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Abstract: We provide benchmark values for Shannon information entropies in position space for the
ground state and ls2s 1Se excited state of helium confined with finite confinement potentials by employing
the highly correlated Hylleraas-type wave functions. For the excited state, a “tilt” (small oscillation) on
the curve of Shannon entropy as a function of width size for the confinement potential is observed.
Justified by the behavior of the electron density, the localization or delocalization of the helium wave
functions confined with repulsive and attractive finite oscillator (FO) potentials are examined.
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1. Introduction

In recent developments on quantum information, quantum computation, quantum teleportation,
and quantum cryptography, quantum entanglement plays a central role in such areas [1]. There have
been considerable research activities being carried out on investigations of quantum entanglement
in model, artificial, and natural atoms [2–10]. In our group, we have also carried out quantification
of entanglement entropies in model [11,12] and natural atoms [13–21], such as the helium atom and
the hydrogen and positronium negative ions. In these studies, the spatial (electron–electron orbital)
entanglement measured with von Neumann entropy and linear entropy were quantified for the ground
state, the singly excited states [13–17] and the doubly excited resonance states [18,19]. Our recent works
also include quantification of entanglement entropies for atoms embedded in Debye plasmas in which
the Coulomb potentials for the two-body interactions are replaced by screened Coulomb (Yukawa-type)
potentials [20]. In addition to von Neumann entropy, we also reported an investigation of Shannon
information entropies for two-electron atomic systems [19,21]. Shannon entropy for hydrogen-like
and helium-like atomic systems with infinite confinement were investigated by Sen [22]. Recently,
the von Neumann entropy for helium with finite confinement [23] and with infinite confinement were
calculated by Koscik and Saha [24].

In other related development, spectroscopic atomic structures for confined atomic systems have
been under active investigations [25–31]. In Ref. [23,24], the von Neumann and linear entropies of
the ground state helium inside a spherical cavity with finite or infinite confinements were calculated,
but Shannon information entropy for helium with finite confinement has not been reported in the
literature, to the best of our knowledge. This work presents such an investigation. Here, we report
calculations of Shannon entropy for the ground state and first singlet-spin excited state of helium
confined with finite attractive [27–29] and repulsive potentials [24] by employing highly correlated and
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extensive Hylleraas-type wave functions. We use the finite oscillator (FO) potentials for the external
confinement potentials [24,27–29].

Shannon entropy was first introduced by Claude E. Shannon [32] in 1948 to quantify the average
amount of information in a source and to evaluate probability distribution of a sample, and it
also shows statistical correlations between particles [33,34]. Investigations on Shannon information
entropy of atomic systems have also been reported in the literature [35]. For instance, Gadre et al.
investigated Shannon entropy within Thomas–Fermi theory and for harmonic oscillator and a series
of atoms [36,37]. Besides, Yanez et al. calculated Shannon entropies for the D-dimensional harmonic
oscillator and hydrogen atom [38]. In our present work for the confined helium atom in its ground and
excited states, Shannon entropy provides information about the localization or delocalization of this
two-electron system.

2. Theoretical Method

The non-relativistic Hamiltonian (in atomic units) describing the helium atom is

H = −1
2
∇2

1 −
1
2
∇2

2 −
2
r1
− 2

r2
+

1
r12

+ Vexternal(r1) + Vexternal(r2) (1)

where the subscript 1 and 2 denote the electron 1 and 2, respectively, and r12 is the relative distance
between the electron 1 and 2. Energies in atomic units are used in the present work. The external
confinement potential can be attractive, Vatt(r), or repulsive, Vrep(r). The attractive confinement
potential is described as

Vatt(r) = −A
(

1 +
B√
A

r
)

e−(B/
√

A)r (2)

and was used in previous studies for structural variations for bound [27,29] and resonance states [28,29].
For the case with external repulsive potential,

Vrep(r) = A− A
(

1 +
B√
A

r
)

e−(B/
√

A)r (3)

it was used in Ref. [24] for von Neumann entropy calculations on confined ground state helium.
The potentials in the form of Equations (2) and (3) are called the finite oscillator (FO) potential [27].
In both cases, the parameter A and 1/B controls the depth and width of the potential, respectively.
The tilizations of these two potentials are scattered independently in different publications [24,27–29]
but no comparison was made. Therefore, we unify them together in this context to provide a thorough
investigation of the difference between them. It turns out that given the same set of confinement
parameters (A and 1/B), the energy of a specific state subjected to repulsive potential is larger than
that subjected to attractive potential by 2A. On the other hand, entropies for both cases are the same.
This may indicate that these two potentials provide similar confinement effects if parameter sets
are identical.

In the present work, for S-states in the helium atom, we employ Hylleraas-type wave functions
to describe the coordinate part of the system to take into account the correlation effects, and they are
expressed as

Ψkmn = ∑
kmn

Ckmn

(
exp[−α(r1 + r2)]rk

12rm
1 rn

2 + (1↔ 2)
)

(4)

with k + m + n ≤ ω, and ω, k, m, and n are positive integers or zero. For the singlet-spin ground state,
we have k ≥ m. In Equation (4), α is a variational parameter. For a multi-electron system, the Shannon
information entropy in position space, denoted as Sr, is defined by the one-electron charge density ρ(r),
after averaging out the rest of other electrons, as

Sr = −
∫ ∞

0
ρ(r) ln ρ(r)4πr2dr (5)
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where, in our present case for a two-electron system, the function ρ(r) is shown as

ρ(r1) =
2π

r1

∫ ∞

0

∫ r1+r2

|r1−r2|
|Ψ|2r2dr2r12dr12 (6)

The integral in Equation (5) is solved by the Gauss–Laguerre quadrature integration.
The convergence of the numerical calculation is tested by the normalization condition:∫ ∞

0
ρ(r)4πr2dr = 1 (7)

In this work, we calculate Shannon entropy in position space (Sr) for the ground state and the
1s2s 1Se excited state of the quantum confined helium atom.

3. Calculations and Results

3.1. Shannon Entropy for the Ground State and the 1s2s 1Se Excited State of He without Confinement

In order to check the accuracy of our present results, first we calculate Sr for the free-helium
case. The wave functions of the ground state helium are constructed by using highly correlated
Hylleraas-type function with optimal α = 2. As the value of ω in Equation (4) increases, the size of
the basis set gets larger and the wave functions would be able to provide a better description for
the ground state. Furthermore, by systematically changing the value of ω, we have examined the
optimized energy for that state, and with which the Shannon entropy in position space for such state is
calculated. In Table 1, we show the convergence of the ground state energy in terms of ω. It is seen
that our energies compare quite well with other accurate calculations in the literature [21,39].

Once the wave functions are obtained, we apply them to calculate Shannon entropy in position
space, and the results are also shown in Table 1. It is seen that both energy and Shannon entropy
show good convergence. In Figure 1a,b respectively, we show the convergence behaviors for energy
and Sr. We conclude that our Sr for the free helium ground state is 2.7051028, and we estimate the
uncertainty is within a few parts in the last quoted digit. Our present results are consistent with the
earlier investigation [21].

Table 1. The ground state and 1s2s 1Se excited-state energy and Shannon entropy of free helium.

ω N
Ground State 1s2s 1Se Excited State

Energy Shannon Entropy Energy Shannon Entropy

9 125 −2.903724233 2.70510325 −2.145945902 5.4877391
10 161 −2.903724300 2.70510306 −2.145968846 5.4908525
11 203 −2.903724334 2.70510296 −2.145972626 5.4916522
12 252 −2.903724352 2.70510291 −2.145973707 5.49189461
13 308 −2.903724362 2.70510288 −2.145973920 5.49195037
14 372 −2.903724367 2.70510286 −2.145973988 5.49196539
15 444 −2.903724371 2.70510285 −2.145974012 5.49196837
Ref. [21] −2.9037243768 2.7051028
Ref. [39] −2.9037243770341195 −2.145974046054419

As for the 1s2s 1Se excited state of free He, we first conduct a variational optimization of the
parameter α to obtain better wave functions describing the 1s2s 1Se excited state. The optimal α is
found to be 1.19. Then, the convergence of energy and Sr with respect to the enlargement of ω is also
investigated and displayed in Table 1. We estimate that our Sr for the 1s2s 1Se excited state of helium is
5.49197, with an uncertainty of a few parts in the last quoted digit.
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energy values with other calculations [29], and it is seen that our energies are well in agreement with 

other earlier results in the literature. In the two limiting cases when the cavity size is very small or 

very large, the helium atom behaves like a free atom. At the small cavity limit, the energy of the 

system is approaching the free helium energy. At the large cavity limit, the total energy of the system 

is the sum of the free helium energy plus the confinement potential energy for two electrons, −2A. 

Our calculated results support such a physical phenomenon. 
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1/B 
Energy Shannon Entropy 

A = 0.2 A = 0.5 A = 0.2 A = 0.5 

0.01 −2.903730428 −2.903782320 2.7050970 2.7050463 

0.04 −2.904046799 −2.906501450 2.7047890 2.7024115 

0.1 −2.907290165 
−2.930040819 

−2.93004 † 
2.7016791 2.6804318 

0.25 −2.930892544 −3.059472114 2.6806153 2.5789191 

Figure 1. Energy (a) and Shannon entropy (b) for the ground state helium as functions of size of basis
set governed by ω.

3.2. Shannon Entropy for Ground State He under Confinement with Attractive Potential

Next, we consider the ground state helium confined by an external attractive potential with finite
height (Figure 2), called “finite oscillator (FO) potential” [27,28] of the form given in Equation (2).
Hylleraas-type wave functions as those for the free helium case, with up to ω = 11 (N = 203 terms)
are used, for practical purposes to strike a balance between saving computer time and achieving
acceptable accuracy. The energy for the quantum confined helium with attractive confinement for
selected A and 1/B values are shown in Table 2 and Figure 3. Comparisons are made for selected
energy values with other calculations [29], and it is seen that our energies are well in agreement with
other earlier results in the literature. In the two limiting cases when the cavity size is very small or very
large, the helium atom behaves like a free atom. At the small cavity limit, the energy of the system is
approaching the free helium energy. At the large cavity limit, the total energy of the system is the sum
of the free helium energy plus the confinement potential energy for two electrons, −2A. Our calculated
results support such a physical phenomenon.
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Figure 2. The finite oscillating potentials with attractive confinement for different cavity sizes (1/B),
with A = 0.5.
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Table 2. The ground state energy and Shannon entropy of helium confined with attractive potentials,
with ω = 11.

1/B
Energy Shannon Entropy

A = 0.2 A = 0.5 A = 0.2 A = 0.5

0.01 −2.903730428 −2.903782320 2.7050970 2.7050463

0.04 −2.904046799 −2.906501450 2.7047890 2.7024115

0.1 −2.907290165 −2.930040819
−2.93004 † 2.7016791 2.6804318

0.25 −2.930892544 −3.059472114 2.6806153 2.5789191

0.4 −2.965954073 −3.206030252 2.6536356 2.5005110

1 −3.093344574 −3.564904622
−3.56490 † 2.5989837 2.4661404

2.5 −3.222312613 −3.798189998 2.6227726 2.5795868

4 −3.261404222 −3.853009590 2.6514702 2.6329358

10 −3.294341118 −3.893533087
−3.89353 † 2.6895775 2.6872398

5 −3.301992742 −3.901931164 2.7018817 2.7016811

40 −3.303022766 −3.903007067 2.7037593 2.7037067

100 −3.303607882 −3.903606833
−3.90361 † 2.7048735 2.7048699

Notes: † Ref. [29] (Hylleraas functions).
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Figure 3. The ground state energy of helium with attractive confinement as a function of the cavity size 1/B.

Calculated for the first time, our results for Shannon entropy for ground state of He under confinement
with attractive potential is shown in Table 2 and Figure 4. Two different cases, with A = 0.2 and 0.5,
and 1/B spreading around from very small cavity size (1/B = 0.01) to very large cavity (1/B = 100),
are reported. Shannon entropy shows a decreasing trend as the size of the cavity starts increasing from
the free helium case. When the cavity is increased to a certain value, Sr reaches a minimum. If the
cavity size is increased further, Sr turns to show an increasing trend, and eventually it is increased back
to the value for the free helium case. Such a phenomenon can be qualitatively explained as follows:
when the size of the cavity starts to increase, the edge of the potential barrier will have interference
effect with the wave function of the ground state helium. As a result, the system would exhibit a
more localized (decreasing Sr) character. When the cavity size is increased further after Sr reaching a
minimum, it turns to show an increasing trend, indicating that the interference effect starts to diminish,
and the system then becomes more delocalized. Eventually, Sr would increase back to the value for
a free helium when the edge of the cavity is far away from the effective region for the ground state
helium wave function.
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Figure 4. Shannon entropy in position space for the ground state helium with attractive confinement,
shown as a function of 1/B.

The reasoning above is supported by the behavior of electron density, ρ(r) (Equation (6)) as a
function of the radius, r. As shown in Figure 5, either the cavity width is very small (1/B = 0.01) or
very large (1/B = 100), the electron density is more spread out, or more delocalized as if the helium is
free. When the cavity size (1/B = 0.702) matches the wave function, the electron density is the most
localized toward the origin.
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Figure 5. The electron density subjected to different cavity width (1/B) as a function of radius. The one
for 1/B = 100 (large width limit) is represented in blue dash since it is very similar to the red one
for 1/B = 0.01 (small width limit). The green curve (1/B = 0.702) shows the most localized behavior,
corresponding to the valley of the red curve in Figure 4.

3.3. Shannon Entropy for the 1s2s 1Se Excited State of He under Confinement with Attractive Potential

In order to provide a better description of the 1s2s 1Se excited state of He, the size of the
Hylleraas-type wave function is enlarged up to ω = 13 (N = 308 terms). The energy curve is shown
in Figure 6. At the large cavity limit, the energy is lowered by 2A as in the ground state. Compared
with the wave function for the ground state, the one for 1s2s 1Se excited state has one more node.
Here comes the difference. It exhibits additional interference with the cavity. This phenomenon is
probed by the “tilt” (small oscillation) or the not-so-smooth change in the slope of Shannon entropy
curve from 1/B = 0.1 to 0.72 in Figure 7, for the A = 0.5 case. The electron density also provides a better
understanding to such phenomenon. As shown in Figure 8, the electron density is the most delocalized
when the cavity width is small (1/B = 0.015). As the width begins to increase from 1/B = 0.268 to 1.14,
the electron density flows toward the origin and becomes most localized when 1/B = 2.812. The selected
values of energy and Shannon entropy are listed in Table 3.
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Figure 8. Electron density of specific A and 1/B for the 1s2s 1Se excited-state helium with attractive
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Table 3. The 1s2s state energy and Shannon entropy of helium confined with attractive potentials,
with ω = 13.

1/B
Energy Shannon Entropy

A = 0.2 A = 0.5 A = 0.2 A = 0.5

0.01 −2.145978326 5.4919460
0.015 −2.146108395 5.4918183
0.1 −2.148528796 −2.164613565 5.4895009 5.4745971
0.25 −2.164822224 −2.249875684 5.4752129 5.4097138
0.4 −2.187604871 −2.337051173 5.4583644 5.3631936
1 −2.260693038 −2.537147708 5.4182621 5.1733749

2.5 −2.342674793 −2.786896138 5.2556723 4.8262175
4 −2.394029709 −2.914053557 5.1576614 4.8685244

10 −2.485237303 −3.069904076 5.2113530 5.1173708
25 −2.529366979 −3.127321718 5.3667965 5.3446117
40 −3.137714313 5.4151191

41.38 −2.538783608 5.4270311
100 −2.544528698 −3.144476898 5.4764372 5.4755194

3.4. Shannon Entropy for Ground State of He under Confinement with Repulsive Potential

Next, we consider the ground state helium confined by an external repulsive potential with
finite height (see Figure 9). We use a modified finite oscillator (FO) potential of the form given in
Equation (3), and this form of repulsive potential was also used in Ref. [24]. It is worth noting that the
energy of a specific state with current repulsive potential is larger than that with previous attractive
potential by 2A, while entropies for both cases with identical parameters would be the same. Again,
we use similar Hylleraas-type wave functions as those for the free-helium case, with up to ω = 11
(N = 203 terms). Table 4 shows the energy and Shannon entropy for quantum confined ground state
helium with repulsive confinement for selected A and 1/B values. We choose A = 2.0 and 5.0, the same
as those used in Ref. [24]. Comparisons are made for energy with other calculations [24] and shows
good agreement. When the cavity size is very small, the confinement energy is +2A, and the total
energy of the system is the sum of the free helium energy plus this additional amount of 2A, as shown
in Figure 10. At the limiting case when the cavity size is very large, the repulsive potential becomes
negligible, and the total energy is approaching the energy of a free helium atom. Our numerical
calculated results for energies do support such conclusion.
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Table 4. The ground state energy and Shannon entropy of helium confined with repulsive potentials,
with ω = 11.

1/B
Energy Shannon Entropy

A = 5 A = 10 A = 5 A = 10

0.00674 7.091236423 17.069559224 2.7001966 2.6792466
0.01 † 7.0812417 †

0.01832 7.021102846 16.698608554 2.6337371 2.3544713
0.03020 6.832858941 15.666363291 2.4689643 1.7010882
0.04979 6.263771914 12.967893252 2.0698118 0.9227337
0.08208 4.942856089 8.899547096 1.5435377 0.6579720
0.13534 2.957446733 4.922590104 1.2982587 0.7762660
0.22313 0.958092058 1.847458176 1.3664833 1.0640238
0.36788 −0.605490789 −0.229055013 1.5923907 1.4152561
0.60653 −1.651154473 −1.502227403 1.8716883 1.7702336

1.0 −2.274776743 −2.220316341 2.1423955 2.0879127
−2.2747767 †

2.71828 −2.777381939 −2.771925145 2.5244420 2.5135970
7.38906 −2.883566744 −2.883194130 2.6685314 2.6674284
1000 † −2.9037227 †

Notes: † Ref. [24].
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As for Shannon entropy for the case with an external repulsive potential, shown in Figure 11 and
Table 4, the variation of Sr for changing cavity size is very similar to that for the case with attractive
potential. It first shows a decreasing trend when the cavity size starts to increase, a consequence of
interference effect from the edge of the potential well on the helium wave function, leading to more
localized character for the confined helium. After Sr reaching a minimum as 1/B is continued to
increase, it turns to show an increasing trend, and eventually Sr would increase back to the value for a
free helium when the cavity size becomes very large. The same phenomenon can be explained in detail
similar to that for the case with an external attractive potential. By observing the electron density in
Figure 12, when the width is very small (1/B = 0.01) or very large (1/B = 10), the electron density is
similar and behaves like that of free He. However, when the width (1/B = 0.082) is appropriate to the
wave function, the electron density is the most localized and shows a concentrated peak.
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Figure 12. The electron density for the ground state helium with different cavity width (1/B) of
repulsive confinement as a function of radius. The one for 1/B = 10 (large width limit) is represented
in blue dash since it is very similar to the red one for 1/B = 0.01 (small width limit). The green curve
(1/B = 0.082, the red valley in Figure 11) shows the most localized behavior.

3.5. Shannon Entropy for 1s2s 1Se Excited State of He under Confinement with Repulsive Potential

We show the energy curve for the 1s2s 1Se excited state in Figure 13. Hylleraas-type wave
functions with ω = 13 (N = 308 terms) are employed. At the small cavity limit, the energy is increased
by 2A, similar to the effect on the ground state. Furthermore, as a consequence of the extra node of
the 1s2s 1Se excited-state wave function, the wave function interferes with the cavity differently and
reflects on Shannon entropy as a “tilt” in Figure 14. The behavior of electron density also justifies
such phenomenon. As shown in Figure 15, at the small (1/B = 0.004) cavity width limit, the electron
density is as delocalized as the free helium. The smaller width to the cavity, the more localized it is to
the electron density. Eventually, the electron density is the most condensed toward the origin when
1/B = 0.204. Some selected values of energy and Shannon entropy are listed in Table 5.
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various 1/B as a function of radius. The black curve is the small cavity limit, where the electrons are Figure 15. Electron density of 1s2s 1Se excited-state helium with attractive confinement of A = 10 and
various 1/B as a function of radius. The black curve is the small cavity limit, where the electrons are
more delocalized. The blue curve (1/B = 0.204) corresponds to the valley point (A = 10) in Figure 14,
and is the most localized and concentrated.
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Table 5. The 1s2s state energy and Shannon entropy of helium confined with repulsive potentials,
with ω = 13.

1/B
Energy Shannon Entropy

A = 5 A = 10 A = 5 A = 10

0.004 7.853198946 17.849560882 5.4911371 5.4875642
0.01 7.843185873 17.797383638 5.4813847 5.4376764

0.025 7.736312535 17.238747505 5.3837869 5.0114612
0.04 7.499987880 16.12763973 5.1996113 4.5276297
0.1 6.106023017 12.21540359 4.6418609 3.2801230

0.25 3.806886884 6.058810732 3.3829537 2.5449126
0.4 2.201153744 3.294161749 3.2239305 2.7892007
1 −0.268402783 −0.022735449 3.6292016 3.4623643

2.5 −1.479882907 −1.429647473 4.2163710 4.1451505
4 −1.780154947 −1.758998575 4.5086622 4.4631793

10 −2.047704730 −2.044347012 4.9971967 4.9805825
39.685 −2.136636813 5.4009833
43.288 −2.138141127 5.41429737
81.113 −2.143623958 5.46598441

100 −2.144404056 5.4742044

4. Summary and Conclusions

By employing highly correlated Hylleraas functions, we have carried out first-time calculations
on Shannon information entropy in position space, Sr, of the ground state and singly excited state for
a two-electron helium atom confined with an external finite potential. Both attractive and repulsive
confinement potentials in the form of finite oscillatory potentials have been investigated. By unifying
the two potentials in this context, a thorough and detailed comparison is made. Furthermore, it is
found that for the same set of confinement parameters (A and 1/B), the energy of a specific state under
repulsive confinement is larger than that under attractive confinement by 2A while entropies for both
cases remain the same. It is concluded that two potentials could provide similar confinement effects if
the parameters are the same.

Through systematic examination of convergence behaviors for Sr when different expansion
lengths in the wave functions are used, we are able to provide benchmark values for Shannon entropy
in position space for helium confined by the abovementioned external potentials. Furthermore, for the
1s2s 1Se excited state with which wave function processes an additional node as compared to that for
the ground state, a “tilt” in the Shannon entropy curve is observed. It seems that Shannon entropy is
capable of probing the subtle change of electron localization. Justified by the behavior of the electron
density, the localization and delocalization of confined helium have been examined and discussed.

Finally, we should mention that several topics are expected for further research. First, aside from
Shannon entropy, other kinds of entropy provide different aspects and understandings for the system.
For instance, a relation between natural orbital occupation numbers and Jaynes entropy is reported
by March et al. [40]. Second, it is possible to probe the correlation effect by examining the behavior
of Shannon entropies under different confinement conditions [41]. Third, Amovilli, Howard and
March have systematically investigated the electron density expression for He-like ion sequence with a
modified interparticle interaction [42–44]. Therefore, it is possible to examine the behavior of Shannon
entropies for these systems. Fourth, in the present work we only calculate the Shannon entropy
in position space, Sr. In order to test the entropic uncertainty principle [45] for an atomic state in
three-dimensional space, the Shannon entropy in corresponding momentum space, Sp, should also be
calculated, with

Sp = −
∫ ∞

0
γ(p) ln γ(p)4πp2dp (8)
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where γ(p) denotes the momentum density, normalized to unity. Defining ST as the entropy sum,
the entropic uncertainty principle is expressed as

ST = Sr + Sp ≥ 3 (1 + ln π) (9)

The entropy sum can be used to test a stronger version of the Heisenberg’s uncertainty principle
for an N-electron system [46], with

ST ≥ 3 N (1 + ln π ) − 2N ln N (10)

Saturation of this inequality has been found with Shannon entropy for a harmonic oscillator by
Majernik et al. [47]. It remains an interesting and challenging problem to quantify Shannon entropy in
momentum space for two-electron states using highly correlated wave functions, and such a calculation
is outside the scope of our present investigation. Nevertheless, it is hoped that the findings in our
present work would stimulate further investigations on such an intriguing behavior for the highly
correlated two-electron system confined by external finite potentials.
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