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Abstract: Transitions of an atom under the effect of a Gaussian potential and loose spherical
confinement are studied. An accurate Bernstein-polynomial (B-polynomial) method has been
applied for the calculation of the energy levels and radial matrix elements. The transition probability
amplitudes, transparency frequencies, and resonance enhancement frequencies for transitions to
various excited states have been evaluated. The effect of the shape of confining potential on these
spectral properties is studied.
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1. Introduction

Two-photon spectroscopy has been a valuable tool in the case of atomic and molecular systems,
as it provides vital tests of the physical theories in addition to providing a ground to evaluate accurate
values of some fundamental constants [1-3]. Recently, two-photon and three-photon absorption
processes have attracted much attention in the case of semiconducting heterostructures such as
quantum wells, wires, and dots [4-7] and atoms and ions confined in a plasma environment [8-11].
Two-photon and multi-photon absorption in these structures have many potential applications, such
as in photonics and in the separation of signal and probe photons [12,13]. The two-photon atomic
transitions in hydrogen-like systems have been calculated by Amaro et al. [14] by solving the Dirac
equation (relativistic case).

In addition, these processes provide an important tool for bioimaging applications [15-17].
As reported by Achtstein et al. [4], two-photon imaging enables deep tissue penetration. As in the
case of atoms, two photon absorption (TPA) is often used for probing the electronic states of these
quantum structures [18]. There have been experimental studies on these aspects of TPA, particularly
in the case of atoms as impurities in quantum heterostructures [19-22]. Dakovski and Shan [5] have
recently studied the size dependence of TPA in the case of spherical quantum dots. TPA in the case of
quantum heterostructures is found to be enhanced as compared to bulk material. Lad et al. [23] have
shown that TPA in ZnSe and ZnSe/ZnS quantum dots is three magnitudes higher than that of bulk
material. Also, CdSe quantum rods have been shown to exhibit four times larger TPA as compared
to quantum dots of the same mass [24].
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Similar studies have recently been initiated with much vigor in the case of atoms and ions
confined in a variety of plasma environments and other confinements [25-36]. Some works on
two-photon transitions in atoms or ions employing the Ion-Sphere model [37] for strongly-coupled
plasmas were also reported in the literature [34,38,39]. The confinement produces many striking
changes in the spectrum of the confining system, such as the phenomenon of continuum lowering and
the polarization red shift [3]. In particular, the Gaussian confinement causes drastic changes in the
physical properties of a confined atom [26]. The Gaussian confining potential has many applications
in modelling of the atoms and molecules confined in a cage of carbon [40]. The purpose of this work
is to investigate the effect of Gaussian confinement on the TPA process. In the present case, the system
is assumed to be under the effect of loose spherical confinement as well, with the confinement radius
set at rp = 50 a.u. To the best of our knowledge, this is the first study of its kind. In the following
section, the theoretical method employed to calculate the spectrum of the present system is described,
and the TPA process is discussed. This is followed by discussion of the obtained results.

2. Theory

A hydrogen atom under the effect of Gaussian potential is considered. The atom is supposed to
be confined spherically with impenetrable walls, such that the wave functions vanish at the boundary
r = rp, where rq is assumed to have a fixed value of 50 a.u. This is the case of loose spherical
confinement as discussed in earlier texts [25-30]. The energy spectrum and dipole matrix elements
of the system have been evaluated by solving the corresponding radial Schrodinger equation with
the aim to study the two-photon spectra which refers to the excitation process generated by the
simultaneous absorption of two less-energetic photons under sufficiently intense laser illumination.
This nonlinear process can occur if the sum of the energies of the two photons is equal to the energy
gap between the ground and excited states of the system. The important spectral properties, viz.,
two-photon transition probability amplitudes (Dy), transparency frequencies (w;), and resonance
enhancement frequencies (w;) [41,42] have been calculated. The variation of these properties
with the Gaussian confinement parameters V) and ¢ has been studied. Optical properties like
oscillator strength and polarizability had been calculated for a hydrogen atom under the effect of
Gaussian potential and loose spherical confinement in our earlier work [26]. The method used for
solving the Schrodinger equation is based on Bernstein-polynomials (B-polynomials) and is detailed
elsewhere [29-32,43,44]. Only the basic outline of the approach followed for the present work has
been mentioned in the following text. Atomic units have been employed throughout this study.

The radial Schrodinger equation for the electron of the Gaussian confined hydrogen atom is
given by

L M0+1) 1 ey Vc(r)} U (r) = EpUu (r) @

2 dr2? 272 r

where Vj represents the depth of potential, o is a measure of the width of the potential, and V¢(r) is
the confinement potential, defined as

0 , r<r
= {0 7 15

oo , 1’21’0

The radial wave function R, ;(r) = U,,;(r)/r. U, (r) is expanded in B-polynomial basis as
n
Uy (r) = Y ¢iBin(r) (2)
i=0

where ¢;s are coefficients of expansion and B;,(r) are B-polynomials of degree n. The radial
Schrédinger Equation (1) can be reduced to a symmetric generalized eigenvalue equation in matrix
form, given by
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(A+F+G)C=EDC, (©)]

where D is the overlap matrix. The eigenvalues E provide the energy levels, and eigenvectors C are
used to calculate the corresponding radial wave functions using Equation (2). The standard Fortran
EISPACK library has been used to solve Equation (3).

The two-photon transition probability amplitude, D, of a hydrogen atom from initial state 1s to
final state js is evaluated using [9,45]

1 [ 1 1

Dy = — + no,n 4
2 2; _Els+En_wO _Ejs+En+w0 XlsX]s ()

where 1 represents the intermediate states including continuum, Ej; and Ejs are the energies of 1s and
Js states, respectively, and x7}; and x]f‘s are the dipole matrix elements evaluated using the expression

Xl = /0 PR,Rydr, (k=1,;) )

where R; (with [ = n,k) is the radial wave function. The corresponding transition probability
amplitude for 1s to jd state is calculated using

1 1 1
Dy == +
2 ﬁ;[—E15+En—wO - jd+En+w0

The incident photon frequencies lying in the interval AE;r/2 and AE;;, where AE;s is the
difference between final and initial (1s) state energies, and for which D, approaches infinity,
are defined as the resonance enhancement frequencies [9]. The frequencies for which transition
amplitude vanishes are the two-photon transparency frequencies [9]. The data for the transition
probability amplitudes calculated using Equations (4) and (6) for different confinement conditions
reflect the corresponding transparency and resonance enhancement frequencies.

3. Results and Discussion

The effect of the Gaussian confinement parameters Vj and o, representing well depth and width,
respectively, on the two-photon transition probability amplitudes for a hydrogen atom confined in
Gaussian potential is explored. The atom is assumed to be confined within an impenetrable spherical
boundary of radius ry = 50 a.u. This constitutes a loosely-bound system as mentioned in Section 2.
This fact has also been established by performing the calculations for 7y = 40 a.u. Some of the
corresponding results have been presented at the end of Section 3. The probability amplitudes from 1s
to js (j = 2,3,4) and jd (j = 3,4) states have been calculated using Equations (4) and (6), respectively,
for different incident photon frequencies that are assumed to lie in the interval AE; (/2 to AE; .
This range of frequencies is a function of both Vj and o, since the calculated energy spectrum is
dependent on these parameters [26]. The selected range is found to shift towards higher frequencies
with an increase in both V) and ¢. As a check on our calculations, we have matched some of our
results with those available in the literature for the case of a free hydrogen atom. The values of | D]
calculated in the present case for Vj = 0 have been compared with those reported by Paul and Ho [45]
in Table 1.

Figures 1-5 depict the variation of the probability amplitudes with V) and ¢ for 1s — 2s,
1s — 3s, 1s — 4s, 1s — 3d, and 1s — 4d transitions, respectively. In order to demonstrate the
effect of these parameters, only two values of Vj and ¢ have been selected for pictorial representation
of the results. Our results should be experimentally relevant, since the range of values of the
Gaussian confinement parameters selected for studying the two photon processes in the present
work approximately overlaps the range of values taken by Nascimento et al. [40]. In Figures 1-5,
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the panel on the left corresponds to ¢ = 1 a.u. and the panel on the right corresponds to ¢ = 5 a.u.
The top panel corresponds to Vy = 0.2 a.u., whereas the bottom panel corresponds to Vy = 0.4 a.u.
From this graphical representation of two photon transition probability amplitudes, the nature of the
curves is, in general, found to depend on both of these parameters. The resonance enhancement
feature is easily discernible from these curves. It is evident from Figures 1-5 that with an increase
in either Vp or ¢ (keeping the other parameter fixed), the resonance enhancement frequency is more
sharply defined. In other words, the linewidth of the resonance curves, signifying the means of
determining the lifetimes of resultant states, is a function of the confinement parameters. For example,
the resonance at wg = 1.5 a.u. in Figure 3d is rather narrow, whereas one at wy = 0.85 a.u. in Figure 4a
is comparatively broad.

Table 1. Comparison of |D;| for free hydrogen with results available in [45].

|D2| (1s — 2s) |D2| (1s — 3s)
wo(Ryd.)
Present Study Reference [45] Present Study Reference [45]

0.3750 11.780338 11.7805 3.235425 3.2354
0.5250 14.731690 14.7319
0.6750 41.147800 41.1484 1.669316 1.6693
0.6875 49.686983 49.6878 0.696330 0.6963
0.7000 62.658358 62.6595 0.984604 0.9847
0.7125 84.523402 84.5252 4.158088 4.1583
0.7250 128.680019 128.6835 11.215759 11.2162
0.7375 262.153248 262.1654 34.224314 34.2263
0.7475 1334.059059 1334.3261 226.765862 226.8138
0.7650 58.200900 58.2000
0.8000 38.309623 38.3099
0.8250 46.579090 46.5797
0.8500 74.418968 74.4204
0.8750 219.974861 219.9847
0.8860 1117.033823 1117.2380

400 w w 400 [ .

300 r (a) o=1.0a.u. 1 300 r (b) 6=5.0 a.u. 1

200 | 1 200t [

100 1 100 f P

g 0y e — o 14a o¢ e 1

-100 | {1 -100 f /7

R

-400 : ‘ ‘ ‘ 400 L

0.5 0.6 0.7 0.8 05 06 07 08 09
g (a.u.) g (a.u.)

400 ; ; ; ; 400 — ; : . . .

300  (c) c=1.0 a.u. 1 300 r (d) 6=5.0 a.u. : 1

200 | 1 200t , 1

100 1 100 / 1

QN 0 : e QN 0r e .

-100 1 -100 /o

2000y =04 1 2907 vy=o04 ]

300 ¢ 1 300 ° A

-400 L ‘ ‘ 400 — SR

05 06 07 08 09 06 07 08 09 1 1.1
, (a.u.) , (a.u.)

Figure 1. Variation of two-photon 1s — 2s transition probability amplitude with frequency of
incoming photons, wy, for (a) Vj = 0.2 a.u. and ¢ = 1.0 a.u; (b) Vp = 0.2 a.u. and ¢ = 5.0 a.u,;
(c) Vp =04au ando=10a.u.;(d) Vp =04 a.u. and o =5.0a.u.
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Figure 2. Variation of two-photon 1s — 3s transition probability amplitude with frequency of
incoming photons, wy, for (a) Vj = 0.2 au. and ¢ = 1.0 au,; (b) Vp = 0.2 a.u. and ¢ = 5.0 a.u,;

(c)Vp=04au andoc=10a.u.;(d) Vp =04 a.u. and o =5.0a.u.
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Figure 3. Variation of two-photon 1s — 4s transition probability amplitude with frequency of

incoming photons, wy, for (a) Vj = 0.2 a.u. and ¢ = 1.0 a.u; (b) Vp = 0.2 a.u. and ¢ = 5.0 a.u,;

(c) Vp =04au ando=10a.u.;(d) Vp =04 a.u. and o =5.0a.u.
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Figure 4. Variation of two-photon 1s — 3d transition probability amplitude with frequency of

incoming photons, wy, for (a) Vj = 0.2 a.u. and ¢ = 1.0 a.u; (b) Vp = 0.2 a.u. and ¢ = 5.0 a.u;
(c) Vp =04au andoc=10a.u.;(d) Vp =04 au. and o =5.0a.u.
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Figure 5. Variation of two-photon 1s — 4d transition probability amplitude with frequency of

incoming photons, wy, for (a) Vj = 0.2a.u. and ¢ = 1.0 a.u; (b) Vj = 02 au. and o = 5.0 a.u;
() Vp=04au.andoc=10a.u;(d) Vg =04au.and o =5.0a.u.

Figures 1-3 show that for 1s — js transitions, the number of resonance enhancement frequencies
is more for higher values of ¢ for fixed Vj. For example, for 1s — 3s transition, there is only one such
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frequency for o = 1 a.u. as compared to two for ¢ = 5 a.u. for both values of V. An opposite trend
is seen in Figures 4 and 5 for 1s — jd transitions. It may be mentioned that similar results have been
obtained in the context of spherical confinement for a hydrogen atom under Debye potential [46].
Based on the calculated two-photon transition probability amplitudes for Vj varying from 0.2 a.u.
to 1 au. and ¢ from 0.2 au. to 5 a.u., the data for two-photon transparency and resonance
enhancement frequencies has been tabulated. The transparency frequencies are presented in Table 2
and resonance enhancement frequencies in Tables 3 and 4. The features of transition probability
amplitudes discussed above with reference to Figures 1-5 are apparently in consonance with the
results presented in Tables 2—4. The data in Tables 3 and 4 also suggest that the positions of the
resonance enhancement frequencies shift with change in Gaussian confinement parameters. This fact
is related to the changes in the obtained energy spectrum or the bound states. The shifting pattern is
observed to be largely similar for the transparency as well as the resonance enhancement frequencies.

Table 2. Two-photon transparency frequencies for various potential widths and depths. The data is
in atomic units.

o Vo 1s — 3s 1s — 4s 1s — 4d
02 02 0.6966575 0.6943135 0.8417985

0.8748915

04 0.6997875 0.6974305 0.8455535
0.8784775

0.6 0.7029685 0.7005985 (0.8493665
0.8821205

0.8 0.7062005 0.7038175 0.8532385
0.8858195

1.0 0.7094835 0.7070865 0.8571695
0.8895765

1.0 02 0.7966715 0.7946135 0.9540155
0.9837665

0.4 09129015 09111615 1.0823305
1.1088085

0.6 1.0413755 1.0399605 1.2221895
1.2456185

0.8 1.1810825 1.1799705 1.3726705
1.3932485

1.0 1.3309895 1.3301425 1.5328565
1.5507545

20 0.2 09120575 0.9100275 1.0821115
1.1100905

04 11385265 1.1359635 1.3399855
1.3627115
0.6 1.3661185 1.3623365
1.6253105

0.8 1.5894415 1.5839235 1.8820885
1.8955715

1.0 1.8046355 1.7971595 2.1605405
2.1721445

50 0.2 0.8393165 0.8325805 1.0656265
1.1942105

0.4 0.9385475 0.9232605 1.1849155
1.4908805

0.6 1.0136965 1.7431005 1.2573295
0.8 1.9660075
1.0 1.4822535

2.1662075
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Table 3. Two-photon resonance enhancement frequencies for various potential widths and depths.

The data is in atomic units.

s Vo 1s — 3s 1s — 4s 1s — 3d 1s — 4d
02 02 0.7536975 0.7536975 0.7536975  0.7536975
0.8925875  0.8925875  0.8925875

0.4 0.7574475 0.7574475 0.7574475  0.7574475
0.8963405 0.8963405 0.8963405

0.6 0.7612565 0.7612565 0.7612565  0.7612565
0.9001505  0.9001505 0.9001505

0.8 0.7651245 0.7651245 0.7651245 0.7651245
0.9040205  0.9040205  0.9040205

1 0.7690515  0.7690515 0.7690515  0.7690515
0.9079485  0.9079485  0.9079485

1 0.2 0.8630055 0.8630055 0.8630055 0.8630055
1.0038595  1.0038595  1.0038595

1.0530765

0.4 0.9880245 0.9880245 0.9880245  0.9880245
1.1311185 1.1311185 1.1311185

1.1809445

0.6 1.1241155 1.1241155 1.1241155 1.1241155
1.2697875  1.2697875  1.2697875

1.3203075

0.8 12702465 1.2702465 1.2702465 1.2702465
14189135 1.4189135 1.4189135

1.4702285

1 1.4253685  1.4253685  1.4253685  1.4253685
1.5775475  1.5775475  1.5775475

1.6297795

Table 4. Two-photon resonance enhancement frequencies for various potential widths and depths.

The data is in atomic units.

c W 1s — 2s 1s — 3s 1s — 4s 1s — 3d 1s — 4d
2 02 09625345 0.9625345 0.9625345 0.9625345  0.9625345
1.1264855 1.1264855  1.1264855  1.1264855
1.1802345 1.1802345
04 1.1717755 1.1717755 11717755 1.1717755  1.1717755
1.3771515 1.3771515 1.3771515 1.3771515
1.4370505 1.4370505
0.6 1.3696755 1.3696755 1.3696755 1.3696755  1.3696755
1.6383765 1.6383765  1.6383765  1.6383765
1.7046825 1.7046825
0.8 1.5528565 1.5528565  1.5528565  1.5528565  1.5528565
1.9086325 1.9086325 1.9086325  1.9086325
1.9809315 1.9809315
1 1.7214035 1.7214035 1.7214035 1.7214035 1.7214035
2.1863955  2.1863955  2.1863955  2.1863955
2.2641365 2.2641365
5 02 09017875 0.9017875 0.9017875 0.9017875  0.9017875
1.2076625  1.2076625 1.2076625

1.2833555
04 1.0133065 1.0133065 1.0133065 1.0133065 1.0133065
1.4933425  1.4933425 1.4933425

1.6303775
0.6 1.1047275 1.1047275 1.1047275 1.1047275 1.1047275
1.7368975  1.7368975 1.7368975

1.9763745
0.8 1.1844925 1.1844925 1.1844925 1.1844925 1.1844925
1.9540065  1.9540065 1.9540065

2.3162335
1 1.2556685  1.2556685  1.4262795  1.2556685  1.2749545
2.1478855  2.1478855 2.1478855

2.6377985
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A spectrum of energy states has been shown in Table 5 in order to make the interpretation of
TPA data easier. This table includes the results for Vj = 0, which corresponds to the case of free
hydrogen. The energy levels for Vj = 0 are found to be in agreement with those given by Paul and
Ho [45] for Ap = 0.

Table 5. First few energy levels of a hydrogen atom under the effect of a Gaussian potential and loose

spherical confinement for ry = 50 a.u. and for various values of o and V;.

Figure 6. Variation of two-photon 1s — 3s absorption

n 1 o(aun) Vy=0.0(aun) Vy=02(au) Vy=04(a.u.)
1 0 1.0 —0.500000 —0.557966 —0.622137
2 0 —0.125000 —0.130189 —0.135136
2 1 —0.125000 —0.126463 —0.128125
3 0 —0.055556 —0.057016 —0.058382
3 1 —0.055556 —0.056037 —0.056578
3 2 —0.055556 —0.055564 —0.055573
4 0 —0.031204 —0.031818 —0.032386
4 1 —0.031216 —0.031428 —0.031665
4 2 —0.031233 —0.031238 —0.031244
4 3 —0.031246 —0.031246 —0.031246
1 0 5.0 —0.679948 —0.861344
2 0 —0.202437 —0.301700
2 1 —0.229055 —0.354691
3 0 —0.070459 —0.094417
3 1 —0.076117 —0.114672
3 2 —0.087940 —0.155671
4 0 —0.036800 —0.043339
4 1 —0.038271 —0.046155
4 2 —0.038904 —0.047266
4 3 —0.033498 —0.044919

L () |
I b ;’
N o
_ ]
] Vo=02 o]
07 08 09 1 1.1 1.2
W, (a.u.)
F(d) 6=5.0 a.u.

D,

06 07 08 09 1 1.1
) (a.u.)

Vo=0.4

0.8 0.9

1

1.1 12 131415
g (a.u.)

coefficients with frequency of incoming

photons, wy, for (a) Vp = 0.2a.u. and e =1.0a.u,; (b) Vp =0.2a.u. and e =5.0a.u,; (c) Vy = 04 a.u.
andoc=1.0a.u.;(d) Vp =04 a.u. and o =5.0a.u.
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Figure 7. Variation of two-photon 1s — 3d absorption coefficients with frequency of incoming
photons, wy, for (a) Vp = 0.2a.u. and o =1.0a.u; (b) Vo = 02a.u. and ¢ = 5.0a.u.; (c) Vo = 0.4 a.u.
andoc =1.0a.u.;(d) Vjp =04 a.u. and o =5.0a.u.
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Figure 8. Variation of two-photon 1s — 3s absorption coefficients with frequency of incoming
photons, wy, for ry = 40 a.u. for (a) Vj = 0.2a.u. and 0 = 1.0 a.u,; (b) Vp =02 au. andoc =5.0a.u;
(c) Vp =04au andoc=10a.u.;(d) Vy =04 a.u. and o =5.0a.u.
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The two-photon absorption coefficients |Dy|>, which make the study of TPA more
comprehensible and relevant to experimental results, have also been calculated and presented in
Figures 6 and 7 for the transitions 1s — 3s and 1s — 3d, respectively, for a better understanding
of the results. As can be seen from the figure, the absorption peaks shift with change in any of the
Gaussian confinement parameters—i.e., o or V. We understand that this shifting of peaks is due to
a change in the energy spectrum of the system, as the energies and corresponding matrix elements
vary with both these parameters.

Figures 8 and 9 show the variation of absorption coefficients for 1s — 3s and 1s — 3d transitions,
respectively, for rg = 40 a.u. The pattern observed in these figures is nearly same as in Figures 6 and 7
for rp = 50 a.u. Also, we do not expect much change for rp = 60 a.u. This refers to the fact that
the boundary would not influence the absorption significantly, as ry changes from 40 to 60 a.u. This
range of ry therefore corresponds to a loosely spherically-bound system. However, changing r( to
small values, say, 10 or 5 a.u., will have a significant effect on the energy spectrum and hence all other
properties of the system (not presented in this work).

16 14
10 : : o4 —
1014 L@ o=1.0au. 1 [(®) o=5.0au.
12 = 1077 1 ]
101 ] 10 [ ]
o 1010 F {10

10 107 b
06 07 08 09 1 06 0.7 0.8 09
Wy (a.u.) g (a.u.)
! o
05 l©  o=l0au o @ o=5.0au. |
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10 | m:,.,-f" i 10 .. I
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06 07 08 09 1 1.1 08 09 1 1.1 12 13 14
g (a.u.) g (a.u.)

Figure 9. Variation of two-photon 1s — 3d absorption coefficients with frequency of incoming
photons, wy, for ryg = 40 a.u. for (a) Vjy = 0.2a.u. and o = 1.0 a.u; (b) Vp = 0.2 au. and o = 5.0 a.u,;
(c)Vp=04au. andoc =1.0au,;(d) Vj =04 a.u. and ¢ = 5.0 a.u.

4. Conclusions

The two-photon transition processes of a hydrogen atom confined by a Gaussian potential have
been investigated. The dependence of two-photon transition probability amplitudes, transparency
frequencies, and resonance enhancement frequencies on confinement parameters has been explored.
With an increase in the depth of Gaussian confinement, more frequencies correspond to resonance
enhancement. With an increase in well width, the number of resonance enhancement frequencies has
been found to increase for 1s — js, (j = 2, 3,4) and decrease for 1s — jd, (j = 3,4) transitions.
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