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Abstract: Let b and ¢ be two elements in a semigroup S. The (b, ¢)-inverse is an important outer
inverse because it unifies many common generalized inverses. This paper is devoted to presenting
some symmetric properties of (b, c)-inverses and (¢, b)-inverses. We first find that S contains a (b, c¢)-
invertible element if and only if it contains a (c, b)-invertible element. Then, for four given elements
a,b,c,din S, we prove that a is (b, ¢)-invertible and d is (c, b)-invertible if and only if abd is invertible
along ¢ and dca is invertible along b. Inspired by this result, the (b, c)-invertibility is characterized by
one-sided invertible elements. Furthermore, we show that 4 is inner (b, ¢)-invertible and d is inner
(¢, b)-invertible if and only if ¢ is inner (4, d)-invertible and b is inner (d, a)-invertible.
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1. Introduction

An element 2 in a semigroup S is said to be regular if there exists x € S such that
axa = a, in which case x is called an inner inverse (or a {1}-inverse) of 4. Recall that
an involution * of S is a self-map such that (¢*)* = a and (ab)* = b*a* foralla,b € S.
If there exists x satisfying axa = a, xax = x, (ax)* = ax and (xa)* = xa, then it is the
unique solution of the previous four equations and is called the Moore—-Penrose inverse [1]
of a (denoted by at.

An element 4 in a semigroup S is Drazin invertible [2] if there exists x € S such that

2

m+1 =x, ax = xa.

xa™ !t = g™ for some m € NT, ax

If such x exists, then it is unique and called the Drazin inverse of a (denoted by aP).
The smallest integer m that makes the above equations hold is called the Drazin index of a
and denoted by ind(a). If ind(a) = 1, x is called the group inverse of a and denoted by a*.

Let S be any semigroup and a,b € S. Mary [3] defined that the inverse of a along b as
the unique element y satisfying the following relations:

y €bSNDS, yab=">, bay =D.

In this case, a is said to be invertible along b, and y is denoted by all. 1f, moreover, aallta = 4,
then all? is called the inner inverse of a along b. He also proved that the Moore-Penrose
inverse of an element a is equal to all*’, and the group inverse of a is equal to a!l?. The set
of all elements which are invertible along b is denoted by S!I°.

Let S be any semigroup and a,b, ¢ € S. Drazin [4] defined the (b, c)-inverse of a to be
the unique element y satisfying

y € bSNSc, yab=>b, cay = c.

In this case, 4 is said to be (b, c)-invertible, and y is denoted by allto) When b = ¢, we
can see that all(t?) = 4llb. To see the difference between inverses along an element and

Mathematics 2022, 10, 2948. https:/ /doi.org/10.3390/math10162948

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10162948
https://doi.org/10.3390/math10162948
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-8470-718X
https://doi.org/10.3390/math10162948
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10162948?type=check_update&version=1

Mathematics 2022, 10, 2948

20f12

(b, c)-inverses, we consider the semigroup C**2. Leta = b = [} }] and c = [19]. Then
di69 = [19] # [3}] = ol

Later, Drazin [5] also defined the one-sided version of the (b, c)-inverse in a semigroup
S.If b € Scab, or equivalently if there exists y such that y € Sc and yab = b, then a is said to
be left (b, c)-invertible. Such y is called a left (b, c)-inverse of a. Dually, a is said to be right
(b, c)-invertible if ¢ € cab$, or equivalently if there exists z such that z € bS and caz = c.
Such z is called a right (b, ¢)-inverse of a. Drazin proved that a is (b, ¢)-invertible if and only
if a is left and right (b, c)-invertible. Given any semigroup S and b,c € S, we denote the
sets of all left (b, c)-invertible elements, right (b, ¢)-invertible elements and (b, c)-invertible

elements in S by S}l(b’c), S‘,‘(h’c) and S!I(6:), respectively.
The motivation of this paper comes from the following facts.

Lemma 1 (Theorem 7 in [3]). Let S be any semigroup and a,b € S. Then a is invertible along b if
and only if ab is group invertible with b € Sab if and only if ba is group invertible with b € bas,
in which case,

alll = b(ab)* = (ba)*b.

Lemma 2 (Corollary 2.7 in [6]). Let S be any semigroup and a,b € S. Then a is inner invertible
along b if and only if a is invertible along b and b is invertible along a.

These are two interesting results with nice symmetry. However, in general cases,
the (b, c)-invertibility of a does not imply that ab, ac, ba and ca are group invertible
(see Example 2.1 in [7]), and a being (b, ¢)-invertible with aall(t)a = a does not imply
that b € Sll(#2) and ¢ € §ll(29) (see the case of b = a and ¢ = a*).

Wu and Chen [7] had done some interesting work on the case of a € SllEe) A gliteb)
They characterize a € S!!() 0 Sll(e) by using group invertible elements and invertible
elements, respectively. We find that S//(®) -£ @ implies S!/(¢) £ @, so it seems more
natural to consider the situation a € S!!() and d € Slleb) 'which of course includes the
case of a € §ll(€) 0 §ll(eb) This paper focuses on the case of a € §//(¢) and d € sll(<).

In Section 2, we prove that

aesllto) and desllet) o gbd e slle and dea € SI1P,

which allows us to transform many questions on the (b, ¢)-invertibility and (¢, b)-invertibility
into those on the invertibility along b and c. As an application of this observation, the (one-
sided) (b, ¢)-invertibility is characterized by one-sided invertible elements.

If a € S!I(t) such that aallt5) g = 4, then al!(®©) is called the inner (b, ¢)-inverse of a.
In Section 3, we consider some symmetric properties of inner (b, ¢)-inverses. We prove
that a is inner (b, ¢)-invertible and d is inner (¢, b)-invertible if and only if ¢ is inner (a, d)-
invertible and b is inner (d, a)-invertible. Especially, a is both inner (b, ¢)-invertible and
inner (c, b)-invertible if and only if both b and c are inner invertible along a if and only if a
is inner invertible along b and ¢, in which case

A6 — gllbgale and all@d) — gllegallv.

At last, under the assumption that aalla = 4, we characterize the product all?aall by
equations and prove that all’aa!l° is equal to the (b, baa!l°)-inverse of a, which generalizes
some results on the DMP inverse.

2. Characterizations of a € S!l(t€) and d € sll(cb)

We first recall two basic characterizations of (b, ¢)-invertibility, which will be frequently
used in the sequel discussion.

Lemma 3 (Theorem 2.2 in [4]). Let S be any semigroup and a,b,c € S. Then a is (b, c)-invertible
ifand only if ¢ € cabS and b € Scab. In this case, all(") = sc = bt, where ¢ = cabt and b = scab.
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Lemma 4 (Proposition 6.1 in [4]). Let S be any semigroup and a,b,c € S. Then a is (b, c)-
invertible if and only if there exists y € S satisfying that

yay =y, S'y = S'¢c, yS! = bS!,
where S' stands for the monoid generated by S.

From previous two Lemmas, we can immediately obtain a connection between §!/(0:¢)

and Sll(cb),
Proposition 1. Let S be any semigroup and b, c € S. Then SI) £ @ if and only if S £ @,

Proof. If a € Sl then cabS' = ¢S' and Slcab = S'b by Lemma 3. From
Proposition 3.3 in [8], we know that cab is regular. Thus cab is the (¢, b)-inverse of (cab)~
by Lemma 4, for any inner inverse (cab)~ of cab.

By symmetry, the converse statement is also true. [

Proposition 2. Let S be any semigroup and b,c € S. If SII0€) £ @, then the mapping ¢ = x —
cx b is a bijection from {allte) | a € S} to {dlllet) | d e SleD)}, for any inner inverse
x~ of x.
Proof. At first, we prove that ¢ is well defined. Suppose that x = al!(®<) for some a € S/l(t:6),
For any inner inverse x~ of x, we know that all(®%) is the (b,c)-inverse of x~ by
Lemma 4. Then
ex b = (caall®))x=b = ca[(x™)I) x~b] = cab.

Next we prove that ¢ is a bijection. Define another mapping ¢ : y — by ¢ from
{dlitet) | g e slieb)} to {alllbe) | g€ sllbA)} Similarly, ¢ is well-defined. Then
we obtain

Pp(x) = b(cab) " c = allbe) —

where the last second equality holds because of Theorem 2.7 in [9]. Similarly, ¢1p(y) = y.
Thus, ¢ is a bijection. O

Let a,b, ¢ be elements in a semigroup S such that a is (b, ¢)-invertible. We wonder
what conditions are needed to ensure that d is (¢, b)-invertible. To handle this question, we
consider the following Lemma.

Lemma 5. Let S be any semigroup and b,c,d,u,v € S. If uS' = bS! and S'v = Slc, then
(1) dis left (b, c)-invertible if and only if d is left (u, v)-invertible;
(2) dis right (b, c)-invertible if and only if d is right (u, v)-invertible;
(3) (Remark 2.2(i) in [10]) d is (b, c)-invertible if and only if d is (u, v)-invertible, in which case,
1(be) — gll(uo)
a =a .

Proof. (1) Suppose thatb = ug, c = hv, u = bt and v = sc for some g, h,s,t € st
If d is left (b, ¢)-invertible, then there exists x € S such that b = xcdb. It follows that

u = bt = xcdbt = xcdu = xhvdu € Svdu.
Conversely, suppose that 1 = yvdu for some y € S. We have that
b =ug = yvdug = yvdb = yscdb € Scdb.

(2) It can be proved similarly.
(3) It can be proved by combining (1) and (2). O
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Proposition 3. Let S be any semigroup and a,b,c,d € S. If a is (b, c)-invertible, then we have
the following:

(1) disleft (c,b)-invertible if and only if d is left invertible along cab;
(2) dis right (c, b)-invertible if and only if d is right invertible along cab;
() dis (c,b)-invertible if and only if d is invertible along cab, in which case, d||(¢?) = dlleb,

Proof. If a € §!|(%€), then cabS! = ¢S' and S'cab = S'b by Lemma 3. Taking u = v = cab
and exchanging the position of b and ¢ in Lemma 5, then the proposition follows. O

Now we give the main result of this section, which presents a necessary and sufficient

condition for any semigroup S and a,b,c,d € S such thata € §//(¢) and d € sll(<b).

Theorem 1. Let S be any semigroup and a,b,c,d € S. Then a € Sl and d € SI(b) if and
only ifabd € S\ and dca € SIIb. In this case,

all®0) = pd(abd)llc = (dca)!bdc,
Al = (abd)llcab = ca(dca)!l®.
Proof. Ifa € SIl(0) and d € slleb)  then we know that
¢ € cabS, b € Scab, b € bdcS, and c € Sbdc
by Lemma 3. It follows that
¢ € cab$S C cabdcS and ¢ € Sbdc C Scabdc,

which means that abd € S!I°. Similarly, dca € S/I.
Conversely, if abd € Sllc and dea € SHb, then we have

¢ = cabd(abd)!* € cabS and b = (dca)!’dcab € Scab.

Soa € §ll(€) by Lemma 3. Similarly, d € S!l(?). The formulae of a!l(%) and d!!(¢4) follow
from Lemma 3. O

From above proof, we can see that the one-sided version of Theorem 1 is also true. We
list it below and omit its proof.

Proposition 4. Let S be any semigroup and a,b,c,d € S. Then
(1) ac SlH(b’C) and d € S}l(c’b) if and only if abd € SIHC and dca € S;‘b;
2 ac S‘,‘(b’c) and d € Slrl(c’b) if and only if abd € S‘r‘c and dca € S‘,‘b.

Let S be any semigroup and a,b € S. Lemma 1 shows thata € S!I? if and only if b € Sab
and ab € S* if and only if b € baS and ba € S, in which case allt?) = b(ab)* = (ba)*b.
By Theorem 1, we can also characterize the (b,c)-inverse and (c,b)-inverse by the
group inverses.

Proposition 5. Let S be any semigroup and a,b,c,d € S. Ifa € Sl gnd d SH(C'b), then
abdc, bdca, dcab and cabd are group invertible. In this case,

all00) = bdc(abde)* = bd(cabd)*c = b(dcab)*dc = (bdca)*bdc,

dll©Y) = cab(dcab)* = ca(bdca)*b = c(abdc)*ab = (cabd)*cab.
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Proof. Ifa € SIl(0¢) and d € Sll(eY) then abd € S!l¢ and dca € Sl by Theorem 1. According
to Lemma 1, abdc, bdca, dcab and cabd are group invertible with

(abd)l = c(abdc)* = (cabd)*c and (dca)!l’ = b(dcab)* = (bdca)*b.

Substituting them into the formulae for a!!(*<) and d!/(?) in Theorem 1, the formulae in
terms of the group inverses follow. [

Proposition 6. Let S be any semigroup and a, b, c,d € S. If u is any one of abdc, bdca, dcab, cabd,
then the following conditions are equivalent:

(1) aec SH(b'C) and d € SH(C,h);

(2) u is group invertible, a € slH and d e Sl\l(c,b);
(8) u is group invertible, a € S‘r‘(b'c) and d € S‘rl(c’b);
(4) u is Drazin invertible, a € Sy(b'c) and d € 5;\(6,17);
(b,C) ﬂndd c Sl‘(c,b)

(be)

(5) u is Drazin invertible, a € Slr|

Proof. (1) = (2). By Proposition 5.

(2) = (4). It is obvious.

(4) = (1). If u is Drazin invertible, then abdc and dcab are Drazin invertible by Cline’s
formula [11]. Meanwhile, from b € Scab and ¢ € Sbdc, we know that

Sdcab C Scab C Sbdcab C Scabdcab C Sbdcabdcab C S(dcab)2 C Sdcab.

It follows that ind(dcab) = 1, which means that dcab is group invertible. Similarly, abdc is
group invertible.
Noting that b € Scab C Sbdcab C Sdcab and ¢ € Sbdc C Scabdc C Sabdc, we have

b = bdcab(dcab)* € bdcS and ¢ = cabdc(abdc)* € cabs.
(1) = (3) = (5) = (1) can be proved dually. O

Let R be any associative ring with 1 and a,b € R such that b is regular with an inner
inverse b~ . Theorem 3.2 in [12] proved that a is invertible along b if and only if ab+1 —b"b
is invertible if and only if ba + 1 — bb~ is invertible. Denoting the set of all invertible
(resp., left and right invertible) elements in R by R~ (resp., Rl_l and R; '), we characterize
the (one-sided) (b, c)-inverse and (one-sided) (c, b)-inverse by using (one-sided) invertible
elements as follows.

Proposition 7. Let R be any associative ring with 1 and a, b, c,d € R such that b and c are regular.
If b~ is an inner inverse of b and ¢~ is an inner inverse of ¢, denote

u=cabd+1—cc”, v=bdca+1—bb",

s=abdc+1—c ¢, t=dcab+1—-b"b.

Then

(1) ac Rl‘(b/c) and d € R;‘(C’b) ifand only if u € Rfl andv € Rfl ifand only if s € Rfl and
te Rl_l, in which case ul_lcab is a left (¢, b)-inverse of d and vl_lbdc is a left (b, c)-inverse
of a, where ul_l and vl_1 are left inverses of u and v, respectively;

@ ac R‘r‘(h'c) and d € R‘,‘(C’b) ifand only ifu € R; Y and v € R; Y ifand only if s € R, and
t € Ry, in which case bdcs; ! is a right (b, c)-inverse of a and cabt; ! is a right (c, b)-inverse
of d, where s; ! and t, are right inverses of s and t, respectively;
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@) a e RGO gnd d € RICDY) if and only if u € R~ and v € R~ ifand only ifs € R~ and
t € R™Y, in which case,

all®) — o=1pde = bdcs™ and dllP) = y=cab = cabt~.

Proof. (1) By Proposition 4, a € R}I(b’c) and d € Ry(c’b) if and only if abd € Ryc and
dea € RW’. Additionally, abd € R;‘C and dca € R}'b ifand only if u € Rfl and v € Rfl by
Theorem 3.2 in [13], which is equivalent to s € R, land t € Rl_1 by Jacobson’s lemma.
Ifue Rl_l, multiplying by ¢ on the right of u = cabd + 1 — cc™ yields that uc = cabdc.
It follows that ¢ = ufluc = uflcabdc € Rbdc, which means that uflcab is a left (¢, b)-

inverse of d. Similarly, one can prove that Uflbdc is a left (b, ¢)-inverse of a.
(2) Similarly by using Theorem 3.4 in [13].
(3) Combining (1) and (2), it follows. O

If a € Sll(t<), we showed in the proof of Proposition 1 that (cab)~ € S!l(¢t) for any
inner inverse (cab)~ of cab. Suppose that b, ¢ and cab are regular. then a € RII(?¢) if and
only if u = cab(cab)™ +1—cc™ € R"! and v = (cab)~cab+1—b~b € R~! by replacing
d by (cab)~ in Proposition 7. However, characterizing the left (b, ¢)-invertibility of a only
requires that b, cab are regular and v is left invertible.

Proposition 8. Let R be any associative ring with 1 and a, b, c € R such that b and cab are regular.
If b~ is an inner inverse of b and (cab)~ is an inner inverse of cab, then the following conditions
are equivalent:

(1) ais left (b, c)-invertible;
2 o= (cab)‘cab+1—b‘b€R,‘1;
(3) t=b(cab)"ca+1—bb~ € R .

In this case, t; *b(cab)~c is a left (b, c)-inverse of a, where t, * is a left inverse of t.

Proof. (1) = (2). If ais left (b, ¢)-invertible, then Rcab = Rb. It follows that b(cab) ~cab = b.
Then we have

[b7b+1— (cab)~cab][(cab) " cab+1— b~ b]

= b b(cab) cab+b"b(1—b"b) + (1 — (cab) cab)(cab) " cab
+(1— (cab)~cab)(1 —b~b)

= b b+0+0+1—b"b— (cab) cab+ (cab) cabb™b

= 1

So v = (cab)"cab+ 1 — b~ b is left invertible.

(2) = (3). By Jacobson’s lemma.

(3) = (1). Multiplying by b on the right of t = b(cab) ca+ 1 — bb~ yields that
tb = b(cab) " cab. It follows that

b=t;'tb =t;'b(cab) cab € Reab.

Then tflb(cab)’c is a left (b, ¢)-inverse of a. [

Dually, we have a characterization for right (b, ¢)-invertibility as follows.

Proposition 9. Let R be any associative ring with 1 and a,b,c € R such that c and cab are regular.
If ¢~ is an inner inverse of ¢ and (cab)~ is an inner inverse of cab, then the following conditions
are equivalent:

(1) aisright (b, c)-invertible;

(2) u=cab(cab)” +1—cc” € R;};
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(3) s=ab(cab) c+1—cceR;L

1 1

In this case, b(cab)~cs, * is a right (b, c)-inverse of a, where s, * is a right inverse of s.

Combining Propositions 8 and 9, we have the following characterization for (b, c)-
invertibility.

Theorem 2. Let R be any associative ring with 1 and a,b,c € R such that b, ¢ and cab are
regular. If b=, c—, (cab) ™ are inner inverses of b, ¢, cab, respectively, then the following conditions
are equivalent:
(1) ais (b, c)-invertible;
(2) u=cab(cab)” +1—cc” € Ry andv = (cab) cab+1—b"b € R;'%;
(3) s=ab(cab)"c+1—cc€ R, andt =0b(cab)~ca+1—bb~ € Rfl.

In this case,

allbe) = tflb(cab)*c = b(cab)~cs, 1,

where tfl is a left inverse of t and s, ! is a right inverse of s.

3. Symmetric Properties of Inner (b, c)-Invertible Elements

Let S be any semigroup and a,b,c € S. Ifa € Sl such that aall(t0)g = a, then
alllt<) is called the inner (b, c)-inverse of a. For arbitrary a € S/I(®€), it is easy to verify that
all(te) is the inner (b, ¢)-inverse of aa!!(®<)a. Theorem 2.13 in [14] proved that a is inner
(b, c)-invertible if and only if b € Sab, c € caS and a € abS N Sca.

Let R be any associative ring with 1 and 4, b,c € R. Theorem 3.16 in [15] proved that a
is inner (b, ¢)-invertible if and only if a is regular, R = a° @ bR and R = °a & Rc. We give a
characterization for inner (b, ¢)-invertible elements as follows.

Proposition 10. Let S be any semigroup and a, b, c € S. Then the following conditions are equivalent:

(1) ais inner (b, c)-invertible;
(2) ais (b,c)-invertible and a € abS;
(3) ais (b,c)-invertible and S € Sca.

Proof. (1) = (2). Suppose that all(t<) = bt for some t € S. Then
a = aall)g = abta € abs.
(2) = (1). Assume that a = aby for some y € S. Then
aall(t€)g = uaH(b’C)aby = aby = a.

(1) & (3) can be proved similarly. [

Let S be any semigroup and a,d € S. Lemma 2 shows thata € S/l and b € Sl if and
only if a is inner invertible along b. It follows immediately that 4 is inner invertible along b
if and only if b is inner invertible along a. We consider to generalize this fact to the case of
a € Sllb<) and d € slle),

Proposition 11. Let S be any semigroup and a,b,c € S. Ifa € §/€) and d € S!I(b) then c is
inner (a',d")-invertible and b is inner (d', a’)-invertible, where a' = aallt)g and d' = ddll(<P)q,
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Proof. Leta’ = aall(’9)gand @' = ddll(©)d. We first prove that c is (a’,d’)-invertible. In fact,
supposing that all(t5) = sc for some s € S,
aal(0:0) g — 4all(0c) 5,1l (bC)
= ascaa!lt<)q
= asd!l©?) dcaqall(b) g
= asdl(?) ddll (@) deaq|(0) g € Sddlle) deaqallbelq,
Similarly, dd/l©)d € ddll(c?) dcaall(b:6)aS.
Meanwhile, we have
ccll@d) o — glleb) geoll(@.d)
— dlled) g4lle) goell(ad)
— dllleb) g,

=c.
By symmetry, we have that b is inner (d’, a’)-invertible. O

Lemma 6. Let S be any semigroup and a,b,c,d € S. Ifa € Sllbe), d ¢ slled) ¢ ¢ sll@d) gng
b € Sl then
all®e)g — ppllda) — gallbe) — (ll(ad)

ddlleh) — plidayy e g = collad),

Proof. Ifa € SH(b'C), de S”(C'b), ce sllad) and b SH(df”), then we have

o100 g — ll00) gppli@da) — ppli(da),

Similarly, aa!|(®€) = cll(@d)¢, dgllct) = pll(da)p and dll(cb)d = ccllted), O

Now we have the main result of this section.

Theorem 3. Let S be any semigroup and a, b, c,d € S. Then the following conditions are equivalent:
(1) aisinner (b, c)-invertible and d is inner (c, b)-invertible;

(2) cisinner (a,d)-invertible and b is inner (d, a)-invertible;

(B) ae sl geglleh) gudp e sllda),

@) acslte) geglleh) gud e e glitad),

Proof. (1) = (2). If a is inner (b, ¢)-invertible and d is inner (¢, b)-invertible, then c is inner
(a,d)-invertible and b is inner (d, a)-invertible by Proposition 11.

(2) = (1). It is similar to the proof of (1) = (2).

(1) = (3). If a is inner (b, c)-invertible and d is inner (c, b)-invertible, then aa!|(*)a = 4
and dd!l(¢?)d = d. Tt follows that b is (d, a)-invertible by Proposition 11.

()= (1). Ifa € §llc), 4 e slleh) and b e §l1@4) then aall®)q = abp!!(@2) = 4 and
ddlle?) g = pll@2)pd = 4 by Lemma 6.

The equivalence of (1) and (4) can be proved similarly. [

Corollary 1. Let S be any semigroup and a,b € S. Then a is inner invertible along b if and only if
b is inner invertible along a.

Ifac Sllband b € Sl7, then 4!l = (ba)*b and bll* = a(ba)* by Lemma 1. Tt follows
that
allPpll* = (ba)*ba(ba)* = (ba)*.
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By symmetry, pllagllt = (ab)*. We generalized this result to the case of (b, ¢)-inverses.

Proposition 12. Let S be any semigroup and a,b,c,d € S. Ifa € Sllbe), g € glleb) p ¢ gll(da)
and ¢ € S then abdc, bdca,dcab, cabd € S* with

(deaby* = pll@a)gl1(b) lI(ad) glI(eh),

(cabd)* = dlleB)pll@)ll00)(lI(ad)
(abdc)* = cll(@d) glleb)plI@a)gll(be)
(bdca)* = allbe)cll@a) glI(eh) plltda)

Proof. If a € SlIt<), g € sllet) p € §llda) and ¢ € sll#9), then abdc,dcab € S* with
allb:e) = pdc(abdc)* and cll(@?) = (abdc)*abd by Proposition 5, then we have

pll(da) 4 l1(B.c) oll(ad) glI(c,b)
= b!“Dpdc(abdc)* (abdc)*abdd!l(cb)
= dc(abdc)*(abdc)*ab
= (dcab)*,

where the last equality follows by Cline’s formula [11]. The remaining three equalities can
be verified similarly. O

Proposition 13. Let S be any semigroup and a, b, c € S. Then the following conditions are equivalent:
(1)  ais both inner (b, ¢)-invertible and inner (c, b)-invertible;

(2) both b and c are inner invertible along a;

(3) ais inner invertible along b and c.

In this case,
alle) — ppllaglle — glibglla, — 4l 1l

and
alled) — collaghe — pliepllay, — glleqllb.

Proof. (1) < (2). Taking a = d in Theorem 3, then the equivalence between (1) and
(2) follows.

(2) < (3). By Corollary 13.

In this case, noting that all(t<)g = pbll? = allbg and aall(®€) = cllec = a4ll¢ by Lemma 6,
we have

a100) — gl10) gl 0e) — i) fllag — flIe) golle — ppllaglle — gllbgglle — gllbglia

Similarly, we can obtain the formula of a/l(?). [

Let S be any semigroup and a € S. Theorem 4.4 in [16] proved that a is core invertible
if and only if a is (a4, a*)-invertible, and a is dual core invertible if and only if a is (a*, a)-
invertible. Taking b = 4 and c = a* in Proposition 13, we have the following result.

Corollary 2 (Theorem 5.6 in [17]). Let S be any semigroup and a € S. Then a is both core
invertible and dual core invertible if and only if a is both groups are invertible and Moore—Penrose
invertible. In this case, a*aa® is the core inverse of a and a*aa® is the dual core inverse of a.

The reason why the (b, ¢)-inverse of a is equal to all(t?)aall(¢€) in Theorem 13 is based
on the following fact.
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Proposition 14. Let S be any semigroup and a,b,c € S. Ifa € Sllc N slled) N gllY, then
aallet)q e SlIe) with
(aalleD) g)lIb) — gllbgqlle.

Proof. It is clear that a/l’aallc € bS N Sc. We have
allbaalleaalled) gy — gl aalled) up — Al gy = p

and
caall) gallbgglle = caqllled) gglle — cqglle = ¢
So aaH(C/b)a c SH(hrc) with (aa“(crb)g)ll(brc) = aHbgaHC_ O
If a is invertible along b and c, then the (c, b)-invertibility can be characterized by

aHbuch_

Proposition 15. Let S be any semigroup and a,b,c € S. If a is invertible along b and c, then
1) ac S,H(C’b) ifand only if S'alllaallc = Sl;

2 ac S‘r‘(c’b) ifand only if allPaallcSt = pS*;

@) a € Slet) ifand only if allbaallcS! = bS! and S'allbaallc = Slc.

Proof. (1) Noting that $'all’ = S'b and all°S! = ¢S', we havea € S}l(c’h) ifand only ifa €

SZH(HHC"ZW) by Lemma 5. Additionally, a € Sy(ch,,ZHb) if and only if S'alllaallc = Slalle = sl¢
by definition.

(2) Can be proved similarly.

(3) Combining (1) and (2). O

Let A € C"*". Malik and Thome [18] defined the matrix APt = AP AA? to be the
DMP inverse of A and A"P = ATAAP to be the dual DMP inverse of A. Later, Mehdipour
and Salemi [19] defined the matrix At = AtAAP AA" to be the CMP inverse of A. We
know that AT = All4" and AP = 4ll4", where m = ind(A), it is natural to consider the
properties of allaallc, allcaalll and all°aallbaallc, under the assumption that aalla = a.

Proposition 16. Let S be any semigroup and a,b,c € S. If a is invertible along b and c such that
aalleq = a, then

(1) allbaalle is the unique solution of the following equations

xax = x, bax = bua”c, xa = aHba;
@) allcaall? is the unique solution of the following equations

xXax = x, ax = aa”b, xab = a!l°ab;
() allcaallbaalle is the unique solution of the following equations

xax = x, axa = aall®a bax = baalle, xab = allab.
Proof. (1) We first check that a/laall° satisfies these three equations. Actually, we have
allPaalleqallbgalle — gllbgqllbgglle — gllbgglle.

baa’aal = paallc and allbaallca = 4llbg.

If y also satisfies these equations, supposing that all’ = sb for some s € S, then

y = yay = all’ay = sbay = sbaa!l° = allPaallc.
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(2) and (3) can be proved similarly. [J

Let A € C"*" with ind(A) = m. Taking b = A™ and ¢ = A* in Proposition 16, we
recover the characterizations of the DMP inverse ([18], Theorem 2.2), dual DMP inverse
and CMP inverse ([19], Theorem 2.1).

Particularly, a!/?aallc, allcaallt and all°aallPaallc can be expressed as the (_, _)-inverses
of a.

Proposition 17. Let S be any semigroup and a,b,c € S. If a is invertible along b and c such that
aalleq = a, then

(1) allbaalle is the (b, baall°)-inverse of a;
@) alle)qaqllbh) js the (allcab, b)-inverse of a;
@B)  alleaqll®b)gqllc js the (allcab, baallc)-inverse of a.

Proof. (1) It is obvious that all’aallc € bS N baall°S. Meanwhile, we have
allbaalleay = allbgp — b,

baa€aallbaallc = paa!lPaalle = paalle,

So allbaallc is the (b, baall?)-inverse of a.
(2) and (3) can be proved in a similar way. [

Let A € C"*" withind(A) = m. Takingb = A™ and ¢ = A* in Proposition 17, we have
ADY = All(am,amat) - A“(AD'A”'A+), which are Theorem 3.2 in [20] and Theorem 3.6 in [21].

Corollary 3. Let A € C™" withind(A) = m. Then A" is the (AT A™, A™ A" )-inverse of A.
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