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Abstract: During the past five decades, classical dynamics have been systematically used to gain
insight on collision processes between charged particles and photons with atomic and molecular
targets. These methods have proved to be efficient for systems in which numerical intensive quantum
mechanical methods are not yet tractable. During the years, reaction cross sections for charge
exchange and ionization have been scrutinized at the total and differential levels, leading to a clear
understanding of the benefits and limitations inherent in a classical description. In this work, we
present a review of the classical trajectory Monte Carlo method, its current status and the perspectives
that can be envisaged for the near future.
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1. Introduction

The use of the classical trajectory concept to describe a quantum mechanical process
saw its origin in 1936 with the work of Hirschfelder [1]. In this work, a single vibrational
trajectory was computed to highlight the potential surface in H + H2 reactions and gain
perspective in order to estimate reaction rates for H+

3 production. With the development of
the Monte Carlo method, further efforts were devoted in this direction for the same collision
system [2–5]. The first steps in the application of this method, hereafter referred to as
classical trajectory Monte Carlo (CTMC), to the ion–atom context were given by Abrines and
Percival [6,7]. In their work, electron capture and ionization processes in H+ + H collisions
were explored at the total and singly differential levels. Due to computational limitations,
typical simulations in those days were restricted to a limited number of trajectories on the
order of a few hundred to a few thousand. The work of Olson and Salop [8] on charge
transfer and ionization cross sections by fully and partially stripped positive ions colliding
on hydrogen turned decisive gives clear insight on the potentiality of the CTMC method.
Since then, and for nearly five decades, CTMC has been routinely used to benchmark novel
experimental data and provide theoretical support in fields such as plasma diagnostics and
astrophysics.

In this work, we describe the methodology, starting from its early conception, and go
through the different adaptations and generalizations that were introduced in the past five
decades according to the different contexts of implementation. Following the introduction
of the three-body CTMC, emphasis is put on the multielectronic treatment of atoms and
molecules. Atomic units are used unless otherwise stated.

2. Materials and Methods
2.1. Classical Trajectory Monte Carlo Method

In its early days, the CTMC model was used to describe collisions involving hydro-
genic targets. In this treatment, Hamilton’s equations of motion for a mutually interacting
three-body system are numerically solved by means of a fourth-order Runge–Kutta method
with an adaptive step size.
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The Hamiltonian for this system reads

H =
p2
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+
p2

2
2m2

+
p2

3
2m3

+ V(r12) + V(r13) + V(r23), (1)

where the 1, 2 and 3 subscripts stand for the projectile, electron and nuclear target, respec-
tively. The interaction between particle i and particle j was originally described by means
of Coulomb potentials. This one-active-electron formalism was used to describe collisions
on atomic targets beyond hydrogen, such as He, Ne and Ar, by introducing effective target
nuclear charges in the independent particle model probabilistic scheme [9]. In the following
years, more appropriate functional forms for the potential were considered to account for
the screening of the nuclear ion by the remaining core electrons [10,11]. In its simplest
representation, the active electron–target core interaction can be represented by the sum of
a Coulomb potential and a Yukawa potential,

V(reT) = −
(

Zas

reT
+

ZN − Zas

reT
e−λreT

)
. (2)

This is equivalent to stating that the electron feels a coordinate-dependent core charge
that transitions from the asymptotic charge Zas (equal to 1 for neutral targets) to the
nuclear charge ZN as reT → 0. Similar functional forms have been used throughout the
years [10–12]. In particular, the parametrization provided by Garvey [13], which also
describes a coordinate effective charge and is based on Hartree–Fock calculations, has been
extensively used in the ion–atom context. Debye–Hückel or pure Yukawa potentials of the
form Zaexp(−r/rD)/r have been used to study collisions of particles with atomic targets
embedded in weakly coupled plasmas, either for ion impact [14,15] or electron/positron
impact studies [16], while interactions in dense quantum plasmas have been studied by
means of a potential of the form Zacos(r/rD)exp(−r/rD)/r [17].

Due to its inherent importance from a basic science perspective, together with its
relevance for astrophysical as well as plasma physics environments, hydrogen has been a
target of special interest. The CTMC method in its microcanonical description leads to an
electron momentum distribution in perfect agreement with its quantum mechanical coun-
terpart. However, it fails to describe the radial distribution, especially at large distances,
in which the classical return point provides a sharp limit in contrast to the exponential
decreasing behavior exhibited by the quantum mechanical description. During the 1980s,
improved descriptions of the CTMC method were designed in order to correct this be-
havior and study the impact of such modifications at the cross-section level. Eichenaur et
al. used the Wigner function for the initial distribution of the coordinates and momenta
of the electron instead of the microcanonical phase-space distribution [18]. Hardie and
Olson fitted the quantum mechanical radial distribution for ground-state hydrogen by
means of a linear combination of microcanonical distributions corresponding to different
ionization potentials [19]. These methodologies improved the description of the electron
radial distribution, while still providing electron momentum distributions in acceptable
accord with the quantum mechanical predictions. In general terms, we hereafter refer to
these models as E-CTMC models, noting that they all lead in principle to the same results.
Ample use of these strategies has been made in the last few decades [20–22]. During the
last decade, Cariatore et al. introduced an alternative model, termed Z-CTMC, in which the
radial distribution for H(1s) was fitted by means of a linear combination of microcanonical
distributions corresponding to different projectile charges, leaving the ionization potential
of the target untouched [21,23]. Differences among the E-CTMC and Z-CTMC models
are currently being evaluated in our group for high projectile charges but are expected to
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emerge in processes and collision systems that are particularly sensitive to the ionization
potential value. In Tables 1 and 2, we include the coefficients and expansion parameters,
either ionization potentials or target charge states, for the description of the ground state of
the hydrogen atom.

Table 1. E-CTMC binding energies and αi expansion coefficients for H(1s) [19].

Ui (a.u.) αi

2 0.016
1 0.0984

0.6667 0.1923
0.5 0.2185
0.4 0.1849

0.3333 0.1349
0.2857 0.0920

0.25 0.0630

Table 2. Z-CTMC nuclear charges and αi expansion coefficients for H(1s) [21].

Zi αi

0.5 0.0724
0.625 0.07658
0.75 0.09665
0.875 0.09230

1.0 0.16204
1.25 0.17971
1.5 0.13019

1.75 0.08071
2.0 0.06475
2.5 0.04493

In the next section, we compare the behavior of the Z-CTMC, the E-CTMC and the
CTMC models for electron capture processes.

2.2. Electron Capture

The study of electron capture processes following ion impact dates back to the 1920s,
when our understanding of the atom was migrating from Bohr’s model to the framework
of the novel quantum theory [24–26]. In 1954, Bohr and Lindhard introduced a classical
model to estimate the total cross section [27]. By assuming that the single capture (SC) of
the target electron would take place whenever the force exerted by the projectile of charge
ZP on the electron exceeds that of the target nucleus, they were able to determine a reaction
boundary impact parameter bmax that leads from H(1s) to a geometrical cross section
σSC = πb2

max = ZP(4− 10)× 10−16 cm2. We note the absence of any energy dependence
and that this result predicts a linear dependence on the incident ion charge. Since all the
electron flux was assumed to go to the single-electron capture process, this theory is valid
only at low collision energies. At high impact energies, two additional issues must be
considered. On the one hand, capture does not occur unless the electron acquires the
necessary kinetic energy to leave the reaction with the projectile. This situation establishes
a capture radius Rcap. On the other hand, the geometrical cross section πR2

cap now contains
information on the whole electron loss channel. The information on the capture channel is
then extracted by multiplying the geometrical cross section by the capture probability given
by the ratio of the collision time to the orbital period of the target electron . The obtained
high energy limit for the capture cross section is then given by σSC = 8πZ3

P/(n3
i Z5

TE7/2).
Following a similar line of reasoning, during the 1980s, the classical overbarrier model

(COB) was introduced [28–31]. In this model, the electron energy and the height of the
potential barrier generated by both projectile and target ion core potential wells are tracked
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as the projectile approaches the collision region. Once the projectile reaches the critical
internuclear distance Rc, at which the electron energy equals the top of the barrier, the
electron can escape from the target potential well and get captured by the projectile. In this
case, the total capture cross section is given by σSC = 8πR2

c . As in the Bohr and Lindhard
model, this geometrical cross section should be multiplied by the capture probability, since
the crossing of the barrier by the electron can either lead to capture or ionization. One clear
advantage of the COB is that it allows to determine the n-state at which the electron is most
expected to be captured, although no information is provided on the n-distribution as long
as resonant capture is assumed. The introduction of a reaction window in the extended
overbarrier model, consisting in a Gaussian distribution of binding energies centered in the
value corresponding to the most probable value, allows inferring the n-distribution [29,31].
Regarding the l-distributions, Burdgörfer et al. proposed a simple extension of the COB
model to predict the average angular momentum of an electron captured to high n-values
for slow highly charged projectiles [32]. In their model, the electron’s angular momentum
in the projectile frame is assumed to be conserved during the electron capture process.
This simple qualitative approach led to reasonable agreement with the reported (n,l)-state
selective cross sections for collisions involving O6+ and N5+ projectiles on H(1s) and H2
targets in the impact energy range 1–6.25 keV/u.

The CTMC predictions are in agreement with the absence of energy dependence in
the low-energy range, while it naturally leads to the E−7/2 dependence at large impact
energies, in concordance with the outcomes of the Bohr and Lindhard model [33,34]. In
Figure 1, we show the CTMC total cross section for single-electron capture as a function of
the projectile charge ZP.
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Figure 1. CTMC total cross section for single electron capture (SC) from H as a function of the
projectile charge ZP at an impact energy of 25 keV/u. A linear fit is incorporated in red to highlight
the strict linear dependence on ZP.

A major step forward in our understanding of the charge exchange process from a
classical perspective was achieved with the article published by Olson in 1981 [35]. In
this work, the (n, l)-state-selective electron capture cross sections following the collision of
projectiles of positive charge ZP with H(1s) were studied by means of the CTMC model.
For each trajectory corresponding to electron capture, the binding energy EP of the electron
relative to the projectile was determined and related to a classical value nc by using

EP = −
Z2

P
2n2

c
. (3)
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The nc values were finally binned into discrete n-values by the condition of Becker
and McKellar [36]:

[(n− 1)(n− 1/2)n)]1/3 ≤ nc ≤ [(n + 1)(n + 1/2)n)]1/3. (4)

Regarding the n-distribution, it is worth discussing the expected behavior according
to the physical properties of the collision system. If one assumes that during the electron
capture process the electron preserves its orbital energy, then

E = −
Z2

T
2n2

i
= −

Z2
P

2n2
f
, (5)

leading to n f = niZP/ZT . On the other hand, if the dimension of the electron orbit is the
expected quantity to be preserved during the electron capture process, we obtain

〈r〉 =
n2

i
ZT

=
n2

f

ZP
, (6)

leading to n f = ni(ZP/ZT)
1/2.

CTMC calculations show that the n-state-selective cross sections maximize at n f = niZ
3/4
P ,

exhibiting a compromising behavior between these two limits. In Figure 2, we illustrate this
trend for the O8+ + H(1s) collision system and highlight, as the impact energy increases,
how the n-distribution attains the n−3 scaling already predicted by Oppenheimer in 1928.
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Figure 2. CTMC n-state-selective charge-exchange cross sections for O8+ + H(1s) collisions. The
dashed line indicates the n−3 scaling expected for the population of high n-values.
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Now, and in contrast to the Bohr–Lindhart and COB models, the CTMC method
inherently provides information on the l-distribution of the electron captured to a given n-
value. The l-values are similarly obtained from the normalized classical angular momentum
lc = (n/nc)(r× k) by means of the binning procedure, with r and k being the position and
momentum of the captured electron relative to the projectile

l ≤ lc < l + 1. (7)

It is worth noting that thel-distributions depend on the collision energy. Low l-
values are populated at low-impact energy collisions, while a statistical population is
approximated as the impact energy is increased. The CTMC method naturally merges
these two limits without the need of invoking any ad hoc assumptions. This feature is
illustrated in Figure 3, where the (n = 5,l)-state- selective capture cross sections are displayed
for O8+ + H(1s) collisions at impact energies in the range 25–500 keV/u. For each impact
energy considered, a dashed line that reflects a statistical distribution arbitrarily normalized
to the (5,2) cross section is also included. For impact energies in the range 25–150 keV/u, we
observe that the population of the larger l-values is overstatistical. This behavior has been
analyzed by Olson for projectile charges ZP = 2–20 and was found to be typical of electron
capture to n-values lower than the nmax at which the distribution maximizes [35]. It should
be noted though that if the energy is pushed to even larger impact energies, entering a
domain in which the ionization channel becomes dominant, the population reverts to low
l-values. This obeys to the fact that velocity matching between the projectile and the target
electron is the route by which electron capture proceeds. This is consistent with highly
eccentric orbits associated to low l-values.

In Figure 4, we present the n-state-selective electron capture cross section for C6+ and
O8+ collisions on H(1s) at an impact energy of 10 keV/u. The classical results predicted
by the Z-CTMC, E-CTMC and CTMC methods are compared with the Atomic Orbital
Close Coupling (AOCC) calculations performed by the group of Aumayr [37,38]. As a
general trend, we first notice that the Z-CTMC, CTMC and AOCC methods agree on the
nmax-value at which the distribution attains its maximum. The E-CTMC distribution, in
contrast, predicts a larger nmax-value . Second, the CTMC method clearly underestimates
the electron capture to levels with n > nmax. This behavior tends to be corrected by both
the Z-CTMC and E-CTMC methods due to their improved description of the H(1s) radial
distribution. Overall, the E-CTMC provides the widest distribution, while the Z-CTMC
distribution seems to be the one in closer agreement with the AOCC method, specially for
the O8+ case.
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Figure 3. CTMC (5,l)-state-selective charge-exchange cross sections for O8+ + H(1s) collisions: The
dashed line indicates a statistical distribution arbitrarily normalized to the (5,2) cross section.
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Figure 4. Theoretical n-state-selective charge-exchange cross sections C6+ and O8+ collisions on
H(1s) at 10 keV/u. The Z-CTMC, E-CTMC and CTMC results are contrasted with those obtained by
Igenbergs et al. by means of the AOCC method [37,38].

2.3. Ionization

Electron emissions originating in collisions involving charged particles and neutral targets
has been a challenging field since the 1920s. Particular interest in ionization processes developed
in the field of astronomy, specifically for the characterization of stellar atmospheres [39]. With
the development of quantum mechanics, early studies by Bethe based on the First Born
Approximation (FBA) analyzed electron emission by charged particle impact [40]. In spite of
the interest in ionization processes, our improvement in our understanding of the field had
to wait until the development of sophisticated vacuum techniques in the 1960s that allowed
measuring low-energy electrons with confidence [41–46]. These pioneering experiments
opened the door to subsequent studies that up to the present day keep shedding light
on many features in electronic distributions and challenge their interpretation in terms of
collisionistic mechanisms.

From a theoretical point of view, the availability of electron emission differential data
soon revealed that the FBA was far from providing the ultimate word and that signatures
of the denominated two-center problem, i.e., fingerprints in the electronic distributions due
to the joint influence of the target ion and the projectile in the emitted electron dynamics,
were not properly accounted for in such one-center models. For positive ion impact, the
most clearly visible trend was an enhancement of the electron forward emission, including
an asymmetric cusp-shaped peak that highlights the electron capture to the projectile
continuum (ECC) [47]. This peak that was theoretically reproduced by distorted wave
models that considered, in the final channel, the interaction of the emitted electron with
both target ion and projectile, even through a separable wavefunction consisting of the
product of two separate distorted waves, one for each interaction [48]. This was the case of
the Born-3C [49] and the continuum distorted wave–eikonal initial state (CDW-EIS) [50–53].

Classical studies within the CTMC method have proven to be particularly efficient
in describing the ECC peak structure in ion–atom collisions. Studies by Reinhold and
Olson regarding the ECC peak formation in H+ + He and He2+ + He collisions showed
that the dynamical formation of the ECC peak is mediated by two mechanisms: (i) the
focusing of emitted electrons due to interaction with the projectile and (ii) electron capture
to highly excited states of the projectile that could undergo a transition to the continuum
due to the influence of the residual target, even at large internuclear distances [54]. In
both cases, electron trajectories must be tracked up to very large internuclear distances to
achieve convergence and delineate the peak structure. Trajectories that are ended before
reaching their asymptotic velocities leave clear traces in the predicted spectrum, leading to
a hole with no events in the peak region. Therefore, by ending the trajectories at different
internuclear values, they were able to highlight how the ECC asymmetry is built. The
infinite separation limit was obtained by analytically extending the integration of the
trajectories from some point onward. Barrachina and Courbin later showed for H+ +
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H(1s) collisions that the analytical extension of the electron trajectories can be started,
even at short internuclear distances, once the mechanism (i) turns dominant [55]. Further
studies include the analysis of the ECC structure for H+ + H and H + H collisions [56] and
H+ + He collisions [57], as well as in the context of transfer ionization studies involving
Ar targets [58]. In order to illustrate this issue, in Figure 5, we show the electron emission
in momentum space for 100 keV H+ + H(1s) collisions. Simulations were stopped once
the projectile reached a distance rstop, with respect to the laboratory frame, located on the
center of mass of the initial target system. It can be observed that the hole-like structure
described in the works of Reinhold et al. and Barrachina and Courbin for the ECC peak
clearly shows up in this representation at (ke-par = 2, ke-perp = 0), and it tends to narrow as
the rstop-value is increased. Moreover, the same situation is clearly identified in the region
at (ke-par = 0, ke-perp = 0). However, it should be noted that a proper description of this
region requires a quantum mechanical description, since the production of low-energy
electrons originates in soft collisions and is governed by dipole-like transitions, which are
not included in the classical model.
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Figure 5. CTMC electron emission events represented in momentum space for 100 keV H+ + H(1s)
collisions.

During the 1990s, the development of the Cold Target Recoil Ion Momentum Spec-
troscopy (COLTRIMS) technique gave access to the denominated kinematically complete
experiments. By detecting the recoil ion in coincidence with the emitted electron, and by
recalling the energy conservation and the momentum conservation equations for the whole
system, the momenta of all the fragments involved in a given collision process were identi-
fied (see [59] for a review). The COLTRIMS technique introduced a change in perspective
in the way in which collisional data are analyzed. For instance, single-differential cross
sections, in terms of the longitudinal momentum of the recoil ion, provided new ways
to analyze the previously explored structures, such as the ECC peak or the soft electron
peak [60,61]. Being a computational simulation of the experimental procedure, the CTMC
method naturally adapted to these new representations and provided theoretical support
in the early years for this novel technique [62,63].
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Now, moving to ionization processes due to light-particle impact, the advances
achieved in electron coincidence techniques by the end of the 1960s allowed measur-
ing triply differential ionization cross sections by electron impact [64,65]. By 2003, a
reaction microscope based on the COLTRIMS technique was operational [66]. The mea-
surement of fully differential cross sections for positron impact within the COLTRIMS
technique would follow soon after [67,68]. Just as in the ion-impact case, the FBA soon
showed its limitations, and more sophisticated distorted-wave models were developed,
like the Distorted-Wave Born Approximation (DWBA) [69]; the Born-3C model, including
its subsequent variants [70–72]; the CDW-EIS [73–76]; the introduction of highly intensive
numerical methods such as Time-Dependent Close Coupling (TDCC) [77]; Convergent
Close Coupling (CCC) [78]; and the B-spline R-Matrix approach [79], among others. From
the CTMC perspective, a comparison of single-electron removal processes in the collisions
of electrons, positrons, protons and antiprotons with H and He at the total cross-section
level was published by Schultz by the end of the 1980s [80]. This work was followed soon
after by differential analyses in positron collisions with He, Kr and H2 [81,82]. Positron
studies at the differential level were also carried out within the CTMC method by groups
at Bariloche [83–85], Debrecen [86] and Bahía Blanca [16]. These studies, provided further
insight on the physical mechanisms mediating the ECC peak structure, as well as the
dynamical orientation of the positron-emitted electron pair in the continuum. A recent
study on electron–carbon collisions has shown that the CTMC method can provide a good
description of the total cross section from the threshold up to at least 1 keV, in agreement
with theories such as Time-Dependent Close Coupling, R-mtrix with pseudostates and
the B-spline R-matrix with pseudostates [87]. Despite the large set of fully differential
cross sections reported for the ionization of hydrogen and noble gases by electron impact,
comparisons at this level between the CTMC and the quantum mechanical models above
described are scarce and, to our knowledge, amount to those performed by Geyer and Rost,
cited below in Section 2.5.6.

Regarding multiple photon impact ionization, during the past two decades, the
COLTRIMS technique has been combined with intense few-cycle pulses, thus allowing the
detailed study of the physical mechanisms leading to multiple-electron removal [88–94].
Emphasis has been placed on determining the mechanisms of Sequential Double Ionization
(SDI) and Nonsequential Double Ionization (NSDI). While SDI considers that electrons
are independently emitted by the laser field, the NSDI mechanism implies a temporal
sequence in which the double ionization is mediated by the electron–electron correlation.
The nonsequential mechanism is not restricted to double ionization and can be extended
to higher-order ionization [95]. These mechanisms were identified back in 1990, after
noticing that theoretical SDI models in a one-active-electron description were able to re-
produce the experimental data for field intensities greater than 4 × 10−15 W/cm2 but
could not reproduce the electronic production detected for lower field intensities [96].
Below × 10−15 W/cm2, multiple-electron emission exceeded by six orders of magnitude
the predictions of the SDI. In the last few years, studies have also been extended to the
nondipolar case by explicitly including the magnetic field. This field has been shown to
play an important role in the NSDI for Ne and Xe targets [97,98].

From a theoretical point of view, quantum and classical models alike have been used.
Among the former, we can cite the numerical solution of the time-dependent Schrödinger
equation [94,99,100], models framed within the strong field approximation [101] and the
multiple scattering quantitative theory [102]. The CTMC model was, to our knowledge, first
implemented in this context by Cohen [103], who studied the ionization of the hydrogen
ion in an intense laser field and compared the classical results with those predicted by the
numerical solution of the time-dependent Schrödinger equation. In this work, a dynamical
incorporation of tunneling at the classical turning points was performed.

In the following sections, we detail the specific models that have been proposed and used
throughout the years to treat multielectronic targets in the different fields described above.
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2.4. Multiple-Electron Targets via One-Active-Electron Models

Multielectronic atomic targets were initially considered in the framework of the three-
body CTMC method by means of the independent electron model (IEM) [104]. This model
assumes a collision period sufficiently brief enough that the electrons cannot rearrange
themselves during the collision. By neglecting correlation effects, the multiple-electron
transition probabilities Pn(b) associated to the removal of n electrons from a shell containing
N electrons at a given impact parameter b is modeled as follows:

Pn(b) =
(

N
n

)
Ps(b)n(1− Ps(b))

N−n, (8)

where Ps(b) refers to either the single-ionization or the single-electron capture probabilities,
which are, respectively, denoted as PSI(b) and PSC(b). By the end of the 1970s, this model
was used to obtain single-electron capture and single-ionization cross sections for multiply
charged ion collisions on He [105]. The multiple ionization of He, Ne and Ar by highly
stripped projectiles was also studied by the same group at that time [9]. This methodology
was also used to describe the dynamics of antimatter–atom collisions, considering proton,
antiproton, electron and positron collisions on He, and predicted large global effects in
the ejected-electron spectra for ionizing collisions when the mass and the charge sign of
the projectile are varied [106]. Alternatively, the Independent Events Model (IEV) [107], in
which the full rearrangement of the target ion is assumed following the removal of a first
electron has also been employed [12,108,109]. One-active-electron treatments have also
been used to deal with alkali metals, such as Li(2s), Na(3s) and Na∗(3p). In these cases,
Garvey-type potentials have been employed to represent the target ionic core. This model
has reasonably predicted the line emission cross sections for C6+ and O8+ + Li(2s) colli-
sions [110] and He2+ + Na(3s) collisions [111]. Furthermore, the initialization of the electron
orbits restricted to the different planes relative to the projectile’s incident velocity allowed
determining state-selective electron capture cross sections and line emission cross sections
on oriented Na∗(3p) targets and analyzing their impact velocity dependence [112,113].
More recently, this methodology successfully reproduced the longitudinal and transverse
recoil ion momentum distributions measured at KVI by means of their magneto–optical
trap recoil ion momentum spectroscopy (MOTRIMS) device [114]. Moreover, an oscillatory
structure detected at low-impact energies in the experimental transverse recoil ion distribu-
tions has been correctly reproduced with this model and ascribed to electron oscillations
around the potential saddle position [115–117]. Moving to the molecular case, pure one-
active-electron treatments have been used within the Coulombic approximation to deal
with targets for astrophysical purposes. Specifically, CTMC cross sections obtained under
such approximation successfully reproduced the X-ray spectra for comets C/Linear 1999 S4
and McNaught–Hartley C/1999 T1, detected by the Chandra X-ray observatory [118,119],
and allowed estimating the sensitivity of the spectra to the solar wind ionic fluctuations
during the detection period. A similar model was used by Borbély et al. to describe the
ionization of H2O by intense ultrashort half-cycle electric pulses [120]. The classical results
were found to be in agreement with the quantum mechanical predictions at high intensities,
where the over-the-barrier ionization mechanism is dominant compared with tunneling
ionization, which is not included in their CTMC model.

2.5. Explicit Multiple-Electron Descriptions of He

It is well known that atoms beyond hydrogen cannot be fully treated in classical
terms, since the interelectronic correlation leads to their autoionization. Therefore, different
strategies have been proposed during the past four decades with the aim of incorporating
the electron–electron correlation or their dynamical screening effects. Due to its relevance
from a basic science perspective, helium is a target on which much focus has been put in
the last decades in order to gain insight into the role of the interelectronic correlation effects
in different collisions processes. In what follows, we describe different strategies that have
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been proposed in the past four decades to explicitly model this two-electron atom. We refer
to H0 as the physical Hamiltonian for He,

H0 =
p2

1
2

+
p2

2
2
− ZT

r1
− ZT

r2
+

1
r12

, (9)

2.5.1. The Heisenberg Core CTMC

In 1980, Kirschbaum and Wilets introduced restoring potentials to the Hamiltonian of
multielectronic atoms in order to fulfill the Heisenberg uncertainty principle and the Pauli
exclusion principle upon a classical atom [121]. These additional potential terms for the
full two-electron Hamiltonian read

H = H0 + VHC(r1, p1) + VHC(r2, p2), (10)

with

V(ri, pi) =

(
ξ2

4αr2
i

)
exp

{
α

[
1−

(
ri pi

ξ

)4
]}

. (11)

Here, α is called the hardness parameter and ξ is related to the size of the core. For
ri and pi values, such that ri pi ≤ ξ, this potential becomes strongly repulsive, and the
electrons cannot get close to the nucleus, thus avoiding its autoionization.

By using this model, hereafter denominated HC-CTMC, Zajfman and Maor obtained
total charge exchange and ionization cross sections for proton impact which were in better
agreement with the experimental data at impact energies greater than 50 keV and 100 keV,
respectively [122]. This model was later revisited by Cohen [123], who showed that the
total cross sections for single capture and ionization are more sensitive to variations in ξ
rather than α. In this work, and for each α-value analyzed, he proposed a ξ-value in order
to match the first ionization potential of the target. Morita et al. studied the minimum
ξ-value for a fixed α-value that would avoid autoionization [124]. A decade ago, Zhou
provided a different criterion to determine ξ in the laser–argon sequential double-ionization
context. They determined the ξ parameter by requiring the one-electron Hamiltonian to
minimize at the second ionization potential of the two-electron atom [125]. They showed
that compared with the independent-electron model, this correlated description led to an
improved quantitative agreement with the available data for the ion momentum distribu-
tions and the measured ionization time for the second electron. A more punctual analysis
of the implications of ξ for the He target electronic distribution was recently performed
by Bachi and Otranto [126,127]. It was found that a ξ-value under the criterion of Morita
et al. leads to a target dynamic in which one electron is close to the nucleus while the
other is distant. In contrast, a ξ-value under the criterion of Zhou et al. leads to a Bohr-like
atom, with both electrons situated at similar distances from the nucleus and opposite each
other in order to maximize the shielding. As a point aside, we note that very recently,
the group of Tokesi performed an intensive study of the proton + H(1s) system with the
correction term proposed in this model. The aim, in this case, was that of incorporating
the Heisenberg correction term [128,129]. In their study, they showed that compared with
the CTMC model, the introduction of the correction term improved the agreement in the
charge-exchange channel, while it turned out to not be relevant for the ionization channel.

2.5.2. The Bohr Atom

For He atoms, the Bohr picture (two electrons rotating in circular orbits opposite to
the nucleus, thus defining an orbital plane) was employed by the Olson’s group [130–132].
At the total net ionization cross-section level, this treatment corrected a systematic trend
of the IEM model: the underestimation (overestimation) of the single (double)-electron
removal cross sections. Moreover, the enhanced double-ionization cross sections of He
for antiproton impact relative to proton impact was properly reproduced. Nevertheless,
at low-impact energies, autoionization events can still become an issue if the impinging
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projectile field affects the Bohr atom geometry before reaching the reaction region, thus
forcing to start trajectories with the projectile already close to the reaction region.

2.5.3. The Split-Shell Model

In 1986, Olson et al. introduced the split-shell model to study single- and double-
electron capture and ionization and transfer ionization processes for incident ion charges
+1 to +50 at an impact energy of 1 MeV/u [133]. In this model, the electrons are sorted with
sequential binding energies and their corresponding effective charges Ze f f ,i according to

the Coulombic prescription Ze f f ,i =
√

2n2
i |εi|. The impact energy dependence predicted

by this model for the double-electron capture process was evaluated by Tőkési and Hock.
In their study, this four-body description of the He2+ + He collision system was evaluated
up to an impact energy of 1500 keV/u. Good agreement was found with the reported data
and with other theoretical approaches [134].

2.5.4. The Dynamical Screening CTMC

This model was introduced by Montemayor and Schiwietz in 1989 and is referred to
hereafter as dCTMC [135]. The idea in this case was to incorporate radial correlation among
the electrons, which amounts to taking into account the electron screening effect without
any information on the relative distance among them. To do so, they assumed the electronic
density of each electron to be given by the 1s hydrogenic wavefunction, with an effective
charge ζ = 1.6875 and an ionization energy I1s = 0.89648 a.u. By using Gauss’s law, the
electric potential generated by the nucleus and one of the electrons at a given r-value can
be easily determined, which allows determining the potential energy term corresponding
to each electron. The dCTMC Hamiltonian is then given by

HdCTMC =
p2

1
2

+
p2

2
2
− ZT

r1
− ZT

r2
+ Vee,1(r1, ζ2) + Vee,2(r2, ζ1), (12)

with

Vee,i
(
ri, ζ j

)
=

1−
(
1 + ζ jri

)
exp

(
−2ζ jri

)
ri

, (13)

and j 6= i. A dynamical, i.e., collisional time-dependent, model for the ζ j parameter was
implemented and is given by

ζ j(t) =


0 for Ij ≤ 0

(ζ1s/I1s)Ij(t) for 0 < Ij < I1s
ζ1s for I1s ≤ Ij

(14)

The analysis of He single and double ionization by H+ impact at the total and dif-
ferential levels showed that the inclusion of radial correlation improved the description
compared with simulations based on the independent electrons scheme [135]. Subsequent
dCTMC studies performed by Meng et al. focused on the transverse recoil ion distribu-
tions in proton/antiproton collisions with He, finding close agreement with the available
data [136]. This model has been used to identify the electron capture mechanisms in
He+ + He collisions at intermediate- to low-impact energies, leading to good agreement
with state-selective charge-exchange cross sections measured by means of the Cold Target
Recoil Ion Momentum Spectroscopy (COLTRIMS) technique [137,138]. Much more recently,
this method was extended to analyze the double and triple ionization of three-electron
atoms driven by intense infrared laser pulses [139].

2.5.5. The Energy-Bounded CTMC

In 1996, Cohen proposed a different strategy to describe the He-atom based on the
introduction of an energy constraint potential,

H = H0 + VEB(r1, p1) + VEB(r2, p2), (15)
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with

V(ri, pi) =
ZT
ri

exp

(
E0 − ECoul

i
Γ

)
, (16)

and

ECoul
i =

p2
i

2
− ZT

ri
. (17)

In this case, Γ plays the role of the numerical parameter on which the sensitivity is weaker,
while the constant E0 is determined by matching the minimum of the one-electron Hamil-
tonian to the second ionization potential of the target [123]. This model, hereafter de-
nominated EB-CTMC, has been used to describe single-electron capture and ionization
following H+, He2+ and Li3+ collisions [123], single-electron capture, single and double
ionization and transfer ionization in H+ collisions and single capture and single ionization
in C6+ and (O)8+ collisions [126]. Differential cross sections in terms of the longitudinal
and transverse momentum of the collision fragments, and as a function of the electronic
geometries during double-ionization processes, have also been studied [127]. In Figure 6,
we show an events plot for the interelectronic distance as a function of one of the electron’s
radial coordinates. In these models, the corresponding parameters are α = 2.0, ξ = 0.894,
Γ = 0.3, E0 = −2.91 a.u., thus corresponding to the situation in which the second ioniza-
tion potential is used as the minimum attainable value for any of the electrons. It can be
observed that in this configuration, the EB-CTMC provides a much wider spatial range for
the evolution of both electrons compared with the HC-CTMC model.
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Figure 6. Interelectronic distance as a function of one of the electrons’ radial coordinates for the
EB-CTMC and HC-CTMC models. The overlapping density plot in green represents the radial
2-particle density predicted by a correlated variational wavefunction.

These classical distributions are compared, using the same representation, with the
two-particle radial density (4π)2r2

1r2
2|Ψ(r1, r2, r12)|2 predicted by a variational correlated

wavefunction introduced by Bonham and Kohl [140]. In agreement with the classical
predictions, the quantum mechanical density exhibits its maximum close to the collinear
geometry. However, the electrons are preferably closer to the nucleus and, as expected, the
resulting distribution is spatially more extended.

2.5.6. The Quasi-Classical Møller Approach

In this model, the He atom is modeled by means of the exact Hamiltonian H0. The
projectile–target interaction is initially turned off, and each trajectory is propagated back-
wards in time until the projectile and target are well separated from one another. Since
the He atom is unstable, it autoionizes during this backward propagation stage. At this
point, the projectile–target interaction is turned on, and the whole system is propagated
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forward in time. As the projectile approaches the target, it initially has a negligible effect
on the He target. Meanwhile, the atom focuses and recovers the two-electron bound state.
As a result, the projectile is expected to find a correlated two-electron target described by
the exact Hamiltonian. By doing so, there is no need to introduce stabilizing potentials or
to neglect some part of the electron–electron interaction, such as the angular correlation.
Between 2001 and 2004, Geyer and Rost tested and implemented this model to study the
single and double ionization of He by electron impact at the total, single-differential and
fully differential levels [141–144]. Their results suggest that this strategy provides a good
description of the double-ionization total cross section, especially at impact energies lower
than those at which the cross section peaks. This region is extremely sensitive to the angular
correlation, as suggested by the dCTMC studies of Montemayor and Schiwietz. However,
it should be noted that the methodology has not been pushed further, specially for bare ion
impact, where the influence of the projectile–target interaction could manifest well before
the projectile reaches the target region.

2.5.7. The Soft-Core Coulomb Potential Model

This model was introduced by Haan et al. in 2006 to analyze the strong-field double
ionization of He [145,146] based on previous one-dimensional models [147–149].

In this model, the two-electron Hamiltonian reads

H0 =
p2

1
2

+
p2

2
2
− ZT√

r2
1 + a2

− ZT√
r2

2 + a2
+

1√
r2

12 + b2
, (18)

where a and b are empirically determined in order to avoid the autoionization of the
atom. Specific values reported by Haan et al. to achieve stability are a = 0.825 a.u. and
b = 0.05 a.u. The authors initialized the electrons by means of radial Gaussian distributions
by giving each electron zero angular momentum and a random energy. Only trajectories
for which the total 1s2 energy amounts to −2.9035 a.u. were kept and evolved in time.

The model was recently adapted to study the NSDI of He by short intense laser pulses [150].
This model has been extended to study the correlated electron emission in NSDI of Ar by few-
cycle pulses (a = 1.5 a.u. and b = 0.05 a.u.) [151], as well as the double ionization of Xe and
Ne by strong middle infrared laser pulses ((a = 2 a.u. and b = 0.01 a.u.) [152] and (a = 0.1 a.u.
and b = 0.01 a.u.) [97] respectively. In all cases, the nuclear charge is set as ZT = 2.

2.5.8. The Gaussian Kernel Approximation

In this model, introduced by Guzmán et al. in 2009, the two electrons are assimilated
to Gaussian density distributions for the calculation of the electron–electron repulsion [153].
The electroni,which is located at a position ri at time t, is represented by

fi(r, t) =
1

(2π)3/2σ3
r

exp
{
−|r− ri|2

2σ2
r

}
. (19)

The potential felt by electron 1 due to electron 2 is calculated by assuming electron 1 as
pointwise and electron 2 described by means of the Gaussian kernel:

V12(r1, r2, t) =
∫

dr f2(r, t)
1

|r− r1|
=

1
r12

erf

(
r12√
2σ2

r

)
. (20)

This softening leads to stable two-electron He configurations. This model has been applied to
H+ + He collisions, analyzing single ionization, single capture, double ionization, double cap-
ture and transfer ionization. This model provides a good description of one-electron processes
but tends to overestimate the cross sections corresponding to two-electron transitions.
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2.6. Explicit Multiple-Electron Descriptions of Atoms Beyond He: The Sequential Electrons and
Independent Electrons CTMC

Atoms with a large number of electrons, such as Ne and Ar, have been considered
by studying noninteracting independent electrons with binding energies such that they
provide a picture of the ground state of the atom, or by nCTMC, in which electrons are
sorted according to their sequential ionization energies [154,155]. Throughout the years,
this model has been widely implemented in order to simulate light- and heavy-particle
collisions on multielectronic atoms [156–159]. Unlike one-active-electron treatments based
on the IPM model, this treatment allows tracking the momenta of all charged fragments
for every collisional event and keeping a record of the deflection suffered by the projectile
due to the interaction with all the particles of the target. The same comment applies for
the independent electron version of nCTMC, in which the four-body model of the He
atom is implemented, with both electrons initialized according to the first ionization value.
As experimental studies of the transverse momentum acquired by the projectile became
feasible at the end of the 1980s, the angular dependence of the fraction of double ionization
to total ionization events showed a peak that is not reproduced by the independent particle
model based on one-active-electron formulations. The independent electron version of
nCTMC successfully reproduced the structure [155,160,161]. In subsequent years, this
model was used to study the azimuthal angular dependence of the recoil ion and the
electron emission in H+ collisions on He at an impact energy of 500 keV [162].

2.7. Explicit Multiple-Electron Descriptions of Molecules
2.7.1. The H2 Molecule

The first CTMC model for the treatment of collisions of multiply charged ions with
H2 molecules was performed by Meng et al. in the late 1980s, and it focused on the
analysis of total cross sections for charge exchange and ionization for projectile charges
in the range 1–10 and impact energies up to 1 MeV/u [163]. This five-body approach
considered each target electron evolving under the influence of the two protons and a
mean potential for the electron–electron interaction, which is calculated by means of a
quantum mechanical variational wavefunction. This model allowed inferring the role of the
autoionizing double-capture process for different projectile charges, that is, the dependence
of the cross sections on the molecular orientation. In a subsequent study, (n,l)-state-selective
cross sections were calculated and successfully benchmarked against the available data for
He2+ projectiles [164].

An alternative approach was presented by Wood and Olson by the end of the 1990s to
study the double ionization of H2 by 3.6 MeV/u Se28+ and 1 GeV/u U92+ [165]. In this case,
the H2 molecule was initialized in terms of two independent hydrogen atoms united by
means of a Morse potential. As one of the electrons is removed from the target (i.e., acquires
a positive energy with respect to its parent nucleus), the interactions among all particles
are turned on by means of a switching function. This model predicted that Thomas double
scattering, in which an electron emitted from one center is scattered by the other, most likely
proceeds when the molecular axis and the projectile velocity are perpendicular. This model
has also been used to describe single-electron capture in He+ collisions at intermediate- to
low-impact energies [166]. In this case, very good agreement was found with the Bariloche
COLTRIMS data for the n-state-selective capture cross sections, though some oscillations
present in the experimental transverse momentum distribution for the recoil ion were not
properly described by the theoretical model.

To our knowledge, the only classical attempts to consider the exact target Hamiltonian
for H2 was performed by Greenspan [167,168]. For the molecular ion H+

2 , a four-body
model was proposed by Hennecart and Pascale and was applied in H+

2 + H(1s) colli-
sions [169]. These authors carefully analyzed the initial positions and momenta of all
particles which prevents the autoionization of the molecule, thus allowing a stable simula-
tion of the collision procedure.
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2.7.2. The Molecular Multicenter—CTMC Approaches

In these types of models, the active electrons explicitly consider the different molecular
centers in their dynamics. For the H2O molecule, Illescas et al. calculated total cross
sections for single ionization, single-electron capture, transfer ionization, double capture
and double ionization following H+, He2+ and C6+ impact over an extensive impact energy
range [12]. This study was carried out in the context of the IEV model by considering one
active electron at a time to determine the reaction probabilities for the different orbitals.
Their results were found to be in better agreement with the data compared with the IPM
calculations performed in the Coulombic approximation.

In recent years, the model of Illescas has been extended by Jorge et al. by introducing
a time-dependent screening in such a way that the number of frozen electrons at each
center decreases if the ionization probability increases to values where multiple ionization
becomes non-negligible [170]. The introduction of this correction was found to become
relevant for increasing ZP/vP values. In a subsequent work, the authors extended the
model and focused on the multinomial analysis of the multiple-electron capture processes,
in the spirit of addressing the overestimation of the multiple-electron capture inherent in
the IEM probabilistic scheme [171].

A strategy similar to Illescas’ was implemented by Sarkadi to study the ionization of
gas-phase uracil by means of protons and heavy ions [172,173]. In this one-active-electron
treatment, the electron interacts with all the nuclei conforming the molecule, and cross
sections are determined by separately analyzing all the cross sections corresponding to
each molecular orbital. Cross sections at the total, single-differential and double-differential
levels were benchmarked against the reported data, as well as other theoretical approaches.

A many-electron–multicenter classical trajectory Monte Carlo model was introduced
by Cariatore and was tested in charge-exchange studies involving projectiles with charges
from +3 to +10 and the CO molecule [174]. In this model, eight electrons were randomly
sorted in the energetically allowed region, thus considering two electrons for the 3σ orbital,
four for the 1π orbital and two the 2σ orbital. Total and state-selective charge-exchange
cross sections were presented and compared with the Jet Propulsion Laboratory data,
leading to good overall agreement.

2.7.3. The Classical Overbarrier—CTMC Approach

This model was introduced by Abbas et al. in 2008 in order to describe the single and
multiple ionization of biological molecules by protons and α-particle impact [175]. In this
approach, the target electrons are treated as virtual particles and are incorporated in the
collision dynamics once they are in condition to be removed from the target. In practical
terms, this amounts to keeping continuous track (i.e., for each time step ∆t ∼= 10−2 a.u. of
the projectile) of the potential seen by the virtual electron, and that is given by

V(r1) = −
ZP

|r1 − R|+a
− ZT + 1

r1 + a
. (21)

The parameter a was introduced as a numerical cut-off to avoid singularities during the sim-
ulation. Molecular targets are therefore treated in a Coulomb single-center approximation.
The electron creation is determined by two simultaneous criteria:

− The virtual electron energy must overcome the potential saddle barrier.
− A random number δ ∈ (0, 1) is sorted and compared with the ratio ∆t/Te, Te being

the classical electron orbital period. If δ < ∆t/Te, the electron is created and randomly
located within a sphere of a few atomic units of radius centered on the target.

The process is repeated, incorporating in the potential for the second, third, etc. virtual
electrons the terms associated with the previously released electrons. Total cross sections
for the single ionization of DNA and RNA bases by energetic H+, He2+ and C6+ projectiles
were also studied with this method [176]. An IEM adaptation of this model was also
introduced in [177] to study, at the total cross-section level, the ionization of molecules of
biological interest by proton impact. In this case, only one virtual electron was considered,
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as well as double ionization and transfer ionization, calculated by means of the IEM
probabilistic scheme.

2.7.4. The Dynamical Adaptative CTMC Model

This model was introduced by Bachi et al. in 2019 with the aim of compensating the
inherent limitations of the independent electrons and the sequential electron models [178].
In the former, electrons are bound with fixed ionization potentials, providing a picture
of the ground-state valence molecular orbitals. In this model, the electron density seen
by the projectile is in principle correct, but the energy deposition necessary for multiple-
electron removal is underestimated. In contrast, the sequential electron model, in which
the electrons are sorted according to the vertical ionization energies, guarantees that the
proper amount of energy is deposited in the target during any multiple-electron removal
process. The drawback in this case is that the target electron density seen by the projectile
for the valence molecular orbitals is incorrect.

The present scheme merges both models in a dynamical way. At the beginning of the
simulation, the electrons are sorted by means of the independent electron model. Each
electron is associated with a particular molecular orbital of the A molecule ground state,
with its corresponding binding energy. In every step during the simulation, the energy
of the electrons with respect to their parent nucleus is checked. As one electron acquires
a positive energy, the other bound electrons are resorted with the ionization potentials
corresponding to the A+ ion by assuming a vertical transition for the molecule. The
target nuclear charge is also increased by one unit, reflecting the increase in the strength
of the interaction among the bound electrons and their parent nucleus. This procedure
is repeated as new electrons are emitted from the target. Total net cross sections and
single-differential ionization cross sections in energy and angle for H2O ionization by bare-
ion impact were studied in ref. [178] and compared with the available experimental and
theoretical data [179,180]. The analysis of the separate contributions of the single-ionization
and multiple-ionization channels to the electronic spectra indicates that multiple ionization
dominates the fast electron emission, while single ionization dominates the emission of
low-energy electrons. Besides, these contributions can be related to different ranges of
impact parameters.

This methodology has been recently extended to analyze the single and multiple
ionization of uracil by C6 projectiles at MeV/u impact energies [181]. In the study, 21 molec-
ular orbitals were initialized following the statistical procedure described above for the
molecular multicenter CTMC approach by sorting each electron for each trajectory over
the possible different centers of a given molecular orbital following the Mulliken pop-
ulation scheme. The energy of each electron relative to its parent atomic core, and to
the rest of the atomic centers in their corresponding molecular orbital, is tracked at all
times. Once these relative energies become positive, the electron is assumed to have been
emitted, and the adaptative scheme is implemented as previously described. Very good
agreement was obtained with the available data at the total, singly differential and doubly
differential levels.

2.8. Line Emission Cross Sections following Charge Exchange in Collisions Involving Highly
Charged Projectiles and Multelectronic Targets

Finally, we would like to point out that either for multielectronic atoms or molecules,
multiple-electron removal gains relevance with increasing projectile charge. Multiple-
electron capture, in particular, represents a challenge for classical methodologies, since
the consecutive relaxation process strongly depends on the interelectronic correlation. As
multiple-electron capture populates high-lying n-levels, the use of time-dependent colli-
sional radiative models becomes impractical [182,183] and simpler, though still physically
sound, strategies should be invoked. One of them is the method proposed by Machacek et
al. that considers all the radiative and autoionization rates and, via a Monte Carlo proce-
dure, determines the decay routes until an ion in its ground state is obtained [184]. Another
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one is the phenomenological stabilization scheme developed by Ali et al. [185], which was
successfully implemented in subsequent studies by many other groups [174,186,187] and
that, due to its underlying conceptual richness, we now summarize:

− Multiply excited states dominantly stabilized via multiple Auger processes.
− Only two-electron Auger processes are considered.
− Transitions involving electrons in the same shell proceed first. If several electrons are in

different shells, the Auger process involves the two electrons which are energetically closer.
− Each Auger transition proceeds with the unit probability to the nearest continuum

limit. The decaying electron falls to a well-established n level according to the energy
conservation equation.

− If the new configuration still provides a multiple-excited state involving more than
two electrons, these rules are applied again until only two electrons remain bound to
the projectile.

− If a cascading process leads to an asymmetric double-excited state, the event is
characterized as double radiative decay. Otherwise, a final Auger process takes place,
and the event is characterized as a single charge exchange.

There is still one issue that should be addressed, and it is how the l-values are handled
in the decay process. As already stated above, CTMC studies by Olson showed that during
the capture process, the electron tries to preserve its orbital eccentricity [35]. Therefore, by
fulfilling this condition during the relaxation process, i.e., l f = li(n f /ni), the risk of having
unphysical l f values is ruled out, providing at the same time a unique criterion for the
procedure [117,174].

In Figure 7, we present a schematic diagram of two punctual Auger decay processes
analyzed by means of the Ali decay scheme during a sequential CTMC simulation of
Ar18 + Ar collisions at an impact energy of 4 keV/u [188]. In the nCTMC model, eight
electrons (the whole M shell) were explicitly considered. The selected events correspond to
the capture of seven electrons by the bare projectile and lead to either autoionizing multiple
capture or double radiative decay, depending on their initial n-level population. These
punctual cases are considered representative, since multiple-electron capture was found in
this case to be responsible for 50–60% of the resulting X-ray spectra. Moreover, this method
led to very good agreement with the 4 keV/u Ne10+, Ar18+ and Kr36+ + Ar line emission
cross sections measured at the NIST-EBIT [189], as well as with the 18 eV/u and 218/eV
Ar18+ + Ar line emission cross sections measured at the Berlin-EBIT [190]. An interesting
feature in the resulting emission spectra is that in contrast to the autoionizing multiple
capture, the double radiative decay leads to a low-energy shoulder in the Ly-α structure
for Ne10+ and Ar18+ projectiles, which evolves into a well-separated peak for Kr36+, thus
providing clear visual evidence of the relative contribution of the double radiative decay.
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Figure 7. Schematic diagram of Auger decay processes following multiple-electron capture events in
an 8-electron sequential CTMC simulation of 4 keV/u Ar18+Ar collisions: (a) Autoionizing multiple
capture; (b) double radiative decay. In these figures, the temporal sequence of events runs from
left to right. Green arrows represent electrons emitted to the continuum; orange arrows represent
electronic transitions to inner discrete levels; and red zigzag arrows represent photons emitted during
the de-excitation process.

3. Conclusions and Perspectives

During the past five decades, the CTMC model has established itself as a versatile tool
to study collision processes at the quantum scale. Despite the fact that conclusions based
on classical collisional mechanics should be taken with caution in the quantum mechanical
domain, the CTMC method in this period has provided accurate data for a wide variety of
processes, including heavy-ion, light-particles and laser-field collisions. Not being limited
by a basis set size, the method naturally deals with very highly charged projectiles and
predicts capture cross sections to very high-lying excited states.

Its different variations, developed during the lapse described in this review to improve
the description of atomic and molecular targets, were stimulated by a new generation of
experimental devices, such as reaction microscopes, the introduction of the COLTRIMS
and MOTRIMS techniques and the advance of the electron beam ion (EBIT) traps. The
generated data have benchmarked the novel data and provide, in parallel to quantum
mechanical methods, theoretical support for new experimental endeavors.

After five decades, and in the immediate future, the CTMC methods face new chal-
lenges, either from the basic science perspective or in diverse fields, such as the ther-
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monuclear fusion reactor program, hadrontherapy and space weather, where ample sets of
reliable cross sections are needed in transport codes.
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134. Tőkési, K.; Hock, G. Double electron capture in He2+ + He collisions up to 1500 keV/amu projectile impact. J. Phys. B At. Mol.

Phys. 1996, 29, L119–L125. [CrossRef]
135. Montemayor, V.J.; Schiwietz, G. Dynamic target screening for two-active-electron classical-trajectory Monte Carlo calculations for

H+ + He collisions. Phys. Rev. A 1989, 40, 6223–6230. [CrossRef] [PubMed]
136. Meng, L.; Olson, R.E.; Dörner, R.; Ullrich, J.; Schimdt-Böcking, H. Differential cross sections for single and double ionization of

helium by protons and antiprotons. J. Phys. B At. Mol. Opt. Phys. 1993, 26, 3387–3401. [CrossRef]
137. Mergel, V.; Dörner, R.; Ullrich, J.; Jagutzki, O.; Lencinas, S.; Nüttgens, S.; Spielberger, L.; Unverzagt, M.; Cocke, C.L.; Olson,

R.E.; et al. State Selective Scattering Angle Dependent Capture Cross Sections Measured by Cold Target Recoil Ion Momentum
Spectroscopy. Phys. Rev. Lett. 1995, 74, 2200–2203. [CrossRef]

138. Alessi, M.; Otranto, S.; Focke, P. State-selective electron capture in 3He2+ +He collisions at intermediate impact energies. Phys.
Rev. A 2011, 83, 014701. [CrossRef]

139. Peters, M.B.; Katsoulis, G.P.; Emmanouilidou, A. General model and toolkit for the ionization of three or more electrons in
strongly driven atoms uisng an effective Coulomb potential for the interaction between bound electrons. Phys. Rev. A 2022, 105,
043102. [CrossRef]

140. Bonham, R.A.; Kohl, D.A. Simple correlated wavefunctions fore the ground state of heliumlike atoms. J. Chem. Phys. 1966, 45,
2471–2473. [CrossRef]

141. Geyer, T.; Rost, J.M. A quasi-classical approach to fully differential ionization cross sections. J. Phys. B At. Mol. Phys. 2001, 34,
L47–L53. [CrossRef]

http://dx.doi.org/10.1088/0953-4075/29/13/016
http://dx.doi.org/10.1103/PhysRevA.85.022712
http://dx.doi.org/10.1088/0953-4075/45/17/175201
http://dx.doi.org/10.1103/PhysRevA.87.032712
http://dx.doi.org/10.1103/PhysRevA.89.022705
http://dx.doi.org/10.1103/PhysRevA.73.022723
http://dx.doi.org/10.1088/0953-4075/40/10/010
http://dx.doi.org/10.1140/epjd/e2010-00181-9
http://dx.doi.org/10.1103/PhysRevA.21.834
http://dx.doi.org/10.1103/PhysRevLett.56.320
http://dx.doi.org/10.1103/PhysRevA.54.573
http://www.ncbi.nlm.nih.gov/pubmed/9913510
http://dx.doi.org/10.1103/PhysRevA.66.042719
http://dx.doi.org/10.1103/PhysRevLett.109.053004
http://www.ncbi.nlm.nih.gov/pubmed/23006170
http://dx.doi.org/10.1140/epjd/e2018-90136-5
http://dx.doi.org/10.1140/epjd/e2018-90537-4
http://dx.doi.org/10.1038/s41598-021-99759-y
http://dx.doi.org/10.1088/1361-6455/ac9d76
http://dx.doi.org/10.1016/0375-9601(82)90526-6
http://dx.doi.org/10.1103/PhysRevA.36.1519
http://dx.doi.org/10.1103/PhysRevA.35.2863
http://dx.doi.org/10.1088/0022-3700/19/18/007
http://dx.doi.org/10.1088/0953-4075/29/4/001
http://dx.doi.org/10.1103/PhysRevA.40.6223
http://www.ncbi.nlm.nih.gov/pubmed/9902011
http://dx.doi.org/10.1088/0953-4075/26/19/026
http://dx.doi.org/10.1103/PhysRevLett.74.2200
http://dx.doi.org/10.1103/PhysRevA.83.014701
http://dx.doi.org/10.1103/PhysRevA.105.043102
http://dx.doi.org/10.1063/1.1727963
http://dx.doi.org/10.1088/0953-4075/34/2/105


Atoms 2023, 11, 144 26 of 27

142. Geyer, T.; Rost, J.M. A quasi-classical approach to electron impact ionization. J. Phys. B At. Mol. Phys. 2001, 35, 1479–1499.
[CrossRef]

143. Geyer, T.; Rost, J.M. Dynamical stabilization of classical multi-electron targets against autoionization. J. Phys. B At. Mol. Phys.
2001, 36, L107–L112. [CrossRef]

144. Geyer, T. Electron impact double ionization of helium from classical trajectory calculations. J. Phys. B At. Mol. Phys. 2004, 37,
1215–1235. [CrossRef]

145. Haan, S.L.; Breen, L.; Karim, A.; Eberly, J.H. Variable time lag and backward ejection in full-dimensional analysis of strong-field
double ionization. Phys. Rev. Lett. 2006, 97, 103008. [CrossRef] [PubMed]

146. Haan, S.L.; Breen, L.; Karim, A.; Eberly, J.H. Recollision dynamics and time delay in strong-field double ionization. Opt. Expr.
2007, 15, 767–778. [CrossRef] [PubMed]

147. Su, Q.; Eberly, J.H. Model atom for multiphoton physics. Phys. Rev. A 1991, 44, 5997–6008. [CrossRef]
148. Panfili, R.; Haan, S.L.; Eberly, J.H. Comparing classical and quantum dynamics of strong-field double ionization. Opt. Expr. 2001,

8, 431–435. [CrossRef]
149. Panfili, R.; Haan, S.L.; Eberly, J.H. Slow-down collisions and nonsequential double ionization in classical simulations. Phys. Rev.

Lett. 2002, 89, 113001. [CrossRef]
150. Sarkadi, L. Laser-induced nonsequential double ionization of helium: Classical model calculations. J. Phys. B At. Mol. Opt. Phys.

2020, 53, 165401. [CrossRef]
151. Huang, C.; Zhou, Y.; Zhang, Q.; Lu, P. Contribution of recollision ionization to the cross-shaped structure in nonsequential double

ionization. Opt. Expr. 2013, 21, 11382–11390. [CrossRef]
152. Ma, X.; Li, M.; Zhou, Y.; Lu, P. Nonsequential double ionization of Xe by mid-infrared laser pulses. Opt. Expr. 2013, 21,

11382–11390. [CrossRef]
153. Guzmán, F.; Errea, L.F.; Pons, B. Two-active electron classical trajectory Monte Carlo methods for ion-He collisions. Phys. Rev. A

2009, 80, 042708. [CrossRef]
154. Olson, R.E.; Ullrich, J.; Schmidt-Böcking, H. Dynamics of multiply charged ion-atom collisions: U32+ + Ne. J. Phys. B At. Mol.

Phys 1987, 20, L809–L814. [CrossRef]
155. Olson, R.E.; Ullrich, J.; Schmidt-Böcking, H. Multiple-ionization collision dynamics. Phys. Rev. A 1989, 39, 5572–5583. [CrossRef]
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