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Abstract: In this work, we present high-accuracy spectroscopic properties, such as line strengths,
transition probabilities and oscillator strengths for allowed transitions among nD3/2,5/2, n′S1/2 and
n′P1/2,3/2(n = 4, n′ = 5, 6) states of Rb-isoelectronic Tc (Tc VII), Ru (Ru VIII) and Rh (Rh IX) ions
for their applications in the analysis of astrophysical phenomena occurring inside celestial bodies
containing Tc, Ru and Rh ions. Due to the scarcity of computational data of atomic properties of
these transitions, as well as considerable discrepancies within the literature about these ions, the
precise determination of these properties is necessary. For this purpose, we have implemented
relativistic many-body perturbation theory (RMBPT) for evaluation of the wave functions of the
considered states. For better accuracy, we have accounted for electron interactions through random
phase approximation, Brückner orbitals and structural radiations of wave functions in our RMBPT
method for further precise evaluation of electric dipole amplitudes. Combining these values of the
observed wavelengths, the above transition properties and radiative lifetimes, a number of excited
states of Tc VII, Ru VIII and Rh IX ions have been calculated. For further validation of our work, we
have compared our results with the data already available in the literature.

Keywords: relativistic many body perturbation theory; line strength; transition probability; oscillator
strength; radiative lifetime

1. Introduction

With pioneering innovations in science and technology, the study of atmosphere,
chemical abundances and the evolution of stars has recently been of interest. Nowadays,
numerous investigations have been carried out to detect the presence of various elements
and ions in different celestial bodies. The spectral analysis of different celestial objects has
revealed the presence of highly charged ions in their environments, of which technetium
(Tc), ruthenium (Ru) and rhodium (Rh) ions are of particular interest to us. Technetium is
an s-process element with no stable isotope, whereas ruthenium and rhodium are classified
as the refractory components of cosmological objects [1]. The absorption of spectral lines of
Tc was first identified in the spectra of several S and M stars by Merrill [2]. The presence of
Tc in the atmosphere of red giant stars reflects the occurrence of s-process nucleosynthesis
in evolved stars. Tc spectral lines were observed in the high-resolution HERMES spectra
of BD+79◦156 [3]. Moreover, the instability of Tc depicts the decay of Tc into Ru through
s-process, indicating the possible presence of Ru in Tc-rich stars. Furthermore, considerable
abundance of the platinum group elements, including Ru and Rh have recently been
analyzed by Fischer–Gödde et al. [1] in chondritic meteorites, which elevates the importance
of studying the radiative properties of these elements and ions.

The knowledge of precise radiative properties is important for stellar analysis [4] and
to infer the mass (M), radius (R) and luminosity (L) of stars [5,6]. These radiative properties
are also useful in the analysis of interstellar and quasar absorption of lines, as well as the
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photospheric abundance of the considered element in a given star [7]. The construction of
kinetic models of plasma processes and the experimental investigations in thermonuclear
reactor plasma [8,9], the estimation of the electron collisional rate coefficients and pho-
toionization cross-sections for various scattering phenomena [10–12], and the assessment
of Stark broadening of spectral lines involving different astrophysical phenomena [13], also
aspire to more precise estimation of these radiative properties.

A limited number of studies involving the properties of Rb-isoelectronic Tc, Ru and Rh
ions have been reported thus far. Until now, Das et al. [14] and Migdalek [15] determined
the spectroscopic properties of Tc VII, whereas Zilitis [16] considered these ions for the eval-
uation of oscillator strengths at Dirac-Fock level. Unfortunately, we did not find any other
literature providing the relativistic spectroscopic data of the ions under consideration here.

The presence of Tc, Ru and Rh ions in giant stars, chondritic meteorites and solar
abundances motivated us to determine the radiative properties of these ions. Moreover,
the scarcity of radiative data in the available theoretical literature led us to extend our
study to determine these radiative properties among nD3/2,5/2, n′S1/2 and n′P1/2,3/2(n = 4,
n′ = 5, 6) states, along with the evaluation of radiative lifetimes of 5P1/2,3/2 and 6S1/2
states of the ions we studied. We have also calculated ionization energies of different states
involved in our transitions in this work. The validation of our study was carried out by
conducting a comparison of our results with available theoretical data wherever possible.

2. Theoretical Aspects and Formulae Used

Different spectroscopic properties of Rb-isoelectronic ions were analyzed through
the E1 decay channel, as electrons in the considered systems decay from excited states
dominantly through the allowed transitions. The transition probability of the E1 decay
channel (AE1

vk ) for the transition between the lower state |ψk〉 and the upper state |ψv〉, with
corresponding angular momenta Jk and Jv, is given by [17,18]

AE1
vk =

2
3

αcπσ×
(

ασ

R∞

)2 SE1

gv
= AE1

vk =
2.02613× 1018

gvλ3 SE1, (1)

where α = e2

2ε0hc is the fine structure constant, c is the speed of light and σ denotes the
differential energy between the transition levels given by σ = Ev − Ek. Here, λ and S are
used in Å and a.u., respectively, and gv = 2Jv + 1 depicts the degeneracy factor for the
corresponding state |ψv〉, R∞ is the Rydberg constant and SE1 denotes the line strength,
which is actually the square of the reduced E1 matrix element of the considered transition.
Numerically, the line strength of the transition occurring between the states |ψk〉 and ψv〉
can be given by SE1 = |〈ψv||D||ψk〉|2 [19] with D = Σjdj = −eΣjrj being the E1 operator
with jth electron at position rj.

Furthermore, the oscillator strengths fkv for the corresponding transitions can be
determined by [17,18]

f E1
kv =

1
3α

(
ασ

R∞

)
× SE1

gk
=

303.756
gkλ

× SE1. (2)

The radiative lifetime (τ) of electronic state v can be estimated by reciprocating the total
transition probability evaluated by the addition of the individual transition probabilities
of the transitions from the upper electronic state (v) to each possible lower electronic state
(k) [20], viz.,

τv =
1

Σk AE1
vk

. (3)

Substituting AE1
vk values from Equation (1), τ can be given in s.
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3. Method of Evaluation

The accurate determination of atomic wave functions is limited by the presence of
two-body electromagnetic interactions between electrons. Therefore, in this work we
include the electron correlations due to the core-polarization effects through random-phase
approximation (RPA); pair-correlation effects through the Brückner orbitals (BOs) and their
couplings through the structural radiations (SRs) have been implemented. Moreover, the
corrections in the results due to normalization of the wave functions (Norms) have been
implemented explicitly. We refer to ref. [21] for detailed understanding of this method,
however, a glimpse of the same is provided below.

Starting with the “no-pair” Hamiltonian H = H0 + VI , with H0 and VI being Dirac–
Fock (DF), Hamiltonian and residual interaction [21–23], respectively, the mean-field wave
function (|Φ0〉) of the [4p6] configuration of the considered ions is first evaluated. The
corrections of the DF wave functions due to the electron correlation effects are estimated
using the perturbative analysis of residual interaction by expressing the exact wave function
of the state (|Ψv〉) in RMBPT as

|Ψv〉 = |Φv〉+ |Φ(1)
v 〉+ |Φ

(2)
v 〉+ · · · (4)

and the energy (Ev) as

Ev = E(0)
v + E(1)

v + E(2)
v + · · · , (5)

where superscripts k = 1, 2, etc., represent the order of perturbation and E(0)
v = ∑N

k εk is
the zeroth-order energy. Further employing these wave functions, the E1 matrix element
between the states |Ψv〉 and |Ψw〉 is calculated as

Dwv =
〈Ψw|D|Ψv〉√
〈Ψw|Ψw〉〈Ψv|Ψv〉

. (6)

The above-stated matrix element incorporates the contributions from the perturbative
corrections, including RPA, BO, SR and Norm. Consequently, the matrix element Dwv can
be written as [21,22]

Dwv = DDF
wv + DRPA

wv + DBO
wv + DSR

wv + DNorm
wv , (7)

where DDF
wv ≡ dwv = 〈φw|D|φv〉, with the DF single particle wave functions |φv〉 and |φw〉.

Since core-polarization effects contribute significantly, they are included through RPA
self-consistently to all orders [22,24]. The leading-order electron correlation contributions
through BO and SR arise at the third-order perturbation level. The corresponding set of
contributions have been included using the strategy followed by Johnson et al. in [22]
for our respective calculations. Norm contributions have been estimated by following the
approach of Blundell et al. [21].

Our procedure incorporates various physical effects due to the electron correlation
effects that are completed through the third-order perturbation and core-polarization effects
upon all orders.

4. Results and Discussion

We have provided detailed discussion of our calculated ionization energies, line
strengths, transition probabilities and oscillator strengths of the considered ions in our
work. Here, the reported values of line strengths, transition probabilities and oscillator
strengths are calculated using the length gauge. We have also determined the lifetimes of
5P1/2,3/2 and 6S1/2 states of Tc VII, Ru VIII and Rh IX ions. During computation, it was
observed that our calculated E1 matrix elements, using the RMBPT method for both length
and velocity gauges, are in good agreement with the maximum number of transitions
for all the considered ions, which further confirms the reliability of our calculated results.
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Moreover, the relative differences in the results obtained using L- and V-gauge expressions
are included as uncertainties.

In Table 1, we have tabulated ionization energies (IEs) of all the considered states of
these ions, compared with energies derived from the available literature. Through Table 1,
we saw a trend of decreasing IEs towards higher energy levels. It was observed that the
IEs obtained for Tc VII ion using RMBPT vary less than 2% from the IEs obtained using
the relativistic coupled-cluster (RCC) method in ref. [14]. It was also observed that the
maximum and minimum IE variations are seen in 4D5/2 and 6S1/2 states with a variation
of 1.17% and 0.39%, respectively. Moreover, the variation in IEs decreases towards the
high-lying states. However, no explicit IE values have been found for Ru VIII and Rh IX
ions. Additionally, we did not find any experimental energy values in the literature to
compare our data with.

The obtained results for line strengths (Svk), transition probabilities (Avk) and oscillator
strengths ( fkv) for Tc VII ion have been listed in Table 2. We have presented line strengths
in length gauge, however, the uncertainties in our results have been approximated by
implementing the differences in line strengths, obtained by using both L- and V-gauge
expressions. The uncertainties (quoted in parentheses) for these spectroscopic properties
have been evaluated using the uncertainties in E1 matrix elements. According to Table 2,
the maximum transition probability is in the transition occurring between ground and first
excited state, which is consistent with expectations for any ionic system. It is also analyzed
that 4D3/2–6P1/2 transition shows maximum variation (∼30%) in oscillator strength, which
may be due to large electron correlation effects exhibited in these states, thereby questioning
the reliability of this particular transition.

In Table 3, we have tabulated the radiative properties for Ru VIII ion. As expected,
the maximum transition probability is seen for the 4D3/2–5P1/2 transition. Moreover, it
is observed that the uncertainties in Avk and fkv values are considerably low except for
4D3/2,5/2–6P1/2,3/2 transitions. Unusually large uncertainties were observed for these three
transitions, thereby making them unreliable for further analysis. The investigation of
data obtained for these particular transitions demonstrated that the large errors are the
consequence of the cancellation of contributions from DF with RPA, leading to very small
resultant electric dipole matrix elements in V-gauge. Thus, the final uncertainty reflected in
Avk and fkv values of these transitions is considerably large.

Table 4 presents the radiative results for Rh IX ion. Rh IX ion exhibits the same be-
haviour as Tc VII and Ru VIII ions with maximum Avk for 4D3/2–5P1/2 transition. All
transitions except 4D3/2–6P3/2 transition show small uncertainties in the radiative proper-
ties. Also, the transition wavelength for 6S1/2–6P1/2 transition is observed to be the largest
which is particularly the same behaviour also shown previously by Tc VII and Ru VIII
ions. Further, an unreasonably high uncertainty of 23% is observed in oscillator strength
of 4D3/2–6P3/2 transition which is the consequence of high electronic correlations among
these states. Nonetheless, the estimated uncertainties in these transitions are still reasonable
for prospective astrophysical studies.

Table 5 tabulates the comparison of our results for oscillator strengths with avail-
able theoretical literature, demonstrating <10% variation with respect to the RCC results
published in ref. [14]. Around 20% variation was seen against the results obtained by
implementing core polarization effects on DF values by Migdalek in ref. [15]. Our results
incorporate higher-order corrections as well as the contributions of core-polarization, which
are neglected in the study discussed in ref. [15]. This further confirms the improved accu-
racy of our results. However, our results disagree with the results obtained by Zilitis [16].
This is due to the fact that the results given in ref. [16] are based only on the DF level, ne-
glecting other strong contributions. During this study, we have seen that core-polarization
as well as other effects contribute strongly to these transition properties and hence must be
included. This is why the disparities between the results from both studies appear.

We have tabulated radiative lifetimes (τ) of 5P1/2,3/2 and 6S1/2 states of Tc VII, Ru VIII
and Rh IX ions along with their comparison in Table 6. Less than 9% variation appears
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in τ values of the considered states of Tc VII ions compared to the results obtained by
Das et al. [14], which is within the error limit of 10%. Unfortunately, we do not find any
literature to compare the obtained lifetimes of these states in ruthenium (Ru VIII) and
rhodium (Rh IX) ions. For all three ions, a trend of decreasing lifetime is seen from
6S1/2, 5P1/2 to 5P3/2 states, reflecting the easy decay of electrons from 5P3/2 state.

The unavailability of data for the states above 6S1/2 in Tc VII and 5P3/2 in Ru VIII
and Rh IX ions calls for further theoretical and experimental studies in order to validate
our results thoroughly. Previously, only a small number of data were available and their
uncertainties were not quoted. Our reported values will be useful for the analysis of
various astrophysical processes involving Tc VII, Ru VIII and Rh IX ions. We believe
that our estimated values for various radiative properties are more reliable, as our study
involves all the necessary corrections from third-order perturbation theory.

Table 1. Ionization energies (cm−1) for few, low lying and excited states using RMBPT method for
Tc VII, Ru VIII and Rh IX, compared with RCC ionization energies provided by Das et al. [14]. The
ground state ionization limit is taken from NIST AD [25].

State
Ionization Energies (in cm−1)

Tc VII Ref. [14] δ(%) Ru VIII Rh IX

4D5/2 706,674.22 714,936.68 1.17 882,703.62 1,083,600.08
5S1/2 544,578.06 550,080.50 1.01 666,540.74 808,192.47
5P1/2 473,976.25 477,209.30 0.68 586,449.02 718,629.58
5P3/2 467,743.91 470,667.03 0.62 578,440.90 708,584.25
6S1/2 311,642.84 310,434.72 0.39 386,067.12 477,082.16
6P1/2 280,145.08 349,587.13 435,563.73
6P3/2 277,356.01 345,940.98 430,919.84

Table 2. The L-gauge line strengths (SLvk ) (in a.u.), wavelengths (λ) (in Å), transition probabilities
(ALvk ) in (s−1) and absorption oscillator strengths ( fLkv ) for the Tc VII ion through E1 decay channel.
Values in square brackets represent the order of 10. Uncertainties are given in parentheses.

Upper State (v) Lower State (k) λ (in Å) SLvk (in a.u.) ALvk (in s−1) fLkv

5P1/2 4D3/2 423.69 7.21[−1] 9.61(33)[9] 1.29(3)[−1]
5P1/2 5S1/2 1416.39 2.55[0] 9.08(29)[8] 2.73(4)[−1]
5P3/2 4D3/2 412.79 1.36[−1] 9.80(33)[8] 2.50(5)[−2]
5P3/2 4D5/2 418.53 1.28[0] 8.81(30)[9] 1.54(3)[−1]
5P3/2 5S1/2 1301.50 5.12[0] 1.18(3)[9] 5.97(11)[−1]
6S1/2 5P1/2 616.02 7.48[−1] 3.24(11)[9] 1.84(3)[−1]
6S1/2 5P3/2 640.61 1.71[0] 6.58(21)[9] 2.03(3)[−1]
6P1/2 4D3/2 232.64 2.09[−2] 1.68(51)[9] 7(2)[−3]
6P1/2 5S1/2 378.17 7.92[−2] 1.48(6)[9] 3.18(6)[−2]
6P1/2 6S1/2 3174.83 8.97[0] 2.84(9)[8] 4.29(4)[−1]
6P3/2 4D3/2 231.14 5.51[−3] 2.26(37)[8] 1.81(29)[−3]
6P3/2 4D5/2 232.93 4.85[−2] 1.95(34)[9] 1.05(18)[−2]
6P3/2 5S1/2 374.22 1.16[−1] 1.12(5)[9] 4.71(18)[−2]
6P3/2 6S1/2 2916.57 1.79[1] 3.65(11)[8] 9.30(9)[−1]
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Table 3. The L-gauge line strengths (SLvk ) (in a.u.), wavelengths (λ) (in Å), transition probabilities
(ALvk ) in (s−1) and absorption oscillator strengths ( fLkv ) for the Ru VIII ion through E1 decay channel.
Values in square brackets represent the order of 10. Uncertainties are given in parentheses.

Upper State (v) Lower State (k) λ (in Å) SLvk (in a.u.) ALvk (in s−1) fLkv

5P1/2 4D3/2 332.72 5.64[−1] 1.55(5)[10] 1.29(1)[−1]
5P1/2 5S1/2 1248.57 2.18[0] 1.14(3)[9] 2.65(3)[−1]
5P3/2 4D3/2 324.09 1.06[−1] 1.58(5)[9] 2.48(2)[−2]
5P3/2 4D5/2 328.66 9.99[−1] 1.43(4)[10] 1.54(2)[−1]
5P3/2 5S1/2 1135.08 4.38[0] 1.52(5)[9] 5.87(6)[−1]
6S1/2 5P1/2 499.05 6.04[−1] 4.92(15)[9] 1.84(2)[−1]
6S1/2 5P3/2 519.82 1.39[0] 1.00(3)[10] 2.03(2)[−1]
6P1/2 4D3/2 186.08 7.19[−2] 1(2)[10] 3(6)[−2]
6P1/2 5S1/2 315.50 8.49[−2] 2.74(16)[9] 4.09(21)[−2]
6P1/2 6S1/2 2741.23 7.38[0] 3.63(14)[8] 4.09(10)[−1]
6P3/2 4D3/2 184.82 2.79[−3] 2(4)[8] 1(2)[−3]
6P3/2 4D5/2 186.30 4.58[−4] 4(30)[7] 1(11)[−4]
6P3/2 5S1/2 311.92 1.28[−1] 2.13(8)[9] 6.21(15)[−2]
6P3/2 6S1/2 2492.14 1.49[1] 4.68(16)[8] 9.05(15)[−1]

Table 4. The L-gauge line strengths (SLvk ) (in a.u.), wavelengths (λ) (in Å), transition probabilities
(ALvk ) in (s−1) and absorption oscillator strengths ( fLkv ) for the Rh IX ion through E1 decay channel.
Values in square brackets represent the order of 10. Uncertainties are given in parentheses.

Upper State (v) Lower State (k) λ (in Å) SLvk (in a.u.) ALvk (in s−1) fLkv

5P1/2 4D3/2 270.00 4.53[−1] 2.33(7)[10] 1.27(1)[−1]
5P1/2 5S1/2 1116.53 1.90[0] 1.38(4)[9] 2.58(4)[−1]
5P3/2 4D3/2 262.87 8.20[−2] 2.29(7)[9] 2.37(3)[−2]
5P3/2 4D5/2 266.66 8.14[−1] 2.17(7)[10] 1.55(2)[−1]
5P3/2 5S1/2 1003.93 3.81[0] 1.91(6)[9] 5.77(7)[−1]
6S1/2 5P1/2 414.00 5.00[−1] 7.14(22)[9] 1.83(2)[−1]
6S1/2 5P3/2 431.96 1.16[0] 1.46(4)[10] 2.04(2)[−1]
6P1/2 4D3/2 153.04 5.69[−2] 1.61(41)[10] 2.82(72)[−2]
6P1/2 5S1/2 268.36 1.23[−1] 6.47(93)[9] 6.98(99)[−2]
6P1/2 6S1/2 2408.57 6.35[0] 4.60(31)[8] 4.00(25)[−1]
6P3/2 4D3/2 151.96 1.14[−2] 1.64(38)[9] 6(1)[−3]
6P3/2 4D5/2 153.21 9.01[−2] 1.27(26)[10] 2.98(60)[−2]
6P3/2 5S1/2 265.06 1.46[−1] 3.97(27)[9] 8.36(52)[−2]
6P3/2 6S1/2 2166.27 1.27[1] 6.34(33)[8] 8.92(40)[−1]

Table 5. Comparison of the oscillator strengths for Tc VII, Ru VIII and Rh IX ions from our calculations
with available theoretical data. Uncertainties are given in parentheses.

Transition Ion fLkv
Present [14] B [16]

4D3/2 → 5P1/2 Tc VII 0.129(3) 0.135 0.154 0.157
Ru VIII 0.129(1) 0.153
Rh IX 0.127(1) 0.149

4D3/2 → 5P3/2 Tc VII 0.0250(5) 0.026 0.030 0.0296
Ru VIII 0.0248(2) 0.0286
Rh IX 0.0237(3) 0.0276

4D5/2 → 5P3/2 Tc VII 0.154(3) 0.161 0.183
5S1/2 → 5P1/2 Tc VII 0.265(3) 0.290 0.277 0.367

Ru VIII 0.265(3) 0.357
Rh IX 0.258(4) 0.348

5S1/2 → 5P3/2 Tc VII 0.597(11) 0.635 0.608 0.798
Ru VIII 0.587(6) 0.787
Rh IX 0.577(7) 0.775

5P1/2 → 6S1/2 Tc VII 0.184(3) 0.196 0.195
5P3/2 → 6S1/2 Tc VII 0.203(3) 0.215 0.214
6S1/2 → 6P1/2 Tc VII 0.429(4) 0.432
6S1/2 → 6P3/2 Tc VII 0.930(9) 0.935
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Table 6. The estimated lifetimes τ (in ps) for 5P1/2,3/2 and 6S1/2 states of Tc VII, Ru VIII and Rh IX
ions and their values from available data in the literature. Uncertainties are given in parentheses.

State Tc VII Ru VIII Rh IX

5P1/2 95(3) 60(2) 41(1)
86.90 [14], 76.80 [16] 49.60 [16] 34.00 [16]

5P3/2 91.16(43) 57.47(22) 39(1)
83.00 [14], 75.30 [16] 49.00 [16] 33.9 [16]

6S1/2 102(5) 67(2) 46(1)

5. Conclusions

In this work, we have reported a number of radiative properties of Tc VII, Ru VIII
and Rh IX ions by employing relativistic many-body perturbation theory involving all
the necessary corrections through third-order perturbation theory. This study consists
of precise estimations for line strengths, transition probabilities and absorption oscillator
strengths for a total of 42 transitions of these three ions, as well as the radiative lifetimes of
5P1/2,3/2 and 6S1/2 states of these ions. A total of 14 transitions were considered for each of
these ions occurring between all allowed nD3/2,5/2, n′S1/2 and n′P1/2,3/2 states with n = 4
and n′ = 5, 6. We have also compared our results with the previously reported values for a
few selected transitions and observed a reasonably good agreement among them, with the
exception of the study carried out by Zilitis [16]. Due to the scarcity of theoretical data, we
call for further theoretical and experimental investigations to confirm these results. Our
results with the quoted uncertainties can provide the desired benchmark for further studies
in many astrophysical processes and their future applications.
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