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Abstract: Zagier proved that the generating functions of traces of singular values of J,,,(z)
are weight % weakly holomorphic modular forms. In this paper we prove that there is the
sign-periodicity of traces of singular values of .J,,(2).
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1. Introduction and Statement of Results

Singular moduli are the values of a modular function at the points in the upper half plane H that satisfy
a quadratic equation with rational coefficients. These algebraic numbers play prominent roles in number
theory. For example, they generate Hilbert class fields of imaginary quadratic fields and isomorphism
classes of elliptic curves with complex multiplication, distinguished by singular moduli.

In his renowned paper [1], D. Zagier displayed an amazing formula, which relates the traces of
singular moduli to the Fourier coefficients of a weakly holomorphic modular form of weight % and

provided new proof of Borcherds’ theorem on the infinite product expansions of integer weight modular
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forms on SLy(Z) with Heegner divisor. In particular, he showed that the trace of the singular moduli for
discriminant —d appears as the d-th Fourier coefficient of the weakly holomorphic modular form g (z)

2(2) Ey(4

~—

where 7)(2) = ¢/ [[°2, (1 —g¢") is the Dedekind eta function and E;(2) = 1+240 Y °° | o3(n)q" is the
Eisenstein series of weight 4. This result has motivated numerous studies : Arithmetic property of traces
of singular moduli [2—4], modular form grids [4-6], and generalizations [7-9]. Further, sign changes of
the Fourier coefficients of modular forms f(z) (especially, when f(z) is a Hecke eigenform) have been
extensively studied [10—-13]. This is particularly interesting when Fourier coefficients of the modular
form encode interesting arithmetic information. For example, the sign-periodicity of certain rank and/or
crank differences of integer partitions have been investigated [14—16].

Our aim in this note is to study the sign-periodicity of traces of singular moduli. We prove that
the signs of traces of singular moduli of J(z) change periodically by looking at the signs of Fourier
coefficients of g;(z). Here, J(z) is the normalized Hauptmodul for SLy(Z) defined by J(z) = j(z) —744
and j(z) is the modular invariant. Actually, we show the sign-periodicity for the traces of singular moduli
of J,,(2), defined for every non-negative integer m as the unique modular function having the Fourier
expansion of the form ¢~™ + O(q).

First we recall the basic notions of the traces of singular moduli following the discussion in [1]. Let
d be a positive integer with d = 0 or 3 (mod 4). We denote by Q, the set of positive definite binary
quadratic forms Q = [a, b, ] = aX? +bXY +cY? (a,b,c € Z) of discriminant b* — 4ac = —d with the
usual action of SLy(Z). Then the modular trace function t,,(d) is defined by

1
t,,(d) = —
m(d) > i) @)
QEQa/SLa(Z)
for all d and all m > 1, where wg = |SLy(Z)g| and oy is the unique root of () in the upper half plane H.

Our main result determines the sign of t,,(d).

Theorem 1 With the above notations, we have

_ + ifdm* =0 (mod 4)
sign(tn(d)) = if dm? = 3 (mod 4) ?

This theorem follows from the result concerning the signs of Fourier coefficients of ¢;(z) and
(g1] s T(m?))(z), where | s T(m?) denotes the action of the mth Hecke operator on My (I'y(4)). Here,
2

M5T(Io(4)) is the Kohnen plus space of weakly holomorphic modular forms of weight 2 on To(4).
2
For any positive integer m let B,,(1, d) denote the coefficient of ¢ in (g, | %T(mQ))(z). Zagier proved

the beautiful relation between the modular trace function t,,(d) and the Fourier coefficient B,,(1, d)
(see Theorem 5 in [1])
tn(d) = —Bn(1,d) 4)

Therefore, the sign-periodicity of t,,(d) in Theorem 1 is an immediate consequence of the

following theorem.
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Theorem 2 With the above notations, we have

_ ifdm? =
sign(Bp(1,d)) = 4 4 =0(modd) )
+ ifdm? = 3 (mod 4)

Remark 1 By the famous duality result (see Theorem 5 in [1]), the above theorem also says the
sign-periodicity of A,,(1,d), where A,,(1,d) is the 1st Fourier coefficient of ((fd)\%T(mQ))(z). Here,
]%T(mQ) denotes the action of the mth Hecke operator on the space M!%’+(F0(4)) and f4(2) is the unique
modular form in M!%’JF(FO(ZL)) having the Fourier expansion of the form ¢~ + O(q).

To prove Theorem 2, we obtain an effective estimate of B;(1,d) by employing the circle method.
For the sign of B,,(1,d) of general m, we use the Fourier coefficient formula for the Hecke operator
T(m?). Since the main term in the estimation of B; (1, d) increases exponentially, one expects the sign

of B,,(1,d) is determined by B;(m?d) for sufficiently large d. The main part of the proof is to find the
effective bound for d. Then we can verify the sign-periodicity by checking the first few B,, (1, d).

2. Proof of Theorem 2

We first estimate B;(1, d) with an effective bound by employing the circle method. Before that, we

recall basic facts on the circle method. For a series expansion of the form f(s) := Y >°  b(n)s", by
Cauchy’s integral formula, we have
1 (s)
b(n) = — —d 6

We will integrate Equation (6) over a circle of radius r = eNF = =2 for a positive integer /N to be
determined. By following the dissection given in (pp. 115-117 in [14]) or ([17] [Chapter 5]) and setting

z=k(p—ip)and T = %, we arrive at

= T 5 [ i "
1<k<N 0<h<k Eh.k
(hk)=1
where &, = [0}, 1., 0} ;] and
h  hy+h

9 =_ = 8
b = T kot b ©)
1" hl + h _ ﬁ (9)

T e kK

Here, Z—g, %, % are three consecutive terms of the Farey sequence of order /N. Note that each 0 satisfies
1 1
WN = 0 < kN*

The following transformation formula of the Dedekind eta function plays an important role in the
circle method. For v = (2 %) € SLy(Z), we have

wi(a+d)

n(yz) = e ™54\ /—i(cz 4 d)n(2) (10)
where s(d, c) is the Dedekind sum defined by s(d,c) = >} (£ — [£] — 1) (& — [£] - 1).

We define wy, , = e™*("*), From Equation (10) and E,(z) € My(T'¢(1)), we derive the transformation
property of G(z) = qg1(2).
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Proposition 1 Let h, k be integers such that k > 0 and (h, k) = 1. For each d, let hy be an integer such
that dhhg = —(d, k) (mod k). Then,

Glexp(zmir)) =Ry exp (3¢ (—olC) 2 — 212 ) 52

F (exp <(2 LI R, (222 )) F¢ (exp <( k)ha —l—i(i’:f))

X
F2 (exp (3 +175))
(47k)h4 (47k)2
E 11
X 4(exp< 2 + e (11)
here F(e2* a2 (k) = (—2s(h, k 2ho kY4 Ge( bk d
where F(e*™%) Ly wlh k) = exp(mi s(h. k) + s(355: mm) T 65(ah am) ) ) an

o(G,k) =0,—6,—24 according to (k,4) = 1,2, 4.

The following lemma and two estimations are crucial when we determine the main term and the bound
of the error term.

Lemma 1 Let us define

T (b ;
I = / 23 exp <— (— - CZ)) 2P T ITING (12)
- 12k \ z

where b is a positive integer. Then,

48 . ) c
I= \/%smh (E g(n — ﬁ)> + E(I) (13)

where |E(I)| < e’ (2N)3/2%.
24

Let P(q) = [[—,(1 —¢")™" = >, p(n)g" be the generating function for p(n). We use the
following estimation given by Chan ([14] [Equation (3.19)]):

—2my

Zp(n)e—%ryn S exp ((1—66—27"y)2) = Up(y) (14)
n=0

where y is a positive real number. By using a trivial bound o3(n) < n, we also see that

—2my
(]_ _ 6—27ry)5

Now we are ready to estimate B;(1,d). As the procedure of the proof is similar to that of [14] and

14240 ) "o3(n)e ™" <1+ 2402714 ~2mn < 145760 = Ug(y)  (15)

n=1

the detailed calculation for bounding error term is tedious, we give only outlines. By Equation (7) and
G(z) = qg1(2), we see that

Bl(l’n_l): Z 4 Z 4 Z e27]rcinh/ G(T)eQﬂ'np€72ﬂ'impdgo (16)

1<k<N 1<k<N 1<k<N | 0<h<k En,k
(kA)=1  (k4)=2 4|k (h,k)=1
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where A is the integrand.
For the first sum S (A), by using the transformation formula (Proposition 1), Equations (14) and (15),
and the fact that 2~ Re > 1, we obtain

1 1\’ 1
A < bt (é) Ur (é) 2|73 2D (17)

k)2
Here, we have used the fact that [, , T)

of n, and therefore t(n) < pz(n) for all positive integers n, where

;t( —g 1_q 6 2n and Zp7 _g(l——qk)’? (18)

Since the length of the integration is less than - and |z| /% < k~%/2N3, we see that

7
1S1(A)] < %<<3/2)Up @) Uy <§> 2D 2 (19)

where ((s) is the Riemann zeta function.

is a generating function for the number of 2-core partitions

We now turn to the estimation of S3. By applying Proposition 1, we observe that

> oy e

24 1 .
(h k)\/_Z 2 exp < 7T( i _)) 627rnpe—2mn<pd90

1<k<N 0<h<k En.k 12k <
Ak (hk)=1
£ 3 T [ et kG - D e (51— 1) ) et
¢ ’ 12k 2
1<k<N 0<h<k hok
4k (hk)=1
=15 + T3 (20)

Estimation of 75, is very similar to that of S;:

9
| Ts0] < 2v/2e77C(3/2) (U,, G) Ug (2) — 1) e2m(n=1)p N2 21)

From Lemma 1, we see that

—2min 2 4:
Tu= Y > ez)khw(h,k)\/; sinh (%\/n - 1) + Eyp (22)

1<k<N 0<h<k
4k (hKk)=1

where (1)
w(n—1)p
By, < V26887 (2N)32E 23
Bl < V2657(2N) p —— (23)

For S5, by decomposing as S5 case, we see that

5
| Toa| < e77%((3/2) (UP (%> Up @) - 1) e2r(n=1)p 2 (24)
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and
=Y Y e‘?ff"mh,k)\/? simh (ZZv/n=1) + By, 25)
k k ’
1<k<N 0<h<k
(k,4)=2 (h,k)=1
where
. _ \/5 . 3/2 e2r(n—1)p o6
|Eapn| < V2e™(2N) m (26)
In summary, we have shown that
1
Bi(1,n) ~ 5C(n + 1) exp (my/n) (27)
where
V2C(n) == V2e7™iw(1,2) + e ™V 20(1,4) + e ™20(3, 4) (28)

Therefore, the sign of B;(1,n) is determined by that of C'(n + 1) for sufficiently large n. We note that
C(n) is of period 4 with

C1)=-2, C2)=C3)=0, CH4) =2 (29)

Note that g;(z) is in Kohnen’s plus space, and hence n-th Fourier coefficient vanishes if n = 1 or 2
(mod 4). After a simple, but lengthy calculation, we find that error terms are dominated by

V2

- (2mn)* exp (g\/ﬁ) (30)
for all integers n > 875. By checking the first 874 terms, we observe that
1 1
Bi(1,n) — §C(n + 1) exp (my/n)| < 5(27?71)3/2 exp (gﬁ) (31)

for all positive integers n. Since exp (7+/n) > (27n)*? exp(£+/n) for all integers n > 1, we find that
the sign of B;(1,n) is determined by C'(n + 1) for all positive integers n by checking the first term.

Now we turn to the investigation on the image of g;(z) under Hecke operators. For a prime p, we
define the Hecke operator T'(p*) on M !%’+(F0(4)) by

e = X (et (2 el + peloli) )" 32

nez
n=0,3 (mod 4)

where f(z) = >, ., c(n)q" (see [18][Proposition 2]). For a positive integer m, the Hecke operator
T(m?) is defined by the following recursive relation (see [19][Theorem 1])

T(p**?) =TE)TE") - pT (™) (33)
and the multiplicity property that 7'(m?m'?) = T'(m?)T(m'?) whenever (m,m’) = 1. We derive that

(flsTm*) () = > | D bd)e(m®n/d) | ¢" (34)

nez d|m2
n=0,3 (mod 4)
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where b(d) € R depending on d. After some computations we find that |b(d)| < m? for all d. Recall
that, for all positive integers n, we have obtained

|B1(1,n)] < A(n) + B(n) (35)
and
3
B(n) < §A(n) (36)

s

where A(n) = 3C(n+ 1) exp (my/n) and B(n) = ¥%2(27n)2 exp (Z+/n). Therefore, we arrive at

|Bon(1,n) — A(m®n)| = Y b(d)By(1,m*n/d*) — A(m*n) (37)
dlm?
< B(m?n) + Z gb(d)A(mgn/dz)
dlm?2 and d#1

< B(m?®n) + 5m>A(m?n/4)

where the last inequality comes from the fact that > dgm2 1 < 2m for all positive integers m. Hence, we
see that
|Bi(1,n) — A(m*n)| < B(m®n) + 5(m*n)*A(m’n/4) (38)

and observe that A(k) > B(k) + 5k?A(k/4) for all integers k > 27. Therefore, the sign of B,,(1,n) is
determined by By (1, m?n) if m?n > 24 and we can easily verify that the same is true for m?n < 27.
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