. mathematics

Article

Asymptotic Behavior of Solutions of Integral Equations with
Homogeneous Kernels

Oleg Avsyankin

check for
updates

Citation: Avsyankin, O. Asymptotic
Behavior of Solutions of Integral
Equations with Homogeneous
Kernels. Mathematics 2022, 10, 180.
https://doi.org/10.3390/
math10020180

Academic Editors: Hovik
Matevossian, Maria Korovina and

Sergey Lurie

Received: 6 December 2021
Accepted: 2 January 2022
Published: 7 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Institute of Mathematics, Mechanics and Computer Sciences, Regional Mathematical Center,
Southern Federal University, Mil'chakova St., 8a, 344090 Rostov-on-Don, Russia; ogavsyankin@sfedu.ru

Abstract: The multidimensional integral equation of second kind with a homogeneous of degree (—n)
kernel is considered. The special class of continuous functions with a given asymptotic behavior in
the neighborhood of zero is defined. It is proved that, if the free term of the integral equation belongs
to this class and the equation itself is solvable, then its solution also belongs to this class. To solve
this problem, a special research technique is used. The above-mentioned technique is based on the
decomposition of both the solution and the free term in spherical harmonics.
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1. Introduction

Nowadays, there are numerous papers devoted to the integral operators with homo-
geneous kernels of degree (—n). The investigation of such operators was started by L. G.
Mikhailov in connection with studying elliptic differential equations (e.g., see [1,2]). It
was shown that such operators naturally arise when the method of potentials is applied to
equations of the form

n
x[*Au+ |x| Y ak(x)a—u +b(x)u=0
=1 axk

in the domain G C R" that contains the point x = 0 (here, a;(x) and b(x) are bounded
functions). Operators with homogeneous kernels are also used in mechanics (see [3]). Over
the past two decades, the theory of integral operators with homogeneous kernels has made
significant progress. For such operators, criteria for invertibility and the Fredholm property
were obtained, the Banach algebras generated by these operators were studied and the
conditions for the projection method to be applied were found (e.g., see [4-10] and the
bibliography therein). However, despite considerable advances, a lot of problems remain
yet unsolved. This paper is devoted to one of such problems, i.e., studying the asymptotic
behavior of the solution of an integral equation with a homogeneous kernel.

The object of research of this paper is the integral equation of second kind with a
kernel which is homogeneous of degree (—n) and invariant with respect to the rotation
group SO(n). This equation is considered in the space of continuous functions. The aim of
this paper is to obtain the asymptotic behavior of the solution from the known asymptotic
behavior of the free term of the equation. More precisely, it is assumed that the free term
belongs to the class Ag ;(B,), which consist of all functions that are continuous in the
unit ball B, except for the point x = 0, and have a given asymptotic behavior in the
neighborhood of zero. It is proved that, if the equation is solvable, then its solution also
belongs to the class Ag 5(By).

In conclusion, it should be noted that analogous results for the operators with differ-
ence kernels can be found in [11,12]. It is also worth noting that asymptotics similar to the
class Ag 5 (B,) appeared in M. V. Korovina’s studies [13-15] in connection with investiga-
tions of the differential operators with degeneracy. We also note papers [16-18], in which
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questions about the dimension of space and the asymptotics of solutions for the elasticity
system and the biharmonic (polyharmonic) equation are considered, provided that the
weighted energy (or Dirichlet) integral is bounded at infinity.

2. Preliminaries and Problem Statement
2.1. Notation
We use the following notation:
R"—n-dimensional Euclidean space; x = (x1,...,x,) € R™,
x| = /a3 + ... 4+x%x =x/|x[;x -y =xp1 + ... + XY
By(a) ={x e R": |x| <a}.B, =B,(1). S,_1 = {x e R": |x| =1}.
ISy_1| = 2"/2 /T (n/2) is the area of the sphere S, 1.
Z is the set of non-negative integers.

I is the identity operator (below, it is clear from the context in what space this operator
is considered).

dy(m) is the dimension of the space of spherical harmonics of order m, i.e.,

dy(m) = (n+2m—2)w.

In addition, we need to deal with the following spaces of functions:

C(By(a)) is the space of all complex-valued continuous functions on B, (a) \ {0},
having a finite limit as x — 0.

Co(Bu(a)) = {g € C(Bu(a)): limg(x) = 0}.
CJ0, 1] is the space of all complex-valued continuous functions on (0, 1], having a finite
limitas x — 0.

Co[0,1] = {g € C[0,1]: lig%g(r) = 0}.

2.2. Problem Statement

In the space C(B,), we consider the integral equation

p(x) = /k(x,y)qv(y) dy+f(x), x€By, 1)
B,

where the function k(x, y) is defined on R" x R” (here and below, it is assumed that n > 2)
and satisfies the following conditions:

1°  homogeneity of degree (—n), i.e.,
k(ax,ay) = a "k(x,y), Ya>0;
2°  invariance with respect to the rotation group SO(n), i.e.,
k(w(x),w(y)) =k(x,y), Yw e SO(n);
3° integrability, i.e.,

[ ke, )| 1+ lyl) dy < o, er = (1,0,....,0),
Rn

where v is some positive number.

The function

B 12 I\
Koy) = e =y \ U

is an example of the function that satisfies conditions 1°-3°.
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By K, we denote the integral operator that forms the right-hand side of Equation (1),
ie.,

(Kp)(x) = [K(xp)p(y)dy, x€B,. @
B,

It is known (see [1,2]) that the operator K is a bounded operator from C(B,,) to C(B,) and
from Cy(By,) to Co(By).

In the space C(B,,), let us determine a special class of functions with a given asymptotic
behavior at zero.

Definition 1 ([9]). Let 0 < a < 1,0 < 6 < land s € Z. The class Ag5(B,) is a set of all
functions g € C(By,) such that, for |x| < 6, the following representation is valid:

S b
g(x) = b+]§) q 7lnf|x|)j+a + _frETinsw v € Co(Bn(9)).

It should be noted that the structure of the functions from the class A% ;(B,) corre-
sponds to the operators of form (2) that have a singularity at zero. The class Aé‘, 5(By) plays
the same role in the theory of operators of form (2) as the asymptotics with respect to
powers t% play in the theory of convolution-type operators.

Proposition 1 ([9]). Let the numbers s and v be such that s < [v] — 1. Then, the following apply:

(1) the class A¢ ;(By) is invariant with respect to the operator K, i.e.,
K(A?,J(]Bn)) - A?,J (Bn);

(2) if p € A ;(Bn) and, for |x| < 5, the representation

#() = o € B

is valid, then K¢ € A¢ ;(By) and, for [x| < 6, the representation

(Ke)(x) = s 0 € ColBa0)
is valid.

The aim of this paper is to study the asymptotic behavior of the solution of Equation (1)
on the assumption that the function f(x) belongs to the class A 5(B; ).

2.3. One-Dimensional Operator

A one-dimensional analog of the operator K of form (2) is the operator

1
(HY)(1) = [ hir.p)p(e)dp, 7€ (01, ®)
0

where the function h(r, p) is defined on R} x R, is homogeneous of degree (—1) and
satisfies the condition

[ 1, p)I(1+ [ npl)” dp < oo @)
0

for some v > 0. The operator H is bounded in the space C[0, 1] and in the space Cy[0, 1].
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We denote, by Ag‘, 510, 1], the set of all functions g € C[0,1] such that, for r < J, the
following representation is valid:

S b; u(r
g(?‘) = b+];) (1 _h,ir)j+1x + (1 _1513)5—&-0(’ u(r) € C0[0/5]'

For the convenience of readers, let us formulate a one-dimensional analog of
Proposition 1.

Proposition 2. Let s < [v] — 1. Then, the class A% 5[0, 1] is invariant with respect to the opera-
tor H. Moreover, if, for r < &, the function € Ag 5[0, 1] has the form

V) = s () € 0,8

then, the function Hip € Ag 5[0,1] has the form

(HY(0) = sz, () € Gl0.4]

forr < 4.

3. Auxiliary Statements

This section deals with one-dimensional equations. The results of this section are used
in Section 4 to prove the main theorem.
In the space C|0, 1], we consider the integral equation

1
9 = [nrp)p(e)do+g(r), re 0.1, ©)
0

where the function h(r, p) is defined on R} x R, is homogeneous of degree (—1) and
satisfies the condition (4). Following ([4], §5), let us name, by the symbol of Equation (5),

the function
o0

o) =1~ /h(l,p)p’g do, ¢€R.
0
Let the condition
o(8) #0, VZeR (6)

be satisfied. It is the necessary and sufficient condition for the Fredholm property of the
operator I — H. (The operator A : X — Y is called the Fredholm operator, if its image Im A
is closed, dimKer A < oo, and dim Coker A < 0.) Let 5 = —ind ¢(&). Then, Equation (5)
is solvable in two cases, (a) > 2 0 and (b) »¢ < 0, and the following orthogonality conditions
are satisfied:

1
/g(r)xs(r)dr =0, s=0,1,...,|» -1,
0

where the functions x;(r) form the basis of the space of solutions of the conjugate homoge-
neous equation (the line denotes complex conjugation).

Lemma 1. Let the condition (6) be satisfied and Equation (5) be solvable in the space C[0,1]. If
g € A¢;[0,1], where s < [v] — 1, then the solution ¥ (r) also belongs to the class Ag 5[0, 1].
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Proof. Since the symbol ¢ ({) satisfies condition (6), it can be factorized as follows:

o@=o-@(55) e
where 0 (¢) and o_ (&) are the functions that are analytical inside and continuous, in-
cluding the boundary, in the half-planes C; = {¢: ¢ > 0} and C_ = {&: I¢ < 0},
respectively. Moreover,

01 (§)#0,VE€Cy and o-(&) £0, Ve C- @)

(e.g., see [4], pp. 34-35). Thus, the operator N = I — H can be factorized in the form
N=N_V"*N,, 8)

where N+ = I — H are the operators with the symbols o+ (&), respectively. Here, Hy are
the integral operators of form (3) with kernels that are homogeneous of degree (—1) and
satisfy condition (4). The operator V~* is the operator whose symbol is the function

AN +1 :
(@> . The operators V=" are defined by the formulas

r

1
Vo)) = -2 [ Zuerde, (V90 =y -2 [ L(erdp

0

where r € [0,1]. It should be emphasized that the operator V! is the left-inverse operator
for the operator V. It is easy to see that the kernels of operators V*! satisfy condition (4)
forany v > 0.

Since condition (7) is satisfied, the operators N are invertible. Moreover, the inverse
operators N3 ! have the same structure, i.e., their kernels are homogeneous of degree (—1)
and satisfy condition (4). Then, it follows, from Formula (8), that the solution of Equation (5)
has the form

(N;lelg) (1), =0,
P(r) = (N;lV”N:lg) (r) + ;;: beN;l (r <ln 1)Z) , x>0, )
(N;1V”N:1g) (r), . 2 <0,

l
where by are arbitrary constants and the functions r <1n %) ,0=0,1,...,—1, form the

basis of the space of solutions of equation V~*¢ = 0.
Let g € A7 ;[0,1]. Then, by virtue of Proposition 2, N{'W*N~lg e Ag 5[0,1] for any .

‘
This implies that Lemma 1 is valid for ¢ < 0. Next, for any £ € Z the function r (ln %)
belongs to the class Ag‘, 5 [0,1], because the representation

r(‘“y:u—@ww

l l
where v(r) = r(ln %) (1 —1Inr)*™ € Cy[0,1], is valid. Then, the function N (r (ln %) )

belongs to the class Ag‘/ 510,1] for any £ € Z . It follows, from the above, that Lemma 1 is
valid for s« > 0. O
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Lemma 2. Let the condition (6) be fulfilled and Equation (5) be solvable in the space C[0,1]. If
s < [v] — Land, for r <6, the function g € Ag 5[0,1] has the form

80 = s 1€ G0l

then, for v < &, the solution (r) has the form

w(r)

¥ = Gy @€ Col0d]

Proof. Proof follows from Formula (9) with Proposition 2 taken into account. [

4. The Main Result

In the space C(B,,), we consider Equation (1). We introduce the symbol of Equation (1)
as a set of functions

(@) =1- [ Kevy)Puler )y dy, TER, (10)
RVI

where m € Z and Py(t) are the Legendre polynomials. The condition
om(E) £0, VEER, VmeZ, (11)

is the necessary and sufficient condition for the Fredholm property of the operator I — K
(e.g., see [4], p.78, and [5]). Let us assume that (11) is satisfied. Then, we put

sty = —ind 0y (&), =— Y du(m)s.

2, <0

Equation (1) is solvable in the space C(B,) if and only if the following orthogonality
conditions are satisfied:

/f(x)rs(x)dx:O, s=0,1,...,2x—1,
By

where the functions 7s(x) form the basis of the space of solutions of the conjugate homoge-
neous equation.

Below, it is assumed that condition (11) is satisfied and Equation (1) is solvable. Using
condition 1°, we can rewrite Equation (1) in the form

ox) = [
B,

Since the function k(x,y) satisfies condition 2°, there is a function ko(r,p,t) such that
k(x,y) = ko(|x], ly|,x" - y') ([4], p. 68). Taking this into account and passing to the spherical
coordinates x = ro and y = p0 in the last equation, we obtain

1 A
|x|nk(x, |x|)¢(y) dy + f(x).

1
¢(ro) :/ / 1D(%,U-G)qp(pe) dpdb + f(ro), (12)

where

D(p,t) = ko(l,p,t)p”_l. (13)
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Using condition 3°, it is easy to verify that
o 1
[ [ 106,011+ inpl)¥ (1 = )09 2dp it < co. (14)
0 -1

Let us fix the orthonormal basis { Yy } ez, j=12,...d,(m) that consists of real spherical
harmonics. In the space C(B,,), we define the projector Py; by the formula

M dy "0
(PMq) 1’0’ Z Z my me(a)/

where ¢y, (r) are the Fourier-Laplace coefficients of the function ¢(rc), i.e.,
Pup(r) = / @(ro) Yy (o) do.
Sn—l
Let Qup = I — Pp1. We use the following notation:
om(ro) = (Pyg)(ro), oM (r0) = (Que)(ro).

Since Im Py = Ker Qps and Im Qpy = Ker Py, Im Py and Im Q) are the closed subspaces
of C(B,) and C(B,) = Im Py; & Im Q. Hence, Equation (12) is equivalent to the system

1
(pM(ra):/ / %D(g,m9)¢M(p9)dpd9+fM(ra),
0 S,, . (15)
(ro) / / o™ (00) dpdb + fM(ro).
0 Sy

The equivalence is understood in the following sense: if we are given the solution of
system (15), we can write down the solution of Equation (12) and vice versa.
In the subspace Im Qj, let us consider the operator

1
(ICq)M)(rcr):/ / %D(g,a-e)q)M(pG)dpdG.
0 Sy

It is obvious that the operator K is the restriction of the operator K of type (2) to the
subspace Im Qp. It should be noted that £(Im Qps) C Im Qp. This follows from the
equation Pyy/KQp = 0 (e.g., see [7], p. 1170).

It is shown, in ([4], pp. 80-81), that the number M may be chosen to be so large that the
inequality || K| £(mm g,,) < 11is satisfied. Then, the operator I — K is invertible in £(Im Qx).
Hence, the second equation of system (15) has the unique solution defined by the formula

P(00) = (1= )17 ) o) = 3 (K47 o), (16)

where the series is sup-norm convergent.
Let us transform the first equation of system (15). Multiplying both sides of this
equation by Yy, (o), where m < M, and integrating over the unit sphere, we obtain

P (1 /YW da// D (2,06 pi(06) dodo + fu, (1)

0 Sn 1
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Using the Funk-Hecke formula ([4], p. 74), we write down the chain of equations

/ i ( dU’// ,0 -0 goM(pG)dpdG

Snfl 0 Sn 1

=/ / L paa(o6) do do / 7 0) Yo (0) dor

1

Sn—l 0
where

1
Dus(p) = ISa-2| [ Dlp,t)Pu(t)(1 — £2)"2) 2t 17)
-1

and Py, (t) are the Legendre polynomials.
Thus, we obtain the following finite diagonal system of one-dimensional equations:

—_

1

@my /;Dm (Pmy )dp “l‘fmy (7)/ (18)
0

where r € [0,1], m = 0,1,...,M, u = 1,2,...,d,(m). It is obvious that the kernel of

Equation (18) is homogeneous of degree (—1). In addition, since |P,(t)| < 1 for all

t € [-1,1] and m € Z, it is follows, from condition (14), that

[ 1Du(e)I(1+ | 1np))* dp < .
0

Therefore, Equation (18) is an equation of type (5). Let us show that the symbol of Equa-
tion (18) is the function 07,(¢) defined by Formula (10). Indeed, applying subsequently
equality (17), Catalan’s formula (e.g., see [19], p.44) and equality (13), we obtain

1—/D (p)pdp =1~ [S,- zl/p"fdp/D 0, 1) P (£)(1 — £2)("=3)/ 244
B -1

=1 —/ / D(p,e1 - 0)Puler - 0)0' dodb
0 Sn—l

=1 [ kler,y)Puler ¥yl dy = 6 2).

It is easy to see that, if Equation (1) is solvable in the space C(B,,), then Equation (18) is
solvable in the space C|0, 1] for any values of m and p.
The main result of this paper is the following theorem.

Theorem 1. Let condition (11) be satisfied and Equation (1) be solvable in the space C(By,). If
f € Ags(By), where s < [v] — 1, then the solution ¢(x) also belongs to the class Ag ;(By).
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Proof. Equation (1) is equivalent to Equation (12), which, in turn, is equivalent to system
(15). Let the function f(ro) € Ag5(By) in the d-neighborhood of zero have the form

B s b; U(T’O')
f0) =04 ¥ gy A

where v(ro) € Co(B,()). Then, for r < J, the Fourier-Laplace coefficients f,;, (r) have the
form )
2 Bi w() o
~ (1 —Inr)/t® (1 —Inr)ste
fmy - (19)
vmﬂ( r) m=1
(1 —1Inr)s+a’ -
where 8 = b\/[S, 1] Bj = bj\/|Sy-1]| (taking into account that Yo(¢) = 1//[S;-1]).
Hence, fu,(r) € g‘ [ 1] for all méeZyandpu=1,2,...,d,(m). Itis easy to see that, for
r<9d,
b; oy (ro)

fu(ro) =b+ ;0 I—Inrye  (1—Inrpta’

and, respectively,
oM(ro)

fM(ro) = A —Inr)sre (20)

Therefore, the functions fj(rc) and f™(rc) belong to the class A 5(B,). Let us prove
that the solution ¢(ro) of Equation (12) also belongs to the class Ag (B, ). With this purpose,
we show that g (ro) € Ag5(By) and eM(ro) € A 5(Bn).

It is clear that 9™ (ro) € C(B,). Let us find the form of the function ¢ (rc) in the
é—neighborhood of zero. It follows, from Formula (20) and Proposition 1, that, for any
£ > 0, the representation

uy(ro)

(K M) (ro) = A —Inr)re’

ug(ro) € Co(Bn(9)),
where v < 6, holds. Then, taking into account (16), we obtain

[e¢]
B up(re)  u(ro)
(re) = Z (1—1Inr)ste (1 —Inr)ste’

where u(ro) = Z uy(ro) € Co(By(d)). Then pM(ro) € A 5(Bn).

Now we c0n51der the solution ¢p;(rc) of the first equation of system (15). Since
fuu(r) € A5500,1] forallm =0,1,...,Mand p = 1,2,...,d,(m), by virtue of Lemma 1,
the solution @myu(r) of Equation (18) also belongs to the class A§ 5[0, 1]. Moreover, it follows,
from Formula (19) and Lemma 2, that, for r < J, the functions ¢y, (r) have the form

S
j wo(7) _
7+;(1—1nr)1'+“+(lflnr)s““"' m=0,
q)m]/l(r) = w (r)
o 1<m<M,

(1 —Inr)ste’

where w(7), Wy (r) € Col0,d]. Then, in the d—neighborhood of zero, the function ¢y (ro)
is defined by the formula

aj w(ro)
= (1—1Inr)it® (1 —Inr)ste’

o (ro) = a+
j=
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where a = v/+/[Sy-1], aj = vj//|Sn-1] and

M dn(

m)
w(ro) = Wiy (1) Yiup (07).

—

m=0 u
Itis obvious thatw(rc) € Co(By). Then, ppm(ro) € Af;(By), thusalso p(ro) € Ag5(By). O

5. Conclusions

As is known, there is no common method for constructing an exact solution of integral
Equation (1). However, in many applied problems, it is sufficient to know only the asymp-
totic behavior of the solution in the neighborhood of zero. The main result of this paper is
Theorem 1, which allows us to find the asymptotic behavior of the solution of Equation (1)
from the given asymptotic behavior of the free term.

Further, the results of this paper can be used for matrix equations with homogeneous
kernels. Moreover, the above method for constructing the asymptotics of the solution can
be applied to the integral equations with homogeneous kernels and a multiplicative shift.
It should also be noted that this method for constructing the asymptotics can be used in the
problems of mechanics.
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