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Abstract: The biparametric perturbation method is applied to solve the improved Foppl-von Karman
equation, in which the improvements of equations come from two different aspects: the first aspect
concerns materials, and the other is from deformation. The material considered in this study has
bimodular functionally graded properties in comparison with the traditional materials commonly
used in classical Foppl-von Kdrman equations. At the same time, the consideration for deformation
deals with not only the large deflection as indicated in classical Féppl-von Karman equations, but
also the larger rotation angle, which is incorporated by adopting the precise curvature formulas but
not the simple second-order derivative term of the deflection. To fully demonstrate the effectiveness
of the biparametric perturbation method proposed, two sets of parameter combinations, one being a
material parameter with central defection and the other being a material parameter with load, are
used for the solution of the improved Foppl-von Karman equations. Results indicate that not only
the two sets of solutions from different parameter combinations are consistent, but also they may be
reduced to the single-parameter perturbation solution obtained in our previous study. The successful
application of the biparametric perturbation method provides new ideas for solving similar nonlinear
differential equations.

Keywords: biparametric perturbation; Foppl-von Kérman equation; bimodular materials;

functionally graded materials; circular plate

MSC: 34E10; 74K20

1. Introduction

Poincaré’s perturbation method [1] is one of the standard analytical methods, which is
used for the solution of nonlinear problems in applied mechanics. This method consists of
the development of the solution of an initial or boundary value problem in an asymptotic se-
ries of a parameter. This parameter either appears explicitly in the problem or is introduced
artificially. In Poincaré’s earlier work and the subsequent development of his original ideas,
we may find some interesting progresses for conceivable further generalizations [2]. In
the singular perturbation scheme, one of the important developments, namely, strained
coordinates method [3], stems originally from Poincaré’s periodic solutions of nonlinear
ordinary differential equations by the straining of the independent coordinates. Another
interesting generalization from Poincaré’s original idea is the so-called multiparameter
perturbation technique. The ordinary perturbation technique with a single parameter
is extended to embrace the expansions of two or more parameters. These parameters
involved may be of different characters: some, for example, describing the properties of
materials, while others describing the dynamic or geometrical nature of the problem. In
this study, we focus on the application of a multiparameter perturbation technique in the
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field of solid mechanics. More explicitly, we try to use this method to analyze a large
deformation problem of thin plates with certain material properties, for example, with
bimodular functionally graded properties, that is, to use a multiparameter perturbation
method to solve improved Foppl-von Karman equations.

In the perturbation problem, to conduct a linear analysis is the first step, and the
perturbation occurs in the neighborhood of the solution of linearized equations. Thus,
based on the known solution of a linear system, the solution of a perturbation system may
be obtained. Briefly speaking, the typical practice of the perturbation method is to expand
the solution in ascending powers of a known parameter, and the unknown functions in
the solution are gradually determined by decomposing the governing equation and the
corresponding boundary conditions; thus, the approximate solution is finally obtained
according to the required computational precision.

As suggested by Poincaré, the perturbation expansion should be regarded as an
asymptotic series in essence; thus, the convergence of a perturbation solution may not be
discussed. Subsequent studies also showed that the perturbation solution may not rely
on any small parameter [4]. Despite of this, the parameter selected plays an important
role during perturbation because the appropriate selection enables us to obtain asymptotic
solutions with better convergence. The early pioneer works on flexible thin plates may be
traced back to studies by Vincent [5] and Chien [6]. Selecting the external load as a perturba-
tion parameter, Vincent [5] obtained a perturbation solution of large-deflection thin plates
first. Considering that the perturbation parameter either appears explicitly or is introduced
artificially in the problem, Chien [6] obtained another perturbation solution by selecting
the central deflection as the perturbation parameter. In Chien’s solution, the important
relationship of load vs. central deflection is explicit due to the appropriate selection for a
parameter. For a long period of time, Chien’s solution has been cited as a classical work
in many subsequent studies. In addition to load and central deflection, there exist several
alternatives for perturbation parameters, for example, a generalized displacement [7], a
linear function of Poisson’s ratio [8], and an average angular deflection [9]. For these
possible perturbation parameters, Chen and Kuang [10] discussed differences of solution.

When encountering difficulties in parameter selection, usually, we will solve it via
two entirely different approaches. The first is the nonparametric perturbation method
suggested by Chen [11,12], in which the physical meaning of a parameter is uncertain in
advance, thus naturally eliminating the empirical factors in the parameter selection. That
is to say that the parameter selection is not restricted, and thus, it is “free”, so it is also
called a free parameter perturbation method. The basic idea of another approach is by
doing the opposite; that is, if in a real problem, there are two or more parameters that
may be selected as perturbation parameters, these available parameters may be included
in the perturbation together. The multiparameter perturbation method, thus, appears,
as mentioned at the very beginning. The earlier work may be traced back to a study by
Nowinski and Ismail [13], who solved the large deflection problem of elastic anisotropic
plates by selecting the anisotropy of materials and the load as two perturbation parameters.
The pioneering application of the multiparameter perturbation method to beam problems
was from Chien [14], who successfully solved the classical Euler-Bernoulli equation for the
first time by selecting the load and the height difference of end supports as two perturbation
parameters. Later, by simplifying the governing equation, He and Chen [15] derived a
biparametric perturbation solution for the same problem. To generalize the application of
the biparametric perturbation method to beam problems, He et al. [16] further obtained the
generalized perturbation solutions under various boundary conditions. Considering the
diversity of materials, He et al. [17,18] also used the biparametric perturbation method to
solve the large-deflection thin plate problem, in which the classical materials are extended to
modern materials with certain advanced features, for example, with bimodular functionally
graded properties. Totally speaking, the superiority of a multiparameter perturbation
method is that many factors that have influences on the final result can be considered into
the solution through perturbation. At the same time, with the advantage of the analytical
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solution itself, the influence of these factors can be easily seen in the solution, which greatly
strengthens the convenience of subsequent parameter analysis.

Bimodular material refers to such a material that has the different elastic moduli in
tension and compression. In fact, most materials [19,20], including graphite, concrete,
ceramics, rubber, and some biomedical materials, will present different tensile and com-
pressive strains when they are subjected to tensile and compressive stresses with the same
magnitude. These materials are called, by Jones [21], bimodular materials or multimodulus
materials. Basically, two material models are widely used in theoretical analysis in the field
of engineering. The first is the Bert model [22], which is established on the criterion of
positive-negative signs in the longitudinal strain of fibers. In the analysis of orthotropic
materials and laminated composites [23-25], the Bert model is widely adopted. The second
is the Ambartsumyan model [26], which is established on the criterion of principal stresses’
positive-negative signs, and this model is mainly applicable to isotropic materials. In struc-
tural analysis, the Ambartsumyan model is of particular significance since principal stresses’
positive-negative signs determine whether a certain point in a structure is in tension or in
compression. Our present study is based on the Ambartsumyan model. However, due to
the fact that principal stresses are generally obtained as a final result but not as a known
condition before solving, it is difficult to describe the stress state of a point in advance. Be-
sides, experimental results are also lacking in describing elastic coefficients in the complex
states of stress. In a few simple problems, analytical solutions are available, only concerning
beams and plates [27-29]. In some complex problems, we have to resort to the iterative
technique-based finite element method (FEM). In each iteration, the principal stress state
of each element needs to be judged in order to obtain a new elastic matrix used for the
next iteration. This is the direct iterative method with variable stiffness, which was widely
used in earlier studies, as indicated in the reviews from Ye et al. [30] and Sun et al. [31].
Thereafter, based on the improved constitutive model for different moduli and combined
with the arc-length method, Ma et al. [32] established a finite element iterative program to
determine buckling critical loads of rods with different moduli. Given that the traditional
iteration methods are often difficult in convergence for such kind of constitutive model,
Du et al. [33] established a new computational framework. Their numerical examples
showed that the computational framework proposed can be used to analyze the wrinkling
of thin plane membranes and explain some unusual cell mechanosensing phenomena.

Over the past few decades, functionally graded material (FGM) has become one of the
important research topics in the engineering and technical fields, such as civil engineering,
aerospace, acoustics, and microelectromechanical systems [34-37]. FGM is a new type
of composite materials, composed of two or more materials whose composition usually
presents continuously gradient changes, thus avoiding the interface effect. Most of the
existing studies on structural elements made of FGM focus on beams and plates, but few
consider the bimodular effect from FGM. However, as mentioned above, most materials
can exhibit some bimodular effect, and it is just a matter of whether it is obvious or not, so
FGM seems to be no exception.

Recently, more and more attention has been paid to the bimodular effect of materials in
the analysis field of FGM and corresponding structures, especially bimodular FGM beams
and plates. Aiming at the bimodular FGM plates, He et al. established the small deflection
simplified theory based on the concept of neutral layer [38] and, thereafter, derived the
equations governing the bimodular FGM thin circular plates with large deflections [39].
For a thin plate under large deformation, not only its deflection but also its rotation angle
presents a relatively big value. For this purpose, Li et al. [40] used a single-parameter
perturbation method to solve the Féppl-von Karman equations without the small-rotation-
angle assumption. On the other hand, some satisfactory progress has also been made
in the application of the multiparameter perturbation method to similar problems. First,
He et al. [17,18] solved the Féppl-von Karmén equations of thin plates with bimodular
functionally graded properties by using the biparametric perturbation method. Thereafter,
Yang et al. [41] solved the bending problem of piezoelectric cantilever beams by using
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the multiparameter perturbation method; He et al. [42] used the same method to solve
the problem of functionally graded, thin, circular piezoelectric plates, in which three
piezoelectric parameters were selected as perturbation parameters. These works showed
that the study of the multiparameter perturbation method is continuously growing. For the
improved Foppl-von Karman equation that considers the precise curvature formulas from
deformation and the bimodular functionally graded properties from materials, however,
the application of this method has not been reported.

In this study, the improved Foppl-von Karman equation was solved by using the
biparametric perturbation method. The main aim of this paper is to investigate the appli-
cation of this method to the improved Foppl-von Karman equations, while the precise
curvature and bimodular functionally graded effect on the mechanical performance of
thin plates do not fall within the scope of this study temporarily. For this purpose, the
whole paper is organized as follows: In the next Section 2, the establishment of improved
Foppl-von Kdarman equations is briefly described. For the effective implementation of the
biparametric perturbation method, in Section 3, the relevant parameter variables in the
established equations are expanded into polynomials of the material parameters, and two
sets of perturbation parameter combinations are used for the perturbation. The comparison
of two sets of biparametric solutions and the comparison with a single-parameter solution,
as well as the regression verification, are presented in Section 4. The concluding remarks
are summarized in Section 5.

2. Improved Foppl-von Karman Equations
2.1. Establishment of Governing Equations

As shown in Figure 1, a bimodular FGM thin circular plate with thickness ¢ and radius
a is subjected to a transversely uniformly distributed load g, in which the location of an
unknown neutral layer of a plate, which will be determined later, is represented by a dotted
dash line at the peripheral of the plate. The neutral layer generally does not coincide with
the geometrical middle plane of the plate due to the introduction of bimodular functionally
graded materials. The origin o of a cylindrical coordinate system (r, ¢, z) is placed at
the plate center on the neutral layer, and r, ¢, and z are the radial, circumferential, and
transverse coordinates, respectively. Due to the axisymmetry, ¢ is ignored in Figure 1. The
heights of the tensile and compressive zones are denoted by t; and f;, respectively, and the
corresponding modulus of the two zones is the tensile and compressive modulus, E*(z)
and E™ (z), which are the function of z due to the functionally graded property along the
thickness direction. In order not to lose the generality, the edge constraint condition is
temporarily not given.

Considering the convenience of integral and differential operations, E*(z) and E~ (z)
are defined as the following exponent type functions [38]:

E*(z) = Ege"*/!, E(z) = Ege"2*/!, )

where a1 and a; are the two graded indices of tensile and compressive zones, and Ej stands
for Young’s modulus of elasticity of the neutral layer. From Equation (1), it is easy to find
that E*(z) = E”(z) = Eg when a1 = ap = 0 or z = 0. At the same time, following the general
practice, Poisson’s ratio is assumed as two constants, v* and v~, ignoring the variation
along the z direction.
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Figure 1. The bimodular FGM thin circular plate under a uniformly distributed load.

If we isolate a differential element body from the plate shown in Figure 1 and study
its equilibrium conditions, the following three equations of equilibrium may be obtained:

d
T (rNy) = Ny = 0, @
d i d
E(rN, sin ) + E(rQr) —qr=0, 3)
and p
E(rM,) — My +rQ, =0, 4

in which N, and Njy are the radial and circumferential force, respectively; M, and My are
the bending moment along the radial and circumferential direction, respectively; Q; is the
transverse shear force; and  denotes the rotation of the radial force.

If we let o, /= and (79+ /=~ be the radial and circumferential stresses in tensile and
compressive zones, and &, and &g be the radial and circumferential strain, respectively, the

strain—stress relations give

+/— _ _EY(2)
Ty v ©)
U—;/i - ﬁ(ee +1/Sr)

In addition, the geometrical equations are

2
_ du 1(dw z
sf*W""i(W) o
89:%4“%

, (6)
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in which # and w are the radial displacement and transverse displacement or deflection,
respectively, and the precise curvatures for 1/p, and 1/pp are

3/2
1 02 dw')?
= _d;;[u(—;:) ]
11 1d w\2] 7
pe—rSlnﬁ——r?|:1+(—d?) :|
in which tan g = —dw/dr.
Substituting Equation (6) into Equation (5) yields
/- _ E” (z) |du dw +/—u +/-1
o T | (d,) +vt/ iz (Lo L) o
+/ - _ E” —du vt (dw)? -1
= B [ e (Y (L)

The radial and circumferential force, N; and Ny, are the sum of integrals in tensile
zone and compressive areas, that is,

N, = tl otdz + fot o, dz )
Ng = [, aedz+ftr79dz
After substituting Equation (8) into Equation (9), N, and Ny may be computed as
N = Aot + (%) ]
, (10)
= Ap| Y 4 +V+du +V+1(a£lz:;) :|
where , y Eob /et 1
t/eM —
Ag :/1 E*(z)dz = Eget*/tdz = =2 ( ——— ). (11)
—t —t ap \ emb2/t

It should be pointed out that any point of the plate is stretched along the radial and
circumferential directions when the plate is under large deflection. Thus, all integrals along
the z direction should be calculated, based only on the tensile components E*(z). This is the
reason that the only integrand is E*(z). Besides, the integrals of the items containing z are
also equal to zero in Equation (9).
According to a bimodular theory, M, and My may be computed as, in the form of a
subarea integral:
M, = [V ot zdz + f?t oy zdz
t 0 . (12)
= Jo' 04 zdz + fftz 0y zdz

Substituting Equation (8) into Equation (12), also considering Equation (1), will yield

- [4 d + +
M, = A} | % +1 () +vii 44 (pr+”p—9)

r Po

= Af |4 potds +u+1(‘f;;’)2 +Ar(Lt)

+AT %Jrj(%’) +v |+ a7 (R +2) .

2
AT {Z%—v*ﬁ”y’—ﬁ—v%(‘fﬁ’) + Ay ( +u*l)

)
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where
A+ Jo! zEge1*/ dz 1 Eot? ot 2\ Eoetiti/t
= = —_— —_— — — e
1 ) 1—(v+)? 1-(wt)? | o 1 o 0
" anz/t
Ai N j7t2 ZE(]E 22/ dz _ 1 _Oitz + tot + 2 E 7!362t2/t
1 = 2 = 2 2 , 0€
1-(v™) 1-(v™) a5 vcz (14)
[y} 22Ege1¥/d 3, Bt 3 '
A+ — Jo zZ°EQ z _ 1 pisd + Ht 212 t1 E aqty/t _ 2Ept®
1—(vt)? 1-(wh)* |\ of 1 o e
2 /t
A — f ty Z2Eget2?/tdz _ 1 B g i t%it 4 242 E 67“2t2/t I 2E0t3
2 1-(v)? =2\ Z B o]

Note that the integral of the items containing z in Equation (12) has been determined
as zero, that is, A{“ + Ay = 0, since it is exactly the condition used for determining the
unknown neutral layer, according to our previous study [38]. Thus, M, and My can be
further rewritten as

_ 1 + —(1 -
My= 45 (o 5y ) 47 () (15)
My = Af (2 +4)+ a7 (L +1)

Now, Equations (2)-(4), (10), and (15), seven in total, may be used for u, w, N;, N9, M,, My,
and Q;, and the problem is solvable.

First, eliminating the term Q, via Equations (3) and (4), and then substituting Equations
(10) and (15) into the derived equation and also considering the precise curvature formulas
shown in Equation (7), we may obtain the equilibrium equation of the improved Féppl-von
Karman equations as follows:

oot fue ()] et ()]
_D*d{ldw[u( )} +ut/ = dw[1+( dl“)z}m} (16)
+;r{—m,@%:[1+(—ﬁ:)z}‘m}—qr—o

D* = A] + A;. (17)

—3/2

-1/2

where

Note if we neglect the bending stiffness D*, Equation (16) will be reduced to the out-plane
equation of the equilibrium of a circular membrane problem without the small-rotation-
angle assumption, as shown in Equation (3) in our previous study [43,44].

At the same time, from Equations (2) and (10), we have

= (N VPN

u 1
ro1—(v )ZAo T 1 ()24

LR [;V(N,)—v N} (18)

Substituting u in Equation (18) into the first formula of Equation (10) yields

dl1d Ag (dw\?
r“N, — |- =0 1
dr{rd( )]+2(dr> 0 (19)
which is the compatible equation of the improved Féppl-von Kdrman equations.
Lastly, Equations (16) and (19) constitute the improved Féppl-von Karman equations,
which consider the precise curvature formulas from deformation and the bimodular func-
tionally graded effect from materials. Specifically, when the bimodular functionally graded

properties of the materials disappear, Ay in Equation (19) is reduced to Egt, and D* in
Equation (16) is reduced to the familiar expression, D = Egt?/[12(1 — v?)]. At the same time,
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the term 1 + (—dw/dr)? in Equation (16) is approximated as 1 under the small-rotation-angle
assumption. Eventually, Equations (16) and (19) are reduced to the classical Foppl-von
Kérman equations as follows:

dw | 24 1 d*w 1 dw 1d dw) _
D(WJF?W—TZW rsﬂ) —m(fNrﬁ) =1
2 ’
d|1d (2 Eot (dw\™ _
7@[7%(7 Nr)] +T(W) =0

which verifies the correctness of the equations established.

(20)

2.2. Equation Simplification and Boundary Conditions

Note that in Equation (16), there are many nonlinear items concerning 1 + (—dw/dr)?,
and their presence will hinder solving the equations; therefore, it is necessary to make a
moderate simplification. To this end, the negative exponential terms in Equation (16) are
expanded in the form of the power series of (—dw/dr)?, that is,

-1/2 5 (21)

Substituting them into Equation (16), we have

. 3 dw\? —d 1( dw\?
D*dﬂ{rd:zu [12(;:) } +vt/ Jf[lz(zf) }
5 2
d)1d 1 d —d? 3 d
—D*m{rﬁ[l—z(—ﬁ)}ﬂﬂ ‘7113)[1_2(_1;']) } (22)
2
d d 1( 4 _
+dr{_rN’dz: [1—2(—55) H—‘V—O

Integrating Equation (22) and also considering the symmetry conditions, dw/dr = 0 and
N, =0atr =0, will yield

D* e | Pw _ 1dw _ g (0 do _ 3,8 (dw)? _ 3dw (dw)® 1 (i)
dr3 dr2 rdr dar? dr 20 g3 \ dr 2 dr2 \ dr 2r \ dr (23)
3
_ 1.2 dw 1 dw
= 29" + Ny — ?”NY(W>

while the counterpart in the classical Foppl-von Karman equation is

Bw  dw  1dw dw 1
SRR NS = S 24
(r ard  dr2  rdr > g T 21 @4
Obviously, there are many nonlinear items generated in the equation due to the introduction
of precise curvature formulas.

We consider the following four edge constraints, that is, at r = a:

(i) Rigidly clamped,

dw
w—O,E—O,u—O (25a)
(i) Movably clamped,
dw
w-O,W—O,Nr—O (25b)

(iii) Simply hinged,
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w=0,M =0 u=0 (25¢)

(iv) Simply supported,
w=0 M,=0, N =0. (25d)

Via Equation (18), the condition of # = 0 may be expressed in terms of N, that is,

d
p 20 +(1—-v")N, =0. (26)
dr
Via the first formula of Equation (15), the condition of M, = 0 may be expressed in terms of
w, that is,
Pw v dw Pw v dw
2<dr2+rdr)+ z(dr2+rdr> 0 @7)

in which 1 + (—dw/dr)? ~ 1 is adopted to simplify the derivation.

3. Application of Biparametric Perturbation Method
3.1. Nondimensionalization and Perturbation Preparation

We first introduce the dimensionless quantities as follows:

4 2 2
_ qa . _w ot o Na
P_E0t4”7_1 e N 28)
and N )
* t4K- AF+A; — (vt
Eot3 Eot3 Eot3 Eot
Equations (19) and (23) are transformed into
2 V (dW\?
M[(l_”)5]+2(¢iiy) =0 (30)
and
42 dW ) 5 (AW ? P SdAW TS /dW\?
a0 0% PO () = s () ©

Considering Equations (10) and (27)—(29), the third of the boundary conditions, that is,
Equation (25c), may be changed as

AW dW ds

where A and A, are two parameters newly introduced, and they are [29]

2K N
Krd+vH) + K- (1+v) 27 1—vt

M= (33)
According to our previous study [29], other three boundary conditions (25a,b,d) may
be obtained simply by prescribing A; and A, as zero, for example, for rigidly clamped,
A1 = 0; for movably clamped, A1 = A; = 0; and for simply supported, A, = 0. Thus, in the
next solving, what we need to do is to seek the solution of Equations (30) and (31) under
the general boundary conditions, that is, Equation (32).
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Besides, at the plate center, the axisymmetric conditions give
dW
EZO(# 00) and S # oo, aty = 1. (34)

Note that there are two important physical quantities, V and K, in Equations (30) and
(31). Among the parameters that constitute V and K, there could be parameters that we
prefer to select, for example, the graded index in the tensile zone, «1. Therefore, according
to our perturbation experiences, V and K need to be expanded as, with respect to a1, [18]

3
%:%:l(1+m1a1+m2a%+m3a%+...) )
V:,:1;{11=1+n1a1+n2a%+n3p¢%+... ’
where
2
= A, TR
My = (_T12+kT22)2 T13+k2’1"23 . (le_kTZZ)(T13+k2T23) (le_kT22)3 (36)
2 — 4 - T 2 T’Z m3 = . N 5 . R - 7
m=4-Tm=1-2+%Fm=4-2+F-%
where k = a1 /ay, and k # 1. Now, Equations (30) and (31) are further modified as
a2 1 2 3 AW\ 2
7172[(1*77)5]+§(1+n1a1+n2a1 + n3nq +) (d;7> -0 (37)
and .
dz dW 2 2(dw
M{(l—n)dﬂ—zT (1—17) (W) } .

2 3
= 1(1 + myay + mpay® + maaq® + - - ) [2@2{—{’6—25(5”“) ]

3.2. Biparametric Perturbation on aq with Wy,

The two parameters, a1 and Wy, are selected as the perturbation parameters, in which
«q is the graded index in the tensile zone and W,, is the dimensionless central deflection,

that is,
w wo
Won = Wy = ()L, = 7

P, S, and W in Equations (30) and (31) are expressed in the perturbation parameter,
P = P(a1, Wp), W =W(a1, Wy, 11), S = S(a1, Wi, 17).
Thus, P, S, and W are expanded in the power series of &1 and Wy,

= Pioqy + PBWy, + P30612 + Py Wy, + P5Wm2 + P60613 + P7Dé12Wm + Pgﬂélwmz + Png3
+Pyoar* + Py Wiy + Praat Wi + Praag Wiy® + PraWi* + Pisaq® + Prgag Wy,
+Pr7a13 Wi, + Pigag>Wi® + Proay Wiyt + PogWy® + - -

N

W= Wias + WoW,,, + Waaq? + Wy Wiy + WsWii2 + Wear® + Woa2ZW,, + Weag Wi, 2
+W9Wm3 + Wl()DC14 + W11a13Wm + Wuoclemz + W13061 Wm3 + W14Wm4 + W150615
+W160(14Wm + W171X13Wm2 + W180£12Wm3 + W190(1Wm4 + WzonS +- -

and
S= 51061 + Ssz + 530612 + 54061Wm + S5Wm2 + 560613 + 570612Wm + Sth]sz

+SoWii® + S10a1* + S11013 Wiy + S12a12 Wi + S1300 Wit + S1aWi* + S1501°
+S1601 Wi + S17013 Wi + S18012Wipi® + S1901 Wiy + SagWi® + - - -

(39)

(40)

(41)

(42)

(43)
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where P; (i =1, 2, 3 ... ) are undetermined constants, and W;(y) and S;(y) (i = 1, 2,
3 ... ) are unknown functions with respect to 7. In the expansion of P, the introduc-
tion of 1/16 can make the next calculation easier. Substituting Equations (41)—-(43) into
Equations (37) and (38), and also into Equations (32) and (34), a series of decomposed dif-
ferential equations and the corresponding conditions used for solving P;, W;(1), and S;(#)
may be obtained.

(I) First-order approximation

(i) The differential equation used for the solution of S;(#) (i = 1, 2) can be obtained
from the coefficient of ay and W,, in Equation (37):

—[(1=7)S] =0, (44)

which should satisfy the boundary conditions (i = 1, 2)

{Az‘é‘?—sizoatﬂzo. (45)

SiFooatn=1

Thus, the solution give
51 =5, =0. (46)

(ii) The differential equation used for the solution of P; and W;(y) (i = 1, 2) can be
obtained from the coefficient of a; and W, in Equation (38):

d? [( B )dWi

which should be solved under (i = 1, 2)

W; =0, Ald;;/gi _d;/’\]]i =0aty=0 8)
wlzo,w2=1,”{TV,‘7’i7Aooat;7:1 ’

Thus, we obtain

_ _ 4
{ Py =0,P= I(2A1+1) (49)

2 .
+2A
Wy =0,W, = 172)\] 117

(ID Second-order approximation

(i) The differential equation used for the solution of S;(#) (i = 3, 4, 5) can be obtained
from the coefficient of oc%, a1 Wi, W,ﬁ in Equation (37):

2
Sl -mS)+ GrgE =0, (50)

which should satisfy the boundary conditions, that is, Equation (45), in which (i = 3, 4, 5);
thus, the solution gives

S3=54=0
{ S5 = sgrgr I + (M + P + (6112 + 400+ )+ A2(6M2 + 41 + 1)) - OV
1
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(ii) The differential equation used for the solution of P; and W;(x) (i = 3, 4, 5) can be

obtained from the coefficient of zx%, w1 Wy, W2, in Equation (38):

L) ] = 1590 —1(Py + Pymy)

dn? 1

2 dw, Sy d Sy dW.

L= ] = 1(5 %2 + F50) — 1P+ Pam)
a2 dWs | _ 1S, dW.

a2 (1_77)[775 —lfz,,T]Z—lps

dZW,» aw; _ —
Wi =0, M7 dW—Oatn—O.
W—Odw#ooatiy—l '

Thus, we obtain

Py =Ps = 0,Py = ity
W3 =Wy =W5=0

(ITII) Third-order approximation

(52)

(53)

(54)

(i) The differential equation used for the solution of S;(#) (i = 6, 7, 8, 9) can be obtained

from the coefficient of ai’, uc% Wi, 61 W,zn, W% in Equation (37):

- DS+ in(i) - o

d,7 2[(1=1)S7] + dqlTiﬁ+ dryB d172 +m d;yl dryz =0
(1)) + 4 e (42) =0
[( —17)So] + G2 2EE = 0

(55)

which should satisfy the boundary conditions, that is, Equation (45), in which (i =6, 7, 8, 9);

thus, the solution gives

56:S7—59—0
Sg =

(2/\ +l)

[77 + (4/\1 + 1)17 + (6)\1 +4Aq + 1)77 +/\2(6)\1 +4Aq + 1)] ’

(56)

(ii) The differential equation used for the solution of P; and W;(y) (i =6, 7, 8, 9) can be

obtained from the coefficient of zx?, u(%Wm, ®q W,%, W% in Equation (38):
2 [ d

&=la- q)%] = l(il 4 S0 1 m 3 dvijl) — 1(Ps + Pymy + Pymy)
2 dW: AW dW;

AT e

= l(%% + 542 Ws 1 m % '7%1) — I(P7 + Pymy + Pymy)
2 [ AW, AW, (AW, |2

2 1 yyam 721 o (42’

= l(541 d;’zs + 54 dw2 +m sfd;;z) *Z(Pg +P5m1)

2 AW, aw, \3| (s, aws Ss dW
n? (1*’7)7179*2#(1*’7) (Tfiz) ] _Z(TZ a tmE dvz)*%

(57)

which should be solved under Equation (53), in which (i = 6, 7, 8, 9); thus, we obtain
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We =

Ps = Pg

Py =

W, = Wg = 0

_ %
4320(271+1)*

10801(27,+1)*

(ml ny)

(2)\1 +1)

(6912072 + 10801\, + 3601)A1*+
(—172800T2 + 16201\, + 8401) A3+
(—34560T2 4 10801, + 8251)A12+
(—17280T? + 35011, + 3881)A1 —

=0,P =

1

[ (401 4210+
27648T2/\1 +36A121 + 13824T2 + 3071 + 61) P+

10368072712 4 1504131 + 17280T2A1 \ 4

( 1950421 — 17280T2 + 90A,[ + 151 ) +
138240T2A12 + 2401A1* + 24071311, — 6912072142
+480A131 4 280A121A — 69120T2 A4 + 3801121
+120A11A5 + 140711 + 20145 + 201

—69120T2112 — 1207131 — 12041217, + 17280T2 )4
—255)121 — 80A11A, + 3456T2 — 17811 — 201\, — 431
—138240T27,2 — 2401A1* — 24071317, + 3456072112
—510A1%1 — 160A121A, + 6912T2A4

/—\A/_\

(IV) Fourth-order approximation

3456T2 + 501\, + 731

-

— 356A1%1 — 40A11A5 — 8641

]

(58a)

(58b)

(i) The differential equation used for the solution of S;(7) (i = 10, 11, 12, 13, 14) can be

obtained from the coefficient of zx‘f, zx? Wy, zx% W,%, o W,?Z, W,‘fl in Equation (37):

AW, dWy %%)
+"1(d'7 ap T dy ay ) T2

42 dWq dW, AdW- dW; dW:
L1y +U (D)7 sy (a0
42 dW; dW; dW3 dW, dWe dW.

ar (L=m)Sul +T5E 5 + 0 5+ T

AWy dW, _
dy dy T

AW,

dn

%Wﬂﬁﬂ¥%%+%%+%%“l%%:
Ll p)sy) Rt (i)

(59)

which should satisfy the boundary conditions, that is, Equation (45), in which (i = 10, 11, 12,
13, 14); thus, the solution gives

S10 = 511 =513=0
S12 =

6(2)\ +1)

5 [7% 4 (4A1 + 152 + (6A12 + 441 + 1)y + Ao (6A1% +4A +1)] -

(60a)
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Si4=—

(

1 i
90720(2A;1 + 1)

[ (18141 + 90)yy” + (138240T2A; + 204122 + 6912072 + 1801A; + 391 )+

774144T2A12 4+ 10921A1° 4 331776 T2 A1 + 15061112 — 27648T2 + 726171 + 1231);75+

( 1741824T2 713 + 27721A1* + 15121013 A, + 483840T2 112 + 57541713 + 176410121, ) e

—248832T2\q 4 46561\, + 7561 A1 Ay — 27648T2 + 173411 + 12611, + 2491
1451520T2A1* + 2520111° + 2520101415 + 1016064T2 74> + 781217,

+44521A13 Ay — 725760T2A1% + 89041113 + 21841112 Ay — 127872T2 A1 + 43411142 ) 73+
+406IA 1Ay — 3456 T2 + 698171 — 14IA, — 521

—241920T2A12 + 1764101 — 561A12A, — 31104T2A; — 6431742
—154IA1 Ay — 3456 T2 — 5061A1 — 141X, — 521
—1451520T?A1* — 252017,° — 25201A1*A, — 193536T21;2 — 625811, *

145152072\ 1% + 25201A1° 4 2520101 *A, — 919296T2 713 + 4452101* + 109211131, )
7+

(60b)

—2268IA13 Ay — 96768T2 )12 — 57121A1° — 8961112 Ay — 31104T2Aq — 2449102 | (7 + A2)
—154IA1 Ay — 3456 T2 — 506/A1 — 141X, — 521

(ii) The differential equation used for the solution of P; and W;(y) (i = 10, 11, 12, 13, 14)

can be obtained from the coefficient of zx‘ll, zx:i‘ Wy, zx% W,%Z, o W,?Z, Wﬁl in Equation (38):

2
% (1- 77)dWm 6T2(1—17)2M(dwl)]

di \ dy
s dW6 S5 dW3 S dW1
LW | SadWa | Sedy ]

m1(51 dW3 + 53 dwl) +m251 AWy

2 3
— %151(dwl) —l(P10+P6m1 + Pymy +P1Wl3)
4 dy dn 4 dpy

2 2
£ - )l — 6721 — )2 ()" 4]

51 dW7+S3dW4+56dW2_|_S4dW3+S7dW1 +s42d;v6+
il

(61a)

=1 (61b)
ml<51dw4+S42dW3+S43dw2+S44dwl)+m (Sldwz_i_&dﬂ) ]

4 dy 4 dpy 4 dy

2
*TTI |:S (dd,f) + 351 AWy (d;:;l) :| — Z(Pll + P77’}’l1 + P47’}12 + P21’Yl3)

2 AW AW [ dW AWs [ dw; \2
E{a—nthiz - 12—y | (%) + 2 (407 |
S]de Sde7

S sz

=1
ml(sldw5+S4dW2+Sde4+SSdW1)+m24 e

4 dy
3T21 [S aw, (‘%2) +5; dwz (d;,gl) } — (P12 + Pgmy + Psmy)

2 AW 2 (dw, \ 2 dw.
0yt — 6201 — 2 (42) 404
iy g

Sg sz + Sz de_"_
=1

4 dpy 4 dn

P W] (S0 | SsdWs Sy W T o (W
dn? dyp | \4 dg 4 dy 4 dy 2 72

T2 ¢ (dW, >
5 dw4+s9 dW1 + (Sde5+S5 sz) ] —Tsl(df,f) — (P13 + Pomy)

S3 dW. Sy dW, S5 dW: Sy dW; Sg dW;
R R kS R C A 1+] 610

(61d)

3
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which should be solved under Equation (53), in which (i = 10, 11, 12, 13, 14); thus, we obtain

Wip=Wip =W =Wy =0

_ (m+m) %
4320021 + 1)

4(m3 —2mymy +m3)
Pyp =Py =Py =0, P11 = ==y oy

(—69120m1 T2 + (10807, + 360)n11) A1 *+
(17280017 T2 + (16201, + 840)n11) A3+

Pz = m (34560m; T2 + (10801, + 825)n11) A%+
(17280m1 T? + (3507, + 388)n11) A1+
3456m1 T2 + (50A; + 73)n1

(4A11 + 210+

(27648T2A1 364,21 + 13824T2 + 3001 + 61) 7o+
103680T2A1% 4 150731 4 17280T?A 1+ \ 4

( 195,21 — 17280T2 + 90A,1 + 151 >’7 +
13824072712 + 2401A1* + 2407311, — 6912072012+

( 4807131 4 28011215 — 69120T2 A4 + 380721+
12011, + 140711 + 20175 + 201
—69120T2A12 — 120A31 — 12071217, + 17280T2 )4 )

( —255A1%1 — 80A11Ay + 3456 T2 — 178A11 — 2014, — 431 )'7 +
—138240T2713 — 2401A1* — 240131), + 3456072112 — 510131

( —160A121A; + 6912T2 A1 — 3567121 — 4011115 — 86A41

n+

(V) Fifth-order approximation

The differential equation used for the solution of S;(1) (i =

]

15, 16, 17, 18, 19, 20) can be

(62a)

(62b)

obtained from the coefficient of oc?, a‘lle, oc“;’ W,%, (x% W;:;, 0 an, W,E;, in Equation (37):

2
&ia-

2 AWy dWyg | dWs dWe dWs

dr]z[(l 1)S15] +d}7 ay + @ +3 iy T ,

AW, dWg AW, dW, aw \2 _
iy dy + 213 ( ) =0

g dy dy dn

+ny

dw, dWy
- dy

dy dy

AW; dW;
dy dy

AW, dWe

+ D

1)S16] +

+

AWy dW7 | dWp dWe | dW3 dWy AWy dWy  dWs dW3
+ny (SR L + + + 1 + e 4

dy dy dn dy Ay dp

+nz=—>1

dWl dle sz de dWsz dWs AWy dWy

2
dWl dWg dﬂdWy dWs %) (dw4>
+n1( ap dp Codyg o T odp dp )T M dy

2
dWl dW5 lJle dW4 1 AW, _

2
£la-

AWy dWiz | dW; dWpp
dn dy + dn dy +

77)518]
AWy dW AW, dW;
nl( dl’]l d;79 dr]z d;78

4 — AWy dWyy | AW, dWig | AWy dWo | dWs5 dWg
dﬂz[(l 17)519] +d77 dn + d;y dn + dn dy + “dy dp

2
AW, dWy (dW5) _
n n =
+ 1 dﬂ dﬂ + 1 0

AWy dWo | dWy dWg
dn dy dn dn
AW, dWs

i) +

dy dy

270y Ay

di
AWs dW
dn dy

a2 AW, dWy4

—[(1=1)Sy0] + =0

dWs dWe

dWy dWs | dWs dW;

AWy dWs _

(63a)

) (63b)

(63¢)

(63d)

(63e)

(63f)
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S19

(1817 +91)7 + (138240T2/\1 2041042 + 69120T2 + 18017 + 391) 7o+
(774144T2/\12 + 10921713 + 331776 T2 A1 + 15061012 — 27648T2 + 726171 + 1231) n°+

(

which should satisfy the boundary conditions, that is, Equation (45), in which (i = 15, 16, 17,
18, 19, 20); thus, the solution gives

S15 = S16 = S18 = S20 =0
g m 7+ (4 + 1)+ (64a)
17 — 2 2 2
6(20+1)" | (6A17 +4A + 1) + Ap(6A1° + 44 + 1)

ni+mq %
5
90720(2A1+1)

1741824T2 )13 4 27721A1* + 15121713\, + 483840T2\ 2 + 57541713 4+ 1764IA2A0— \ 4
248832T2 )1 + 46561A12 + 7561 A1 Ay — 27648T2 + 17341A1 + 126145 + 2491 >’7 +
1451520T2A1* 4 25201A1° 4 2520111 %A, + 1016064T2A1 3+
78121A1* + 44521113 Ay — 725760T2A1% + 89041112 + 21841112 A, — ) 3+
127872T2 A1 + 43411012 + 4061A1 A, — 3456T2 + 6981\ — 14I), — 521
1451520T2A1% 4 2520111° + 252010145 — 919296 T2\, + 4452171 *+ )

-+

(64b)

10921A13A5 — 241920T2 A% 4 17641013 — 561112\, — 31104720, —

6431012 — 1541A1 Ay — 3456 T2 — 506IA1 — 141\, — 521

—1451520T2A1* — 25201A1° — 25201A1* A, — 193536 T2 A% — 625811%—
226810131 — 96768T2 1% — 57121112 — 89611121, — 31104T2 A, — ) (17 + A2)
24491012 — 154IA1 Ay — 3456 T2 — 5061\ — 1414, — 521

Given that the next solving process becomes more complex and the calculation ac-
curacy has been satisfied, we end the computation here. After summarizing the results,

we have
r 4[1—"11“1—(mz—mlz)ﬂllz—(m3—2m1m2+m13)0613}W
6 1(2A1+1) m (65)
+[1 + (n1 + m1>Dcl]P9W31
2
+2M\
_ ’72A17+1’7wm 1+ (n1 + my)ag [ Wo W3, (66)
S = (1+may + npwy® + n3a,>)SsW2 + [1+ (2ng + my)aq]S14Wi, (67)
in which Ss, Pg, and Wy, as well as 514, are shown in Equations (51), (58a), (58b), and (60b),
respectively.

3.3. Biparametric Perturbation on ag with Py,

Another group of parameter combination, a1 and Py, is selected as the perturba-
tion parameters, in which «; is still the graded index in the tensile zone and Py, is the
dimensionless load, that is,

4
qa P
Py, = =—. 68
" 16Egtt T 16 (68)

W and S in Equations (30) and (31) are expressed in the perturbation parameters,

W = W([xl/PH’HT])/ S = S(“l/PmIU)’ (69)

Thus, W and S are expanded in the form of the power series of a1 and Py,

W = Wiay + WaPy + Waar? + W1 P + WsPr? + Wettr® + Wrar® Py + Waatr Pr? + Wo P

+@“14 + Wfllﬁpm + I/\/712“121)1712 + INil(}Mm?’ + mem4 + WB“lS + Wm“14pm (70)
+Wi7a1® Py 4+ Wiga1 2 Py® + Wigay Py 4+ Wog Py + -+

and
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S = S1aq + S3Pu + S3a1? + 5401 Py + S5P® + Set1® + S7aq 2Py + Sgat1 Pon® + So Py
+@0€14 + 5110£Pm + S]za@mz + S130£m3 + S14Pm4 + 5150(15 + 5160614137” (71)
+S17013Py? + S1801% Py + S1901 P + SooPr® + -+

In addition, in the governing equations, Equation (37) remains unchanged, while
Equation (38) needs to be slightly adjusted due to diffident perturbation parameters we
select here. For this purpose, substituting Equation (68) into Equation (38) yields

2 3
£ a-ng-2ma- ()]

(72)
2 3
= 1(1+ myay + mpay® + mza® + - - -) [i”‘%] — Py — %(M) }

The next perturbation steps may follow the process of Section 3.2.
()  First-order approximation
(i) The differential equation used for the solution of S;(77)(i = 1, 2) can be obtained

from the coefficient of a1 and P, in Equation (37):

4 -
aEl(1=ns] =0, (73)

which should satisfy the boundary conditions (i = 1, 2)

AZ%—E:O aty =0 7)
Si#£ooaty=1

thus, the solution gives o
51 =5 =0. (75)

(ii) The differential equation used for the solution of W;(77) (i = 1, 2) can be obtained
from the coefficient of a1 and P, in Equation (72):

a2 awy | _
i\ 1=y | =0 (76)
A CEEE RS
dn? ay | =
which should be solved under (i = 1, 2)
W, — SW; AW, _ _
Mﬁ_o’/\ld;ﬁ a —Oatiy—O; 77
d;\;" Fooatn =1
Thus, we obtain
2
Wi = 0, W, — mel’?), 78)

(II) Second-order approximation

(i) The differential equation used for the solution of ?i(q)(i = 3,4, 5) can be obtained
from the coefficient of tx%, w1 Py, P,% in Equation (37):

T\ 2
Lla-ns]+3(%) =0
Lla-ms)+Grde =0, (79)
7\ 2
L la-mss)+3(%2) =0
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which should satisfy the boundary conditions, that is, Equation (74), in which (i = 3, 4, 5);
thus, the solution gives

Ss
Ss

(ii) The differential equation used for the solution of W;(7) (i = 3, 4, 5) can be obtained
from the coefficient of oc%, 1 Py, P,% in Equation (72):

=0

. 80
[77 + (401 + 1) + (6A2 + 401 + 1)y + Ap(6A3 + 441 + 1)) (80)

I
& NE\

42 dW. Sid

dn? (1717) d773 ZZT] d171

d? dWy| _ 1(Sid Sy d

a (L= —Z(TlT“Fle)—lml (81)
d2 AW S, d

ar (L= | =185

which should be solved under Equation (77), in which (i = 3, 4, 5); thus, we obtain

Imy (1 + 2A17)

W3 =Ws5=0W; = 1

(82)

(ITII) Third-order approximation

(i) The differential equation used for the solution of 571(77)(1' =6,7,8,9) can be obtained
from the coefficient of a3, a?P,,, a1 P2, P3 in Equation (37):
17 %1 mr Lm q

= )Se] + G b () =0
%[(l—v)§1]+%%+%%+ mG gy =0 (83)
L[ = 53] + G+ G+ h (7)< 0

el —mSo] + G =0

which should satisfy the boundary conditions, that is, Equation (74), in which (i =6, 7, 8, 9);
thus, the solution gives

S¢=57=59=0
_ —  mP.3 9 oy 2 . (84)
Sg = n1S5 = 176[17 + (4)\1 + 1)77 + (6/\1 +4A + 1)77 +)\2(6)&1 +4A + 1)]

N

(ii) The differential equation used for the solution of W;(17) (i = 6, 7, 8, 9) can be
obtained from the coefficient of zx?, zx%Pm, o P,%, P;:’1 in Equation (72):

R —\3 - — _—
2
d[(l—wm—zﬂa—wz(‘”f) ] :z(?%@%m&dzl) (852)

2 Wy 2dW, (dW; 2
£ [a-pTE - o1 P (4]

— NS _ (85b)
:l[%dg’\;4+szdw3+s3dw2+s %+m1(?dgzz+52dwl)}—lmz
2 AW _ 72 2dWy (dW; \?
S AU 1 C ) 50
(o §05)

___\ 3 -
d? de 2 > [ dW, 52 dW5 S5 dW;
diiyz [(1 —n)—— a —2T%(1—1) T’? =1 T d11 + ZTU (85d)

which should be solved under Equation (77), in which (i = 6, 7, 8, 9); thus, we obtain
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W, = Wy = 0,W; = el 2
217% + [13824T2 /1 + 6(3MA1 + 1) |+
51840T2A, /1 — 17280T2/1 + 15 (5A12 Ny 1)] 7+
Wo = ybd  |69120(Ay — 1)T2A1 /1420 (6)\13 FOAMZ 45N + 147y (6/\12 FAA 1))} 7+
34560(3A1 — 1)T2A¢3/1+
[ 30(6/\13 LN 4 5A +14 A (18)\13 F18M 2+ 7A + 1))

(86)

1 (1% +2M1)

(IV) Fourth-order approximation

(i) The differential equation used for the solution of Si( 77)(1' =10,11, 12, 13, 14) can be
obtained from the coefficient of af, a3P,,, a3P2, a1 P3, Py, in Equation (37):

_ _\ 2 R .\ 2
d? — AW, dWg 1 [ dWs dWidWs 1 (dW; |
d72[(1—’7)510] + ay dy +2< an +nlﬁﬁ+§n2 W =0, (87a)

42 o AWy dW, | dWs dWg |, dW; dWy

7[(1 77)511] +WW+WW+WW (87b)
dWl dW4 dWZ dW3 dW1 dWZ

+n1<WW+WW)+n2WW 0

P2 T AW, dWs | dW, dW; | dWs dWs | 1 (dW; \?
(1= 1m)512)] +T$Tf+TfTJ+Tfo+§(Tf)
T e o o TN 2
AWy dW: dW, dW, 1 dW. _
(A ) - am () =0
d? — AW dWe AW, dWs = dWy dWs AW, dWs

7172[(1—;7)513“ dy dy dy dg dg dg My dy

(87¢)

o

) (87d)

—[(1- =2 (== 7
ap (L= mSul + 35+ (87€)
which should satisfy the boundary conditions, that is, Equation (74), in which (i = 10, 11, 12,
13, 14); thus, the solution gives

N —\ 2
d? — , AW, dWs 1<dW5> 0

Sio=51=53=0
T o ml 3 2 2 2 , (88a)
S12 = 1255 = g [11” + (4A1 + 1)57° 4 (6A] + 441 + 1)1 + A2(6A7 +4A1 +1)]

_ -5

S14 = 77440 <

37+

(23040T2/1 4 3471 + 13) 1+

[9216(14/\1 —1)T2/1 + 18212 + 160A; + 41} P+
[ (290304)\12 — 645127, — 9216) T2/1 + 46273
1728712 + 4121, + 83 + 421, <6A12 LaA + 1)
9216(35)\13 ~21A2 A — 1) T2 /1 + 4200 * + 151243+
170812 + 83211 + 153 + 561, (30A13 + 3202 + 13\, + 2) T (88b)
9216 (35A14 —7AP = 21A%2 —7A — 1) T2/1 4+ 2100A;% + 40327,° + 3108112+ )

1112, + 153 + 561, <9OA14 112043 + 67012 + 184, + 2) ] (i
(483840)\15 — 11289601 % — 645120113 — 193536112 — 645127, — 9216) T2/1 |
+2520A,° + 5880A1* + 6132413 + 352812 + 11121 + 153 7+
1281, (270A15 +450A1% + 3457,% + 149012 + 351, + 4)

(483840A15 — 1128960A1* — 645120A1% — 193536112 — 6451241 — 9216) T2/1

+3528A12 + 7560A1° Ay + 2520A1° + 111241 + 12600A1%A; + 1008111, Az
+4172A1% A5 + 5880A1% + 6132413 4 966041315 + 11215 + 1531,




Mathematics 2022, 10, 3459 20 of 26

(ii) The differential equation used for the solution of Wl(iy) (i=10,11,12,13, 14) can
be obtained from the coefficient of a$, a3 P, a3P2, a1 P3, Py, in Equation (72):

_ N\ 2
d2 dWl() ) deB dwl
11772[(1—77) dn _6T(1_;7)W W

(89a)
_ . o o _ . _ ___\ 3
|5 dWe | SadWs |, SedWi (51 dWs | SadWi),  SidWi TS (W,
|4 dyp 4 dy 4 dy W4 dap "4 ay 24 dy 2 dy
2
L PR TR YR eY. /Y (117
dn? dn dp \ dn
Sy dWy, Sy AWy S3 dWy Sy dWs Se AW, Sy dW;
T TP YT N Y T (896)
Sy dW, Sy dW: Sz d Sy d Sy d Sy d
Sl o (R R R )t (PR FE) - S —img
2 | (daW\3 | aedW, (dW; 2
S CORERAC N
P2 AW aws (W, )
=)= =6 (1— )2t [ =2
dy no\ dn
SidWg |, Sy dW; | S3dWs | Sy dWy |, S5dWs |, S; dW, | Sg dW;
T P T P R L (89c)
Sy d Sy d Sy d S5 d Sy dW:
SIECICE R & S & DRI S
72 [ nedWy [ dW5 \2 | A dWs [ dW; )2
s () s ()]
d? AW AW, [ dW,
ﬁ (1 ) d13_6T2(1_ )2d4 ;
1 1 o\ dy
S dWy | S;dWs | SidWs | SsdWy | SgdW, | SgdWy (89d)
l To i TRt T Rt
= S, dW; | SsdW,\ T2 |a(dmy )\ AW, [ dW:
(47 + TG - B[S (F) s ()]
e dWrs S,dWo  SsdWs SodW, T2—(dW
la-mTR | =252 258 25 S T2 (89¢)
1 n 4 dy 4 dy 4 dy 2 dn

which should be solved under Equation (77), in which (i = 10, 11, 12, 13, 14); thus, we obtain

Wip = Wi = Wiy =0

- 2
Wll _ lm3(17 2—2/\117)

Wiz = (111 +mqp) Wy
211° 4 [13824T%/1 4+ 6(3A1 4+ 1)] 17+

51840A, T2 /1 — 17280T2/1 + 15 (5/\12 Ty 1)} 7t 90)
B 2
e ) [ 691200 (1 = T?/14 .
276840 20 (6)\13 + 9/\12 +5M +1+ A, (6)\12 +4Aq1 + 1)) 1
[ 3456071 (31, — 1)T2/1+ 2 g
30(641% + 9712 + 511 +1+ 42 (18017 +181,2 +741 + 1)) (7* +2Mn)
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(V) Fifth-order approximation

The differential equation used for the solution of E(;y)(i =15,16,17,18, 19, 20) can be
obtained from the coefficient of a3, a{P,, a3P2, a3P3, a1 Py, P;, in Equation (37):

2 r AW, dW AW5 dW, AW, dWg
;?[(1_77)515] + 1 10 + d173 dr]6 +m d;yl d176 (91a)

dW dW AW AW !
g g ”1<dﬂ3) +3 3<d'71> =0

dz _ r dWl dwll dW2 dW10 dW3 dW7 dW4 dWE,
7[(1 77)516] + + 7 + dy dp + “dy dy
dW1 AW, dﬂ AW, | dWs dW;
+n1 ddy Cd @ T dy d’?) O1b)

AW, dWy | dW, dw3) AWy dW, _
T gy d'7+d'7 a )T 3d'7 @ =0

dn_dy dg ~dyp U dy dyg T dp dy d’i dy
AWy dWg | dW, dW; | dW; dW5 dWy
+m |:d17d;7+d;7d;7+dr] T +3 T (91c)
AW, dWs | dW, dg A, \?%
+”2<d17 ETT d'7>+ 2™ (dﬂ) =0

42 AT dWl dW13 sz dle dW3 @ dﬂ@ dWS dW7

an? [(1 77)518] + + + Tdy dy + dy “dy + “dy dy (91d)

+n dm%_l’_%%_._dWZLdWS + 1y szdW5 0
Wody dg " Ay dp T Ay dy dy Ay

i _ c_ dW1 dW]4 sz dW13 dW4 de dWS %
[(1 77)519] +z7l17 dy + dy “dy + “dy dy + dy dy

] (91e)
AW, dWy AW,
+nq d;yz dr]g + 31 1( d175) =0
P — AW, dWy  dWsdWy (91f)

?72[(1—77)520]+ an dn i dy Y

which should satisfy the boundary conditions, that is, Equation (74), in which (i = 15, 16, 17,
18, 19, 20); thus, the solution gives

513 = St = S =520 = 0 022)
S17 = n3Ss = B3~ [;7 + (4A1 + 1) + (6A2 + 441 + 1)1 + A2(6A% + 441 + 1))
T _ Py +my)
¥ T 7741440

317 + (2304072 /1 + 34A1 +13)7° + {9216(14/\1 —1)T?/1 + 1822 4+ 160A; + 41] n°+
[ (290304)\12 — 645121, — 9216) T2 /1 + 4621,
172802 + 41221 + 83 + 421, (6A12 4A + 1)
9216(35A13 22— TA — 1) T2/1 + 42004 + 151203+
170812 4 83211 + 153 + 561, (30A13 + 32012 + 1371 + 2)
9216(35)\14 A3 = 2102 =T — 1) T2/1+2100A1* + 40324, + 310802+ | (92b)
111241 4 153 + 561, (90/\14 +120A% + 6702 + 187, + 2) T
(483840)\15 — 1128960A1* — 645120A1% — 193536112 — 645121 — 9216) T2/1
+2520M1° 4 588071 * 4 6132413 + 3528142 + 111211 + 153 n+
281, (270)\15 + 45001 + 34573 + 1491, + 351, + 4)
(48384OA15 — 1128960A1* — 645120712 — 193536112 — 645121 — 9216) T2/1

+3528112 + 7560A1° Ay + 2520A1° + 111211 + 12600A1% A5 + 100811 A5 Az
+417201% A5 + 5880A1* + 6132112 4+ 966011215 + 11245 + 1531,

nt+

n+
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Similarly, we end the computation here. After summarizing the results, we have
2 3 2 ! AT 3
W= (1 + myag + moxy” + maaq ) (77 + 2)\177) ZPm + [1+ (nq +mq)ag[WoPy,  (93)

S — (1 + may + npay® + n3a13)?5p,i + 1+ (211 + my)ay]S1aPE (94)
in which Wy, Ss, S14 are shown in Equations (86), (80), and (88b), respectively.

4. Comparisons and Discussions
4.1. Comparison of Two Biparametric Perturbation Solutions

The biparametric perturbation solution based on &1 and Wy, is shown in Equations
(65)-(67), while another biparametric perturbation solution based on «; and P, is shown in
Equations (93) and (94). It is interesting to compare the two solutions and try to find the
difference due to the different parameter combinations.

Let us focus our attention on the relation of load vs. central deflection, that is, P~W,,,
which is of importance for the analysis and design of thin plates. We first notice that, for
the solution based on &7 and W, the relation of P~W,,, has been obtained since this relation
is explicitly given in Equation (65), but for the solution based on &7 and P, this relation
in Equation (93) is implicit. Thus, we may obtain this relation by further mathematical
treatment. To this end, we let 7 = 1 in Equation (93), also substituting Wy at 77 = 1 into it,

thus yielding
Wi = (14 myay + myay? + maay3) 0224 p,
3456(20AF — 50A3 — 10A% — 511 — 1)T?%/1 5
— LG tmay | 36004 4+ 840A3 + 82512 + 388A + 73 3

+10A2(108A7 + 16243 + 10872 + 35M; + 5)

The inversion transform of Equation (95) will give, after ignoring higher-order terms
and also considering Equation (68),

Y 4
Py = 6 (1+m1a1+m2a12+m3o¢13)l(1+2/\1)Wm

1+ (g +my)ay %
1080(142A1)* (1+my 2 +mpar 2+mag3)*

3456(20A% — 5003 — 10A2 — 5A; — 1)T2/1 (%)
+360A7 + 84073 + 82517 + 3881 + 73 w3,
+10A(1087A% + 16243 + 108A% + 3511 + 5)
while, at the same time, Equation (65) gives, after substituting Py into it,
P _ 4[1—7'11041—(le—mlz)“lz—(m3—2m1m2+m13)0¢13]W
6 — 12A1+1) m
(6912072 + 10801, + 3601) A4+
1 (m+m)ay | (—172800T2 + 162014, + 8401)A13+ W3 (97)
10801201 +1)* | (—34560T2 + 10801\, + 8251)A1%+ m

(—17280T? + 3501\, + 3881)A1 — 3456T2 + 5011, + 731

It is easy to see that the structural forms of the two solutions are the same, both giving
the similar relation; that is, the load is the sum of the terms of W,, and W,,2, only with the
coefficient differences of Wy, and W,,>. For the coefficient of W,,, if we spread, in the form
of power series, (1 + myaq + mzl’éf} + mga% )_1 in Equation (96), then the expression in the
numerator of the coefficient of W, in Equation (97) may be obtained, thus verifying the
consistency of the term W,,. For the coefficient of W,.3, due to the fact that m; (i=1, 2, 3)
and «y all are small quantities, (1 + mqaq + mzzx% + myx% )4 of W% in Equation (96) may be
approximated as 1; thus, the only difference is embodied in expressions in square brackets,
which may be caused by different perturbation parameter combinations. We have to accept
the existence of this difference; at least the difference is not very big.
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P
6 — Zh+1

P

P
16

1080(2 Ay +1)*

4.2. Comparison with Single-Parameter Perturbation Solution

In our previous study [40], only one parameter W,, is selected to carry out the pertur-
bation solving; the result of P~W,, is as follows:

Wﬂ’l

98
+825 A2 + 350 A1 Ay + 388 Aq + 501, + 73 (98)

V< 1080 A1%A5 +360 A% 41620 A13A, + 840 A13 41080 1127, )
+KT? (69120 A* — 172800 A1 — 34560 A% — 17280 A1 — 3456)

in which K and V have the same meaning as this study, but without the expansions with
respect to 1. If we substitute the expansions of K and V, that is, Equation (35), into
Equation (98), we will have

1

Wa
1080(2A1 +1)*

6 2/\4 1 2 Win
1+ l(1+m1a1+m2a1+...)

1080A1% A5 + 360A1% 4+ 162041345+
(14 naq +mpad +...) | 840A1° + 1080724 + 825412+ (99)
3501 Ay + 3881 + 504, + 73
N 2 ( 69120A1* — 17280013 — )
1(1+myag+myad+..) \ 34560112 — 172804, — 3456

If we compare Equation (99) with Equation (96) or (97), once again, it is easy to see
that the term of W,, is the same, and the term of W,,® has slight differences, which is mainly
reflected in the introduction of K and V expansions and may be caused by the biparametric
perturbation.

4.3. Regression Verification

In the improved Foppl-von Karman equations, the parameter T plays an important
role, which serves as a bridge to connect the Foppl-von Karman equations considering
precise curvature with its counterpart considering approximate curvature. Simply speaking,
letting T = 0 in Equations (96) and (97) will yield, respectively,

_ P _ 4
Pn=1 = (1+m1041+m20¢12+m31¥13)l(1+2/\1)Wm
1+ (g4 )ay %
1080 (14241 )* (14 my ay +moay 2+mzag3)* (100)
+360A7 + 84077 + 82517 + 38811 + 73

3
+10A5(108A7 + 16243 + 108A2 + 3511 + 5) ] W

and

_ A—myeg —(my—my®) a2 — (mz—2mymy+my3)ay %] W
m

1t (my4my)aq | (10801A2 4 3601) A1 + (162017, + 8401) A3+ W3
1080(2A;+1)* | (10801, + 8251)A12 + (3501A; + 3881)A1 +501A, + 731 | ™

1(2A1+1) (101)

which agrees with the solutions of the Foppl-von Karman equations considering approxi-
mate curvature, that is, Equations (73) and (103) from [18]. This agreement indicates that
the biparametric perturbation solutions derived in this study are basically correct, from the
viewpoint of regression of solution.

5. Concluding Remarks

In this study, we applied the biparametric perturbation method to solve the improved
Foppl-von Karman equations considering the precise curvature formulas from deformation
and the bimodular functionally graded properties from materials. To clearly demonstrate
the application of the biparametric perturbation method, two groups of parameter combi-
nations are adopted to obtain two different forms of biparametric perturbation solutions.
The following three conclusions can be drawn:
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(i) The biparametric perturbation solution based on &1 and W, is consistent with another
solution based on a; and Py, but two groups of parameter combinations have their
own advantages. From the solution on &7 and Wy, the important relation of P~W,, is
easily obtained since it has been explicit in the solution, while for the solution on a4
and Py, the relation of P~W,, is existed implicitly in the solution.

(ii) The biparametric perturbation solution is consistent with the single-parameter per-
turbation solution. Although the selection for multiple parameters makes the per-
turbation process more complex, the participation of multiple parameters enables us
to capture the influence of each factor. This undoubtedly brings convenience to the
subsequent parameter analysis.

(iii) Parameters should be chosen with caution, thus combining to achieve an effective
perturbation. However, this effectiveness is limited by the respective properties of
each parameter and their interrelationships. For example, a1 and Wy, are a set of
successful combination in this study, achieving a better convergence, in which a;
stands for material property and W,, stands for geometrical characteristic, and they
are independent of each other. Another set of a1 and P;, has the same asymptotic
effect, and they are not dependent of each other. However, if we try to combine Wy,
and P, as a set of parameter combination, we will inevitably encounter undesired
results. The reason is the fact that the two parameters are not essentially independent
of each other, so the perturbation is doomed to fail.

There is no denying that the calculation process of the parametric perturbation method
is somewhat lengthy and annoying. At the same time, this disadvantage is exacerbated by
the introduction of multiple perturbation parameters. These two facts may be regarded
as the limitations of the multiparameter perturbation proposed. However, the solution is
analytical and asymptotic in nature. With the approximation of each order, the influence
of a parameter on the solution is shown step by step, and the property of the solution is
gradually revealed, which is the intrinsic charm of the perturbation method.

The multiparameter perturbation method proposed in this work attributes to a regular
perturbation method, which is one of two important divisions of perturbation. Another is
the singular perturbation (including the matching asymptotic expansion method and the de-
formation coordinate method), which is widely used in the field of fluid mechanics [45-48],
for example, the boundary layer problem. When the singular perturbation method is
applied to these problems, there exists also a parameter selection issue. From this perspec-
tive, the multiparameter perturbation can also be attempted to generalize to the singular
perturbation method.

In many industrial applications, the large deformation problem of flexible elements
can be found everywhere, and the materials that compose them are also diverse. This work
is helpful in analyzing the large deformation problem of flexible platelike elements with
bimodular functionally graded properties, and the multiparameter perturbation formulas
may be served as a theoretical reference for designers and engineers from applied fields.
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