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Abstract: In a previous paper, a variation of the Collision-time Statistics method was applied to
identify the relevant perturbers for line broadening under the action of a constant magnetic field.
As discussed, that version was simplified and inadequate for low magnetic field and/or large
perturber mass (ions). The purpose of the present work is to augment the previous work, so that such
cases can be handed efficiently. The results may also be used to construct analytic, i.e., impact/unified
models under the usual assumptions in these models.
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1. Introduction

In a previous paper [1], a variation of the Collision-time Statistics method was applied to identify
the relevant perturbers for line broadening under the action of a constant magnetic field. As discussed,
that version was simplified and inefficient for low magnetic field and/or or large perturber mass
(ions), because an unnecessarily large number of perturbers, the vast majority of which only contribute
negligibly to broadening, were generated. The purpose of the present work is to augment the previous
work, so that such cases can be handled efficiently. The main problem with the previous treatment was
the case of large Larmor radii and corresponding slow cyclotron frequencies, as in the case of large
perturber mass and/or low magnetic field. In such cases the motion of the perturbers in the plane
perpendicular to the magnetic field may be quite far from completing a full cycle. As a result in the
simplified treatment of [1] a large number of ineffective perturbers would be included in that case.
It is believed [2] that “as long as the gyro-radii of the electrons are much larger than the Debye sphere”
the particle trajectories, or, equivalently, the dielectric function would be unaffected by the magnetic
field, since the perpendicular motion involves presumably much smaller length scales than the parallel
motion, although this belief remains to be quantified. It is shown here that this criterion is not quite
correct and that the key parameter determining the adequacy of neglecting spiralling is the ratio of the
cyclotron frequency to the width of the line in question.

2. Theoretical Formulation
Asin [1] we assume that:

the distribution functions, e.g., the Maxwellian velocity distribution is not affected by the B-field.
the shielding is also not affected, e.g., Debye screening

IS

We also consider a neutral emitter in this work.

2.1. Collision-Time Statistics

To include all and only the relevant perturbers, we use a modification of the collision-time
statistics method of Hegerfeld and Kesting [3] with Seidel’s improvement [4]- see Ref. [5] for details,
as discussed in [1].
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As in [1], perturbers move in a helical path characterized by the parallel constant velocity v,
where the magnetic field direction defines the z-axis (passing through the emitter), the perpendicular
velocity with magnitude v, and impact parameter p, which is the distance of the center of the spiral to
the z-axis, i.e., the perpendicular motion in the x-y plane is a circular motion with the Larmor radius
rp = Z}—t around the center p, with w; = |Q|B/m the cyclotron frequency and Q the perturber charge.
For the impact parameter p

mﬂx(or ry — Rmux) <0 < Ryax + 11, (1)

i.e., the impact parameter lies in a disk or annulus depending on whether the range R4y of the
interaction, discussed below, is larger or smaller than ry.
The relevant quantities for the helical trajectory R(t) are as follows: The z-coordinate of the
trajectory is
Ry () = v (t — t;) = vt + 20, (2)

with
z0 = _Uzti/ (3)

with the times of closest approach t; representing the time the perturber trajectory intersects the x-y
plane and being uniformly distributed. zg thus represents how far from the x-y plane the perturber is
att=0.
Hence
Ry(t) = pcos® +rp cos(wrt + 1), Ry(t) = psinf + rp sin(wrt + ) 4)

where 6 describes the position of the impact parameter vector in the x-y plane and is uniformly
distributed in (0, 277). ¥ is an angle describing where on the circular trajectory projection the perturber
finds itself at t = 0 and is also uniformly distributed in (0,27) and ultimately related to the time
the B-field was turned on. Each perturber is thus characterized by the vector (v;,v,,p,6,9,t;) ,
or equivalently zp instead of ¢;.

Asin [1] we consider as “relevant " perturbers those that, at any time during the interval of interest
(0,7), come closer to the emitter than a distance Ry, defined so that the interaction is negligible
for distances larger than R;;.x. For a Debye interaction, we usually take Ryx =~ 3Ap, where Ap
denotes the shielding(Debye) length. This is because the interation becomes negligible (< 3% for
larger distances).

Therefore for a perturber to be relevant the condition R(t) < Ryux must hold for at least one
time tin (0, T), where 7 is the time of interest, i.e., a time large enough that the Fourier transform of
the line profile C(t) has decayed to negligible levels, or an asymptotic form is identifiable. C(t) is
a linear combination of products of time evolution operators (U-matrices) of the upper and lower
levels. These time evolution operators -needed for times 0 < t < 7- are determined by solving the
Schroedinger equation in the Debye-shielded field V (t). Therefore a particle will only be relevant
if for at least one time in the interval [0,7] it comes closer than R,y to the emitter(if not, then the
perturbation produced by that particle is negligible due to Debye screening), which means that for at
least one time t in [0,7] :

(vt +20)* + (pcos O + rp cos(wt + )% + (psin @ + rp sin(wrt + )% < R,y (5)

This reads:
R%mx — (vt — vzti)2 > p2 + r% + 2prp cos(wrt + ¢ —0) (6)

Thus we generate v;,v |, p, t; and 6 as before, but also draw ¢, uniformly distributed in (0,277)
as illustrated in in Figure 1 and effectively only accept perturbers if, for at least one time in (0,7)
Equation (6) is satisfied. The maximum value of the LHS occurs for ¢ = t;. This in general imposes
restrictions (i.e., not all ¢ contribute for a given 6) on the values of 8 and ¥ that a perturber can have
and still contribute effectively to broadening, specifically:
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a. Ifrp < Rygy and p < Ryyax — 71, Ryax > p + r1 and Equation (6) is satisfied for ¢ = t; for any
6,1 and wy t. Therefore in this case we have no restriction and ¢ and ¢ can independently take
any value.

b.  Inall other cases, Equation (6) results in the restriction:

Rzmax B P2 B 1’%

arccos(
2011,

)S‘wa+l/J—9| (7)

Note that for Case b, the argument of the inverse cosine is absolutely <1. Specifically:

1. Ifrp > Ry, then
0> R%mzx_r% _P2
- 2p0rp

The left of the inequality follows because R;;ax < rp alone. The right part also follows since

> -1 )

7L — Rumax < <7+ Ry = —Ripax < 0 — 70 < Rypax )
Hence 5 5 5
Ry — 17 —
R2,. > >+ 12 — 201, = m”xz—LP > -1 (10)
OrL

2. For r. < Ryux, Equation (9) is also valid since r, — Ryux < 0 < p, as is Equation (10). Since,
as already discussed the case p < Ry — 71 imposes no restriction, we only consider here the case
Riax — L < p < Rygx + 1, which implies p — 11 < Rypax < p 4 rp. It thus remains to show that

2 2 2
Rmax — I =P

<
T <1 (11)

which follows from Ry < p+7L.

Thus

a. Forrp < Ryux,p < 1, Equation (6) is satisfied for t = ¢; for any 6,9 and w;t and there is no
restriction on ¢, 8 and wy t.

b.  Inall other cases, the restriction imposed by Equation (7) applies and the argument of the inverse
cosine is always absolutely < 1.

Hence the angle difference  — 8 must be in the shaded area shown in Figure 2. So for at least one
time ¢ in (0, 7), the following must hold for the perturber with parameters p, r1, 6, to contribute:

R2 2 _ 2
| + wpt — 6] > arccos( maxz P rL). (12)
0L
ie.,
RZ - pZ o rZ
Y+ wrt > 9+arccos(mTLL),lp+th >0 (13)
or
R2,. —p? —12
Q—arccos(mTLL) >¢P+wrt,d > P+ wrt (14)
The net result is that for each 6, only a a range of ¢,
R2 2 _ 2
Ap <2(m— arccos(m”x—PrL)) +wrT (15)

201,

contributes (this means that a fraction %—;f contributes compared to the simplified case discussed in the

previous work, i.e., the collision volume is smaller by %‘f). If this is < 1 we effectively have rectilinear



Atoms 2019, 7, 94 40f 11

trajectories for the time of interest. If this turns out to be larger than 27r, we have a full revolution and
we can use the simplified formulas discussed in [1]. As mentioned, we are mainly interested in the
situation where R0y < 1 and wp T < 27, as this is the case of large r;, but slow wy, otherwise the
relation between ¢ and 6 is always satisfied for at least one ¢ in (0, 7).

I
1
|
\
\
\
(pcosf + r cos
N

Figure 1. x-y trajectory projections for r; > Ryax. Shown is the annular region between concentric
circles with the origin (the emitter position) as center and radii r; — Ryax and rp, + Ryuax, respectively.
For an impact parameter at a distance p from the center in the annular region, a circle with radius r|,
(dashed) represents the projection of the perturber path in the x-y plane. Hence a point on that circle is
(pcosf + rp cos(wt + 1), psin6 + rp, sin(wt + ), with i the angle on the dashed circle. This must be
no more than Ry, away from the center, else this perturber does not contribute.

R2 22
/ arcos(mmax LTy
2prL
\ 2 2 2
271 — arcos(—= -2 )
2pr.

Figure 2. The shaded area shows the difference ¢ — 0 that satisfies Equation (6).

We can use the variable x = p — r; with —R;;0x < x < Ryay and write the argument of the inverse
cosine as

R%mx_pz_r% — R%’lﬂx_xZ _1 (16)
2prp 2rp(x+rL)

Note that for low B (large ;) this tends to —1, hence the inverse cosine is close to 7. This means
that in this limit | — 0| =~ 71, e.g., we get a Ay ~ 0 (but note that in that limit we had divergencies in
the relevant functions when computing the collision volume in [1]).
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This situation is depicted in Figure 3, which shows the typical situation for the phase space of
the quantity i — 0 that contributes. This is also illustrated in Figure 4, which shows, for the same p,
4 different angles 8, which determine the centers of the spirals and the parts of the circular projections
of these spirals that are effective. For instance if the center of the spiral, i.e., the vector of the impact
parameter is the the right (6 ~ 0), then ¢ ~ 7 (the leftmost of the circular trajectory projection) for
7L > Rypay. Similarly, if the impact parameter vector is to the south (6 ~ 377/2), then the relevant 1 is
to the north of the circular trajectory projection, e.g.,  ~ 77/2).

R2 — 2 —
arcos(—m > L2y o
PrL

R2 21
27 — arcos(—max LT Py
2prp

Figure 3. The shaded area shows the difference 1 — 6 that satisfies Equation (6).

Figure 4. Illustration of the relation between 6 and ¢ for the case r; >> Ryay. Impact parameters p lie
between the dashed and dash-dotted circles with radii r; — Ryax and 1 + Ryax. The part of the circular
trajectory projections that are within R4y (bold circle) of the emitter (i.e., the center) are in the opposite
direction of the impact parameter vector, e.g., to the north for the southern circular trajectory projection.

2 2_,2
Rmax —p

In the limit B = 0 (or infinite perturber mass) , arccos(—"%; oL L) = m and we get from the 6 and

. . wrT
{ integrations a term —--.
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2.2. Collision Volume

The collision-time statistics method first computes the number of relevant particles, i.e., the density
times the relevant volume, i.e., the above cylinder. This volume is as before [1], except that we also
account for the polar angle 0, describing the orientation of the impact parameter with respect to the
x-axis and the angle ¢ describing the posmon of th dpartlcle on the perpendicular x-y plane at time

t = 0, i.e.,, we have the extra integrations fo g de 0 . The ¥ integration simply returns a factor of 1
2
if wp T > 271, but it does so even under the weaker condltlon wpT > 2 arccos(R’”‘”zpifL), or
R? -
Riax —p* — 11 > cos(wpT/2) (17)

2071

Otherwise it gives a factor of é—;f with Ay defined in Equation (15).
The nonnegative root of Equation (17) is

p1 = —cos(wpT/2)rL + \/R%mx —sin®(wpT/2)12, (18)
i.e., the results of [1] are also valid for p < p;, which in turn requires that
Ropax > 7L (19)
(else p1 < 0), which also guarantees the reality of py, i.e.,
Rypax > sin(wpt/2)r (20)

The 6 angular integration simply returns 1 in either case. As a result, the results of [1] need
no modi fication for wyT > 27. Otherwise, the collision volume calculation runs as follows:

For v; < Ryuxwr, ie., rp < Ryax , Ap(p) = 1. However, as already discussed, this is valid
(e.g., no restriction on ¢ is required ) also for p < r, hence Ay(p) = 1 for p < max(ry,p1) = p2-

For small R4y /71, and wy T, rp is the maximum of the two. The collision volume reads:

UL Rmav (p— ’L)2
=2m [%, f(vz)dv; [y falv) def u R, )pdpmp f = er;LrL)z dt; (21)
J\Cvz\
00 0 Rntax+w
= 270 [, f(@:)do: [ folos Yoy [ (ol 2y R — (o~ L))oy
rwp,
=271(C1 +C)

with f(v;) = 4/ %e”’”@/z’ﬁ and fr(v,) = %ULE’"“’ZL /2T denoting a one and two-dimensional
Maxwellian velocity distributions respectively and with Ay redefined as in Table 1:

Table 1. W( ) vs. relevant parameters.

rL p Ay(p)
wLT Rinax max(p1,rL) 27
>2n 1
<2 <1 <1 1
arccos( Ruax 21 )
<2m <1 >1 (1- ——2—) + 4

R2 2_,2
R —pe—r
aTCC()S( maxzmi L )

(- —="— )+ %

\
—_

<27
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C;7 and C; are:

Rinax +

G _Tf f(v2)|vz|do, fo fa(vyr def Zu RmM)PdPAVJ(P)

max

Rinax+ “’L

|vz| fO f2 (20 dUJ_ fmax U_ Rmax)deAlp(P) (22)

Rﬁlﬂt
= (lv:]) [ [y “L (o)) )ydo, [,
= <|vZ|>TRmax(Il + DL+ 13)

Rinax+ wL

papAP(P) + [go o S2(01)d0 L [, ume = pdoAp(p)]

with (|oz]) = [ |v|f(v)dv = ZkT The integrals I; — I3 are given explicitly below. However, we first
define the dimensionless quantltles
(a8
5= 23
wr Rinax @)
and
r=F2 _ max(— cos(wpT/2)s + \/1 — sin?(wyT/2)s2,s) (24)
Rmax
and
g = Ruaxwr T (25)
(essentialy the averaged inverse s Ryax/7L).
Rimaxwr, P2 Rimaxwr, 2 0
L Rm%x/o fZ(UL)dUL/O pdp :/o fz(?&)dmm(zﬂ (26)
v RZ 7p2772
Runaxr Ryax+ o= arccos(—15--—L ) Wi T
L=Re2 [ po1)do, /p o e )5 de (@)
and , ,
v Rmaxfp —r
o0 Rinax+ o= arccos(—2e L)
2 wr. . 2prp wrT
I Rmax /Rmaxc% fZ(UL)dUL /(ULL Ry p((l T )+ 27T )dP (28)
while
HlﬂX+
Co =2 [0 f(o)dv: [ fo0L)A0L [ o 2 g,y VRinax = (0 = T1)pdpB o)
ma,\"!‘
=2Jg falor)dor [ o n R \/R%mx — (o —r1)?pdp A (p)
Rinax Rmux+ @ (29)
- Z[I < f2 vl de fo ) g \/Rmux - VL)ZPdPAIP(P)
maxJFw
meaxwL fa(oL)dvy fu —Rua - \/Rmax (e rL)zpdpAl/J(p)]
- ZR%mx(h + 2+ ]3)
with
Rmax
ho= ngx o " (v )doy [§* /Ry — (0 —r1)2pdp ) X (30)
= fo dxe™*[5 (arcsin(s) — arcsin(s — r)) + + EHVI=S=(s tatera WIos 2o

. 172
with x = sz and 5= T’ r being of course functions of x.

ma,\ —F 22
arccos( 2, Ly

wL \/ max - rL P( f) + wLT)dP (31)

Rinax +

R
]2 max f() €Ol f2(UJ_ va_ fpz
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and
2

2 2
v R —pe—r
Runax+gp arccos( "%

[} ) 7r’“>
]3 = R;gx menxwL fz(vj-)dvj- fll Roax R%mx - (p - rL)zp(l - %) + %)dp (32)

wp

Note that the only difference from the previous work [1] is the factor Ay(p) for wy T < 27
Also note that in [1], the corresponding integrations to infinity, e.g., the equivalents of I3 and J3
diverged as g — 0. This divergence has been eliminated here due to the Ay factor. This is shown in
Appendix A, which evaluates the I3 and [3 integrals.

The remaining contributions vanished in [1] as ¢ — 0 and clearly continue to do so here.

As already mentioned in [1], the number of particles that are in this volume, and hence need to be
simulated, is simply the volume multiplied by the perturber density.

2.3. Generating Perturbers

To generate perturbers we proceed as in [1], but also generate for each perturber an angle
8, uniformly distributed in (0,27r). Once we have generated v,,v,p,t; and 6, we also generate ¢

. s . RZ,.—12—p? R2,, —1% —p?
uniformly distributed in (6 + arccos( =% ) —wiT), 0+ 2 — arccos(%))
In more detail, we first draw a random number uniformly distributed in (0,1). If this is smaller
than ﬁ, then we generate |v;|, v, ,p from the distribution P; (|v;|,v,,p) = |vz|f(vz) f2(v1)p by
generating independently a v, with the probability distribution |v;|f(v;), a v, with the probability

distribution f»(v, ) and a p with the probability density pdp in ((max(0, Z)—LL — Ruax ), Rinax + Z]—t)

Otherwise we generate from the distribution P,(|vz|,v1,0) = f(v2)f2(v1)o/R3uax — (0 — 11)2.
The generation of impact parameters was done by a rejection method, as straightforward inversion is
not possible.

Once v;,v; and p have been generated, t; is selected as a uniformly distributed time in
(—/R2, — (0 —71)2,|02| T + /R34 — (0 — r1)?). 6 and 1 are also generated as discussed above.

3. Conclusions

The present work extends the simplified theory for spiralling motion in a constant magnetic field
presented in [1] which was typically efficient for electron perturbers to more cases of practical interest,
i.e., ion perturbers and/or weak magnetic fields. The results of [1] are seen to hold for w; T > 27t and
are here extended to wyT < 27, i.e., a regime typical for ions or weak magnetic field, thus validating
the common wisdom that ion trajectories are usually unaffected by spiralling. In addition, this work
identifies relevant parameters (e.g., q, wyT) and criteria for using a straight line and also allows the
efficient treatment of spiraling ion trajectories if needed. The results of this work are also a useful
basis for approximate standard treatments, i.e., impact/unified theories, if (strong) collisions are
isolated/disentangled and further, to perturbative impact/unified treatments if these collisions may
be handled in perturbation theory.

With regard to the notion [2], discussed in the introduction, that the relevant quantity for
neglecting spiralling is that 71, > R4, the present paper shows that although the idea is qualitatively
correct, i.e., one may indeed neglect spiralling for small B and/or large perturber mass, leading to
a large Larmor radius, the actual situation is more complex and described by Table 1. Specifically,
to neglect spiralling, it is necessary that St- < 1 or equivalently ik < 1, i.e., the ratio of the
cyclotron frequency to the width(HWHM) of the line is important. This is because if this ratio is small,
then the perturber motion does not cover a full revolution and if very small, the motion is essentially
unaffected by the magnetic field. However, if the line is very narrow (7 is large) there may be enough
time to complete at least a sizeable portion of a revolution, even if the Larmor radius is larger than the
Debye length.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.
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Appendix A. Calculation of the I3 and J; Double Integrals

Note that the integrands are the same except that [, involves and extra factor of

\/Rmax - rL)z'
Note that these integrals are the only contributions for g = 0 (B = 0).

Appendix A.1. The I3 Integration

For I, and I3, the non-trivial p integrals reduce to (x = p/Ryax)

[ dxx arccos(lfé‘i;SQ) = 11222 arccos(1*§§;52) + /st +252(x2 +1) — (x2 - 1)?]

1+s%—x2 ) (A1)
Vst 4282(x241) — (x2—-1)2

+4 arctan(

For both I; and I3, the upper limit if s + 1, for which

1—x2—42
arccos(T) =arccos(—1) =mn (A2)
and
Vst 222 1) — (212 =0 (A3)

Hence the middle term vanishes, while the arctangent is

1452 —x2 —2s s

arctan = arctan(——) = —— A4

(\/—s4+252(x2—0—1)—(x2—1)2) (0+) 2 (B4

If (as in I3) the lower limit is s — 1, the argument of the square root is also 0, arccos( 17%‘92(;52) =

arccos(—1) = wand
1+s2—x2 2
arctan( Rk ) = arctan( i) = (A5)
Vst +282(x2 +1) — (22 —1)2 0 2
13 is
ar 1— x2 2
I _meme vaz(vL)f” dXX( +LLT—CCOS+)
= S @01 Fa(0) (25(1 + GET) — B71) = [£5 4 T2 (D 12 (A6)

2 _ 2
. [ + ZwLT(e 7 + nl/z%)] = %(1"’ 2((7].[LT) ( erf( )) Jlgj»‘zm

Note that unlike the simplified version [1], I3 does not diverge because the w; T cancells the 4!

The 3 Integration

We break the [3 integral as
J3=Js1+ 5 (A7)

where using s = , we have:

Rmax‘UL

Jai =9 meaxwL do, fo(vy) [0 S dxay/1— (x —5)2 =2¢7%L 7 se=s0 i (A8)
= FHIVAD 4o = Ty e [ - arf()
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which does not diverge for w; — 0 and

_g2

b= [ aoifaton) [ 1= e spe - 2 arceos HE ) o [Tse Ny a9)
R 1

max W[,

with

1 1—(x—s)?
N; — / d[1— (x — st — 22608 ; 2 ) (A10)

Using z = x — s this becomes:

22

1 arccos(—1+ )
N; = /1 dzv/1— 22(s +2)[1 — 8 SED ] = Naj + N3 (A11)
with 2
1 arccos(—1+ )
Naj = / dzy/1— 222[1 — _ eXED| ] (A12)
-1
and

22
arccos(—1+ 5—==)
8D ] (A13)

1
N3y = s/ dzv/1—22[1—

If wp — 0,s — o0, and

T

2s(z +S) — 0, hence the argument of the inverse cosine is very nearly —1,

L les)?
and thus we have [1 — arceos( 1; e )] — 0 which gives a vanishing contribution for N3;. However,

for N3p this is multiplied by s — oo so the result is not immediately clear. Since Taylor-expanding the
inverse cosine around -1 does not work due to the infinite derivative, we can use Frobenius’s method
or write

_ 1_722 -0 (A14)
- 2s(z+s)
and write
arccos(—1+ x) = 7w — arccos(1 — x) (A15)

Next, use L'Hopital’s rule to evaluate as x — 0

arccos(1 — x) o2

7 (A16)

with the final result that

1—22 2(1—22) 1—22
1—n! -1 ,/ 1V1-22 Al7
s[1 — 7t~ " arccos( +2(z—|—s <\ 25z 19) 1—|—z/s_>n z (A17)

Therefore we again have no divergence for small g (large s); furthermore the above large s
-1

asymptotic result is useful numerically due to possible underflows of [1 — 77~ arccos(—1 +

Zs(z+s) )]
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