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Abstract: The stress state from an eccentric ring made of an elastic material symmetrically loaded on
the outer boundary by concentrated forces is deduced. The analytical results are obtained using the
Airy stress function expressed in bipolar coordinates. The elastic potential corresponding to the same
loading but for a compact disk is first written in bipolar coordinates, then expanded in Fourier series,
and after that, an auxiliary potential of a convenient form is added to it in order to impose boundary
conditions. Since the inner boundary is unloaded, boundary conditions may be applied directly to the
total potential. A special focus is on the number of terms from Fourier expansion of the potential in
bipolar coordinates corresponding to the compact disk as this number influences the sudden increase
if the coefficients from the final form of the total potential. Theoretical results are validated both
by using finite element software and experimentally through the photoelastic method, for which a
device for sample loading was designed and constructed. Isochromatic fields were considered for
the photoelastic method. Six loading cases for two different geometries of the ring were studied. For
all the analysed cases, an excellent agreement between the analytical, numerical and experimental
results was achieved. Finally, for all the situations considered, the stress concentration effect of the
inner hole was analytically determined. It should be mentioned that as the eccentricity of the inner
hole decreases, the integrals from the relations of the total elastic potential present a diminishing
convergence in the vicinity of the inner boundary.
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1. Introduction

Both phenomena from nature and models from engineering domains are described
by partial differential equations of the second order, known as equations of mathematical
physics [1]. For example, dynamic processes are described by hyperbolic equations [2–4]
(like wave equations for oscillatory motions) and transfer phenomena are described by
parabolic equations [5–9]. When the time variable is not present, processes are described
by Poisson’s equation and by Laplace’s equation. The solutions of Laplace’s equations are
harmonic functions used in the theory of elasticity for expressing the general solution of a
spatial problem [10,11]. One of the basic hypotheses applied for simplified models in the
theory of elasticity is the one of homogenous bodies. The need for precise modelling of the
actual bodies compels us to withdraw this assumption. The consideration of nonhomoge-
nous materials is supported by illustrative examples like the granular structure of metallic
materials, the presence of defects, such as inclusions and holes, in the structure of metals
due to melting imperfections, discontinuities of the mechanical and physical characteristics
of composite materials, etc. [12]. The challenge of modelling the mechanical behaviour of
a material with discontinuities is an extremely difficult task due to the complexity of the
possible situations. Obviously, the models evolved continuously, from simple to complex.
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The first grouping is produced by the type of matrix considered: spatial or planar.
Concerning the spatial matrices, the first theoretical modelling of a discontinuity was
performed by Eshelby [13,14] who provided an analytical solution of the effect produced
by an ellipsoidal discontinuity placed into an infinite linear elastic matrix.

Next, only the planar problems are discussed. The study of planar matrices requires a
simpler mathematical apparatus than spatial cases, and the first theoretical model demon-
strating the concentration effect produced by a circular hole placed in an elastic plane
uniformly uniaxially stretched at infinity was given by Kirsch [15]. The major conclusion
from the paper of Kirsch is that the circular hole perturbs the uniform stress fields from
the matrix and leads to the occurrence of hoop stresses three times greater than for a
compact plane, in points situated at the end of the diameter normal to the load direction.
Another conclusion from the Kirsch problem is that the concentration effect manifests
locally because it disappears at a distance of a few hole’s radii.

The second classification criterion is matrix extension: infinite, semi-infinite and finite.
Another criterion is the number of discontinuities from the matrix, and we can encounter
the case of unique discontinuity, a finite number of discontinuities and a matrix with an
infinity of discontinuities. The nature of the discontinuity can establish two main groups
of problems: inclusion type or hole type discontinuity. While a hole discontinuity can be
assimilated as an inclusion having all elastic parameters of zero value, the case of inclusion
discontinuity is more difficult to study. In the most general case, the form of boundary
conditions depends on the relation between the inclusion and the matrix, total adhesion,
partial adhesion or no adhesion, and these are expressed on strains and/or stresses [16,17].
In the case of hole type discontinuities, the form of boundary conditions always requires
zero normal stresses and zero shear stresses in the unloaded points from the boundary
of the domain. A particular situation of elasticity problems is met when the matrix is
loaded by concentrated forces applied to certain points of the matrix. In this case, boundary
conditions must be carefully stipulated since in the points where the concentrated forces
are applied, the stresses and strains cannot be defined.

A general methodology of solving plane elasticity problems is the Airy stress function
method [18] that requires finding a function of two variables, the stresses and strains, being
expressed as functions of the derivatives of this stress function.

Another aspect considered in solving plane elasticity problems is the connectivity order
of the domain. For simple connected domains, of particular interest is the situation when
the boundary of the domain is a circle, with the limiting case of the circle degenerating into
a straight line; these cases are now considered problems of plane elasticity: circular holed
plane uniformly stretched at infinity (Kirsch problem) [15], concentrated force acting on
the boundary straight line of an elastic half-plane (Flamant problem) [19] and diametrically
compressed circular disk (Hertz problem) [20].

A turning point for the plane elastostatics development is represented by the mono-
graph of Muskhelishvili [21] where a method of expressing the solution of any elastostatic
problem using the well-known Kolosov–Muskehlishvili equations is presented. These
equations assume the employment of two functions of a complex variable. The solutions of
the fundamental problems for simple connected domains (half-plane, circular disk, circular
holed plane) are presented, and afterwards the Kolosov–Muskhelishvili equations are
changed after applying conformal mapping of the domain. The first result presented is the
stress state in an elastic plane with an elliptical hole. The results prove that, unlike the case
of a circular holed plane stretched uniaxially at infinity where the stress concentration factor
takes the value of 3, for an elliptical hole with the minor axis parallel to the tensile direction,
the stress concentration factor increases unlimitedly with the increase in eccentricity of the
ellipse, as Poeschl [22] previously demonstrated.

A hole is a particular case of discontinuity, but due to the effect of stress concentration,
it attracts a special attention in technical applications, as proved by the monograph of
Savin [23] and by the emphasis given to the subject by Pilkey [24] in the monograph
dedicated to stress concentration factors.
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It is obvious that when the connectivity order of the considered domain increases,
there is an increased degree of difficulty in solving the elastostatics problem. For a plane
with circular holes of different configurations, Howland [25] and Green [26] give numerical
solutions using polar coordinates. The concentration effect of elliptical holes is analysed by
Zhang [27] who gives the general solution for a finite number of holes. Zhang presented a
solution for the case of two unloaded elliptical holes from a matrix loaded at infinity [28]
and for two elliptical holes uniformly loaded on the boundary and at infinity [29]. The
case of an infinite matrix with a circular and an elliptical hole is solved in [30], and recently,
Zeng [31] analysed the more general case of two oval holes loaded by pressure and placed
in an elastic matrix loaded biaxially at infinity.

Next, we consider only the situations for which the boundaries of the domain are
two circles or a circle and a straight line. The following doubly-connected domains are
possible: a plane with two circular holes and a half-plane with a circular hole and a ring
(eccentric for the general case). For these situations, boundary conditions have the simplest
expressions if using bipolar coordinates. The form of the equations of plane elasticity in
bipolar coordinates is given by Jeffery [32]. Khomasuridze [33] offers solutions for several
problems of plane elastostatics using bipolar coordinates in a complex form, and in a recent
paper [34], the novelty of the method of bipolar coordinates is underlined.

The problem of a doubly-connected domain with two identical circular holes was
studied by Ling [35] who found analytically the stress state and the concentration effect
for a homogenous matrix stretched along and normally to the centre line, respectively.
Zimmermann [36] analysed the same problem and obtained analytical relations for dis-
placements highlighting the mathematical difficulties introduced by multiply-connected
domains. The problem of Ling was generalised by Haddon [37] who considered holes of
different radii. Salerno [38] solved the problem of stress state for the plane with two circular
holes stretched biaxially. Ting [39] and Toshihiro [40], independently, found the analytical
solution for the case when an internal pressure or uniform shearing forces along a hole are
applied. The stress field from a plane with two circular quasi-tangent holes was found by
Lim [41].

Barjansky [42], using bipolar coordinates, offers the solution for the stress state in
an elastic half-plane with a circular hole loaded by a concentrated force on the boundary
straight line. In order to impose boundary conditions, due to the presence of a concentrated
force, the elastic potential corresponding to the compact half-plane must be expressed
in bipolar coordinates and afterwards expanded in Fourier series. A new solution of the
problem was proposed by Ewan-Iwanovski [43] who also noticed an error in Barjansky’s
approach. However, the paper of Ewan-Iwanovski presents an error, too, noticed by
Alaci [44,45] who provided the correct expression of the stress state from a half-plane with
a circular hole loaded by a concentrated force on the boundary straight line. Proskura [46]
reached the same conclusion and provided both the stresses and the displacements. The
fundamental solution of the Boussinesq–Cerruti problem presented by Proskura allows
solving the problems of plane contact where the elastic half-plane and the circular hole
occur. The fact that the solution is given for a concentrated force, eccentric with respect to
the centre of the hole, is of noticeable importance because it allows applying the principle
of superposition in finding the stress state for any type of a distributed force, normal or
tangential. For example, Tamate [47] found the stress field for an elastic half-plane with a
circular hole loaded on the boundary straight line by a flat rigid punch.

For the eccentric ring, the number of possible qualitative cases is related to the loading
on two boundaries due to the fact that the matrix does not contain the point at infinity.
Gupta found the stress state from an eccentric ring loaded by two concentrated forces acting
along the centre line, both on the inner circle [48] and on the outer circle [49]. The stress
state from an eccentric ring diametrically compressed normally to the axis of centres is
given by Solov’ev [50] and Desai [51] who found the stress field for the constant pressures
applied to both circles.
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The problem becomes substantially difficult when the hole is replaced by an inhomo-
geneity because boundary conditions are complicated due to the nonzero values of elastic
constants [52,53].

The main method of validation of theoretical (analytical or numerical) results from
plane elasticity is the photoelastic approach. The photoelastic method presents an advan-
tage, compared to other experimental methods, that allows finding the whole stress field
from the analysed specimen. Due to the advantages such as precision and rapidness, the
photoelastic method continues to be one of the most effective methods for establishing
the stress concentration factor [54–57]. The validation of a model can be obtained in two
manners: qualitatively, by comparing the theoretical/numerical fields with the experimen-
tal ones provided by isochromatics (curves obtained for the constant difference between
the normal principal stresses) [58,59], and quantitatively, by finding the complete stress
tensor field; this requires finding, in addition to the isochromatic fields, the isoclinic fields
(curves for which the directions of the principal stresses are the same) and the isopachic
fields (curves for which the sum of the normal principal stresses is constant) [60–63]. The
photoelastic method was first applied to demonstrate the effect of stress concentration of a
circular hole by Wahl [64], then by Cooker and Filon in a chapter from a monograph [65],
by Frocht [60,61] and later by Yamamoto [66,67]. A problem arising in the last case is the
fact that the isoclinics overlap the isochromatics and, furthermore, are perceptible only
in the vicinity of singular points (including the points where the concentrated loads are
applied). For a diametrically compressed compact disk, the methodology of separating the
isoclinics is presented by Baek [68]. These drawbacks are removed by the employment of
digital photoelasticity [69–71].

From the various possible configurations of an elastic plane with an inclusion or a
hole, the authors chose an eccentric ring symmetrically loaded by concentrated forces on
the outer boundary. This model can often be met in technical applications where elastic
materials are involved: fingered robotic graspers, pipes transporting different fluids, etc.
The theoretical solution is the goal of the paper because it can be further applied both to
designing diverse mechanical parts and effective estimation of the stress concentration
effect required by the wear and durability criteria. The theoretical solution for the stress
state is validated numerically and experimentally. The second theoretical contribution
consists in the analytical relations obtained for the stress concentration effect of the hole.

The theoretical contribution is not a simple task; it consists in obtaining the Fourier
expansion of the elastic potential for the concentrated force in bipolar coordinates. This
solution, by extension, can lead to the Boussinesq problem for a half-space with a circular
hole, a problem that was solved in another manner [42,43]. The method can be applied to
any plane domain with a circular hole by approximating the boundary of the domain in the
vicinity of the hole with an osculator circle. Another contribution brought by the deduced
theoretical solution is the fact that one can describe the stress state in the vicinity of the
point of application of the concentrated force, an issue which fails in the numerical FEA
methods due to the strong gradient of the stress field.

The theoretical results were validated by means of experimental tests performed on a
device designed for the photoelastic equipment from the laboratory.

2. Theoretical Analysis
2.1. Stress Function in Bipolar Coordinates for a Compact Disk

The general solution of the plane elastostatics problem requires finding a biharmonic
function, the Airy stress function U(x, y). The property of a biharmonic function is ex-
pressed by the following relation:

∆∆U(x, y) = 0. (1)

For an actual problem, the particular solution is obtained by imposing boundary
conditions. There are some cases of stipulating the boundary conditions: only stresses, only
displacements or imposed stresses on the hand and imposed displacements on the other.
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Both stresses and displacements are obtained using the derivatives of the stress function.
In Cartesian coordinates, the stresses are as follows:

σx =
∂2U
∂y2 ; σy =

∂2U
∂x2 ; τxy = − ∂2U

∂x∂y
, (2)

and the displacements u and v are expressed by the relations:

λθ + 2µ
∂u
∂x

=
∂2U
∂y2 ; λθ + 2µ

∂v
∂y

=
∂2U
∂x2 , (3)

where
θ =

∂u
∂x

+
∂v
∂y

, (4)

is the bulk deformation and the coefficients λ and µ are the Lamé constants.
When imposing boundary conditions for an equation with partial derivatives, the

adequate selection of the coordinate system is essential in finding the particular solution.
To be specific, the coordinate system must be taken in a manner to ensure the simplest form
of boundary curves. In an ideal situation, the boundary curves are the coordinate curves of
the chosen frame.

For the present case, considering a homogenous isotropic elastic material, the bound-
aries of the eccentric ring are two nonconcentric circles and, therefore, the bipolar coordinate
system is the most adequate one. The relation between the bipolar coordinates (α, β) and
the Cartesian coordinates (x, y) is described by any of the following systems of equations:

x =
a·sinβ

coshα− cosβ
; y =

a·sinhα

coshα− cosβ
; (5)

α + iβ = ln
x + i(y + a)
x + i(y− a)

= ln
z + ia
z− ia

; (6)

x2 + (y− a/tanh α)2 = (a/sinh α)2; (7)

(x− a/tan β)2 + y2 = (a/sinβ)2. (8)

In the above relations (5)–(8), a is the positive real length [32]. From Equations (7)
and (8), it is noticed that the level curves of the bipolar coordinate system are, for both
coordinates, families of circles of radii (a/sinh α) and

(
a

sinβ

)
, respectively. Figure 1 presents

the coordinate curves for bipolar coordinates. The curves α = ct. represent a family of
nonconcentric circles which do not intersect and β = ct. is a family of circles passing through
two points.
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The possible forms of boundaries to be studied, depending on the values taken by the
α and β parameters, are presented in Figures 2 and 3.
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For an eccentric ring, according to Figure 3, the equations of the two circles are α = α1
for the inner circle and α = α2 for the outer one. The eccentric ring is fully characterised
by the radii r1 and r2 of the two circles and by the minimum distance between them, δ, as
shown in Figure 4. The relation for the calculus of the a constant, parameters α1, α2 of the
circles and the distances d1, d2 from the centres to the Ox axis are given in [34].
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Equation (7) can be regarded as an equation of a circle with stipulated radius and
coordinates of the centre, so the following relations can be deduced:

α1,2 = asinh(a/r1,2); r1,2 = a/sinhα1,2. (9)

The equation of the minimum distance δ is added to these four equations:

δ = (d1 − r1)− (d2 − r2), (10)
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and a system of five equations of unknowns a, α1,2, d1,2 is obtained. The solution of this
system is as follows:

a =

√[
(r1 − r2)

2 − (δ + r1 − r2)
2
][
(r1 + r2)

2 − (δ + r1 − r2)
2
]
/2(r2 − r1 − δ);

α1,2 = asinh(a/r1,2); d1,2 = a/tanhα1,2.
(11)

The method proposed by Eshelby for the situation of an inclusion in a compact
matrix is applied. According to this methodology [13,14], to the displacement vector
corresponding to the compact matrix loaded similarly to the matrix with an inclusion,
an auxiliary displacement vector is added, and the newly obtained vector should satisfy
the boundary condition. For the plane problems, the Airy function is used instead of the
displacement vector. Thus, to the Airy function corresponding to a compact disk loaded
similarly to an eccentric ring, an auxiliary potential of a convenient form is added, so
that the stresses and/or displacements generated by the total potential must satisfy the
boundary conditions. According to the above considerations, solving the problem provides
for two main stages:

• obtaining the Airy function for the compact disk;
• finding the auxiliary potential required for generating the total potential.

Muskhelishvili [21] showed that the stress state for an elastostatics problem can
be expressed using two complex functions by the well-known Kolosov–Muskehlishvili
equations:

σx + σy = 4ReΦ(z); σy − σx + 2iτxy = 2
[
zΦ′(z) + Ψ(z)

]
, (12)

where Re(z) is the real part of the complex number z and i is the imaginary unit, i2 = −1;
the complex conjugate of the complex number is denoted by the bar notation z.

The complex functions Φ(z), Ψ(z) are the derivatives of two functions ϕ(z), ψ(z)
defined up to an arbitrary constant:

Φ(z) = ϕ′(z); Ψ(z) = ψ′(z). (13)

The stress state (Equation (2)) is generated by the stress function of a complex variable:

U(z) = Re[zϕ(z) + χ(z)], (14)

where
ψ(z) =

dχ

dz
. (15)

For a compact disk loaded on the boundary by concentrated forces Fk, k = 1 . . . n
(Figure 5), expressions of the complex potentials given by Muskhelishvili require expressing
the vector forces in a complex form. In the problems concerning plane applications,
expressing vectors in a complex form is a mathematical tool which allows for condensed
calculus and is often met. If the force is expressed as a complex number, one can operate
simultaneously with both Cartesian projections of the vector. The resulting expressions of
complex potentials are as follows:
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ϕ(z) = − 1
2π ∑n

k=1(Xk + iYk)ln
Zk − z

r
− z

4π ∑n
k=1

Xk + iYk
r2 Zk; (16)

ψ(z) =
1

2π ∑n
k=1(Xk − iYk)ln

Zk − z
r
− 1

2π ∑n
k=1

Xk + iYk
Zk − z

Zk. (17)

The concrete form of the function χ(z) can be obtained from Equation (17):

χ(z) = − 1
2π ∑n

k=1(Xk − iYk)

(
ln

Zk − z
r
− 1
)
(Zk − z)− (Xk + iYk)Zkln(Zk − z). (18)

The projections of a concentrated force Fk on the axes Ox and Oy are Xk and Yk. The
Oy axis was chosen as an intended axis of symmetry of the eccentric ring; Zk are the affixes
of the points from the boundary of the disk where the concentrated forces are applied:

Zk = rcos θk + irsin θk. (19)

The affix of a current point z of the (x,y) coordinates is as follows:

z = x + iy. (20)

With the known expressions of the functions ϕ(z) and χ(z), the complex function V(z)
can be constructed and then, replacing z by x + iy according to Equation (20), the potential
function V(x, y) in Cartesian coordinates is obtained. The tangible form of the function
V(x, y) is a cumbersome one, as expected. Next, the function V(x, y) is found for the case
of a disk loaded by two concentrated forces, acting symmetrically with respect to the Oy
axis (Figure 6).
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To the two forces from Figure 6 expressed by

F′ = A + iB; F′′ = −A + iB, (21)

the following potential corresponds:

V(x, y) = A
π (rsinθ − y)

(
atan rsinθ−y

rcosθ+x + atan rsinθ−y
rcosθ−x

)
− B

π

[
(rcosθ + x)atan rsinθ−y

rcosθ+x + (rcosθ − x)atan rsinθ−y
rcosθ−x

]
− 1

2π

(
x2 + y2)

(Acosθ + Bsinθ) + B
π (2π x + rsinθ − y) + r

π [Acos θ(lnr + 1) + Bsin θlnr].

(22)

Analysing Equation (22), one can notice that the last two terms represent the first-
degree polynomial function of the two variables, x and y. Considering Equation (2), this
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polynomial does not affect the stress state and can be erased. Thus, the final form of the
stress function corresponding to the loading from Figure 6 is as follows:

V(x, y) = A
π (rsinθ − y)

(
atan rsinθ−y

rcosθ+x + atan rsinθ−y
rcosθ−x

)
− B

π

[
(rcosθ + x)atan rsinθ−y

rcosθ+x + (rcosθ − x)atan rsinθ−y
rcosθ−x

]
− 1

2π

(
x2 + y2)(Acosθ + Bsinθ).

(23)

The force system from Figure 6 is unbalanced, except for θ = π
2 , when the disk is

compressed on the horizontal diameter. In order to obtain a balanced system of forces,
pairs of forces must be considered, as shown in Figure 7, as follows:

F′k = Ak + iBk; F′′k = −Ak + iBk; k = 1 . . . n. (24)
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The condition of equilibrium is as follows:

∑n
k=1 Bk = 0. (25)

The simplest force system obeying condition (25) is the one presented in Figure 7.
Using particular cases of angles θ1 and θ2, any loading case can be obtained, including a
single concentrated force. Aiming the experimental validation, it was considered that four
forces act in radial directions. The potential corresponding to the disk loaded by the forces
from Figure 7 is as follows:

W(x, y) = A1
π (rsin θ1 − y)

(
atan rsinθ1−y

rcosθ1+x + atan rsinθ1−y
rcosθ1−x

)
. . .

− B1
π

[
(rcos θ1 + x)atan rsinθ1−y

rcosθ1+x + (rcos θ1 − x)atan rsinθ1−y
rcosθ1−x

]
− 1

2π

(
x2 + y2)(A1cosθ1 + B1sinθ1)

+ A2
π (rsin θ2 − y)

(
atan rsinθ2−y

rcosθ2+x + atan rsinθ2−y
rcosθ2−x

)
. . .

− B2
π

[
(rcos θ2 + x)atan rsinθ2−y

rcosθ2+x + (rcos θ2 − x)atan rsinθ2−y
rcosθ2−x

]
− 1

2π

(
x2 + y2)(A2cosθ2 + B2sinθ2),

(26)

where

A1 = F1cosθ1; B1 = F1sinθ1 ; A2 = −F1
sinθ1

sinθ2
cosθ2 ; B2 = −F1sinθ1. (27)

Equation (26) of the potential corresponding to a compact disk is expressed in Cartesian
coordinates with the centre of the frame in the origin of the disk. In order to employ bipolar
coordinates, the contour of the disk must not intersect the Ox axis. To this end, the
horizontal diameter of the disk is moved in the vertical direction with the distance d = d2,
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and the potential W(x,y) is replaced by the potential W(x,y − d). For a simpler written form,
the following notations are used:

S1 = r2sinθ1; C1 = r2cosθ1; T1 = (A1cosθ1 + B1sinθ1)/r2;

S2 = r2sinθ2; C2 = r2cosθ2; T2 = (A2cosθ2 + B2sinθ2)/r2;

f1(x, y) = atan S1−(y−d)
C1+x ; f2(x, y) = atan S2−(y−d)

C2+x ,

(28)

and the expression of the potential W(x,y) is as follows:

W(x, y− d) = [ f1(x, y) + f1(−x, y)][S1 − (y− d)] A1
π + [− f1(x, y)(C1 + x) + f1(−x, y)(−C1 + x)] B1

π

+[ f2(x, y) + f2(−x, y)][S2 − (y− d)] A2
π + [− f2(x, y)(C2 + x) + f1(−x, y)(−C2 + x)] B2

π −
T1+T2

2π

[
x2 + (y− d)2

]
.

(29)

In order to use bipolar coordinates, the expressions of stresses found by Jeffery in
bipolar coordinates are recalled:

σα = 1
a

[
(coshα− cosβ) ∂2

∂β2 − sinhα ∂
∂α − sinβ ∂

∂β + coshα
]
Wh(α, β);

σβ = 1
a

[
(coshα− cosβ) ∂2

∂β2 − sinhα ∂
∂α − sinβ ∂

∂β + cosβ
]
Wh(α, β);

ταβ = − 1
a

[
(coshα− cosβ)

∂2Wh(α,β)
∂α∂β

]
.

(30)

The potential Wh(α, β) is obtained from the potential Wh(x, y− d) by replacing the
Cartesian coordinates x and y with Equation (5) and, after that, by multiplying the result
by the following factor:

h =
coshα− cosβ

a
. (31)

The following expression for Wh(α, β) is obtained:

Wh(α, β) = W
(

a
sinβ

coshα− cosβ
, a

sinhα

coshα− cosβ

)
. (32)

A series of symmetrical loadings of the ring can be obtained by setting adequate values
for the angles θ1, θ2 from Figure 7, as shown in Table 1.

Table 1. Symmetrical loading schematics for an eccentric ring.

Case a Case b Case c Case d Case e Case f

Loading
scheme
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In order to use bipolar coordinates, the expressions of stresses found by Jeffery in 
bipolar coordinates are recalled:  𝜎ఈ = 1𝑎 ቈ(𝑐𝑜𝑠ℎ 𝛼 − 𝑐𝑜𝑠 𝛽) 𝜕ଶ𝜕𝛽ଶ − 𝑠𝑖𝑛ℎ𝛼 𝜕𝜕𝛼 − 𝑠𝑖𝑛 𝛽 𝜕𝜕𝛽 + 𝑐𝑜𝑠ℎ𝛼቉ 𝑊ℎ(𝛼, 𝛽); 

𝜎ఉ = 1𝑎 ቈ(𝑐𝑜𝑠ℎ 𝛼 − 𝑐𝑜𝑠 𝛽) 𝜕ଶ𝜕𝛽ଶ − 𝑠𝑖𝑛ℎ𝛼 𝜕𝜕𝛼 − 𝑠𝑖𝑛 𝛽 𝜕𝜕𝛽 + 𝑐𝑜𝑠𝛽቉ 𝑊ℎ(𝛼, 𝛽); 
𝜏ఈఉ = − 1𝑎 ቈ(𝑐𝑜𝑠ℎ 𝛼 − 𝑐𝑜𝑠 𝛽) 𝜕ଶ𝑊ℎ(𝛼, 𝛽)𝜕𝛼𝜕𝛽 ቉. 

(30)

The potential 𝑊ℎ(𝛼, 𝛽) is obtained from the potential 𝑊ℎ(𝑥, 𝑦 − 𝑑) by replacing 
the Cartesian coordinates 𝑥 and 𝑦 with Equation (5) and, after that, by multiplying the 
result by the following factor: ℎ = ௖௢௦௛ఈି௖௢௦ఉ௔ . (31)

The following expression for 𝑊ℎ(𝛼, 𝛽) is obtained: 𝑊ℎ(𝛼, 𝛽) = 𝑊 ቀ𝑎 ௦௜௡ఉ௖௢௦௛ఈି௖௢௦ఉ , 𝑎 ௦௜௡௛ఈ௖௢௦௛ఈି௖௢௦ఉቁ. (32)

A series of symmetrical loadings of the ring can be obtained by setting adequate 
values for the angles 𝜃ଵ, 𝜃ଶ from Figure 7, as shown in Table 1.  

Table 1. Symmetrical loading schematics for an eccentric ring. 

 Case a Case b Case c Case d Case e Case f 

Loading 
scheme 

     
 𝜃ଵ 

𝜋2    0 
𝜋6    𝜋2    𝜋2    𝜋4 𝜃ଶ − 𝜋2 0 − 𝜋2 − 𝜋6    0 − 𝜋4 

The situation presented in Case c from Table 1 is special because it cannot be obtained 
using particular values of the angles 𝜃ଵ, 𝜃ଶ. The potential corresponding to the loading 
from Case e is obtained by the superposition principle, considering that to the loading 
from Case a (vertical diametrical compression), a horizontal diametrical compression is 
added (Case b). The potential ensuring this loading is the sum of the potentials from Cases 
a and b.  

2.2. Stress Function in Bipolar Coordinates for an Eccentric Ring 
As previously mentioned, the total potential corresponding to the ring loaded by 

concentrated forces on the outer boundary is obtained by adding to the  𝑊ℎ(𝛼, 𝛽) 
potential given by Equation (29) the auxiliary potential 𝛷(𝛼, 𝛽) , corresponding to a 
compact disk loaded similarly. The total potential generates the stress state 𝑈(𝛼, 𝛽) = 𝑊ℎ(𝛼, 𝛽) + 𝛷(𝛼, 𝛽), (33)
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(30)

The potential 𝑊ℎ(𝛼, 𝛽) is obtained from the potential 𝑊ℎ(𝑥, 𝑦 − 𝑑) by replacing 
the Cartesian coordinates 𝑥 and 𝑦 with Equation (5) and, after that, by multiplying the 
result by the following factor: ℎ = ௖௢௦௛ఈି௖௢௦ఉ௔ . (31)

The following expression for 𝑊ℎ(𝛼, 𝛽) is obtained: 𝑊ℎ(𝛼, 𝛽) = 𝑊 ቀ𝑎 ௦௜௡ఉ௖௢௦௛ఈି௖௢௦ఉ , 𝑎 ௦௜௡௛ఈ௖௢௦௛ఈି௖௢௦ఉቁ. (32)

A series of symmetrical loadings of the ring can be obtained by setting adequate 
values for the angles 𝜃ଵ, 𝜃ଶ from Figure 7, as shown in Table 1.  

Table 1. Symmetrical loading schematics for an eccentric ring. 

 Case a Case b Case c Case d Case e Case f 

Loading 
scheme 

     
 𝜃ଵ 

𝜋2    0 
𝜋6    𝜋2    𝜋2    𝜋4 𝜃ଶ − 𝜋2 0 − 𝜋2 − 𝜋6    0 − 𝜋4 

The situation presented in Case c from Table 1 is special because it cannot be obtained 
using particular values of the angles 𝜃ଵ, 𝜃ଶ. The potential corresponding to the loading 
from Case e is obtained by the superposition principle, considering that to the loading 
from Case a (vertical diametrical compression), a horizontal diametrical compression is 
added (Case b). The potential ensuring this loading is the sum of the potentials from Cases 
a and b.  

2.2. Stress Function in Bipolar Coordinates for an Eccentric Ring 
As previously mentioned, the total potential corresponding to the ring loaded by 

concentrated forces on the outer boundary is obtained by adding to the  𝑊ℎ(𝛼, 𝛽) 
potential given by Equation (29) the auxiliary potential 𝛷(𝛼, 𝛽) , corresponding to a 
compact disk loaded similarly. The total potential generates the stress state 𝑈(𝛼, 𝛽) = 𝑊ℎ(𝛼, 𝛽) + 𝛷(𝛼, 𝛽), (33)
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(30)

The potential 𝑊ℎ(𝛼, 𝛽) is obtained from the potential 𝑊ℎ(𝑥, 𝑦 − 𝑑) by replacing 
the Cartesian coordinates 𝑥 and 𝑦 with Equation (5) and, after that, by multiplying the 
result by the following factor: ℎ = ௖௢௦௛ఈି௖௢௦ఉ௔ . (31)

The following expression for 𝑊ℎ(𝛼, 𝛽) is obtained: 𝑊ℎ(𝛼, 𝛽) = 𝑊 ቀ𝑎 ௦௜௡ఉ௖௢௦௛ఈି௖௢௦ఉ , 𝑎 ௦௜௡௛ఈ௖௢௦௛ఈି௖௢௦ఉቁ. (32)

A series of symmetrical loadings of the ring can be obtained by setting adequate 
values for the angles 𝜃ଵ, 𝜃ଶ from Figure 7, as shown in Table 1.  

Table 1. Symmetrical loading schematics for an eccentric ring. 

 Case a Case b Case c Case d Case e Case f 

Loading 
scheme 

     
 𝜃ଵ 

𝜋2    0 
𝜋6    𝜋2    𝜋2    𝜋4 𝜃ଶ − 𝜋2 0 − 𝜋2 − 𝜋6    0 − 𝜋4 

The situation presented in Case c from Table 1 is special because it cannot be obtained 
using particular values of the angles 𝜃ଵ, 𝜃ଶ. The potential corresponding to the loading 
from Case e is obtained by the superposition principle, considering that to the loading 
from Case a (vertical diametrical compression), a horizontal diametrical compression is 
added (Case b). The potential ensuring this loading is the sum of the potentials from Cases 
a and b.  

2.2. Stress Function in Bipolar Coordinates for an Eccentric Ring 
As previously mentioned, the total potential corresponding to the ring loaded by 

concentrated forces on the outer boundary is obtained by adding to the  𝑊ℎ(𝛼, 𝛽) 
potential given by Equation (29) the auxiliary potential 𝛷(𝛼, 𝛽) , corresponding to a 
compact disk loaded similarly. The total potential generates the stress state 𝑈(𝛼, 𝛽) = 𝑊ℎ(𝛼, 𝛽) + 𝛷(𝛼, 𝛽), (33)
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In order to use bipolar coordinates, the expressions of stresses found by Jeffery in 
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(30)

The potential 𝑊ℎ(𝛼, 𝛽) is obtained from the potential 𝑊ℎ(𝑥, 𝑦 − 𝑑) by replacing 
the Cartesian coordinates 𝑥 and 𝑦 with Equation (5) and, after that, by multiplying the 
result by the following factor: ℎ = ௖௢௦௛ఈି௖௢௦ఉ௔ . (31)

The following expression for 𝑊ℎ(𝛼, 𝛽) is obtained: 𝑊ℎ(𝛼, 𝛽) = 𝑊 ቀ𝑎 ௦௜௡ఉ௖௢௦௛ఈି௖௢௦ఉ , 𝑎 ௦௜௡௛ఈ௖௢௦௛ఈି௖௢௦ఉቁ. (32)

A series of symmetrical loadings of the ring can be obtained by setting adequate 
values for the angles 𝜃ଵ, 𝜃ଶ from Figure 7, as shown in Table 1.  

Table 1. Symmetrical loading schematics for an eccentric ring. 

 Case a Case b Case c Case d Case e Case f 

Loading 
scheme 

     
 𝜃ଵ 

𝜋2    0 
𝜋6    𝜋2    𝜋2    𝜋4 𝜃ଶ − 𝜋2 0 − 𝜋2 − 𝜋6    0 − 𝜋4 

The situation presented in Case c from Table 1 is special because it cannot be obtained 
using particular values of the angles 𝜃ଵ, 𝜃ଶ. The potential corresponding to the loading 
from Case e is obtained by the superposition principle, considering that to the loading 
from Case a (vertical diametrical compression), a horizontal diametrical compression is 
added (Case b). The potential ensuring this loading is the sum of the potentials from Cases 
a and b.  

2.2. Stress Function in Bipolar Coordinates for an Eccentric Ring 
As previously mentioned, the total potential corresponding to the ring loaded by 

concentrated forces on the outer boundary is obtained by adding to the  𝑊ℎ(𝛼, 𝛽) 
potential given by Equation (29) the auxiliary potential 𝛷(𝛼, 𝛽) , corresponding to a 
compact disk loaded similarly. The total potential generates the stress state 𝑈(𝛼, 𝛽) = 𝑊ℎ(𝛼, 𝛽) + 𝛷(𝛼, 𝛽), (33)
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The potential 𝑊ℎ(𝛼, 𝛽) is obtained from the potential 𝑊ℎ(𝑥, 𝑦 − 𝑑) by replacing 
the Cartesian coordinates 𝑥 and 𝑦 with Equation (5) and, after that, by multiplying the 
result by the following factor: ℎ = ௖௢௦௛ఈି௖௢௦ఉ௔ . (31)

The following expression for 𝑊ℎ(𝛼, 𝛽) is obtained: 𝑊ℎ(𝛼, 𝛽) = 𝑊 ቀ𝑎 ௦௜௡ఉ௖௢௦௛ఈି௖௢௦ఉ , 𝑎 ௦௜௡௛ఈ௖௢௦௛ఈି௖௢௦ఉቁ. (32)

A series of symmetrical loadings of the ring can be obtained by setting adequate 
values for the angles 𝜃ଵ, 𝜃ଶ from Figure 7, as shown in Table 1.  

Table 1. Symmetrical loading schematics for an eccentric ring. 

 Case a Case b Case c Case d Case e Case f 

Loading 
scheme 

     
 𝜃ଵ 

𝜋2    0 
𝜋6    𝜋2    𝜋2    𝜋4 𝜃ଶ − 𝜋2 0 − 𝜋2 − 𝜋6    0 − 𝜋4 

The situation presented in Case c from Table 1 is special because it cannot be obtained 
using particular values of the angles 𝜃ଵ, 𝜃ଶ. The potential corresponding to the loading 
from Case e is obtained by the superposition principle, considering that to the loading 
from Case a (vertical diametrical compression), a horizontal diametrical compression is 
added (Case b). The potential ensuring this loading is the sum of the potentials from Cases 
a and b.  

2.2. Stress Function in Bipolar Coordinates for an Eccentric Ring 
As previously mentioned, the total potential corresponding to the ring loaded by 

concentrated forces on the outer boundary is obtained by adding to the  𝑊ℎ(𝛼, 𝛽) 
potential given by Equation (29) the auxiliary potential 𝛷(𝛼, 𝛽) , corresponding to a 
compact disk loaded similarly. The total potential generates the stress state 𝑈(𝛼, 𝛽) = 𝑊ℎ(𝛼, 𝛽) + 𝛷(𝛼, 𝛽), (33)
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The situation presented in Case c from Table 1 is special because it cannot be obtained 
using particular values of the angles 𝜃ଵ, 𝜃ଶ. The potential corresponding to the loading 
from Case e is obtained by the superposition principle, considering that to the loading 
from Case a (vertical diametrical compression), a horizontal diametrical compression is 
added (Case b). The potential ensuring this loading is the sum of the potentials from Cases 
a and b.  
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θ1
π
2 0 π

6
π
2

π
2

π
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θ2 −π
2 0 −π

2 −π
6 0 −π

4

The situation presented in Case c from Table 1 is special because it cannot be obtained
using particular values of the angles θ1, θ2. The potential corresponding to the loading from
Case e is obtained by the superposition principle, considering that to the loading from Case a
(vertical diametrical compression), a horizontal diametrical compression is added (Case b).
The potential ensuring this loading is the sum of the potentials from Cases a and b.
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2.2. Stress Function in Bipolar Coordinates for an Eccentric Ring

As previously mentioned, the total potential corresponding to the ring loaded by
concentrated forces on the outer boundary is obtained by adding to the Wh(α, β) potential
given by Equation (29) the auxiliary potential Φ(α, β), corresponding to a compact disk
loaded similarly. The total potential generates the stress state

U(α, β) = Wh(α, β) + Φ(α, β), (33)

that satisfies the boundary conditions of the problem. The form of the auxiliary potential
Φ(α, β) is stipulated by Jeffery [32]:

Φ(α, β) = [B0α + Kln(coshα− cosβ)](coshα− cosβ) + ∑∞
k=1[φk(α)coskβ + ψk(α)sinkβ], (34)

where the functions φk(α) and ψk(α) are expressed as follows:
For k = 1:

φ1(α) = A1cosh2α + B1 + C1sinh2α; (35)

ψ1(α) = A′1cosh2α + C′1sinh2α. (36)

For k > 1:

φk(α) = Akcosh(k + 1)α + Bkcosh(k− 1)α + Cksinh(k + 1)α + Dksinh(k− 1)α; (37)

ψk(α) = A′kcosh(k + 1)α + B′kcosh(k− 1)α + C′ksinh(k + 1)α + D′ksinh(k− 1)α. (38)

Due to symmetrical geometry and loading of the problem, the auxiliary potential must
be even. Equation (5) expressing the Cartesian coordinates x and y as dependent on the
bipolar coordinates α and β shows that an even potential Φ(α, β) is ensured by an even
function with respect to the β variable. This means all the coefficients from Equation (38)
must vanish. According to Jeffery, the term [Kln(coshα− cosβ)](coshα− cosβ) from the
structure of the auxiliary potential is necessary only for unbonded domains (containing the
straight line α = 0). In our case, this term is cancelled because the domain of the ring is
finite. The form of the auxiliary potential takes a simpler form:

Φ(α, β) = B0α(coshα− cosβ) + ∑∞
k=1[φk(α)coskβ]. (39)

Now, the total potential in bipolar coordinates is obtained by applying Equation
(33), and then the expressions of the stresses in the same coordinates can be found using
Equation (30), and boundary conditions can be imposed. For the unloaded inner boundary
of the ring α = α1, the general boundary conditions are as follows:

σα(α, β)|α=α1 = 0; (40)

ταβ(α, β)
∣∣
α=α1 = 0. (41)

Jeffery shows that for an unloaded boundary, boundary conditions can be imposed
directly to the total potential U(α, β). Thus, in order to satisfy Equations (40) and (41), it
is sufficient that on the boundary α = α1, the total potential satisfies the following two
conditions:

U(α, β)|α=α1 = ρtanhα1 + σ(coshα1cosβ− 1) + τsinβ; (42)

∂U(α, β)

∂α

∣∣∣∣α=α1 = ρ, (43)

where ρ, σ and τ are the constants of Mitchell.
The outer boundary α = α2 is loaded by the concentrated forces, and boundary

conditions are imposed directly upon the stresses:

σα(α, β)|α=α2 = 0; (44)
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ταβ(α, β)
∣∣
α=α2 = 0. (45)

Equations (44) and (45) are valid only for the points where there are no concentrated
loads because the stress state cannot be defined for such points. In order to impose
boundary conditions on the outer contour, both potential Wh(α, β) from Equation (33) and
its derivative Whα(α, β) = ∂Wh(α, β)/∂α are expanded in Fourier series with respect to the
β variable. Both potential Wh(α, β) and its derivative Whα(α, β) are even functions with
respect to β and, therefore, the Fourier expansions contain only terms of the coskβ form.
The coefficients of the Fourier expansions of Wh(α, β) and ∂Wh(α, β)/∂α are denoted by
Zk(α) and Z′k(α), respectively.

Zk(α) =

{ 1
2π

∫ π
−π Wh(α, β)dβ, k = 0

1
π

∫ π
−π Wh(α, β)coskβdβ, k ≥ 1

; (46)

Z′k(α) =


1

2π

∫ π
−π

∂Wh(α,β)
∂α dβ, k = 0

1
π

∫ π
−π

∂Wh(α,β)
∂α coskβdβ, k ≥ 1

. (47)

With these coefficients, the total potential and its derivative with respect to α can be
expressed as follows:

U(α, β) = B0αcoshα + Z0(α) + [−B0coshα + A1cosh2α + B1 + C1sinh2α + Z1(α)]cosβ+

∑n
k=2[Akcosh(k + 1)α + Bkcosh(k− 1)α + Cksinh(k + 1)α + Dksinh(k− 1)α + Zk(α)]coskβ;

(48)

Uα(α, β) = B0coshα + B0αsinhα + Z′0(α) + [−B0sinhα + 2A1sinh2α + 2C1cosh 2α + Z′1(α)]cosβ+

∑n
k=2[Ak(k + 1)sinh(k + 1)α + Bk(k− 1)sinh(k− 1)α + Ck(k− 1)cosh(k− 1)α + Dk(k− 1)cosh(k− 1)α + Z′k(α)]coskβ

(49)

The stresses generated by the total potential U(α, β) = Wh(α, β) + Φ(α, β) are neces-
sary for stipulating the boundary conditions on the outer circle. Since the potential Wh(α, β)
does not generate stresses on the outer boundary due to its construction, it remains the
auxiliary potential Φ(α, β) as responsive for the stress state on the outer circle. The expres-
sions of the stresses σα and ταβ generated by the even component of the auxiliary potential
Φ(α, β) are as follows:

σα(α, β) = 1
a [φ1(α)− B0coshαsinhα− (φ′1(α)sinhα− B0sinhα− 3φ2(α))cosβ]+

1
a ∑∞

k=2

[
(k+1)(k+2)

2 φk+1(α)−
(
k2 − 1

)
φk(α) +

(k−1)(k−2)
2 φk−1(α)− φ′k(α)sinhα

]
coskβ;

(50)

ταβ(α, β) = 1
a [coshα φ′1(α)− B0coshα− φ′2(α)]sinβ + 1

2a B0sin2β−
1
a ∑∞

k=2

[
(k+1)

2 φ′k+1(α)− φ′k(α)kcoshα + (k−1)
2 φ′k−1(α)

]
sinkβ.

(51)

The coefficients ρ, σ, τ, B0, A1, B1, C1 and Ak, Bk, Ck, Dk for k ≥ 2 must be obtained
in order to find the tangible form of the potential U(α, β). The coefficients Ak, Bk, Ck, Dk
for k ≥ 2 are intended to be expressed using recurrence formulas, but, to this end, the
coefficients B0, A1, B1, C1 must be found first. The first consequence of Equation (42) is as
follows:

τ = 0. (52)

The other equations resulting from imposing Equations (42) and (43) are as follows:

B1α1cosh2α1 − ρtanhα1 + σ = Z0(α1); (53)

− α1B0 + A1cosh 2α1 + B1 + C1Z1(α1)sinh2α1 = σcoshα1; (54)

B0coshα1 + B0α1sinh α1 + Z′1(α1) = ρ; (55)

− B0 + A1 + 2C1cosh 2α1 + Z′1(α1) = 0. (56)
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The cancellation of the free term from the expression of the normal stress σα, Equation
(50), gives the following expression:

− B0sinhα2coshα2 + A1cosh2α2 + B1 + C1 = 0. (57)

The system formed by Equations (53)–(57) has six unknowns: ρ, σ, B0, A1, B1, C1. The
condition of cancelation of the term which does not contain trigonometric functions of the
β angle from the shear stress ταβ, Equation (51), is identically verified, and thus Equation
(51) does not provide a consistent equation to complete the compatible system of equations
of the ρ, σ, B0, A1, B1, C1 unknowns. The required equation is obtained starting from the
convergence property of the auxiliary potential on the outer circle α = α2, as stipulated by
Jeffery. The explicit form of the convergence condition is obtained in the following manner:
the hyperbolic cosines from the expression of the shear stress ταβ are expressed using
exponential functions, and the condition that all coefficients of trigonometric functions
sinkβ are zero is imposed.

(k = 1)⇒ 2φ′2(α2)− φ′1(α2)e−α2 = φ′1(α2)eα2 − 2B0coshα2
]
· e−α2 ;

(k = 2)⇒ 3φ′3(α2)− 2φ′2(α2)e−α2 + φ′1(α2) = 2φ′2(α2)eα2 + B0
]
· e−2α2 ;

(k = 3)⇒ 4φ′4(α2)− 3φ′2(α2)e−α2 + 2φ′2(α2) = 3φ′3(α2)eα2 + B0
]
· e−3α2 ;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(k = k)⇒ (k + 1)φ′k+1(α2)− kφ′k(α2)e−α2 + (k− 1)φ′k−1(α2) = kφ′k(α2)eα2
]
· e−kα2 ;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(k = n)⇒ (n + 1)φ′n+1(α2)− nφ′n(α2)e−α2 + (n− 1)φ′n−1(α2) = nφ′n(α2)eα2
]
· e−nα2 .

Performing the calculus, the following relations are obtained:

(k = 1)⇒ 2φ′2(α2)e−α2 − φ′1(α2)e−2α2 = φ′1(α2)− 2e−α2 B0coshα2;

(k = 2)⇒ 3φ′3(α2)e−2α2 − 2φ′2(α2)e−3α2 + φ′1(α2)e−2α2 = 2φ′2(α2)e−α2 + B0e−2α2 ;

(k = 3)⇒ 4φ′4(α2)e−3α2 − 3φ′3(α2)e−4α2 + φ′2(α2)e−3α2 = 3φ′3(α2)e−2α2 ;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(k = k)⇒ (k + 1)φ′k+1(α2)e−kα2 − kφ′k(α2)e−(k+1)α2 + (k− 1)φ′k−1(α2)e−kα2 = kφ′k(α2)e−(k−1)α2 ;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(k = n)⇒ (n + 1)φ′n+1(α2)e−nα2 − nφ′n(α2)e−(n+1)α2 + (n− 1)φ′n−1(α2)e−nα2 = nφ′n(α2)e−(n−1)α2 . (58)

The sum of Equation (58) concludes as follows:

(n + 1)φ′n+1(α2)e−nα2 − nφ′n(α2)e−(n+1)α2 = φ′1(α2)− B0. (59)

The auxiliary potential Φ(α, β) and its derivative Φα(α, β) present the property of
being bounded on the external contour α = α2, which means that all the functions φ′k(α2)
are bounded. Passing to the limit for n→ ∞ , both terms from the left member in Equation
(59) will tend to zero, and the following equation is obtained:

− B0 + 2A1sinh2α2 + 2C1cosh2α2 = 0. (60)

Equations (53)–(57) together with Equation (60) form a linear nonhomogeneous system
of equations with the unknowns ρ, σ, B0, A1, B1, C1. Next, in order to find the coefficients
Ak, Bk, Ck, Dk, Equations (42)–(45) are imposed for the trigonometrical functions kβ
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(multiple of β) for each k ≥ 2; for k = 2, the coefficients A2, B2, C2, D2 result from solving
the following linear system:

A2cosh3α1 + B2coshα1 + C2sinh3α1 + D2sinhα1 = −Z2(α1)

3A2sinh3α1 + B1sinhα1 + 3C2cosh3α1 + D1coshα1 = −Z′2(α1)

A2cosh3α2 + B2coshα2 + C2sinh3α2 + D2sinhα2 =
[φ′1(α2)−B0]sinhα2

3

3A2sinh3α2 + B1sinhα2 + 3C2cosh3α2 + D1coshα2 = [φ′1(α2)− B0]coshα2

(61)

Considering Equation (60), the last two equations of Equation (61) take the following
form:

φ2(α2) = 0; φ′2(α2) = 0. (62)

For k = 3, the coefficients A3, B3, C3, D3, result from solving the following system:

A3cosh4α1 + B3cosh2α1 + C3sinh4α1 + D3sinh2α1 = −Z3(α1)

4A3sinh4α1 + 2B3sinh2α1 + 4C3cosh4α1 + 2D3cosh2α1 = −Z′3(α1)

A3cosh4α2 + B3cosh2α2 + C3sinh4α2 + D3sinh2α2 =
3φ2(α2)+φ′2(α2)sinhα2

6

4A3sinh4α2 + 2B3sinh2α2 + 4C3cosh4α2 + 2D3cosh2α2 =
4φ′2(α2)coshα2+φ′1(α2)−B0

3

(63)

Considering Equations (60) and (62), the last two equations of Equation (63) take the
following form:

φ3(α2) = 0; φ′3(α2) = 0. (64)

In order to determine the coefficients Ak, Bk, Ck, Dk, for each k ≥ 4, the following
system is formed after imposing boundary conditions:

Akcosh(k + 1)α1 + Bkcosh(k− 1)α1 + Cksinh(k + 1)α1 + Dksinh(k− 1)α1 = −Zk(α1)

(k + 1)Aksinh(k + 1)α1 + (k− 1)Bksinh(k− 1)α1 + (k + 1)Ckcosh(k + 1)α1 + (k− 1)Dkcosh(k− 1)α1 = −Z′k(α1)

Akcosh(k + 1)α2 + Bkcosh(k− 1)α2 + Cksinh(k + 1)α2 + Dksinh(k− 1)α2 = Tk

(k + 1)Aksinh(k + 1)α2 + (k− 1)Bksinh(k− 1)α2 + (k + 1)Ckcosh(k + 1)α2 + (k− 1)Dkcosh(k− 1)α2 = Vk

(65)

where the notations Tk and Vk are used for the following expressions:

Tk =
(k− 3)(k− 2)φk−2(α2)− 2(k− 2)kφk−1(α2)cosh α2 − 2φ′k−1(α2)sinhα2

k(k + 1)
; (66)

Vk =
(k− 2)φ′k−2(α2)− 2(k− 1)φ′k−1(α2)cosh α2

k
. (67)

Equations (65)–(67) allow finding the coefficients Ak, Bk, Ck, Dk from the expression
of the function φk(α) by using recurrence relations, with the coefficients of the functions
φk−1(α2) and φk−2(α2). From Equation (66), one can affirm that the parameters Tk and
Vk are linear combinations of the values of the potentials φk−1(α2), φk−2(α2) and their
derivatives φ′k−1(α2), φ′k−2(α2) from the outer boundary α = α2 of the ring. Based on this
remark,

T4 = 0; V4 = 0, (68)

and the last two equations of the system (65) are written as follows:

φ4(α2) = 0; φ′4(α2) = 0. (69)

Reiterating the above reasoning, it results in

φk(α2) = 0; φ′k(α2) = 0. (70)
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Equations (62), (64), (69) and (70) can now be corroborated as follows:

φk(α2) = 0; φ′k(α2) = 0; k ≥ 2. (71)

In conclusion, for k ≥ 2, the coefficients Ak, Bk, Ck, Dk of the functions φk(α) are
obtained from the following system:

Akcosh(k + 1)α1 + Bkcosh(k− 1)α1 + Cksinh(k + 1)α1 + Dksinh(k− 1)α1 = −Zk(α1)

(k + 1)Aksinh(k + 1)α1 + (k− 1)Bksinh(k− 1)α1 + (k + 1)Ckcosh(k + 1)α1 + (k− 1)Dkcosh(k− 1)α1 = −Z′k(α1)

Akcosh(k + 1)α2 + Bkcosh(k− 1)α2 + Cksinh(k + 1)α2 + Dksinh(k− 1)α2 = 0

(k + 1)Aksinh(k + 1)α2 + (k− 1)Bksinh(k− 1)α2 + (k + 1)Ckcosh(k + 1)α2 + (k− 1)Dkcosh(k− 1)α2 = 0

(72)

It is worth mentioning that the form of Equation (72) permits finding the coefficients
Ak, Bk, Ck, Dk directly since they are not expressed by recurrence relations as in Equation
(65). The discriminant of Equation (72) can be calculated as follows:

∆k =

∣∣∣∣∣∣∣∣
cosh(k + 1)α1 cosh(k− 1)α1 sinh(k + 1)α1 sinh(k− 1)α1

(k + 1)sinh(k + 1)α1 (k− 1)sinh(k− 1)α1 (k + 1)cosh(k + 1)α1 (k− 1)cosh(k− 1)α1
cosh(k + 1)α2 cosh(k− 1)α2 sinh(k + 1)α2 sinh(k− 1)α2

(k + 1)sinh(k + 1)α2 (k− 1)sinh(k− 1)α2 (k + 1)cosh(k + 1)α2 (k− 1)cosh(k− 1)α2

∣∣∣∣∣∣∣∣ (73)

The coefficients Ak, Bk, Ck, Dk are calculated using Cramer’s rule:

Ak =
∆Ak
∆k

; Bk =
∆Bk
∆k

; Ck =
∆Ck
∆k

; Dk =
∆Dk
∆k

, (74)

where the determinants ∆Ak, ∆Bk, ∆Ck, ∆Dk, are obtained from ∆k by replacing the cor-
responding column with the free term column −

[
Zk(α1) Z′k(α1) 0 0

]T . For large
values of the argument x,

sinhx ∼= coshx. (75)

When k takes large values, there is the risk that, based on Equation (73), the discrimi-
nant ∆k will tend to zero, the corresponding elements from the first and third column and
from the second and fourth column tending to be equal. The same considerations can be
made concerning the determinants ∆Ak, ∆Bk, ∆Ck, ∆Dk where two columns tend to be the
same. Therefore, at first glance, for large values of k, the coefficients Ak, Bk, Ck, Dk are
found from limits of the form 0/0. For the discriminant ∆k, a simplified expression was
calculated:

∆k = 4k2sinh2(α1 − α2)− 4sinh2k(α1 − α2). (76)

It is noticed that for α1 > α2,
lim

k→∞
∆k = ∞. (77)

The intention of finding simpler calculus relations for ∆Ak, ∆Bk, ∆Ck, ∆Dk was not
successful. Then, based on Equations (73) and (74), in order to obtain nonzero finite values
of the coefficients, it was found that

lim
k→∞

∆Ak = ∞; lim
k→∞

∆Bk = ∞; lim
k→∞

∆Ck = ∞; lim
k→∞

∆Dk = ∞. (78)

From these observations, one can say that the values of the coefficients Ak, Bk, Ck, Dk
obtained for large values of the index k must be cautiously accepted. At this stage, the
total potential U(α, β) is determined and the stress state from any point of the ring can be
obtained using Equation (30). From the above, one can conclude that a decisive factor in
finding a correct solution of the problem is the adequate choice of the number of terms
from the Fourier series development of the potential corresponding to the compact disc,
with the goal that the coefficients Ak, Bk, Ck, Dk should not raise suddenly. The authors
propose the next methodology:
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- for a given sequence of values of the number of terms of Fourier series, the components
of the bipolar stresses are represented on the contour of the hole;

- the fulfilment of boundary conditions is examined.

For the studied disk geometries and loadings, it was noticed that the values of the
coefficients Ak, Bk, Ck, Dk raise suddenly for small numbers of terms (fewer than 10).

3. Results
3.1. Experimental Device

The photoelastic method was applied to the validation of the experimental results
because this method fully describes the stress state in a plane specimen. The confirmation re-
quires the comparison between the theoretical and experimental isochromatic fields [61,67].
Additionally, the theoretical validation is strengthened by the finite element simulation.
The evaluations are applied to the loading cases presented in Figure 3, where two different
geometries of the ring are considered. The isochromatics are the geometrical loci of the
points where the principal shear stress has the same values. The principal shear stress is an
invariant of the stress state, and it can be found from the components of the stress tensor
expressed in any coordinate frame. In bipolar coordinates, the principal shear stress [18] is
calculated as follows:

τp(α, β) =

√[
σα(α, β)− σβ(α, β)

2

]2

+ τ2
αβ(α, β). (79)

For the experimental work, the first problem to be solved was creating the simplest
loading device which generates the system of balanced forces, as shown in Table 1. The
experimental tests performed to validate the theoretical results were conducted following
the six loading schemes of the ring presented in Table 1. In Figure 8, there are the loading
schemes for a compact disk aimed to obtain balanced force systems acting symmetrically
with respect to the axis of the ring. Photoelastic sample 2 is loaded by part 1, on which the
loading force F is applied. For the first two situations (a and b) from Table 1, the active
region of element 1 is a flat surface and the support is made by the use of a fixed planar
surface contained in ground element 0 of the device. For the other two situations from
Table 1 (c and d), the active region of part 1 is a prismatic zone which ensures self-centring
of the sample, and the support is represented by a fixed planar surface. In the last two
situations from Table 1 (e and f), the active surface of part 1 is a prismatic one, ensuring self-
centring of the sample. Supporting surface 3 is a prismatic region that has the possibility of
sliding normally to the direction of loading of element 1, and thus the prismatic mobile
(part 3) is self-centring with respect to sample 2. When the compact disk from Figure 8 is
replaced by an eccentric ring conveniently oriented, the loading schemes from Table 1 (e
and f) can be accomplished.

Mathematics 2022, 10, 1314 16 of 34 
 

 

stress is an invariant of the stress state, and it can be found from the components of the 
stress tensor expressed in any coordinate frame. In bipolar coordinates, the principal shear 
stress [18] is calculated as follows: 𝜏௣(𝛼, 𝛽) = ටቂఙഀ(ఈ,ఉ)ିఙഁ(ఈ,ఉ)ଶ ቃଶ + 𝜏ఈఉଶ (𝛼, 𝛽). (79)

For the experimental work, the first problem to be solved was creating the simplest 
loading device which generates the system of balanced forces, as shown in Table 1. The 
experimental tests performed to validate the theoretical results were conducted following 
the six loading schemes of the ring presented in Table 1. In Figure 8, there are the loading 
schemes for a compact disk aimed to obtain balanced force systems acting symmetrically 
with respect to the axis of the ring. Photoelastic sample 2 is loaded by part 1, on which the 
loading force F is applied. For the first two situations (a and b) from Table 1, the active 
region of element 1 is a flat surface and the support is made by the use of a fixed planar 
surface contained in ground element 0 of the device. For the other two situations from 
Table 1 (c and d), the active region of part 1 is a prismatic zone which ensures self-centring 
of the sample, and the support is represented by a fixed planar surface. In the last two 
situations from Table 1 (e and f), the active surface of part 1 is a prismatic one, ensuring 
self-centring of the sample. Supporting surface 3 is a prismatic region that has the 
possibility of sliding normally to the direction of loading of element 1, and thus the 
prismatic mobile (part 3) is self-centring with respect to sample 2. When the compact disk 
from Figure 8 is replaced by an eccentric ring conveniently oriented, the loading schemes 
from Table 1 (e and f) can be accomplished.  

   
(a) (b) (c) 

Figure 8. Loading schemes of a compact disc: (a) two concentrated forces; (b) three concentrated 
forces; (c) four concentrated forces; 0—ground; 1, 3—supports; 2—compact disk. 

The experimental tests were performed using a Vishay 500 Series Polarisope. In 
Figure 9, there are the photoelastic samples made from a plate 3.125 mm thick provided 
by the producer: a compact disk, an eccentric ring with two geometries: 𝑟ଵ = 15 mm, 𝑟ଶ =30 mm, 𝛿 = 5 mm and 𝑟ଵ = 4 mm, 𝑟ଶ = 30 mm, 𝛿 = 5 mm , respectively. The loading 
device, designed and manufactured in the laboratory, is also presented in Figure 9. The 
device consists of a base plate that is fixed on the board of a polariscope using two holes 
denoted a. Four ball linear rolling guides are fixed on the base plate with the purpose to 
guide the motion of the shafts attached to the transversal part. The prismatic part has the 
possibility of sliding in the direction normal to the two shafts. The second prismatic part  
is fixed to the base plate with screws. The photoelastic ring is positioned on the prismatic 
fixed part. The transversal part is actuated by means of a screw and the mobile prismatic 
part contacts the lateral surface of the ring, and the sliding motion with respect to it allows 
self-centring with respect to the lateral surface of the photoelastic ring. The loading 
scheme can be modified by changing the angle of active surfaces of prismatic parts).  

Figure 8. Loading schemes of a compact disc: (a) two concentrated forces; (b) three concentrated
forces; (c) four concentrated forces; 0—ground; 1, 3—supports; 2—compact disk.



Mathematics 2022, 10, 1314 17 of 34

The experimental tests were performed using a Vishay 500 Series Polarisope. In
Figure 9, there are the photoelastic samples made from a plate 3.125 mm thick provided
by the producer: a compact disk, an eccentric ring with two geometries: r1 = 15 mm,
r2 = 30 mm, δ = 5 mm and r1 = 4 mm, r2 = 30 mm, δ = 5 mm, respectively. The
loading device, designed and manufactured in the laboratory, is also presented in Figure 9.
The device consists of a base plate that is fixed on the board of a polariscope using two
holes denoted a. Four ball linear rolling guides are fixed on the base plate with the purpose
to guide the motion of the shafts attached to the transversal part. The prismatic part has the
possibility of sliding in the direction normal to the two shafts. The second prismatic part is
fixed to the base plate with screws. The photoelastic ring is positioned on the prismatic
fixed part. The transversal part is actuated by means of a screw and the mobile prismatic
part contacts the lateral surface of the ring, and the sliding motion with respect to it allows
self-centring with respect to the lateral surface of the photoelastic ring. The loading scheme
can be modified by changing the angle of active surfaces of prismatic parts).
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parts; (9) photoelastic ring; (10) screw; (11,12) prismatic parts with changed angle.

3.2. Comparison of Analytical, Numerical and Experimental Results

In a natural manner, the first comparison is for the compact disk case. The photoe-
lastic analysis reveals three types of curves: isochromatics, isoclinics and isopachics. In
monochromatic light, the isochromatics can be separated from the isoclinics that appear
only in white light overlapped with the isochromatics. Therefore, from these curves, the
most accurate ones [61] are the isochromatics, and this is the reason why the criterion was
chosen for comparison. However, the comparison is only qualitative at this stage and used
to validate the theoretical results.

The numerical analysis is performed by means of the CATIA DASSAULT software
that has a module for finite element analysis in the linear elastic domain which was used
for modelling the eccentric ring loaded symmetrically by concentrated forces. The disk was
modelled using the Part module of the software. The concentrated force is an ideal model
which should generate infinite stresses in the point of application; thus, for numerical
modelling, the concentrated forces were equivalated with distributed forces on cylindrical
surfaces of reduced dimensions (the theoretical point of contact being in the centre of this
surface) placed in the vicinity of the theoretical point of contact. When the first simulation
is made, the programme automatically generates an initial mesh of points for which the
stresses and displacements are found together with the errors of calculus. The solution
can be improved by setting a smaller dimension for mesh elements; then, the programme
generates a mesh with variable elements, this mesh being denser in the regions with a
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greater stress gradient. The analysis stops when the error decreases under the imposed
value. The required result of the numerical analysis refers to the maximum shear stress in
order to compare them to the isochromatics curves from photoelastic analysis chosen to
validate the results. Figure 10 presents comparatively the numerical isochromatic fields for
the initial analysis and for the final optimised mesh.
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In Figure 11, there are the theoretical, numerical and experimental results for the
isochromatics obtained for a compact disk loaded as in the schemes from Table 1 (Cases
a, c and f of loading). The concentrated forces are not represented since in the vicinity of
the points of application, a characteristic figure can be observed, the so called “peacock
eye” where the lines become denser as the distance to the point of application of the
force decreases. In Figures 11–13, the theoretical results (a) represent the graphs from
Mathcad for the isochromatics, the loci where the maximum shear stress is constant;
(b) the plots are the results of the numerical model (finite element analysis) performed
with the CATIA DASSAULT FEA Analysis module. The elastic specimens were loaded
with the manufactured device and analysed with a Vishay 500 Polariscope, obtaining
the photoelastic isochromatics presented as (c) images. It must be emphasised that the
theoretical isochromatics were obtained applying Equation (30) to the potential Wh(α, β),
the fact validated by the presence of the point α = ∞ inside the disk for the last two graphs.

The chosen validation method is considered competent because the isochromatic
fields (theoretical, numerical or experimental) are very sensitive to any change of model
parameters. When the eccentric ring is investigated, it is noticed that there are excellent cor-
roborations between the analytical, numerical and experimental results in some situations
(Figure 12, for the ring loaded by four concentrated forces, Case f from Table 1), while for
other cases there are palpable differences (Figure 13, for the ring loaded by three concen-
trated forces, Case d from Table 1). The discrepancies between the theoretical results on
the one hand and the numerical and experimental results on the other hand (Figure 13) are
produced by the discontinuities generated by the functions atan(y/x) from the expression
of the potential Wh(α1, β) and of the derivative ∂Wh(α, β)/∂α on the inner circle α = α1
from Equation (26) of the potential corresponding to a compact disk with the same loading.
The affirmation is sustained by the graphs presenting the discontinuous variation of the
potential Wh(α, β) and of the derivative ∂Wh(α, β)/∂α on the inner contour of the ring,
α = α1 contrasting to the continuous variation of the trigonometric polynomials attached
to these potentials, T(β) and Tα(β), respectively, on the same contour α = α1 (Figure 14).
Discontinuities arise when the denominator of the function atan(y/x) transitions from
infinitely small negative values to infinitely small positive values. In order to eliminate
these discontinuities, the function atan(y/x) must be replaced with a function continuous
with respect to the variable β for the range [−π, π] of the variable. The inverse trigono-
metric functions from the libraries of the programmes that generate a continuous signal
of 2π length, the functions atan2(x,y), angle(x,y) and arg(x+iy) can be mentioned. From
these functions, the function arg(x+iy) (defined as the angle formed by the vector radius
of the point of affix (x+iy) with the positive semiaxis Ox) is the only one that eliminates
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the drawback when substituting the function atan(y/x) in the expression of the potential
Wh(α1, β).
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𝑊ୄ(𝑥, 𝑦) = − ிగ ሼ𝑎𝑟𝑔ሾ(𝑟 + 𝑥) − 𝑖(𝑦 − 𝑑)ሿ + 𝑎𝑟𝑔ሾ(𝑟 − 𝑥) − 𝑖(𝑦 − 𝑑)ሿሽ(𝑦 − 𝑑) − ிଶగ ௫మା(௬ିௗ)మ௥ . (82)

Figure 13. The eccentric ring loaded by three concentrated forces, Case d from Table 1. The theoretical
isochromatic fields (a) differ substantially from the numerical (b) and experimental (c) results.
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Figure 14. Variation of the potential and its derivative: (a) variation of the potential Wh(α, β) and of
the attached trigonometric polynomial T(β) on the inner boundary of the ring α = α1; (b) variation
of the derivative of the potential ∂Wh(α, β)/∂α and of the derivative of the attached trigonometric
polynomial Tα(β) on the inner boundary of the ring α = α1.

Following this observation, the new form of the function Wh(α, β) obtained for Carte-
sian coordinates is as follows:

W(x, y) = {arg[C1 + x + i(S1 − (y− d))] + arg[C1 − x + i(S1 − (y− d))]}(S1 − (y− d)) A1
π +

{−arg[C1 + x + i(S1 − (y− d))](C1 + x) + arg[C1 − x + i(S1 − (y− d))](−C1 + x)} B1
π +

{arg[C2 + x + i(S2 − (y− d))] + arg[C2 − x + i(S2 − (y− d))]}(S2 − (y− d)) A2
π +

{−arg[C2 + x + i(S2 − (y− d))](C2 + x) + arg[C2 − x + i(S2 − (y− d))](−C2 + x)} B2
π −

T1+T2
2π

[
x2 + (y− d)2

]
,

(80)

where A1, B1, A2, B2, C1, C2, T1, T2 are provided by Equations (27) and (28). It is also useful
to express the potentials W‖(x, y) corresponding to disk compression parallel to the axis of
the centres and W⊥(x, y) corresponding to compression on the normal to the axis of the
centres:

W‖(x, y) = − F
π {−arg[x + i(r− (y− d))] + arg[−x + i(r− (y− d))] + arg[x + i(−r− (y− d))]

−arg[−x + i(−r− (y− d))]}(y− d)− F
2π

x2+(y−d)2

r ;
(81)
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W⊥(x, y) = − F
π
{arg[(r + x)− i(y− d)] + arg[(r− x)− i(y− d)]}(y− d)− F

2π

x2 + (y− d)2

r
. (82)

To the three abovementioned potentials, the corresponding potentials in bipolar coor-
dinates are obtained as follows:

• Equation (32) is used for W(x, y);
• for W‖(α, β), W⊥(α, β), the equations are as follows:

W‖h(α, β) = W‖

(
a

sinβ

coshα− cosβ
, a

sinhα

coshα− cosβ
− d
)

coshα− cosβ

a
. (83)

W⊥h(α, β) = W⊥

(
a

sinβ

coshα− cosβ
, a

sinhα

coshα− cosβ
− d
)

coshα− cosβ

a
. (84)

The isochromatic fields, theoretical, numerical and experimental, are presented com-
paratively in Figures 15–21 for the loading situations form Table 1 and for two geometries
of the ring. From Figure 19, the case of the ring with a bigger hole (a), identical to the ring
from Figure 13, one can observe that by using the new form of the potentials Wh(α, β) and
Whα(α, β), the agreement between the theoretical, numerical and experimental results is
very good. The same figure reveals that there is a better concordance between the theoretical
and numerical results: in the lower part of the graphs, a nucleus occurs that is not present
in the experimental image. These nuclei are generated by the truncation of the trigonomet-
ric polynomials from the Fourier expansion of the potentials Wh(α, β), Whα(α, β) in the
theoretical model and by the discretisation manner from the finite element method.
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Figure 17. Isochromatic fields for two geometries of the ring compressed by three equidistant forces 
(loading Case d, Table 1): theoretical (a), numerical (b) and experimental (c) results. 

Figure 16. Isochromatic fields for two geometries of the ring compressed normally to the direction of
the centres (loading Case b, Table 1): theoretical (a), numerical (b) and experimental (c) results.
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Figure 20. Isochromatic fields for two geometries of the ring compressed by four equidistant forces 
(loading Case f, Table 1): theoretical (a), numerical (b) and experimental (c) results. 
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Figure 21. Isochromatic fields for the ring compressed by three equidistant forces (loading Case d, 
Table 1): theoretical (a), numerical (b) and experimental (c) results. Nuclei evidence for the 
theoretical (a) and numerical (b) models. 

Since the problems are considered lay in the linear elastic domain, according to the 
principle of superposition, with the three potentials 𝑊ℎ(𝛼, 𝛽), 𝑊∥ℎ(𝛼, 𝛽), 𝑊ୄℎ(𝛼, 𝛽), the 
potentials corresponding to more complex loadings of the ring can be obtained. For 
instance, applying the potential 𝜆𝑊ℎ(𝛼, 𝛽) + 𝜆∥𝑊∥ℎ(𝛼, 𝛽) + 𝜆ୄ𝑊ୄℎ(𝛼, 𝛽)  by adequate 
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the potential 𝑊ℎ(𝛼, 𝛽), the theoretical isochromatic filed is obtained, as presented in 
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Figure 20. Isochromatic fields for two geometries of the ring compressed by four equidistant forces
(loading Case f, Table 1): theoretical (a), numerical (b) and experimental (c) results.
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Figure 21. Isochromatic fields for the ring compressed by three equidistant forces (loading Case d,
Table 1): theoretical (a), numerical (b) and experimental (c) results. Nuclei evidence for the theoretical
(a) and numerical (b) models.

Since the problems are considered lay in the linear elastic domain, according to the
principle of superposition, with the three potentials Wh(α, β), W‖h(α, β), W⊥h(α, β), the
potentials corresponding to more complex loadings of the ring can be obtained. For instance,
applying the potential λWh(α, β) + λ‖W‖h(α, β) + λ⊥W⊥h(α, β) by adequate setting of the
coefficients λ, λ‖, λ⊥ and of the angles θ1, θ2 that occur in the expression of the potential
Wh(α, β), the theoretical isochromatic filed is obtained, as presented in Figures 22 and 23.
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Figure 22. Isochromatic fields for the eccentric ring symmetrically loaded by six concentrated 
equidistant forces: (a) 𝜆∥ = 0; 𝜆ୄ = 1;  𝜆 = 1; 𝜃ଵ = 𝜋 3⁄ ; 𝜃ଶ = − 𝜋 3⁄ ; (b) 𝜆∥ = 1; 𝜆ୄ = 0;  𝜆 =1; 𝜃ଵ = 𝜋 6⁄ ; 𝜃ଶ = − 𝜋 6⁄ . 

 
Figure 23. Isochromatic fields for the eccentric ring symmetrically loaded by eight concentrated 
equidistant forces: 𝜆∥ = 1; 𝜆ୄ = 1;  𝜆 = 1; 𝜃ଵ = 𝜋 4⁄ ; 𝜃ଶ = − 𝜋 4⁄ . 

In a recent paper [72], it was shown that in a ring compressed diametrically along the 
axis of the centres, the relations of the coefficients from Fourier expansions can be obtained 
analytically and, in consequence, the expressions of the derivatives of the total potential 
can also be obtained analytically. This fact allows obtaining the stress state in rings with 
low values of eccentricity. In Figure 24, there is a comparison between the results of the 
present work and the results obtained using the equations from [72] for a ring with 𝑟ଵ =15 mm; 𝑟ଶ = 30 mm and different eccentricity values and maintaining the first five terms 
from the trigonometric polynomials.  

Figure 22. Isochromatic fields for the eccentric ring symmetrically loaded by six concentrated
equidistant forces: (a) λ‖ = 0; λ⊥ = 1; λ = 1; θ1 = π/3; θ2 = −π/3; (b) λ‖ = 1; λ⊥ = 0; λ =

1; θ1 = π/6; θ2 = −π/6.
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Figure 23. Isochromatic fields for the eccentric ring symmetrically loaded by eight concentrated
equidistant forces: λ‖ = 1; λ⊥ = 1; λ = 1; θ1 = π/4; θ2 = −π/4.

In a recent paper [72], it was shown that in a ring compressed diametrically along
the axis of the centres, the relations of the coefficients from Fourier expansions can be
obtained analytically and, in consequence, the expressions of the derivatives of the total
potential can also be obtained analytically. This fact allows obtaining the stress state in
rings with low values of eccentricity. In Figure 24, there is a comparison between the results
of the present work and the results obtained using the equations from [72] for a ring with
r1 = 15 mm; r2 = 30 mm and different eccentricity values and maintaining the first five
terms from the trigonometric polynomials.
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Figure 24. The effect of evaluation of the integrals from the coefficients from Fourier expansions: (a) 
numerical evaluation from the present paper; (b) evaluation using the closed-form solution from 
[72]. 

3.3. Stress Concentration Effect of the Hole 
Another important aspect concerns the concentration effect of the inner hole. To 

highlight this characteristic, the variations of the hoop stresses 𝜎ఉ on the inner boundary 
of the ring are represented in Figure 25. On the same graph, the same stress for the 
compact disk denoted 𝜎𝐻ఉ, which is known as the Hertz problem, is plotted.  

Figure 24. The effect of evaluation of the integrals from the coefficients from Fourier expansions: (a)
numerical evaluation from the present paper; (b) evaluation using the closed-form solution from [72].

3.3. Stress Concentration Effect of the Hole

Another important aspect concerns the concentration effect of the inner hole. To
highlight this characteristic, the variations of the hoop stresses σβ on the inner boundary of
the ring are represented in Figure 25. On the same graph, the same stress for the compact
disk denoted σHβ, which is known as the Hertz problem, is plotted.
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Figure 25. The hoop stress variation around the hole for the eccentric ring (𝜎ఉ,  red) and for the 
compact disk (𝜎𝐻ఉ, blue) and their extreme values for the six cases of loading. 

It must be mentioned that the scales of the two plots are different in order to obtain 
a suggestive qualitative comparison. For a quantitative image for each loading situation, 

Figure 25. The hoop stress variation around the hole for the eccentric ring (σβ, red) and for the
compact disk (σHβ, blue) and their extreme values for the six cases of loading.

It must be mentioned that the scales of the two plots are different in order to obtain
a suggestive qualitative comparison. For a quantitative image for each loading situation,
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the extremes of the two stresses are stipulated. The idea of defining a stress concentration
factor, in a manner similar to Kirsch, as the ratio between the stress for the ring and the
compact disk cannot be applied. The explanation resides in the fact that the reference stress
as the denominator is not constant: it takes different values, can be zero, and can also take
positive or negative values.

In Figure 26, the hoop stress variation is presented comparatively for all the studied
cases according to Table 1 for better visibility.
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4. Discussion

The paper presents the analytical, numerical and experimental analysis of the stress
state in an elastic eccentric ring loaded on the outer boundary by a system of concentrated
forces, symmetrical with respect to the axis of the centres.

The shape and the relative position of the boundaries of the ring suggest that the
simplest expressions of boundary conditions are obtained using the bipolar coordinate
system. The bipolar coordinate system allows analysing some of most important problems
of plane elastostatics with applications in engineering, such as a plane with two distinct
circular holes, a half-plane with an inner circular hole and an eccentric ring.

The analytical solution to a problem requires two steps: first, finding the Airy function
corresponding to the compact disk, with the same loading as the ring, and, secondly,
finding the auxiliary potential necessary to be added to the initial potential so that the total
potential generates a stress state onto which boundary conditions can be imposed.

For the present case, the boundary conditions are expressed for stresses, and they
require that on both contours, excluding the points where the concentrated forces are
applied, all the stresses, except for the hoop stress, vanish identically. The unloaded
inner boundary allows for imposing boundary conditions directly onto the total elastic
potential. On the outer boundary, the presence of concentrated forces complicates the
manner of obtaining boundary conditions. To this end, the expressions of the stresses in
bipolar coordinates are initially required, and after that, the boundary conditions can be
stipulated. After expressing the boundary conditions on the outer contour, it was noticed
that the number of consistent equations necessary for finding the unknown coefficients
from the auxiliary potential is not sufficient, and a supplementary equation is obligatory. To
overcome this aspect, the condition that the shear stress on the outer circle is bounded was
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applied. Initially, the coefficients from the structure of the auxiliary potential are obtained
using recurrence relations, based on the coefficients from the last two iterations.

Based on the equation resulting from the condition of bounded shear stress, it was
demonstrated that the coefficients of a certain order can be directly obtained as functions
of the coefficients of Fourier expanding the compact disc’s potential and its derivative.
It must be mentioned that the coefficients of a certain order are obtained after solving
an un-homogenous linear system of four equations. The free terms column contains the
coefficients of the Fourier expansion for the compact disk potential and its derivative,
respectively. At first glance, the discriminant of the system should tend to zero because
it contains columns with elements tending to be equal for higher orders of coefficients.
However, the development and simplification of the discriminant reveals that it tends to
infinity together with the order of coefficients.

It was observed that for higher orders of the coefficients from the auxiliary potential,
these coefficients increase unlimitedly and generate exaggerated values of the stresses,
unlike the physical reality. This effect is more significant for smaller eccentricities, and the
cause is the presence of hyperbolic functions in the expression of the auxiliary potential.
To eliminate this aspect, a reduced number of terms was kept from the expression of the
auxiliary potential. The number of terms employed was selected by testing the manner
in which the boundary conditions are satisfied. To be specific, the variations of all the
stresses in bipolar coordinates on the inner contour were plotted. As long as the boundary
conditions are satisfied, the number of terms can be increased. As a general rule, it
was quantified that by retaining the first 5–6 terms, a very good validation of boundary
conditions and an excellent concordance between the theoretical and experimental results
is ensured.

In order to validate the theoretical results, numerical modelling using finite element
software on the one hand and the photoelastic method on the other hand were chosen.
The finite element analysis was performed with specialised software which allows for
optimisation of the initial solution, based on the criteria of precision imposed by the
user. The photoelastic method was selected because it reveals the complete stress state
in an elastic plane specimen. The experimental isochromatic fields were compared to the
analytical and numerical ones. For the ring, two geometries were applied: for a constant
outer diameter, the radius of the inner hole and the position of the centre were modified.
For two different rings, six situations of loading on the outer contour with systems of two,
three and four equal equidistant forces acting radially were considered. A loading device
was designed and constructed and then assembled to the polariscope board. This device
allows attaining any balanced system of (two, three or four) concentrated forces acting
symmetrically on the outer contour.

Since for a compact disk subjected to equidistant concentrated forces (two, three or
four) the analytical expressions of the stresses are available from literature, the loading
device was tested for obtaining the isochromatic fields in such cases during the first stage.
The excellent concordance between the experimental isochromatic fields and the theoretical
and numerical fields confirmed the chosen testing method.

When the case of the eccentric ring was investigated, the results proved that for certain
loadings, there is excellent concordance between the theoretical and experimental results,
but for other loadings, significant discrepancies occur between the analytical results on
the one hand and the numerical and experimental results on the other hand (for the last
two, excellent concordance being maintained). The analysis of the relations revealed as
a cause of this difference the presence of the atan function in the equation of the elastic
potential of the compact disk. The atan function is required for describing the Cartesian
potential corresponding to the action of the concentrated force on the compact disk and
has as drawback the length of the co-domain equal to π, which leads to the discontinuity
in the expression of the integrals used in finding the coefficients of the Fourier expansion
of the potential for the compact disk in bipolar coordinates. To avoid this difficulty, the
atan function was replaced by an inverse trigonometric function of two variables, with
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the length of the codomain of 2π and continuous in the integration domain. Following
this procedure, a perfect concordance between the theoretical, numerical and experimental
results was observed for any loading situation. In order to reduce the amount of calculus
for a tangible situation, it was considered useful to obtain particular expressions of the
potentials for a diametrically compressed compact disk parallel and normal to the axis of
the centres, respectively. Thus, by applying linear combinations of these two potentials
and of the potential corresponding to the symmetrical loading with four concentrated
nonparallel forces, one can obtain complex loadings with concentrated forces, acting
symmetrically with respect to the centre line. This superposition is illustrated by obtaining
the theoretical isochromatic fields for the ring loaded with six and eight, respectively,
equidistant concentrated forces.

The complete agreement between the isochromatic fields obtained analytically, numer-
ically (using finite element software) and experimentally (photoelastic method) for two
geometries of the ring proves the correctness of the developed analytical relations.

The analytical relations allowed the characterisation of the stress concentration effect
produced by the hole from the ring in comparison to the compact disk. The variations
of the hoop stresses on the contour of the hole were plotted both for the ring and for the
compact disk for all the six loading situations considered. The hoop stress for the compact
disk, which is meant to be the reference stress, is variable on the considered contour and
also presents sign changes and, therefore, the definition of a stress concentration factor
is not possible. It was also noticed that the hoop stress can have a sign in a point from
the contour of the hole, while in the same point from the compact disk it can present the
opposite sign. Therefore, in order to highlight the stress perturbation due to the hole, for
each loading case, the hoop stress variation was presented on the inner contour, and the
extreme values of the hoop stresses, both for the compact disk and for the hole, were given.

An important remark refers to the cases of low values of eccentricity of the ring when
the expressions of the stresses are not convergent. Nonconvergence is due to the fact that the
Fourier expansion of the potential for the compact disk was performed after obtaining the
relations in bipolar coordinates. With a decrease in eccentricity, the values of the constants
used in the expressions of the boundaries’ bipolar coordinates increase exponentially and
result in operations with large numbers.

Another cause is that the derivatives of the stresses in bipolar coordinates were
numerically calculated as ratios of finite values due to the complicated expression of the
potential. In a recent paper [61], it was shown that in a ring compressed diametrically
along the axis of the centres, the relations of the coefficients from Fourier expansions can be
obtained analytically and, in consequence, the expressions of the derivatives of the total
potential can also be obtained analytically. This fact allows obtaining the stress state in
rings with low values of eccentricity.

The analytical results can be easily extended for symmetrical loadings with distributed
normal forces, considering that the distributed forces are equivalent to a system of concen-
trated forces and applying the superposition principle. The device designed for symmetrical
loading of the specimens can also be used for a general loading situation obtained by mere
rotation of the ring with respect to the supports, in a manner that the symmetry axis of the
ring does not coincide with the axis of loading. The expressions obtained can be applied in
numerous technical applications: the dimensioning of the gripping elements of the robots,
isotropic fibre composites, pipes used in oil and powder transport or civil engineering
being the most representative.

5. Conclusions

• The paper presents the analytical, numerical and experimental analysis of the stress
state in an elastic eccentric ring loaded on the outer boundary by a system of concen-
trated forces, symmetrical with respect to the axis of the centres.

• The analytical solution assumes finding the Airy function for the eccentric ring as
a sum of two potentials expressed in bipolar coordinates, one for the compact disk
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and the other the auxiliary potential necessary to impose boundary conditions. A
particular situation refers to imposing boundary conditions upon the stress state on the
outer contour (compared to the conditions imposed onto concentrated forces) which
leads to very cumbersome calculus. These mathematical aspects are revealed in the
paper.

• A contribution to be highlighted is obtaining the optimum number of terms of the
total potential form the Fourier series expansion for the compact disk potential.

• The theoretical solution was validated by numerical analysis performed by means of
the FEM, and a good agreement was found between the principal shear stresses.

• An experimental method was also used for qualitative validation of the analytical
results. The photoelastic images of the stresses obtained on the elastic specimen reveal
the same principal elements, the shape of the isochromatic curves and the position of
the stress concentration. A broad photoelastic quantitative analysis necessitates extra
resources and will be the subject of future research.

• We must emphasise the excellent agreement between the isochromatic patterns found
analytically, numerically and experimentally for two geometries of the ring and six
different symmetrical loadings that proves the correctness of the theoretical solution.

As the main future research objectives, the authors propose the following:

• The analytical solution can be applied for symmetrical loadings with distributed
normal forces considering that the distributed forces are equivalent to a system of
concentrated forces and using the superposition principle. The experimental device
constructed for symmetrical loading of the specimens can be adapted to the general
loading state.

• Developing a theoretical model of an elastic ring loaded on the outer contour with
arbitrary concentrated forces.

• Developing a general theoretical model of an elastic ring loaded on both contours with
arbitrary concentrated forces.

• As an experiment, obtaining a more precise isoclinic grid using a digital polariscope
for the studied models.

• The isoclinic grids are extremely important since they contain the singular points of
the model, the points through which all the isoclinic curves pass. The positions of the
singular points are intrinsic characteristics of the stress state, and the coordinates of
these points can be used as parameters for the quantitative validation of the models.

• Using the lateral extensometers on the polariscope in establishing the isopachic curves
for the complete characterisation of the stress state from the elastic eccentric ring.
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