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Abstract: The multidimensional integral equation of second kind with a homogeneous of degree (−n)
kernel is considered. The special class of continuous functions with a given asymptotic behavior in
the neighborhood of zero is defined. It is proved that, if the free term of the integral equation belongs
to this class and the equation itself is solvable, then its solution also belongs to this class. To solve
this problem, a special research technique is used. The above-mentioned technique is based on the
decomposition of both the solution and the free term in spherical harmonics.
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1. Introduction

Nowadays, there are numerous papers devoted to the integral operators with homo-
geneous kernels of degree (−n). The investigation of such operators was started by L. G.
Mikhailov in connection with studying elliptic differential equations (e.g., see [1,2]). It
was shown that such operators naturally arise when the method of potentials is applied to
equations of the form

|x|2∆u + |x|
n

∑
k=1

ak(x)
∂u
∂xk

+ b(x)u = 0

in the domain G ⊂ Rn that contains the point x = 0 (here, ak(x) and b(x) are bounded
functions). Operators with homogeneous kernels are also used in mechanics (see [3]). Over
the past two decades, the theory of integral operators with homogeneous kernels has made
significant progress. For such operators, criteria for invertibility and the Fredholm property
were obtained, the Banach algebras generated by these operators were studied and the
conditions for the projection method to be applied were found (e.g., see [4–10] and the
bibliography therein). However, despite considerable advances, a lot of problems remain
yet unsolved. This paper is devoted to one of such problems, i.e., studying the asymptotic
behavior of the solution of an integral equation with a homogeneous kernel.

The object of research of this paper is the integral equation of second kind with a
kernel which is homogeneous of degree (−n) and invariant with respect to the rotation
group SO(n). This equation is considered in the space of continuous functions. The aim of
this paper is to obtain the asymptotic behavior of the solution from the known asymptotic
behavior of the free term of the equation. More precisely, it is assumed that the free term
belongs to the class Aα

s,δ(Bn), which consist of all functions that are continuous in the
unit ball Bn, except for the point x = 0, and have a given asymptotic behavior in the
neighborhood of zero. It is proved that, if the equation is solvable, then its solution also
belongs to the class Aα

s,δ(Bn).
In conclusion, it should be noted that analogous results for the operators with differ-

ence kernels can be found in [11,12]. It is also worth noting that asymptotics similar to the
class Aα

s,δ(Bn) appeared in M. V. Korovina’s studies [13–15] in connection with investiga-
tions of the differential operators with degeneracy. We also note papers [16–18], in which
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questions about the dimension of space and the asymptotics of solutions for the elasticity
system and the biharmonic (polyharmonic) equation are considered, provided that the
weighted energy (or Dirichlet) integral is bounded at infinity.

2. Preliminaries and Problem Statement
2.1. Notation

We use the following notation:
Rn—n-dimensional Euclidean space; x = (x1, . . . , xn) ∈ Rn.

|x| =
√

x2
1 + . . . + x2

n; x′ = x/|x|; x · y = x1y1 + . . . + xnyn.
Bn(a) = {x ∈ Rn : |x| 6 a}. Bn = Bn(1). Sn−1 = {x ∈ Rn : |x| = 1}.
|Sn−1| = 2πn/2/Γ(n/2) is the area of the sphere Sn−1.
Z+ is the set of non-negative integers.
I is the identity operator (below, it is clear from the context in what space this operator

is considered).
dn(m) is the dimension of the space of spherical harmonics of order m, i.e.,

dn(m) = (n + 2m− 2)
(n + m− 3)!
m!(n− 2)!

.

In addition, we need to deal with the following spaces of functions:
C(Bn(a)) is the space of all complex-valued continuous functions on Bn(a) \ {0},

having a finite limit as x → 0.
C0(Bn(a)) = {g ∈ C(Bn(a)) : lim

x→0
g(x) = 0}.

C[0, 1] is the space of all complex-valued continuous functions on (0, 1], having a finite
limit as x → 0.

C0[0, 1] = {g ∈ C[0, 1] : lim
r→0

g(r) = 0}.

2.2. Problem Statement

In the space C(Bn), we consider the integral equation

ϕ(x) =
∫
Bn

k(x, y)ϕ(y) dy + f (x), x ∈ Bn, (1)

where the function k(x, y) is defined on Rn ×Rn (here and below, it is assumed that n > 2)
and satisfies the following conditions:

1◦ homogeneity of degree (−n), i.e.,

k(αx, αy) = α−nk(x, y), ∀ α > 0;

2◦ invariance with respect to the rotation group SO(n), i.e.,

k(ω(x), ω(y)) = k(x, y), ∀ω ∈ SO(n);

3◦ integrability, i.e.,∫
Rn

|k(e1, y)|(1 + | ln |y||)ν dy < ∞, e1 = (1, 0, . . . , 0),

where ν is some positive number.

The function

k(x, y) =
|x|

|y|3/2|x− y|n−1/2

(
1 +

∣∣∣∣ln |y||x|
∣∣∣∣)−ν

is an example of the function that satisfies conditions 1◦–3◦.
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By K, we denote the integral operator that forms the right-hand side of Equation (1),
i.e.,

(Kϕ)(x) =
∫
Bn

k(x, y)ϕ(y) dy, x ∈ Bn. (2)

It is known (see [1,2]) that the operator K is a bounded operator from C(Bn) to C(Bn) and
from C0(Bn) to C0(Bn).

In the space C(Bn), let us determine a special class of functions with a given asymptotic
behavior at zero.

Definition 1 ([9]). Let 0 < α 6 1, 0 < δ < 1 and s ∈ Z+. The class Aα
s,δ(Bn) is a set of all

functions g ∈ C(Bn) such that, for |x| < δ, the following representation is valid:

g(x) = b +
s

∑
j=0

bj

(1− ln |x|)j+α
+

v(x)
(1− ln |x|)s+α

, v ∈ C0(Bn(δ)).

It should be noted that the structure of the functions from the class Aα
s,δ(Bn) corre-

sponds to the operators of form (2) that have a singularity at zero. The class Aα
s,δ(Bn) plays

the same role in the theory of operators of form (2) as the asymptotics with respect to
powers 1

t+1 play in the theory of convolution-type operators.

Proposition 1 ([9]). Let the numbers s and ν be such that s 6 [ν]− 1. Then, the following apply:

(1) the class Aα
s,δ(Bn) is invariant with respect to the operator K, i.e.,

K(Aα
s,δ(Bn)) ⊂ Aα

s,δ(Bn);

(2) if ϕ ∈ Aα
s,δ(Bn) and, for |x| < δ, the representation

ϕ(x) =
v(x)

(1− ln |x|)s+α
, v ∈ C0(Bn(δ))

is valid, then Kϕ ∈ Aα
s,δ(Bn) and, for |x| < δ, the representation

(Kϕ)(x) =
w(x)

(1− ln |x|)s+α
, w ∈ C0(Bn(δ))

is valid.

The aim of this paper is to study the asymptotic behavior of the solution of Equation (1)
on the assumption that the function f (x) belongs to the class Aα

s,δ(Bn).

2.3. One-Dimensional Operator

A one-dimensional analog of the operator K of form (2) is the operator

(Hψ)(r) =
1∫

0

h(r, ρ)ψ(ρ) dρ, r ∈ [0, 1], (3)

where the function h(r, ρ) is defined on R+ × R+, is homogeneous of degree (−1) and
satisfies the condition

∞∫
0

|h(1, ρ)|(1 + | ln ρ|)ν dρ < ∞ (4)

for some ν > 0. The operator H is bounded in the space C[0, 1] and in the space C0[0, 1].
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We denote, by Aα
s,δ[0, 1], the set of all functions g ∈ C[0, 1] such that, for r < δ, the

following representation is valid:

g(r) = b +
s

∑
j=0

bj

(1− ln r)j+α
+

u(r)
(1− ln r)s+α

, u(r) ∈ C0[0, δ].

For the convenience of readers, let us formulate a one-dimensional analog of
Proposition 1.

Proposition 2. Let s 6 [ν]− 1. Then, the class Aα
s,δ[0, 1] is invariant with respect to the opera-

tor H. Moreover, if, for r < δ, the function ψ ∈ Aα
s,δ[0, 1] has the form

ψ(r) =
u(r)

(1− ln r)s+α
, u(r) ∈ C0[0, δ],

then, the function Hψ ∈ Aα
s,δ[0, 1] has the form

(Hψ)(r) =
w(r)

(1− ln r)s+α
, w(r) ∈ C0[0, δ]

for r < δ.

3. Auxiliary Statements

This section deals with one-dimensional equations. The results of this section are used
in Section 4 to prove the main theorem.

In the space C[0, 1], we consider the integral equation

ψ(r) =
1∫

0

h(r, ρ)ψ(ρ) dρ + g(r), r ∈ [0, 1], (5)

where the function h(r, ρ) is defined on R+ × R+, is homogeneous of degree (−1) and
satisfies the condition (4). Following ([4], § 5), let us name, by the symbol of Equation (5),
the function

σ(ξ) = 1−
∞∫

0

h(1, ρ)ρiξ dρ, ξ ∈ R.

Let the condition
σ(ξ) 6= 0, ∀ξ ∈ R (6)

be satisfied. It is the necessary and sufficient condition for the Fredholm property of the
operator I − H. (The operator A : X → Y is called the Fredholm operator, if its image Im A
is closed, dim Ker A < ∞, and dim Coker A < ∞.) Let κ = − ind σ(ξ). Then, Equation (5)
is solvable in two cases, (a) κ > 0 and (b) κ < 0, and the following orthogonality conditions
are satisfied:

1∫
0

g(r)χs(r) dr = 0, s = 0, 1, . . . , |κ| − 1,

where the functions χs(r) form the basis of the space of solutions of the conjugate homoge-
neous equation (the line denotes complex conjugation).

Lemma 1. Let the condition (6) be satisfied and Equation (5) be solvable in the space C[0, 1]. If
g ∈ Aα

s,δ[0, 1], where s 6 [ν]− 1, then the solution ψ(r) also belongs to the class Aα
s,δ[0, 1].
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Proof. Since the symbol σ(ξ) satisfies condition (6), it can be factorized as follows:

σ(ξ) = σ−(ξ)

(
ξ − i
ξ + i

)−κ
σ+(ξ),

where σ+(ξ) and σ−(ξ) are the functions that are analytical inside and continuous, in-
cluding the boundary, in the half-planes C+ = {ξ : =ξ > 0} and C− = {ξ : =ξ 6 0},
respectively. Moreover,

σ+(ξ) 6= 0, ∀ξ ∈ C+ and σ−(ξ) 6= 0, ∀ξ ∈ C− (7)

(e.g., see [4], pp. 34–35). Thus, the operator N = I − H can be factorized in the form

N = N−V−κN+, (8)

where N± = I − H± are the operators with the symbols σ±(ξ), respectively. Here, H± are
the integral operators of form (3) with kernels that are homogeneous of degree (−1) and
satisfy condition (4). The operator V−κ is the operator whose symbol is the function(

ξ−i
ξ+i

)−κ
. The operators V±1 are defined by the formulas

(Vψ)(r) = ψ(r)− 2
1∫

r

r
ρ2 ψ(ρ) dρ, (V−1ψ)(r) = ψ(r)− 2

r∫
0

1
r

ψ(ρ) dρ,

where r ∈ [0, 1]. It should be emphasized that the operator V−1 is the left-inverse operator
for the operator V. It is easy to see that the kernels of operators V±1 satisfy condition (4)
for any ν > 0.

Since condition (7) is satisfied, the operators N± are invertible. Moreover, the inverse
operators N−1

± have the same structure, i.e., their kernels are homogeneous of degree (−1)
and satisfy condition (4). Then, it follows, from Formula (8), that the solution of Equation (5)
has the form

ψ(r) =



(
N−1
+ N−1

− g
)
(r), κ = 0,(

N−1
+ VκN−1

− g
)
(r) +

κ−1
∑
`=0

b`N−1
+

(
r
(

ln
1
r

)`)
, κ > 0,(

N−1
+ VκN−1

− g
)
(r), κ < 0,

(9)

where b` are arbitrary constants and the functions r
(

ln 1
r

)`
, ` = 0, 1, . . .,κ − 1, form the

basis of the space of solutions of equation V−κψ = 0.
Let g ∈ Aα

s,δ[0, 1]. Then, by virtue of Proposition 2, N−1
+ VκN−1

− g ∈ Aα
s,δ[0, 1] for any κ.

This implies that Lemma 1 is valid for κ 6 0. Next, for any ` ∈ Z+ the function r
(

ln 1
r

)`
belongs to the class Aα

s,δ[0, 1], because the representation

r
(

ln
1
r

)`

=
v(r)

(1− ln r)s+α
,

where v(r) = r
(

ln 1
r

)`
(1− ln r)s+α ∈ C0[0, 1], is valid. Then, the function N−1

+

(
r
(

ln 1
r

)`)
belongs to the class Aα

s,δ[0, 1] for any ` ∈ Z+. It follows, from the above, that Lemma 1 is
valid for κ > 0.
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Lemma 2. Let the condition (6) be fulfilled and Equation (5) be solvable in the space C[0, 1]. If
s 6 [ν]− 1 and, for r < δ, the function g ∈ Aα

s,δ[0, 1] has the form

g(r) =
u(r)

(1− ln r)s+α
, u ∈ C0[0, δ],

then, for r < δ, the solution ψ(r) has the form

ψ(r) =
w(r)

(1− ln r)s+α
, w ∈ C0[0, δ].

Proof. Proof follows from Formula (9) with Proposition 2 taken into account.

4. The Main Result

In the space C(Bn), we consider Equation (1). We introduce the symbol of Equation (1)
as a set of functions

σm(ξ) = 1−
∫
Rn

k(e1, y)Pm(e1 · y′)|y|iξ dy, ξ ∈ R, (10)

where m ∈ Z+ and Pm(t) are the Legendre polynomials. The condition

σm(ξ) 6= 0, ∀ξ ∈ R, ∀m ∈ Z+ (11)

is the necessary and sufficient condition for the Fredholm property of the operator I − K
(e.g., see [4], p. 78, and [5]). Let us assume that (11) is satisfied. Then, we put

κm = − ind σm(ξ), κ̃ = − ∑
κm<0

dn(m)κm.

Equation (1) is solvable in the space C(Bn) if and only if the following orthogonality
conditions are satisfied: ∫

Bn

f (x)τs(x) dx = 0, s = 0, 1, . . . , κ̃ − 1,

where the functions τs(x) form the basis of the space of solutions of the conjugate homoge-
neous equation.

Below, it is assumed that condition (11) is satisfied and Equation (1) is solvable. Using
condition 1◦, we can rewrite Equation (1) in the form

ϕ(x) =
∫
Bn

1
|x|n k

(
x′,

y
|x|

)
ϕ(y) dy + f (x).

Since the function k(x, y) satisfies condition 2◦, there is a function k0(r, ρ, t) such that
k(x, y) = k0(|x|, |y|, x′ · y′) ([4], p. 68). Taking this into account and passing to the spherical
coordinates x = rσ and y = ρθ in the last equation, we obtain

ϕ(rσ) =

1∫
0

∫
Sn−1

1
r

D
(ρ

r
, σ · θ

)
ϕ(ρθ) dρdθ + f (rσ), (12)

where
D(ρ, t) = k0(1, ρ, t)ρn−1. (13)
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Using condition 3◦, it is easy to verify that

∞∫
0

1∫
−1

|D(ρ, t)|(1 + | ln ρ|)ν(1− t2)(n−3)/2dρ dt < ∞. (14)

Let us fix the orthonormal basis {Ymµ}m∈Z+ , µ=1,2,...,dn(m) that consists of real spherical
harmonics. In the space C(Bn), we define the projector PM by the formula

(PM ϕ)(rσ) =
M

∑
m=0

dn(m)

∑
µ=1

ϕmµ(r)Ymµ(σ),

where ϕmµ(r) are the Fourier–Laplace coefficients of the function ϕ(rσ), i.e.,

ϕmµ(r) =
∫

Sn−1

ϕ(rσ)Ymµ(σ) dσ.

Let QM = I − PM. We use the following notation:

ϕM(rσ) = (PM ϕ)(rσ), ϕM(rσ) = (QM ϕ)(rσ).

Since Im PM = Ker QM and Im QM = Ker PM, Im PM and Im QM are the closed subspaces
of C(Bn) and C(Bn) = Im PM ⊕ Im QM. Hence, Equation (12) is equivalent to the system

ϕM(rσ) =

1∫
0

∫
Sn−1

1
r

D
(ρ

r
, σ · θ

)
ϕM(ρθ) dρ dθ + fM(rσ),

ϕM(rσ) =

1∫
0

∫
Sn−1

1
r

D
(ρ

r
, σ · θ

)
ϕM(ρθ) dρ dθ + f M(rσ).

(15)

The equivalence is understood in the following sense: if we are given the solution of
system (15), we can write down the solution of Equation (12) and vice versa.

In the subspace Im QM, let us consider the operator

(KϕM)(rσ) =

1∫
0

∫
Sn−1

1
r

D
(ρ

r
, σ · θ

)
ϕM(ρθ) dρdθ.

It is obvious that the operator K is the restriction of the operator K of type (2) to the
subspace Im QM. It should be noted that K(Im QM) ⊂ Im QM. This follows from the
equation PMKQM = 0 (e.g., see [7], p. 1170).

It is shown, in ([4], pp. 80–81), that the number M may be chosen to be so large that the
inequality ‖K‖L(Im QM) < 1 is satisfied. Then, the operator I −K is invertible in L(Im QM).
Hence, the second equation of system (15) has the unique solution defined by the formula

ϕM(rσ) =
(
(I −K)−1 f M

)
(rσ) =

∞

∑
`=0

(
K` f M

)
(rσ), (16)

where the series is sup-norm convergent.
Let us transform the first equation of system (15). Multiplying both sides of this

equation by Ymµ(σ), where m 6 M, and integrating over the unit sphere, we obtain

ϕmµ(r) =
∫

Sn−1

Ymµ(σ) dσ

1∫
0

∫
Sn−1

1
r

D
(ρ

r
, σ · θ

)
ϕM(ρθ) dρ dθ + fmµ(r).
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Using the Funk–Hecke formula ([4], p. 74), we write down the chain of equations

∫
Sn−1

Ymµ(σ) dσ

1∫
0

∫
Sn−1

1
r

D
(ρ

r
, σ · θ

)
ϕM(ρθ) dρ dθ

=

1∫
0

∫
Sn−1

1
r

ϕM(ρθ) dρ dθ
∫

Sn−1

D
(ρ

r
, σ · θ

)
Ymµ(σ) dσ

=

1∫
0

∫
Sn−1

1
r

ϕM(ρθ)Dm

(ρ

r

)
Ymµ(θ) dρ dθ =

1∫
0

1
r

Dm

(ρ

r

)
ϕmµ(ρ) dρ,

where

Dm(ρ) = |Sn−2|
1∫
−1

D(ρ, t)Pm(t)(1− t2)(n−3)/2dt (17)

and Pm(t) are the Legendre polynomials.
Thus, we obtain the following finite diagonal system of one-dimensional equations:

ϕmµ(r) =
1∫

0

1
r

Dm

(ρ

r

)
ϕmµ(ρ) dρ + fmµ(r), (18)

where r ∈ [0, 1], m = 0, 1, . . . , M, µ = 1, 2, . . . , dn(m). It is obvious that the kernel of
Equation (18) is homogeneous of degree (−1). In addition, since |Pm(t)| 6 1 for all
t ∈ [−1, 1] and m ∈ Z+, it is follows, from condition (14), that

∞∫
0

|Dm(ρ)|(1 + | ln ρ|)ν dρ < ∞.

Therefore, Equation (18) is an equation of type (5). Let us show that the symbol of Equa-
tion (18) is the function σm(ξ) defined by Formula (10). Indeed, applying subsequently
equality (17), Catalan’s formula (e.g., see [19], p. 44) and equality (13), we obtain

1−
∞∫

0

Dm(ρ)ρ
iξ dρ = 1− |Sn−2|

∞∫
0

ρiξ dρ

1∫
−1

D(ρ, t)Pm(t)(1− t2)(n−3)/2dt

= 1−
∞∫

0

∫
Sn−1

D(ρ, e1 · θ)Pm(e1 · θ)ρiξ dρ dθ

= 1−
∫
Rn

k(e1, y)Pm(e1 · y′)|y|iξ dy = σm(ξ).

It is easy to see that, if Equation (1) is solvable in the space C(Bn), then Equation (18) is
solvable in the space C[0, 1] for any values of m and µ.

The main result of this paper is the following theorem.

Theorem 1. Let condition (11) be satisfied and Equation (1) be solvable in the space C(Bn). If
f ∈ Aα

s,δ(Bn), where s 6 [ν]− 1, then the solution ϕ(x) also belongs to the class Aα
s,δ(Bn).
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Proof. Equation (1) is equivalent to Equation (12), which, in turn, is equivalent to system
(15). Let the function f (rσ) ∈ Aα

s,δ(Bn) in the δ–neighborhood of zero have the form

f (rσ) = b +
s

∑
j=0

bj

(1− ln r)j+α
+

v(rσ)

(1− ln r)s+α
,

where v(rσ) ∈ C0(Bn(δ)). Then, for r < δ, the Fourier–Laplace coefficients fmµ(r) have the
form

fmµ(r) =


β +

s

∑
j=0

β j

(1− ln r)j+α
+

v0(r)
(1− ln r)s+α

, m = 0,

vmµ(r)
(1− ln r)s+α

, m > 1,
(19)

where β = b
√
|Sn−1|, β j = bj

√
|Sn−1| (taking into account that Y0(σ) ≡ 1/

√
|Sn−1|).

Hence, fmµ(r) ∈ Aα
s,δ[0, 1] for all m ∈ Z+ and µ = 1, 2, . . . , dn(m). It is easy to see that, for

r < δ,

fM(rσ) = b +
s

∑
j=0

bj

(1− ln r)j+α
+

vM(rσ)

(1− ln r)s+α
,

and, respectively,

f M(rσ) =
vM(rσ)

(1− ln r)s+α
. (20)

Therefore, the functions fM(rσ) and f M(rσ) belong to the class Aα
s,δ(Bn). Let us prove

that the solution ϕ(rσ) of Equation (12) also belongs to the class Aα
s,δ(Bn). With this purpose,

we show that ϕM(rσ) ∈ Aα
s,δ(Bn) and ϕM(rσ) ∈ Aα

s,δ(Bn).
It is clear that ϕM(rσ) ∈ C(Bn). Let us find the form of the function ϕM(rσ) in the

δ–neighborhood of zero. It follows, from Formula (20) and Proposition 1, that, for any
` > 0, the representation

(K` f M)(rσ) =
u`(rσ)

(1− ln r)s+α
, u`(rσ) ∈ C0(Bn(δ)),

where r < δ, holds. Then, taking into account (16), we obtain

ϕM(rσ) =
∞

∑
`=0

u`(rσ)

(1− ln r)s+α
=

u(rσ)

(1− ln r)s+α
,

where u(rσ) =
∞
∑
`=0

u`(rσ) ∈ C0(Bn(δ)). Then ϕM(rσ) ∈ Aα
s,δ(Bn).

Now, we consider the solution ϕM(rσ) of the first equation of system (15). Since
fmµ(r) ∈ Aα

s,δ[0, 1] for all m = 0, 1, . . . , M and µ = 1, 2, . . . , dn(m), by virtue of Lemma 1,
the solution ϕmµ(r) of Equation (18) also belongs to the class Aα

s,δ[0, 1]. Moreover, it follows,
from Formula (19) and Lemma 2, that, for r < δ, the functions ϕmµ(r) have the form

ϕmµ(r) =


γ +

s

∑
j=0

γj

(1− ln r)j+α
+

w0(r)
(1− ln r)s+α

, m = 0,

wmµ(r)
(1− ln r)s+α

, 1 6 m 6 M,

where w0(r), wmµ(r) ∈ C0[0, δ]. Then, in the δ–neighborhood of zero, the function ϕM(rσ)
is defined by the formula

ϕM(rσ) = a +
s

∑
j=0

aj

(1− ln r)j+α
+

w(rσ)

(1− ln r)s+α
,
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where a = γ/
√
|Sn−1|, aj = γj/

√
|Sn−1| and

w(rσ) =
M

∑
m=0

dn(m)

∑
µ=1

wmµ(r)Ymµ(σ).

It is obvious that w(rσ) ∈ C0(Bn). Then, ϕM(rσ) ∈ Aα
s,δ(Bn), thus also ϕ(rσ) ∈ Aα

s,δ(Bn).

5. Conclusions

As is known, there is no common method for constructing an exact solution of integral
Equation (1). However, in many applied problems, it is sufficient to know only the asymp-
totic behavior of the solution in the neighborhood of zero. The main result of this paper is
Theorem 1, which allows us to find the asymptotic behavior of the solution of Equation (1)
from the given asymptotic behavior of the free term.

Further, the results of this paper can be used for matrix equations with homogeneous
kernels. Moreover, the above method for constructing the asymptotics of the solution can
be applied to the integral equations with homogeneous kernels and a multiplicative shift.
It should also be noted that this method for constructing the asymptotics can be used in the
problems of mechanics.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: This work was supported by the Ministry of Education and Science of Russia by
the Agreement No. 075-02-2021-1386.

Conflicts of Interest: The author declare no conflict of interest.

References
1. Mikhailov, L.G. New Class of Singular Integral Equations and Its Application to Differential Equations with Singular Coefficients.

Tr. Akad. Nauk Tadzhik. SSR 1963, 1, 1–183.
2. Mikhailov, L.G. The new class of singular integral equations. Math. Nachr. 1977, 76, 91–107.
3. Duduchava, R.V. Integral Equations in Convolution with Discontinuous Presymbols, Singular Integral Equations with Fixed

Singularities, and Their Applications to Some Problems of Mechanics. Proc. Tbil. Math. Inst. 1979, 60, 5–135.
4. Karapetiants, N.; Samko, S. Equations with Involutive Operators; Birkhäuser: Boston, MA, USA; Basel, Switzerland; Berlin,

Germany, 2001.
5. Avsyankin, O.G.; Karapetyants, N.K. The multidimensional integral operators with homogeneous of the order -n kernels. Dokl.

Math. 1999, 60, 249–251.
6. Karapetiants, N.K.; Gil, A.V. On a certain integral operator with a homogeneous kernel in the space of functions with bounded

mean oscillation. Integral Transform. Spec. Funct. 2005, 16, 423–435. [CrossRef]
7. Avsyankin, O.G. Multidimensional integral operators with homogeneous kernels and with coefficients oscillating at infinity.

Differ. Equ. 2015, 51, 1165–1172. [CrossRef]
8. Denisenko, V.V.; Deundyak, V.M. Fredholm property of integral operators with homogeneous kernels of compact type in the L2

space on the Heisenberg group. Proc. Steklov Inst. Math. 2020, 308, 155–167. [CrossRef]
9. Avsyankin, O.G. On Multidimensional Integral Operators with Homogeneous Kernels in Classes with Asymptotics. In Operator

Theory and Harmonic Analysis; Springer Proceedings in Mathematics & Statistics; Springer: Cham, Switzerland, 2021; Volume 357,
pp. 39–53.

10. Karapetyants, A.; Liflyand, E. Defining Hausdorff operators on Euclidean spaces. Math. Methods Appl. Sci. 2020, 43, 9487–9498.
[CrossRef]

11. Kolbineva, T.O.; Tsalyuk, Z.B. Asymptotic behavior of solutions of a class of integral equations. Russ. Math. 2004, 48, 33–39.
12. Lobanova, M.S.; Tsalyuk, Z.B. Asymptotics of Solutions of Volterra Integral Equations with Difference Kernel. Math. Notes 2015,

97, 396–401. [CrossRef]
13. Korovina, M.V. Differential Equations with Conical Degeneration in Spaces with Asymptotics. Differ. Equ. 2009, 45, 1275–1284.

[CrossRef]

http://doi.org/10.1080/10652460412331320368
http://dx.doi.org/10.1134/S0012266115090062
http://dx.doi.org/10.1134/S0081543820010125
http://dx.doi.org/10.1002/mma.6448
http://dx.doi.org/10.1134/S0001434615030104
http://dx.doi.org/10.1134/S0012266109090043


Mathematics 2022, 10, 180 11 of 11

14. Korovina, M. Asymptotics of Solutions of Linear Differential Equations with Holomorphic Coefficients in the Neighborhood of
an Infinitely Distant Point. Mathematics 2020, 8, 2249. [CrossRef]

15. Korovina, M.V.; Matevossian, H.A.; Smirnov, I.N. Uniform asymptotics of solutions of the wave operator with meromorphic
coefficients. Appl. Anal. 2021, 1–14. [CrossRef]

16. Matevossian, H.A. On the Steklov-Type Biharmonic Problem in Unbounded Domains. Russ. J. Math. Phys. 2018, 25, 271–276.
[CrossRef]

17. Matevossian, H.A. On the polyharmonic Neumann problem in weighted spaces. Complex Var. Elliptic Equ. 2019, 64, 1–7.
[CrossRef]

18. Matevossian, H.A. Asymptotics and Uniqueness of Solutions of the Elasticity System with the Mixed Dirichlet-Robin Boundary
Conditions. Mathematics 2020, 8, 2241. [CrossRef]

19. Samko, S.G. Hypersingular Integrals and Their Applications; Taylor & Francis: London, UK, 2002.

http://dx.doi.org/10.3390/math8122249
http://dx.doi.org/10.1080/00036811.2021.1949455
http://dx.doi.org/10.1134/S1061920818020115
http://dx.doi.org/10.1080/17476933.2017.1409740
http://dx.doi.org/10.3390/math8122241

	Introduction
	Preliminaries and Problem Statement
	Notation
	Problem Statement
	One-Dimensional Operator

	Auxiliary Statements
	The Main Result
	Conclusions
	References

