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Abstract: In this paper the quantum hydrodynamic approach for the Klein-Gordon equation (KGE)
owning a perturbative self-interaction term is developed. The generalized model to non-Euclidean
space-time allows for the determination of the quantum energy impulse tensor density of mesons,
for the gravitational equation of quantum mechanical systems.
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1. Introduction

A longstanding objective of modern physics is to describe the quantum mechanics and
the quantum fields in the framework of general relativity. On an ordinary scale, the two
theories are decoupled and even if theoretical models are available [1-16], it not easy to find
experimental confirmations.

A first physical evidence of quantum gravity (QG) comes by way of the corrections to the Newton
law, derived from the Galilean limit of the theory [17-29]. The Hawking radiation of a black hole can
also be justified in the frame of QG [30-38].

Moreover, given that the uncertainty principle forbids a black hole (BH) collapse [39—-44] and
that the quantization of a black hole requires the existence of a fundamental state with a minimum
mass, the BH cannot have a mass smaller than that of Planck and comparable with those of elementary
particles [45].

Another phenomenon connected to QG is the cosmological constant that it is needed to model the
motion of galaxies on the universal scale [46-54].

If we try to define the QG equation from the minimum action principle (MAP), the quantizing
action is not self-contained under renormalization, since loop diagrams generate terms not present in
the initial expression [55-59].

In the present work the author makes use of the hydrodynamic quantum description
(HQD) [60-68] that has the advantage of being embedded in a classical-like formalism, where the
quantization is implicitly contained into the equation of evolution [68], for deriving a gravity equation
for quantum mechanical systems.

The quantum hydrodynamic approach, firstly developed by Madelung [62], describes the
evolution of the complex wavefunction ¢ = |1,L7|exp%5 as a function of the two real variables, ||
and S [60,62,63,69-73]. The model gives rise to classical-like analogy describing the motion of
particles’ density 1 = |ip|* owning the 4-impulse Pu = —0uS.

As shown by Weiner et al. [71], the outputs of the quantum hydrodynamic model agree with
the outputs of the Schrodinger problem, but not only for the semi-classical limit or for a single
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particle [62,63,69]. More recently, Koide and Kodama [72], showed that it agrees with the outputs of
the stochastic variational method.

Recently, the author of this article has shown that the hydrodynamic approach can be derived
from the properties of vacuum on a small scale [73].

Moreover, as shown by Bohm and Hiley [74,75] the hydrodynamic approach can be generalized
for the description of the quantum fields.

The present work develops the quantum hydrodynamic form of the Klein-Gordon equation
(KGE) containing an additional perturbative self-interaction term.

The interest of such a description lies in the fact that this kind of KGE can describe the states of
bosons, such as mesons. The goal of this paper is to obtain the energy—impulse tensor of such a particle,
for the coupling with the Einstein gravitational equation (GE) for quantum mechanical systems [68].

As shown in study [68], the quantum mechanical QG defines the gravitational coupling of classical
fields and the commutation rules in curved space to be used for their quantization.

The paper is organized as follows: in Section 2, the hydrodynamic KGE with a perturbative
self-interaction term is derived for scalar particle and for a charged boson. In Section 3, the formulae
are generalized to a non-Euclidean space-time.

2. The Hydrodynamic KGE with Perturbative Self-Interaction

In this section, the Euclidean hydrodynamic representation of the KGE is derived for a scalar
uncharged boson with a perturbative self-interaction term that reads
m2c2 3
90" = — -9 — Alyl M
Following the procedure given in studies [45,68] the hydrodynamic equations of motion are given
by the Hamilton—Jacobi type equation

0,,0¢
§"9,S aVS—hZ( Hltple +A|1p2> —m2* =0 2)
coupled with the current equation [67,69]
0 (IpPPa,s) =0 ®)
where _—
and where
[P ifi o .
78#5 =Ju= %(47 o — Yo y”) ©)

where the signature (1, —1, —1, —1) has been used.
Moreover, being the 4-impulse of the hydrodynamic analogy

Pu = —0uS (6)
it follows that p
Ju = (cp,~Ji) = — "L 7)
where )
S
_ vl ®)

mc2 ot
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Moreover, by using (6), Equation (2) can be rewritten as

9,S0"S = p,pt = E—2— 2) = m?c? 1—@ 9)
p 1z 2 mc2
where 2 13,94y
_ _h7(0ud"ly 2
Voo =~ (22 Ay, 10)

and where p? = p;p; is the modulus of the spatial 3-impulse.
As shown in studies [67,68], given the hydrodynamic Lagrangean function

_dS _ 9§ 0S » _ -H
L =% =%"T349="ru
B l;”n“Pn|ﬁ’x}’[iSTn](%qﬂaymWWHLn)
2 ;ﬂn‘ll’n‘fxp[l%"] (11)

;a*n [thn ‘exp[ihsn] (%q#aﬂl”|¢n|*Ln)
Eﬂ*n|¢n|3xi’[7ihs”]
n

N—=

Equation (2) can be expressed by the following system of Lagrangean equations of motion

Pu = 2" (12)
. oL
P, = _W' (13)
that for the eigenstates read
oL,
ny = _W, (14)
oL,
pnﬂ - aqy (15)
where
mc? un(n) mc? h? a]/lay |11bn | 2
L, = (i)_T 1- 2 (i)_T 1+m2c2 <|¢n| + Al ) (16)

where c is the speed of light and y = —. Generally speaking, for eigenstates, for which it holds
it
E = E,, = const, it follows that

Ey” 2\ _ 2.2 Viu(
(55 —pu?) = m2c? (1- 1)
v, 2 v,
— 2n2 2(1 _ Lau(m) ) 2,2 _ Zqu(n)
—m'yc(l ) m’yq(l mc2)

(17)

from where it follows that

[ 2 (9,0l
Ep = 4myc?y[1— —20) — 42, 1 iz e 2 1
n mryc mcz myc + m2C2 |¢n‘ +/\|l/’n| ( 8)

(where the minus sign stands for antiparticles) and, by using (17), that

.V E,.
Pup = £my q,\[1— T{Zlc(;) = C—;qy. (19)
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Following the hydrodynamic protocol [68], the eigenstates are represented by the stationary
solutions of the hydrodynamic equations of motion obtained by deriving p, @) from (14) and then
inserting it into (15) that leads to

dpmu 9L, _ . d Vi (n)
ds —  cogt — % (mcu}4< 1- mc?
(20)
_ ) Vau(n
= :tmcw 1— ;]nc(z)
where
w, = L4 1)
M c W
and to

V. V. V. v
Lmcr/1 — "”(”)d”":(i)mcu,lfs( 1— qu(n)>imcagy( 1— VI”(;)) :7131"”]4 (22)

mc2  ds mc? mc c oq"

where for eigenstates, the quantum energy-impulse tensor (QEIT) T,,," reads [45,68]

. E)Ln mC2 un(n)
Tn},{v - <q - — Ln(syv> = :l:i 1 - (u’,[uv — 5;41/). (23)
, 0% mc?

leading to the quantum energy impulse tensor density (QEITD) [45,68]

_ . oL
Tnyv = ‘71‘? a Lnn5HV = |lpﬂ|2 (qﬂaqn a Lﬂéﬂv> - |¢"‘2T”HV (24)
v v

where L = \lp\ZL is the (hydrodynamic) Lagrangian density and L is the hydrodynamic Lagrangian
function.
The quantization condition is brought inside the above quantum hydrodynamic relations by the

quantum potential V,,,(,) contained in the term /1 — % The analog quantities of the classical limit
are recovered for i — 0, and the energy—-impulse tensor (23) in Equation (22) leads to the classical
equation of motion.
Moreover, by using the identity
h, iy
=] 2
Sn 21 n[lpn*], ( 5)

the QEITD (24) can be written as a function of the wave function as following

-1
Tnyv = i|¢|zcz(aast”) (pﬂpv - paplesﬂv)
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Charged Boson
In the case of a charged boson, Equations (1)-(3) read, respectively,

m?c?

DuDyp = —¢( - +A|¢|2) @7)
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where Dy, = 9y, Ay,

90" ||
]

(94S + eAy) (9"S + eAl) = m2c2+h2< +/\|1,b|2) (28)

9y

=0 (29)
Iy

where the 4-current ], reads

Ju = (cp,—Ji) = 21m(4’ (a - Aﬂ)lp_lp(aﬂ"‘_%AP)lp*)

(30)
=~ [py —ea,] = -
and £
—0uS =py =y +eA, = (C,pl) (31)
(where 71, is the mechanical momentum) [67,68] and where
lyI* [9S
~ i | 3F +ep|. (32)
Moreover, analogously to (9) and (17)—(19), from (28) it follows that
_ 1 asn
o = &[5~ et], (33)
En 64)
2 = Pn, — €Ay
that leads to
V. h2 [ 0,0M |y
Ey—ep = tmyc?y |1 — 20 — 42 1 Ol N1 12 4
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to
V. E
_ : qu(n) _ En .
Pap — €Ay = £my Ty me2 2 u (35)
and to .
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that by using (25), as a function of ¢ and A¥, reads
7 [ oln[ Lz e\ ol ] aln[
2 ot h 8qP‘ g, h
For i = 0 the Lagrangean (37) acquires the known classical expression L = — (mTCZ + equH )
Moreover, with the help of (25), (30), (33)—(35) it follows that
( Vot |
uy + 1— I <A, |u
2.2 \V4 H ( mc2 ) mc* M
Tnyv _ (i) _ m|l/Jn| ¢ 1— qu(n) (38)
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—<1+( 1—;;1;3) ,,chau“)(syv



Technologies 2017, 5, 63 6 of 12

that by using (25), (30) and (35) we can be expressed as a function of the wave function as

aln[ 1] ln[ 1]

1 aw}il ZZEA}I all)n*
fic? 2ie 1 v
= g (L] - 2o n \ 39)
ot P h aln[ L. ey, ol ] -
- 9q~ g M
The above equations are coupled to the Maxwell equation:

FM., = —4m J¥ (40)
where [75]

Fuv = (Avp = Auw) = (9udv — 90 4y), (41)
and where

is the potential 4-vector.

3. Non-Euclidean Space-Time

The quartic self-interaction is introduced in the KGE in order to describe the states of charged (£1)
bosons (e.g., mesons) [76]. The importance of having the hydrodynamic description of bosons [68] lies
in the fact that it becomes possible to derive its quantum energy—impulse tensor that can couple them
to the Einstein gravitational equation for quantum mechanical systems [68].

By using the General Physics Covariance postulate [3,68], it is possible to derive the non-Euclidean
expression of the hydrodynamic model of the KGE:

1 m?c?
@), = =30 (v =58auw) = —p( "+ o) )
Equations (2) and (3) in a non-Euclidean space-time read, respectively,
gf“’a S 9SS +mVyy — m?c? =0 (1)
ﬁauv —g(gw|llﬂ|zav5) =0 (44)
where
Voo = = (o =0Tl + A1) )
‘7 [
Moreover, by using the Lagrangean function
das .
L, = d—tn = —Suw pnvqy, (46)

the covariant form of the motion Equations (14) and (15) reads

oL,

oL
Dtpny = - an ’ (48)

where N
Dipy = py — Tyapva (49)
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is the total covariant derivative respect the time and where F; ) are the Christoffel symbols.
Equations (47) and (48) leads to the motion equation

Dt<—a?”> __9Ls (50)

og" og

‘7 -V -U
qu(n) ) Suvq q _ iqu(n)
2 = (£) —mc=y\/ 2 1 2 (51)

From (50) it follows that the motion equation, describing the evolution of the particle density
n= || moving with the hydrodynamic impulse (6), reads

duy 1 cdga. A — calﬂ\/1 ;’1’;; +Ealnfy dl 1 Vau (52)

where L, reads

L, =

at 2 aqP‘ ¥ dgH v ogh R T )

where the stationary condition dstF = 0, that determines the balance between the “force” of gravity
and that one of the quantum potential, defines the stationary equation for the eigenstates

V,
anAKM u* + E) lnv——fa ln\/j+ Hl”m 53

where = |gy,4| —Jac%, where J;c is Jacobean of the transformation of the Galilean co-ordinates
to non—EuChdean ones and where g, is the metric tensor defined by the gravitational equation for
quantum mechanical systems [68,75]

1 871G
Ruv = 38R = Aguw = =1 T 9

where the quantum energy impulse tensor density reads

e = PS04t (55)

And where the cosmological energy-impulse density A [68], for eigenstates, reads

87'cG 87'ch 2,2
S0 g g = ST P

56
Y (56)

where for scalar uncharged particles leads to

2
Lo = limy_oL = (&) — % (57)

The quantum energy impulse tensor density for the particle density distribution |, |2 owing with
the hydrodynamic impulse (6), as a function of the wave function reads

" Vau
T}w - Ty“gav = |¢|2m2c4(%7§) (:lez - (1 - quZ)gyV)
gL -1
:m|l/1262<2””2”23tn[¢]> (58)

(o) 2525+ (- 25
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Charged Boson in Non-Euclidean Space—Time

The KGE in non-Euclidean space-time for electromagnetic charged boson

m

e 202
fD"(f 8Dup) = === w( - ) (59)

leads to the hydrodynamic system of equations

ﬁaﬂ\/jg(gw‘wz(av + EAV)) =0 (60)

g (94S + eAy) (9yS + eAy) = m*c? —mVy, (61)
where

K2 1
Vou = — Wa A 62
f <|w|r /=383 ]) + |¢|) ©)

Moreover, the Lagrangean motion equations read

oL
pny - _# (2)
oL
Dtpi’ly = _WZ/ (63)
where
VU
B 2, [ 8wd 4 h2 (00" || W
Ly = (£) ("’”C \/T\/l T oaa 0l + Apnl? ) — gueA’q" |, (64)
and to the QIETD

T = (&) = mlya[2y/ 5L /1 — Ty
-1
Vu(n)
(ul”+< 1- Zuz > TSCAV> u? (65)
v -1
<1+< 1- :Zlg)> nfcgaﬁAﬁ”a>5ﬂv

Even if the GE for quantum systems (54) is formally equal to the Einstein GE, it actually
demonstrates some differences. If the Einstein GE refers to the gravitational description of classical
masses with no information, either about the quantum mechanical properties of bodies or about the
string properties of elementary particles building up the matter, the GE (54) introduces the quantum
properties in the gravity of a mass distribution that leads to a cosmological term, that is not a simple
constant, but rather, has the form of an energy—-impulse tensor density that leads to the correct value of
the cosmological constant on the galactic space for the description of the motion of galaxies [68].

4. Discussion and Conclusions

Even if the gravity of a quantum mechanical system refers to non-quantized fields, it is not
without interest, since it is able to define the gravitational coupling of classical fields and their
commutation rules in the non Euclidean space-time for the derivation of the quantum gravity equation
of quantum fields.

The GE (54) together with (53) allows also to derive the mass eigenvalues of a Schwarzschild
black hole [45,68] (like the e-atom model that is currently of interest to the scientific community [38]
(and references therein)).
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Finally, in this work the hydrodynamic model for bosons described by a KGE with perturbative
self-interacting field is derived for defining the coupling with the Einstein gravitational equation of
quantum mechanical systems.

The hydrodynamic treatment has a classical-like structure where the quantum dynamics

v,
(quantization) is introduced by the quantum potential through the factor /1 — ~24%,

m
This can be clearly seen by the Lagrangean function L, = (£) — ’%2 1-— % = (£) -

2 g}“/qvqy v, u(n) . . s s . V. u(n)
mc 2 \/j that, in the classical limit for &# — 0 (i.e., V, =0and y/1—- - =1),
c mc qu(n) mc

leads to the known classical expression.

Given the classical-like hydrodynamic model of quantum mechanics, the energy-impulse tensor
for the Einstein gravitational equation of quantum mechanical systems is straightforwardly derived.
The availability of such a description for mesons facilitates the coupling of them to the GE.

The biunique correspondence between the standard quantum mechanics and the hydrodynamic
representation [60-63,70,71,77] warrants that the quantum energy—impulse tensor density is
independent by the used formalism.

Conflicts of Interest: The author declares no conflict of interest.
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