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Abstract: Benchmark intensity ratio measurements of the energy loss lines of krypton for excitation
of the 4p6 1S0 → 4p55s[3/2]2, 4p55s[3/2]1, 4p55s′[1/2]0, and 4p55s′[1/2]1 transitions are reported,
these being the lowest electronic excitations for krypton. The importance of these ratios as stringent
tests of theoretical electron scattering models for the noble gases is discussed, as well as the role of
spin-exchange and direct processes regarding the angular dependence of these ratios. The experi-
mental data are compared with predictions from fully-relativistic B-spline R-matrix (close-coupling)
calculations.

Keywords: electron scattering; excitation; krypton; angle-differential cross-section ratios; close-
coupling; Dirac B-spline R-matrix

1. Introduction

The heavy rare gases are of great interest in both industry and collision physics. There
is a wide array of applications involving the use of species such as krypton and xenon,
with the most popular being that they act as excellent buffers in plasmas. Krypton is
found primarily in the Earth’s atmosphere. It is widely used in electron impact-initiated
plasmas for fluorescent lighting [1], flash lamps for use in high-speed photography [2],
and high-power gas lasers [3]. In fundamental physics, species such as krypton are excellent
candidates for studies in spectroscopy, primarily because of their rich target structure
involving spin-exchange and relativistic effects such as spin–orbit coupling, which are
important in both the target structure and the scattering continuum [4].

A comprehensive theoretical study of electron scattering for the noble gases Ne,
Ar, Kr, and Xe based on the semi-relativistic distorted-wave method was reported by
Bartschat and Madison [5]. Exchange effects were approximated by the semi-empirical
local model potential suggested by Furness and McCarthy [6], while relativistic effects were
accounted for through the one-electron spin–orbit term of the Breit–Pauli Hamiltonian.
These potentials were added to the static Hartree potential generated from the final-state
electronic configuration of the target, and the distorted waves were then calculated in that
potential. A few years later, Zuo et al. [7] developed a fully relativistic distorted-wave
approximation (RDWA), yielding results of comparable accuracy relative to those obtained
by Bartschat and Madison. In both models, the (np6)1S0 ground state and the np5(n+1)s
excited states were described by single-configuration states. Note that the two excited
states with total electronic angular momenta J = 0.2 are actually well LS-coupled, while
the two J = 1 states are a linear combination of two states, with the details depending on
the coupling scheme used. Bartschat and Madison, for example, adopted the so-called
“intermediate coupling scheme” in which a linear combination of LS-coupled 1P1 and 3P1
state is used.
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Table 1 shows the result of a multi-configuration expansion of the states of interest for
the present work. The Cowan code [8] only uses one term-averaged 5s orbital. One can
clearly observe that a single configuration dominates in all cases, and also that the two
J = 1 states are essentially a 50/50 mix of states with singlet and triplet spin character.

Table 1. Intermediate-coupling coefficients for the 4p6 and 4p55s states of Kr in a multi-configuration
expansion, produced with the Cowan code [8] by Fontes [9]. EL values from the Cowan code and
from Moore [10] are also listed. The notation [K]J (see also below) indicates the total electronic
angular momentum of the (4p5)2PK ionic core. After coupling to the outer orbital (here 5s), this
results in the total electronic angular momentum J of the state. Refer to the text for discussions.

Level # Configuration Intermediate Coupling
EL (eV)

Cowan Moore

1 4p6 0.998 (4p6)1S0 0.00 0.00
2 4p55s[3/2]2 0.998 (4p55s)3P2 9.88 9.92
3 4p55s[3/2]1 0.67 (4p55s)3P1 + 0.74 (4p55s)1P1 9.97 10.03
4 4p55s[1/2]0 0.996 (4p55s)3P0 10.50 10.56
5 4p55s[1/2]1 0.74 (4p55s)3P1 − 0.67 (4p55s)1P1 10.56 10.64

A major breakthrough in the treatment of electron–atom collision came in the 1990s
with the convergent close-coupling (CCC) [11,12] and R-matrix (close-coupling) with pseu-
dostates (RMPS) [13,14] methods. The general idea is the same, namely to extend the
traditional low-energy close-coupling method to intermediate and even high energies by
introducing so-called pseudo states. These have the mathematical properties of bound states
(most importantly, they are easily normalizable), but due to their confinement to either a
hard (R-matrix) or soft (CCC with a Laguerre basis) box, they provide a discretization of
the target continuum. While these methods have been very successful for light (quasi-)one-
electron and (quasi-)two-electron atomic and ionic targets, even the H2 molecule [15], the
situation is much less satisfactory for more complex, open-shell targets, especially if these
targets are also heavy; hence, both electron correlation and relativistic effects need to be
described properly by the theoretical approaches.

Concerning the heavy noble gases in particular, this is a situation where the targets are
convenient for experimental investigations but difficult for theory. Numerous high-quality
experimental datasets have existed already for a while (see, for example, refs. [16–19] from
our own group as just a small selection), but comparisons with those data have been rare
due to the challenges faced by theory. The currently available version of the CCC code
remains limited to one-electron and two-electron systems outside of a structureless 1S0 core.
The well-known R-matrix code of the Belfast group [20] has been extended to the RMPS
framework, but applications to the heavy noble gases using the full power of the approach
have also been limited—likely due to the fact that the target description with strongly
term-dependent one-electron valence orbitals remains a challenge, although sufficiently
large configuration interaction (CI) expansions should be able to solve this problem even if
all one-electron orbitals are forced to be orthogonal to each other.

A very promising method available for these targets is the B-spline R-matrix (BSR)
approach that allows the use of non-orthogonal sets of one-electron orbitals and employs
B-splines to represent them. Technically, this has the advantages of compact CI expansions
yielding sufficient accuracy as well as accurate and efficient integration schemes. A general
computer code that can be used for calculations of atomic structure, photo-ionization,
and electron collisions in a non-relativistic and semi-relativistic (Breit–Pauli) framework
was published by Zatsarinny [21] and used for numerous calculations of the above pro-
cesses. A review of the method and its applications until 2013 was published by Zatsarinny
and Bartschat [22]. Similarly to the Belfast code, the available suite of computer codes
is general, i.e., it is applicable to targets such as the heavy noble gases of interest for the
present work. A fully-relativistic version described by Zatsarinny and Bartschat [23] also
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exists. While a comprehensive write-up is not available due to the untimely death of
Dr. Zatsarinny in March 2021, the code with instructions is freely available on his GitHub
site [24].

2. Cross-Section Ratios

Disagreements observed between the theory and experiment, even for angle-integrated
cross sections, are often accredited to the challenges faced in the absolute normalization of
the experimental data using conventional electrostatic electron spectrometers [25]. This
problem has been difficult to overcome systematically when normalizing inelastic scat-
tering features, with non-zero energy loss EL, to the elastic scattering feature (EL = 0)
as a standard. This is due to the required accurate characterization of the spectrometer
analyzer’s detection efficiency for different EL values in the spectrum. Therefore, in order
to obtain absolute inelastic differential cross sections (DCS), the scattering intensity of
inelastic features in the same energy loss spectrum is normalised to the elastic scattering
intensity by using DCSs for elastic scattering at the same incident electron energy (E0)
and scattering angle θ, assuming that the detection efficiency across the electron energy
loss spectrum is accurately known. Elastic scattering DCSs can be accurately determined
by using the standard relative flow method [26] and can be used as a calibration in the
observed electron energy loss spectra. However, the added problem to determine accu-
rately normalized inelastic DCSs suffers, as aforesaid, from the accurate determination
of the detection efficiency of the scattered electron detector across the observed energy
loss spectrum, i.e., as a function of the residual energy of the scattered electron energy
ER (= E0 − EL). Knowing this, the absolute inelastic DCSs may be determined from the
spectrum if the elastic DCS is known in tandem with the analyzer detection efficiency. This
is indeed the case for time-of-flight electron spectrometers, where the detection efficiency
is independent of ER of the scattered electron.

At CSUF, we recently built an electron time-of-flight (TOF) spectrometer to determine
accurate elastic-to-inelastic differential electron scattering ratios for the excitation of the
X1Σ+

g → b3Σ+
u transition in H2. These benchmark ratios were found to be in excellent agree-

ment with the CCC predictions of the Curtin University group [27]. After normalizing our
TOF spectrum’s elastic feature to corresponding well-established elastic electron scattering
DCSs from our group [28], these resulted, in turn, in benchmark theoretical and experi-
mental DCSs for elastic and inelastic processes for the H2 molecule. Since it is much easier
and more reliable to measure relative ratios in scattering experiments, we decided to revisit
inelastic scattering ratios for the lowest transitions in Kr to provide further experimental
benchmark data for testing existing and future collision models. Such ratio measurements
were earlier carried out by us for Ne [29], Kr [18,19], and Xe [16]. DWBA calculations for
these ratios, particularly regarding the observed deviations from statistical ratios, were
also reported by Bartschat and Madison [30]. Referring to the excellent agreement between
the experimental ratios of [29] and the predictions from their semi-relativistic BSR calcula-
tions for Ne, Zatsarinny and Bartschat [31] recommended such relative inelastic scattering
ratios in the heavy noble gases as representing “a very sensitive test to the quality of the
theoretical model”.

The present work with a Kr target focuses on inelastic scattering ratios only in order to
draw attention to such ratios as benchmarks to aid theory in a critical area of experimental
and theoretical electron collision physics. DCS ratios have been determined for the first
four excitation levels. We define these ratios as follows.

r(E0, θ) =
I1(E0, θ)

I3(E0, θ)
≡ σ(5s[3/2]2)

σ(5s′[1/2]0)
, (1)

r′(E0, θ) =
I2(E0, θ)

I4(E0, θ)
≡ σ(5s[3/2]1)

σ(5s′[1/2]1)
, (2)

r′′(E0, θ) =
I1(E0, θ)

I2(E0, θ)
≡ σ(5s[3/2]2)

σ(5s[3/2]1)
, (3)
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r′′′(E0, θ) =
I3(E0, θ)

I4(E0, θ)
≡ σ(5s′[1/2]0)

σ(5s′[1/2]1)
. (4)

Here, Im(E0, θ) (m = 1− 4, see labels in Figure 1) are the intensities of the electron
energy loss features for excitation of the 4p6 → 4p55s, 5s′[K]J transition, which are propor-
tional to the differential cross section σ. In our notation and discussion below, we use the
intermediate-coupling scheme [8,29] that is appropriate for the heavy noble gases in which
K is the total angular momentum of the parent ion 4p5 core and J is the total angular
momentum of the core plus valence 5s, 5s’ electron. The ratio r defined in Equation (1)
addresses the ratio between the pure triplet 5s[3/2]2 (3P2) and 5s′[1/2]0 (3P0) states (with
its approximate LS-coupled component in brackets), respectively. Since the statistical
weights are 2J + 1, one would expect the DCS ratio to be close to five for a well LS-coupled
system, provided one can neglect the energy difference between the two states as well as
the potential term dependence of the valence orbital. In order to indicate those possible
effects, we follow the standard notation of using 5s and 5s′ for the outer orbital when the
parent ion is either the (4p5)2P3/2 (for 5s) or the (4p5)2P3/2 (for 5s′) state.

On the other hand, the observable r′ defined in Equation (2) addresses the ratio for
the 5s[3/2]1 and 5s′[1/2]1 states. While the appropriate intermediate-coupling coefficients
can be deduced from the respective line strengths if these two J = 1 states are written as a
linear combination of LS-coupled 1P1 and 3P1 states [5], the ratio r′ can be used as a test of
how well a collision model accounts for the respective excitation portions as well as the
interference of the singlet and triplet contributions [29]. At sufficiently high energies and
small angles, one would expect r′ ≈ a2/b2, where a and b are the coefficients of the 1P1
term in the intermediate-coupling description of the two states [30]. In the present case
(see Table 1), this would suggest an asymptotic ratio of r′ ≈ 1.2.

Next, r′′ defined in Equation (3) represents the ratio of the LS-coupled 5s[3/2]2 (3P2)
state and the mixed-coupled 5s[3/2]1 state, while r′′′ defined in Equation (4), in a similar
fashion as r′′, is the ratio between the pure σ(5s′[1/2]0 (3P0) state and the other mixed state,
(5s′[1/2]1). From an experimental point of view, it is important to note that r′′ and r′′′ are
less affected by the instrumental transmission efficiency than r and r′, since the features in r′′

and r′′′ are very closely spaced in energy loss. This is especially important at low E0 values
close to threshold and will be further addressed in the following experimental section.

In this paper, the recently obtained inelastic DCS ratios for Kr are presented in com-
parison with the respective theoretical predictions, as well as the earlier experimental ratios
obtained in our group by Guo et al. [4]. A brief summary of the fully relativistic D(irac)BSR
electron scattering model for Kr is given in the next section. More details, also including
the Xe target, can be found in [32]. This is followed by a discussion of the experimental
apparatus and the measurement procedures for obtaining the above-mentioned DCS. The
experimental and theoretical results are presented and discussed in detail in Section 5
before we finish with a summary and our conclusions in Section 6.

3. Theory

Since the details of the calculation were given by Zatsarinny and Bartschat [32],
we only summarize the main points here. The calculations reported in this paper were
performed using the R-matrix (close-coupling) approach, as implemented in the DBSR
suites of computer codes. The initial structure calculation for Kr+ was carried out with
the GRASP2K relativistic atomic-structure package [33]. After that, the valence orbitals were
generated in a frozen-core calculation for Kr+ by using the average-term approximation.
All these states of Kr+ were then used as target states in B-spline bound-state close-coupling
calculations in order to generate the low-lying states of atomic Kr (with N = 36 electrons)
employing non-orthogonal, term-dependent orbitals for each Kr state.

In the scattering calculations, we included the lowest 31 physical states of Kr, i.e., the
fine-structure levels with configurations 4p55s, 4p55p, 4p54d, and 4p56s, respectively. This
model will be referred to as DBSR-31 below. Since this is a fully-relativistic approach,
the mixing coefficients in the multi-configuration expansions are mathematically not the
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same as in the intermediate-coupling scheme. This is a similar situation as in the RDW
model [7]. In a truly complete expansion, the specifics of the numerical basis would not
matter. While this ideal situation is not achievable in practice, it still makes some sense to
interpret the final results in the intermediate-coupling scheme, which appears to capture
the essential physics regarding the orbital and spin angular momentum character of the
states in question.

We then used the DBSR version [23] to solve the (N+1) electron collision problem. We
calculated partial-wave contributions up to J = 61/2 numerically. No extrapolation scheme
to account for even higher partial waves was necessary for all observables presented in
this paper.

At this time, the only results from the 31-state model are available. In the original
paper [32], 47 state results were also presented, but both calculations were limited to
energies below 13.5 eV. Note that the general features seen in the near-threshold region
were reproduced in both models (except very close to threshold, where there are no
experimental data for the ratios), although the absolute values differed. In the comparison
with experiment, the available data were visually normalized to the 47 state results, which
made the latter calculation appear more superior. Since we compare ratios in the present
paper, the 31 state model should be reasonable. Ideally, one would extend these calculations
much further to include a large number of pseudo-states to also couple to the ionization
continuum. Due to the passing of Dr. Zatsarinny, however, this is not realistic in the
timeframe for this Special Issue dedicated to him.

4. Experiment

The present California State University (CSUF) energy loss system is a moderate-
current, high-resolution electrostatic energy loss spectrometer, which has been well tested
and described in detail before [34]. The system consists of an electron monochromator
and an electron energy analyzer, with both employing hemispherical energy selectors.
The collimated gas beam is delivered to the collision region via a moveable gas aperture
source, which is aligned and placed about 5 mm below the collision region. The entire
spectrometer is housed in a vacuum chamber that is pumped with a 12 inch diffusion pump
down to a base pressure of ≈1× 10−7 Torr. In order to create and maintain an environment
suitable for measuring stable low-energy electron energy loss spectra over long periods of
time, the electron gun and energy analyzer are both baked to about ≈120 ◦C during the
experiment, and the vacuum chamber is properly oil-baffled.

The experimental apparatus is computer controlled via a LabVIEW program that
is run in the multi-channel scaling mode and monitors the input pressure of the target
gas, steers the moveable gas source in and out of the interaction region, drives a stepper
motor that sets the scattering angle position of the electron energy analyzer, and controls
the energy ramp of the electron energy analyzer. The experimental energy loss spectra
acquired by the multi-channel scaling program are analyzed by a separate software that
employs a multi-Gaussian instrumental line-profile unfolding technique to fit the energy
loss spectra [34].

Krypton energy loss spectra were acquired at E0 values of 11.5 eV, 12.0 eV, 13.5 eV,
15.0 eV, and 20.0 eV for θ ranging from 15◦ to 130◦ with a typical energy resolution of
around 35–45 meV for an incident current of about 13 nA to 22 nA. E0 was calibrated using
the He− 22S resonance at 19.366 eV at θ = 90◦ [35,36] to obtain an E0 with an accuracy
of 50 meV or better during the entire run at that E0 value. The CSUF spectrometer and
the earlier spectrometer in [18] differ somewhat in that the former used real apertures
in the analyzer as opposed to virtual apertures in the latter. Additionally, the CSUF
spectrometer employs an aperture gas target collimation system rather than the earlier
hypodermic needle gas collimator. In this experiment, the moveable gas source was kept
fixed because the system was not observing elastic scattering as it did in previous work [37]
in which elastic background scattering from surfaces was found to be significant. This
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was also conducted to improve the acquired scattering counts (more acquisition time for
inelastic measurements), and thus minimize statistical errors.

An important consideration in this experiment was to control the transmission effi-
ciency for the different features (features one to four in Figure 1), which had respective
energy loss values of 9.915 eV, 10.033 eV, 10.563 eV, and 10.644 eV. At small E0 values,
the residual energies of the scattered electrons become significantly different across the
energy loss spectrum. Table 2 shows the ratio ∆ER/ER̄ (= α) at different E0 values for the
four ratios, where, e.g., in the case of r, features one and three, ∆ER = ER(1)− ER(3) is the
difference between the residual energies of scattered electrons having excited features one
and three, and ER̄ = ([ER(1) + ER(3)]/2) is the mean residual energy of these features.
The parameter α indicates whether the transmission efficiency is approximately a linear
function of ER, i.e., the approximate value of the fractional difference in the transmission
of electrons for the features involved. At E0 = 11.5 eV, for example, r and r′ have relative
fractional transmission differences of nearly 50% while that of r′′ and r′′′ is only ≈2%. This
means that the measured ratios r′′ and r′′′ are significantly more precise as benchmarks than
r and r′. In order to circumvent this transmission problem, the scattered electron detector
analyzer was first tuned to the average mid-residual energy of the features one and three
or two and four, which are similar for both r and r′ at any E0 value. This employed tuning
the gun and analyzer to the elastic scattering at 90◦ at E0 = ER̄ before setting up the electron
gun to deliver a focused beam at E0. At a working E0 of 13.5 eV, for instance, the analyzer
was tuned to elastically scattered electrons at E0 = (3.314 + 3.325)/2 eV = 3.320 eV (see
Table 2). As a result, the transmission peaked at the mid-EL of the states one and three
or two and four, while it fell equally at EL values of the features on either side of this
maximum, thus giving consistently reproducible and accurate r and r′ values by breaking
away from a skewed transmission function for the r and r′ features. This procedure does
not affect r′′ and r′′′, which were always well reproduced for any tuning conditions of the
analyzer. At E0 ≥ 15 eV, this problem is diminished, and the r and r′ ratios were found to
be reproducible in the ≈10–12% region.

9.8 9.9 10.0 10.1 10.2 10.3 10.4 10.5 10.6 10.7 10.8
0

200

400

600

800
Kr 

E0 = 13.5 eV 

 = 130
o

C
o
u
n
ts

Energy Loss (eV)

(2) (4)

(3)

(1)

Figure 1. Electron energy loss spectrum of Kr taken at E0 = 13.5 eV and θ = 130◦. The data are the
red dots, and the line is a linear least squares fit using a multi-Gaussian instrumental line profile
centered at the empirical EL values given by Moore [10] and also listed in Table 2. The features
m = 1–4 are discussed in the text following Equations (1)–(4).
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Table 2. Transmission parameters that affect the ratios r, r′, r′′, and r′′′. The EL values, listed
in decreasing order for the 5s[3/2]2, 5s[3/2]1, 5s′[1/2]0, and 5s′[1/2]1 states, are taken from the
recommended values of Moore [10]. See text for a detailed discussion.

E0 (eV)→ 11.5 12.0 13.5 15.0 20.0

EL (eV) ↓ ER (eV) ↓
9.876 1.624 2.124 3.624 5.124 10.124
9.969 1.531 2.031 3.531 5.031 10.031

10.495 1.005 1.505 3.005 4.505 9.505
10.566 0.934 1.434 2.934 4.434 9.434

∆ER/ER̄ ↓
r 0.470901 0.341141 0.186755 0.12857 0.06307
r′ 0.484381 0.344589 0.184687 0.126149 0.061341
r′′ 0.014739 0.011191 0.006499 0.004579 0.002307
r′′′ 0.018308 0.012079 0.005977 0.003971 0.001874

5. Results and Discussion

Tables 3–7 list the ratios r, r′, r′′, and r′′′ at different E0 values. Figures 2–5 exhibit the
ratios from the current measurements compared to our past ratios of Guo et al. [18] and to
the DBSR-31 results. These figures will be discussed in detail below.

Figure 2 shows our present r values at several E0 values compared to our previous
measurements of this parameter and theory. We observe excellent agreement for all E0 val-
ues with our earlier r values [18], as well as with the DBSR-31 predictions. We emphasize
that the present data have significantly smaller uncertainties than our earlier measure-
ments [18]. This is due to the better statistical counts in the present work that focused
only on the lowest four excited states of Kr rather than an extended spectrum obtained
before [18,19]. At our lowest E0 of 12.0 eV, ≈1.5 eV above threshold, we observed large
deviations from the statistical ratio value of five, with values exceeding 12 (the theoretical
prediction is ≈20) at θ ≈ 130◦. This effect is most likely due to the markedly different
residual energies of the scattered electron after exciting the 5s[3/2]2 state (ER = 2.124 eV)
compared to the 5s′[1/2]0 excitation with a relatively much smaller ER of 1.505 eV; see
Table 2. The other (likely less important) factor is the presence of spin–orbit interaction
in the continuum electron channel. These triplet states are well LS-coupled (cf. Table 1).
Even in multi-configuration expansions, both LS-coupling and the 4p56s configuration
dominate, and the coupling coefficients are very close to unity for these triplet states. Our
data for r deviate from five for θ > 0◦ in an oscillatory manner but converge to r ≈ 5 when
θ → 0◦, except at our lowest E0 of 12.0 eV. This effect, which is observed at all E0 values of
13.5 eV and above, is at the 20% level for the present E0 values.

Figure 3 exhibits our present r′ values at several E0 values. Once again, we note
generally very good agreement with the earlier experimental and the theoretical predictions,
except at E0 = 12.0 eV where we see a somewhat different angular distribution for the
present r′ data, which are ≈50% smaller than the earlier values of [18] and ≈30–50%
smaller than the DBSR-31 predictions for θ ≥ 30◦. This is not due to transmission effects,
as can be argued on the basis of our r values, which have essentially the same instrumental
transmission dependence (compared with Table 2) of ≈0.48. We did not observe the
oscillatory behavior predicted by theory, and the earlier values [18] are scattered at small
and large θ. At E0 = 13.5 eV, the agreement improves considerably. It is excellent at large θ
but poorer at θ ≤ 50◦. The oscillatory behavior of r′ at this energy is reproduced by all
measured and theoretical values. At E0 = 15.0 eV, the agreement between experiment and
theory is excellent, and the oscillatory angular behavior of r′ is observed in all three data sets.
At E0 = 20.0 eV, the agreement between experiments is excellent, but the measured values
are significantly (by ≈20%) below theory. Here, one should expect transmission effects to
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be small (see Table 2), in the region of a few percent. Nevertheless, the agreement between
experiment and theory for such a difficult target is very good and certainly encouraging.

Scattering Angle (deg)

r 0 30 60 90 120

5

10

15

20

25

E0 = 12.0 eV

0 30 60 90 120

0
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10

E0 = 13.5eV

0 30 60 90 120

0

5

10

E0 = 15.0 eV

0 30 60 90 120

0

5

10

E0 = 20.0 eV

Figure 2. Ratio r for various E0 values as a function of θ; ( ) present experimental work; ( ) past
experimental work of Guo et al. [18]; ( ), DSBR-31 calculation.
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Figure 3. Same as Figure 2 but for the r′ ratio.

As expected, we observe a trend of r′ ≈ 1.2 = (0.74/0.67)2 (see Table 1), which
is based on the fact that excitation of the singlet part of the wave function for the two
states will ultimately dominate that of the triplet part. However, given that this limit is
approached better at large than at small angles suggests that spin-dependent effects are
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still important. While the trend is best for 20 eV, this is not a sufficiently high energy to
predict the ratio using such a simple argument.

Table 3. Ratio r′′ for Kr taken at E0 = 11.5 eV, with one standard deviation uncertainty. See text
for discussion.

θ (◦) r′′ Err

20 0.238 0.018
25 0.242 0.019
30 0.195 0.015
35 0.174 0.014
40 0.255 0.020
45 0.290 0.023
50 0.359 0.028
60 0.679 0.053
70 1.25 0.10
80 2.37 0.19
90 2.66 0.22

100 1.70 0.10
110 0.970 0.055
120 0.520 0.030
130 0.370 0.019

Table 4. Ratios r, r′, r′′, and r′′′ for Kr taken at E0 = 12.0 eV with one standard deviation error. See
text for discussion.

θ (◦) r Err r′ Err r′′ Err r′′′ Err

20 10.3 1.3 2.22 0.22 0.383 0.039 0.082 0.009
25 10.8 1.5 2.18 0.22 0.492 0.050 0.099 0.012
30 11.3 1.4 2.12 0.21 0.507 0.051 0.096 0.010
35 10.9 1.4 2.00 0.20 0.485 0.049 0.088 0.010
40 10.8 1.4 1.67 0.17 0.592 0.060 0.091 0.010
45 9.56 1.20 1.43 0.14 0.645 0.065 0.096 0.010
50 7.59 0.95 1.36 0.14 0.665 0.067 0.119 0.013
60 5.89 0.74 1.22 0.12 0.782 0.080 0.162 0.017
70 3.62 0.45 1.04 0.11 0.973 0.100 0.281 0.030
80 2.46 0.31 0.994 0.103 1.13 0.12 0.458 0.048
90 2.73 0.34 1.06 0.11 1.08 0.11 0.420 0.044

100 3.46 0.43 1.17 0.12 0.93 0.09 0.314 0.033
110 4.47 0.56 1.31 0.13 0.76 0.08 0.224 0.023
120 6.75 0.85 1.33 0.13 0.65 0.07 0.129 0.014
130 12.7 1.7 1.58 0.16 0.54 0.06 0.068 0.008

Figure 4 presents our results for the r′′ ratio, which is our most extensive ratio spanning
from threshold of ≈1.5 eV exit energy up to 10 eV (see Table 2). Since transmission for
both states is the same, the reproducible characteristics of r′′ is excellent and not influenced
by different spectrometer detector tunings. This makes this accurate ratio a very useful
parameter for testing theory. This ratio compares the LS-coupled triplet state 5s[3/2]2 to the
5s[3/2]1 mixed singlet-triplet state. At E0 = 11.5 eV, we see excellent agreement between
the present work and theory, except that the angular dependence is shifted between theory
and experiment by a small amount of ≈2◦. Our r′′ values are also quantitatively smaller
by ≈7%, which is within the uncertainty of the measurements. We note (not shown) that
the theoretical DCS for the well LS-coupled 5s[3/2]2 state, which is only excitable by spin-
exchange, is essentially constant in the θ range from 60◦ to 120◦. Thus, it is the decrease
in the excitation of the 5s[3/2]1 state that results in the rise of r′′. Furthermore, we see
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that at small θ ≤ 30◦ rises. As discussed for r′ above, this result supports the remaining
importance of spin-exchange processes at small θ for the energies investigated in this study.

Table 5. Same as Table 4 but for E0 = 13.5 eV. See text for discussion.

θ (◦) r Err r′ Err r′′ Err r′′′ Err

15 5.49 0.99 1.69 0.22 0.111 0.012 0.034 0.004
20 4.95 0.80 1.41 0.18 0.172 0.017 0.049 0.005
25 5.65 0.93 1.35 0.18 0.253 0.026 0.061 0.006
30 5.56 0.91 1.26 0.17 0.339 0.034 0.078 0.008
35 6.14 1.01 1.22 0.16 0.418 0.043 0.083 0.009
40 6.14 1.00 1.26 0.17 0.478 0.049 0.099 0.010
45 7.80 1.30 1.32 0.17 0.513 0.052 0.087 0.009
50 7.50 1.24 1.41 0.19 0.514 0.052 0.097 0.011
60 8.28 1.38 1.48 0.20 0.591 0.060 0.107 0.012
70 8.15 1.43 1.649 0.223 0.66 0.07 0.134 0.016
80 7.54 1.29 1.67 0.22 0.70 0.07 0.156 0.018
90 6.04 1.02 1.54 0.21 0.69 0.07 0.176 0.020

100 4.98 0.83 1.42 0.19 0.57 0.06 0.164 0.018
110 4.84 0.80 1.36 0.18 0.53 0.05 0.149 0.016
120 5.87 0.97 1.38 0.18 0.54 0.06 0.127 0.014
130 6.8 1.1 1.44 0.19 0.53 0.05 0.111 0.012

Table 6. Same as Table 4 but for E0 = 15.0 eV. See text for discussion.

θ (◦) r Err r′ Err r′′ Err r′′′ Err

15 5.40 0.78 1.81 0.09 0.058 0.006 0.019 0.002
20 5.92 0.87 1.76 0.09 0.097 0.010 0.029 0.004
25 4.98 0.71 1.69 0.09 0.160 0.017 0.054 0.007
35 6.35 0.95 1.51 0.09 0.347 0.037 0.083 0.011
40 5.50 0.78 1.48 0.09 0.404 0.043 0.109 0.014
45 6.01 0.87 1.44 0.08 0.404 0.043 0.097 0.012
50 6.42 0.92 1.50 0.09 0.446 0.047 0.105 0.013
60 5.84 0.82 1.45 0.09 0.510 0.054 0.130 0.016
70 5.60 0.78 1.50 0.09 0.577 0.061 0.154 0.019
80 5.68 0.82 1.45 0.09 0.659 0.071 0.169 0.022
90 5.24 0.79 1.26 0.09 0.703 0.078 0.170 0.023

100 4.93 0.74 1.29 0.08 0.581 0.064 0.155 0.020
110 4.40 0.62 1.23 0.08 0.553 0.060 0.155 0.019
120 4.88 0.67 1.23 0.07 0.539 0.057 0.136 0.016
130 5.22 0.70 1.21 0.07 0.620 0.065 0.142 0.016

Our findings might also help to interpret the reversal of the angular momentum per-
pendicular to the scattering plane, (L⊥), imparted to the target. This was found at similarly
small θ in the excitation of the resonance transition in Ne [38], i.e., of the 2p53s[3/2]1 LS-
coupled 1P1 component, which is again mixed (but to a lesser extent) with the LS-coupled
3P1 component. It is the latter’s excitation via spin-exchange that could enable a physi-
cal explanation for the reversal of L⊥ compared to the case for a direct singlet→ singlet
excitation.

At E0 = 12.0 eV, the theory shows excellent agreement with experiment, but at E0 of
13.5 eV and 15.0 eV it predicts a clear rise at θ ≈ 80◦. This is again likely due to a drop
in the direct excitation process of the 5s[3/2]1 state, which in turn is due to an effective
overestimate of the singlet LS-contribution as aforementioned for r′. The feature in r′′ that
peaks around θ = 30◦ for E0 = 20.0 eV is found to be in excellent agreement between both
experiments and theory. At this energy, however, the theory predicts oscillations that are
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not visible to the same extent in the measurements. Overall, we again judge the agreement
between experiment and theory as encouragingly good.

Table 7. Same as Table 4 but for E0 = 20.0 eV. See text for discussion.

θ (◦) r Err r′ Err r′′ Err r′′′ Err

10 5.51 0.73 1.49 0.08 0.086 0.009 0.023 0.003
15 5.69 0.75 1.47 0.08 0.146 0.015 0.038 0.004
20 5.10 0.67 1.42 0.07 0.225 0.023 0.062 0.007
25 5.98 0.76 1.32 0.07 0.278 0.028 0.061 0.007
30 5.61 0.73 1.27 0.07 0.290 0.030 0.066 0.007
35 6.12 0.82 1.27 0.07 0.264 0.027 0.055 0.006
40 4.97 0.75 1.30 0.07 0.237 0.026 0.062 0.008
45 5.29 0.75 1.24 0.07 0.194 0.020 0.046 0.006
50 4.87 0.80 1.20 0.07 0.196 0.022 0.050 0.007
60 4.35 0.70 1.23 0.07 0.201 0.023 0.057 0.008
70 4.68 0.69 1.19 0.07 0.259 0.028 0.066 0.009
80 5.03 0.75 1.04 0.06 0.387 0.042 0.080 0.011
90 5.28 0.81 1.13 0.07 0.452 0.050 0.097 0.013

100 5.25 0.85 1.11 0.07 0.471 0.054 0.102 0.015
110 5.58 0.94 1.09 0.08 0.513 0.059 0.100 0.015
120 4.85 0.69 1.01 0.06 0.581 0.062 0.121 0.015
130 4.74 0.65 0.964 0.056 0.624 0.066 0.128 0.015

Figure 4. Same as Figure 2 but for the r′′ ratio.

For the r′′′ ratio, exhibited in Figure 5, we observe a similar behavior as for r′′. At
E0 = 12.0 eV, the agreement with theory is excellent. The earlier measurements show much
more scatter because the DCS (thus the scattering intensity) of the 5s′[1/2]0 state is the
smallest of the four features (see also Figure 2). At small θ, we observe a similar rise in
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r′′′ as for r′′, which is an indication that spin exchange processes are prevalent at these
angles. At E0 = 13.5 eV, we again note the increased r′′ values at the mid-angles around
80◦ as well as non-zero r′′′ values for θ → 0◦, similarly as for 12.0 eV. This indicates that
small-angle spin-exchange processes exist in this system. At E0 = 15.0 eV, the overall
agreement is excellent, except for the “bump” in r′′ at mid-angles around 80◦. At 20.0 eV, a
similar oscillatory behavior in r′′′ as for r′′ is observed, with some disagreement between
experiment and theory for θ ≥ 50◦. We note again that the feature peaking at θ = 30◦

(as in r′′ at this E0) is in excellent agreement between both experimental datasets and
the DBSR-31 predictions, although somewhat less pronounced compared to r′′. Clearly,
the overall agreement with theory is encouragingly good for this complex target.
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Figure 5. Same as Figure 2 but for the r′′′ ratio.

6. Conclusions

New and improved measurements of the intensity ratios r, r′, r′′, and an additional
useful ratio r′′′ for the first four excited states of Kr were presented and compared to earlier
ratios taken in our laboratory [18] and compared to benchmark DBSR calculations. The
agreement between the measurements is very good for r and r′ and excellent for r′′ and
r′′′. This provides confidence in their overall reliability. The overall agreement with the
theoretical predictions is also very good to excellent, but it suggests places where the DBSR
model may need to be improved even further.

Similar measurements of ratios will soon be carried out for Xe to further extend the
tests of the DBSR results published in [32]. Depending on the outcome, new calculations
with a further improved target structure and even more coupled states in the collision part
of the problem may be necessary. We hope that the present work on Kr and the planned
experiment on Xe will provide an impetus for the theory to further push benchmark
calculations for electron scattering from multi-electron targets with more than two electrons
outside of a structureless core.
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