

R B PO RS RIS R

Here, we first prove that system (22) has a unique solution for ¢t € [1, +c0). On the
switching surface {x : ¢(x) = z"x = 0}, we have

2o (- n-r)=n37(| 1 3 [0+ ) =4

According to Assumption 4, the uniqueness of the Filippov solution for (22) occurs for
t €[0,+00). Let ynpy =11/ 2l and the number [¢] represents the floor of time ¢. So, for

x = 0} where

t>1,
e TN p(1-1721t 1
Ly(t) = A Bi{|[p——— = —5.7 _— < 3. 14+ —
1(t) = v2(A1) + || 1H2@7N<r>—1(f*1) 5.75 + AR < 35< -1+
eINt p(1-1/210)t 1

where || - || stands for 2-norm. Then, for —§/2 < ¢(x) < é/2and p = ¢(x)/5+1/2 € [0,1],
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1 1 3 -1
plal)+ 1= pa+ (|1 3 [0+ | 23 ])-081) <15 <~
and for all t > Ty,
1 N@m-1 rNo- 1
71 X (i = vt +1og Bisa] + ot — VN(t)f] =5 [ Y, i+l -0- Z[H)t} <-05
i=0 i=0
Thus, from Corollary 4, the switched time-delay system (22) is exponentially incremen-
tally asymptotically stable.With the initial state xo(s) = [5 x (0.5 +5)%,6 x (1 —s) — 1.5]
and yo(s) = [-3 x (1+5)3 —2,-3 x (1 —5s)] for s € [0, 1], the corresponding solution of
system (22) are x(t) = (x1(t), x2(¢)) and y(t) = (y1(t),y2(t)), respectively.
Figure 1 shows the dynamical trajectories of two of the solutions with the initial
function defined as xo(-) and y(-) for system (22). Moreover, Figure 2 shows the errors
between the two dynamical trajectories of their segments.

Inisjal Functions _ X1, X2
=== YuY2
(O]
3
S -
>
-
c
Q
c
o
o
c
(o]
o
0 2 3 4 5

Time

Figure 1. Dynamical trajectories of the solutions for time-delay system (22).

401 ! — errorl = |x; — y1|
— error2 = |x3 — y;|
30 1
. Initial Erfor
2 20
wl
10 1
0 .
0 1 2 3 4 5
Time

Figure 2. A diagram for exponential incremental uniform stability (the error of each segment) of
time-delay system (22).
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6.2. Hopfield Neural Network with Time Delay

Here, we take an example of the Hopfield system with time delay for illustration. The
system is formulated as follows,

i(t) = D(#)x(t) + T(£)g(x(t)) + o (t)S(H)u(x<(t))) + () (23)

where x = [x1,x2] " is the state vector, ¢ () is the switched function with respect to time ¢,

takes value between 0 and 1. The parameter matrix are

o(t) = 0 te [kTy,kTo+ 3To) o(t) = t £<0.2
1 tekTop+ 1T, (k+1)Tp)’ 0.1 x |sin(7t/0.4)| +0.1 +>0.2
| —0.340.1 x sin(t) 0 | 10sin(2t)
D(t) = { 0 —0.3+0.1 x cos(t) ] J{t) = [ —10sin(2t) |’

[ =5 —sin(t) 2.5+ cos(t) _ 0.1 x sin(#) 0.1+ 0.1 x cos(t)
T(t) = [ 25— Csos(t) -5 —(:i)ri(t) }’ (t) = [ 01— O.ls>< cos(t) 0.1 x sintzct))s ]

(x) = x+25 x>0 (x) = x+1 x>0 P "
8i Clx—25 x<0’ ! S lx—1 x<0 S

where k € N>, Tp = 1. According to the uniqueness conditions for the Filippov solution
of the time-delay system, Lemma 2 and Theorem 3, it can be seen that (23) has a unique
solution in compact set ¥ € R2.

Here, define the norm with subscript o (t) as |x|o = 0.8|x1| + [x2]|, |x]1 = |x1] + |x2],
Bo1 = 1.25, B1o = 1, thenvp(T) < —0.5, v1(T) = —2.5++2 < —1,||S|l; < 0.3,]|S||o < 0.25,
therefore, let N(t) = j,t € [tj_q,t;), v; = max{1/4,(1/2) — (1/2)73, ti = (To/2) -,
j = 1,2,..., such that in the continuous region of the right-hand side of system (23), it
holds that

an(e) + vo(—D(t) + T(£)) < 0

exp ('yN(t)t)

IS(H)]h <05—-1+025<0
exp (T (t— (1)) !

N t+ vi(=D()+T(t)) +

As for condition (21), after calculation, we have K = 5, M = 2; thus, condition (21)
holds for ¢(t) = 0,1. Moreover, for t > 10, we have

NOE!
2 [(Vie1 — Yi)tis1 +1og Biva] + voto — TNt < 1.75+log(1.25)t — 0.49t < —0.25¢
i=0

Together with Corollary 5, the switched time-delay system (23) is exponentially incremen-
tally asymptotically stable. With the initial state xo(s) = [5 x (0.5 +5)2,6 x (1 —s) — 1.5]
and yo(s) = [-2% (1 +5)2 —2,—3 x (1 —s)] for s € [0,0.5], the corresponding solution of
system (23) are x(t) = (x1(t),x2(t)) and y(t) = (y1(¢),y2(t)), respectively. When ¢ > 0.5,
o(t) = 1 and time lag occurs.

Figure 3 shows the dynamical trajectories of two of the solutions with the initial
function defined as xo(-) and yo(-) for system (23). Moreover, Figure 4 shows the errors
between the two dynamical trajectories of their segments.
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: - X1, X2
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1
1
5.0 4
() 1
> 1
© 4 1
g 2.5 "
)
S I
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Figure 3. Dynamical trajectories of the solutions for time-delay system (23).

17.5 A
— errorl = |x1 — y1|

15.09 nitial Errors —— error2 = |xa — y»|

12.5 A
10.0 A

Error

7.5 A
5.0 1
2.5 A

0.0 A

I
1
1
0.00 0.25 050 0.75 1.00 1.25 150 1.75 2.00
Time

Figure 4. A diagram for exponential incremental uniform stability (the error of each segment) for
system (23).

7. Conclusions

This paper researches the criteria for incremental stability for time-delay dynamical
systems, including systems with continuous right-hand sides and systems with discontinu-
ous right-hand sides, respectively. In this paper, the corresponding sufficient conditions
for the exponential incremental stability of solutions for time-delay dynamical systems
with continuous right-hand sides are proposed and proved. Before studying sufficient
conditions for incremental stability of the systems with discontinuous right-hand sides,
we first provide the conditions for the existence and uniqueness of the Filippov solution.
Then, by constructing a sequence of systems with continuous right-hand sides and using
the approximation method, sufficient conditions for exponential incremental stability of
the systems with discontinuous right-hand sides are obtained.

There still needs to be much further work. Our theorem can be helpful for applications
in other more complex scenarios and we may propose more corollaries for some more
complex systems in the future. Furthermore, we may seek some other approaches to
construct “continuous systems” to approximate discontinuous systems.
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Notations

[-] x(ry  Vector norm with subscript x(t)
Il - Hx(t) Matrix norm induced by | - |7((t)

Vah) Matrix measure induced by | - [,

x(t) A right-continuous staircase function with respect to ¢, with switching points
belonging to {t;}

r(t) A piecewise right-continuous function with respect to ¢, with switching points {t;}

to The initial time

T The upper bound of T:: maxy sup;c(y o) () =T

T The lower bound of Ty ming infyc(, o) T () = T

N(t) Nt)=#{j:t>t,j=12,...}

References

1. Pavlov, A.; Pogromsky, A.; Wouw, N.V.D.; Nijmeijer, H. Convergent dynamics, a tribute to Boris Pavlovich Demidovich. Syst.
Control Lett. 2004, 52, 257-261. [CrossRef]

2. Riiffer, B.S. Convergent systems vs. incremental stability. Syst. Control Lett. 2013, 62, 277-285. [CrossRef]

3. Fromion, V.; Scorletti, G.; Ferreres, G. Nonlinear performance of a PI controlled missile: An explanation. Int. J. Robust Nonlinear
Control. IFAC-Affil. ]. 1999, 9, 485-518. [CrossRef]

4. Hamadeh, A.; Stan, G.B.; Sepulchre, R.; Goncalves, J. Global State Synchronization in Networks of Cyclic Feedback Systems.
IEEE Trans. Autom. Control 2012, 57, 478-483. [CrossRef]

5. Russo, G.; Di Bernardo, M. Correction to Section V-B of “Contraction Theory and the Master Stability Function: Linking Two
Approaches to Study Synchronization in Complex Networks” [Feb 09 177-181]. Circuits Syst. Express Briefs IEEE Trans. 2014,
61,915. [CrossRef]

6. Kim, H,; Persis, C.D. Output synchronization of Lur’e-type nonlinear systems in the presence of input disturbances. IEEE Conf.
Decis. Control 2015, 4145-4150.

7. Promion, V. Some results on the behavior of Lipschitz continuous systems. In Proceedings of the 1997 European Control
Conference (ECC), Brussels, Belgium, 1-7 July 1997; pp. 2011-2016.

8.  Lohmiller, W,; Slotine, J.J.E. On contraction analysis for non-linear systems. Automatica 1998, 34, 683—-696. [CrossRef]

9. Andronov, A.A,; Vitt, A.A.; Khaikin, S.E. Vibration Theory; Fizmatgiz: Moscow, Russia, 1959. (In Russian)

10. Barbashin, E.A. Introduction to Stability Theory; Nauka: Moscow, Russia, 1967. (In Russian)

11.  Neimark, Y.I. Points Mapping Method in the Theory of Nonlinear Vibrations; Nauka: Moscow, Russia, 1972. (In Russian)

12.  Bautin, N.N.; Leontovich, E.A. Methods and Techniques of Qualitative Study of Dynamic Systems in a Plane; Nauka: Moscow, Russia,
1976. (In Russian)

13. Gelig, A.K.; Leonov, G.A.; Yakubovich, V.A. Stability of Nonlinear Systems with Nonunique Equilibrium State; Nauka: Moscow,
Russia, 1978. (In Russian)

14. Filippov, A. Differential equations with discontinuous right-hand side. Am. Math. Soc. Transl. 1964, 42, 199-231.

15.  Filippov, A.F. Differential Equations with Discontinuous Right-Hand Sides; Kluwer Academic: Boston, MA, USA, 1988.

16. Volterra, V. Sur la théorie mathématique des phénom enes héréditaires. J. Math. Pures Appl. 1928, 7, 249-298.


http://doi.org/10.1016/j.sysconle.2004.02.003
http://dx.doi.org/10.1016/j.sysconle.2012.11.015
http://dx.doi.org/10.1002/(SICI)1099-1239(19990715)9:8<485::AID-RNC417>3.0.CO;2-4
http://dx.doi.org/10.1109/TAC.2011.2164015
http://dx.doi.org/10.1109/TCSII.2014.2355371
http://dx.doi.org/10.1016/S0005-1098(98)00019-3

Mathematics 2023, 11, 2242 26 of 26

17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

30.
31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Volterra, V. Theorie Mathematique de la Lutte Pour la vie; Gauthier-Villars: Paris, France, 1931.

Hale, ] K.; Lunel, S.V. Introduction to Functional Differential Equations(Applied Mathematical Sciences, 99); Springer: Berlin, Germany, 1993.
Cooke, K.L. Differential—Difference equations. In International Symposium on Nonlinear Differential Equations and Nonlinear
Mechanics; Academic Press: Cambridge, MA, USA, 1963; pp. 155-171.

Nihtild, M.T. Analysis and synthesis of time delay systems: H. Gorechi, S. Fuksa, P. Grabowski and A. Korytowski. Automatica
1991, 27, 1065-1067. [CrossRef]

Kaminogo, T. Kneser’s property and boundary value problems for some retarded functional differential equations. Tohoku Math.
J. 1978, 30, 471-486. [CrossRef]

Kaminogo, T. Topological properties of solution mappings in functional differential equations. Nonlinear Anal. Theory Methods
Appl. 1997, 30, 871-876. [CrossRef]

Tung, C. Qualitative properties in nonlinear Volterra integro-differential equations with delay. J. Taibah Univ. Sci. 2017, 11, 309-314.
[CrossRef]

Deimling, K. Multivalued Differential Equations; De Gruyter: Berlin, Germany; New York, NY, USA, 1992.

Haddad, T.; Haddad, T. Delay perturbed state-dependent sweeping process. Appl. Anal. 2016, 95, 270-282. [CrossRef]

Marques, M.D.P.M.; Dzonou, R. Dynamics of a particle with friction and delay. Comptes Rendus Mec. 2017, 346, 237-246. [CrossRef]
Pust, L.; Pesek, L. Influence of delayed excitation on vibrations of turbine blades couple. Appl. Comput. Mech. 2013, 7, 39-52.
Smirnov, G.V. Introduction to the Theory of Differential Inclusions; University of Porto: Porto, Portugal, 2002.

Ali, M.; Hou, Z.; Noori, M. Stability and performance of feedback control systems with time delays. Comput. Struct. 1998, 66,
241-248. [CrossRef]

Callender, A.B.; Hartree, D.R,; Porter, A.R. Time-Lag in a Control System. Philos. Trans. R. Soc. A 1936, 235, 415-444.

Haddad, G. Topological properties of the sets of solutions for functional differential inclusions. Nonlinear Anal. Theory Methods
Appl. 1981, 5, 1349-1366. [CrossRef]

Bacciotti, A.; Ceragioli, F. Optimal Regulation and Discontinuous Stabilization. IFAC Proc. Vol. 2001, 34, 39-44. [CrossRef]

Lu, W,; Chen, T. Almost periodic dynamics of a class of delayed neural networks with discontinuous activations. Neural Comput.
2008, 20, 1065-1090. [CrossRef] [PubMed]

Liu, X.; Cao, J. Synchronization control of discontinuous neural networks via approximation. In Proceedings of the 2010 Chinese
Control and Decision Conference, Xuzhou, China, 26-28 May 2010; pp. 782-787.

Fiore, D.; Hogan, S.J.; di Bernardo, M. Contraction analysis of switched systems via regularization. Automatica 2016, 73, 279-288.
[CrossRef]

Lu, W,; Bernardo, M. Contraction and incremental stability of switched Carathéodory systems using multiple norms. Automatica
2016, 70, 1-8. [CrossRef]

Aubin, J.P,; Bayen, A.M.; Saint-Pierre, P. Viability Theory; Springer: Berlin/Heidelberg, Germany, 2009.

Qiang, H.; Lu, W. The Coupling Mechanism and Dynamic Behavior of Complex Network Systems; Fudan University: Shanghai, China, 2021.
Ortiz-Robinson, N.; Rios, V. Qualitative Properties of the Solution Set for Time-Delayed Discontinuous Dynamics. Set-Valued Var.
Anal. 2020, 28, 327-344. [CrossRef]

Liu, B.; Lu, W,; Chen, T. New conditions on synchronization of networks of linearly coupled dynamical systems with non-Lipschitz
right-hand sides. Neural Netw. 2012, 25, 5-13. [CrossRef]

Ortiz-Robinson, N.; Rios, V. Forward Euler Solutions and Weakly Invariant Time-Delayed Systems. Abstr. Appl. Anal. 2012, 3,
327-344. [CrossRef]

Forti, M.; Nistri, P,; Papini, D. Global exponential stability and global convergence in finite time of delayed neural networks with
infinite gain. IEEE Trans. Neural Netw. 2005, 16, 1449-1463. [CrossRef]

Haddad, G. Monotone viable trajectories for functional differential inclusions. J. Differ. Equ. 1981, 42, 1-24. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/0005-1098(91)90147-T
http://dx.doi.org/10.2748/tmj/1178229982
http://dx.doi.org/10.1016/S0362-546X(97)00307-6
http://dx.doi.org/10.1016/j.jtusci.2015.12.009
http://dx.doi.org/10.1080/00036811.2014.918259
http://dx.doi.org/10.1016/j.crme.2017.12.008
http://dx.doi.org/10.1016/S0045-7949(97)00061-8
http://dx.doi.org/10.1016/0362-546X(81)90111-5
http://dx.doi.org/10.1016/S1474-6670(17)35145-5
http://dx.doi.org/10.1162/neco.2008.10-06-364
http://www.ncbi.nlm.nih.gov/pubmed/18085989
http://dx.doi.org/10.1016/j.automatica.2016.06.028
http://dx.doi.org/10.1016/j.automatica.2016.02.039
http://dx.doi.org/10.1007/s11228-019-00511-6
http://dx.doi.org/10.1016/j.neunet.2011.07.007
http://dx.doi.org/10.1155/2012/481853
http://dx.doi.org/10.1109/TNN.2005.852862
http://dx.doi.org/10.1016/0022-0396(81)90031-0

	Introduction
	Preliminaries
	Contraction Theory for Time-Delay Systems
	Incremental Stability for Time-Delay Dynamical Systems with Discontinuous Right-Hand Sides
	Existence and Uniqueness of the Solution
	Criteria for Incremental Stability for Filippov Systems with Time Delay

	Applications
	Linear Switched Time-Delay System
	Hopfield Neural Network Systems with Time Delay

	Numerical Experiments
	Linear Time-Delay System
	Hopfield Neural Network with Time Delay

	Conclusions
	References

