* universe

Article

Parameter Inference for Coalescing Massive Black Hole
Binaries Using Deep Learning

Wenhong Ruan 2*{, He Wang >*(, Chang Liu 12

check for
updates

Citation: Ruan, W.; Wang, H.; Liu, C,;
Guo, Z. Parameter Inference for
Coalescing Massive Black Hole
Binaries Using Deep Learning.
Universe 2023, 9, 407. https://
doi.org/10.3390/ universe9090407

Academic Editor: Lorenzo Iorio

Received: 4 August 2023
Revised: 3 September 2023
Accepted: 4 September 2023
Published: 6 September 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Zongkuan Guo 12°

School of Fundamental Physics and Mathematical Sciences, Hangzhou Institute for Advanced Study,
University of Chinese Academy of Sciences, Hangzhou 310024, China

School of Physical Sciences, University of Chinese Academy of Sciences, No. 19A Yuquan Road,
Beijing 100049, China

International Centre for Theoretical Physics Asia-Pacific, University of Chinese Academy of Sciences,
Beijing 100049, China

Taiji Laboratory for Gravitational Wave Universe, University of Chinese Academy of Sciences,
Beijing 100049, China

CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences,
Beijing 100190, China

Correspondence: ruanwenhong@ucas.ac.cn

Abstract: In the 2030s, a new era of gravitational wave (GW) observations will dawn as multiple
space-based GW detectors, such as the Laser Interferometer Space Antenna, Taiji, and TianQin, will
open the millihertz window for GW astronomy. These detectors are poised to detect a multitude of
GW signals emitted by different sources. It is a challenging task for GW data analysis to recover the
parameters of these sources at a low computational cost. Generally, the matched filtering approach
entails exploring an extensive parameter space for all resolvable sources, incurring a substantial
cost owing to the generation of GW waveform templates. To alleviate the challenge, we make an
attempt to perform parameter inference for coalescing massive black hole binaries (MBHBs) using
deep learning. The model trained in this work has the capability to produce 50,000 posterior samples
for the redshifted total mass, mass ratio, coalescence time, and luminosity distance of an MBHB
in about twenty seconds. Our model can serve as an effective data pre-processing tool, reducing
the volume of parameter space by more than four orders of magnitude for MBHB signals with a
signal-to-noise ratio larger than 100. Moreover, the model exhibits robustness when handling input
data that contain multiple MBHB signals.

Keywords: gravitational wave; artificial intelligence; machine learning; coalescence of binary compact
objects

1. Introduction

Several space-based gravitational wave (GW) detectors are expected to launch in
the 2030s, including the Laser Interferometer Space Antenna (LISA) [1], Taiji [2], and
TianQin [3], which will conduct all-sky surveys of GWs in the millihertz frequency band.
One of the key focal points for these detectors is the GW signals emitted by coalescing
massive black hole binaries (MBHBs) with total masses ranging from 10°M, to 10M,.
Based on the estimations from population models, it is expected to detect more than one
MBHB coalescence per year [4]. It is a key task for space-based GW data analysis to recover
the parameters of these systems. By harnessing this information, we can trace the origin,
growth, and merger history of MBHBs.

Typically, the matched filtering (MF) method [5] stands as the primary choice for
analyzing a weak signal buried in noise. It has been widely used to infer the parameters
of stellar-mass binary black holes (BBHs) for ground-based GW detection [6-8]. However,
the method is computationally expensive due to the extensive generation of waveform

Universe 2023, 9, 407. https:/ /doi.org/10.3390 /universe9090407

https:/ /www.mdpi.com/journal/universe


https://doi.org/10.3390/universe9090407
https://doi.org/10.3390/universe9090407
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/universe
https://www.mdpi.com
https://orcid.org/0000-0002-0367-3652
https://orcid.org/0000-0002-1353-391X
https://orcid.org/0000-0002-3111-5957
https://orcid.org/0000-0002-7150-2855
https://doi.org/10.3390/universe9090407
https://www.mdpi.com/journal/universe
https://www.mdpi.com/article/10.3390/universe9090407?type=check_update&version=1

Universe 2023, 9, 407

20f11

templates during the stochastic exploration of parameter space. As the number of GW
events detected by LIGO/Virgo Collaboration continues to surge, the substantial cost of the
MF method becomes increasingly problematic. The challenge further intensifies when ap-
plying the MF method to space-based GW detection, because the GW waveform templates
are more complicated due to the motion of detectors and the application of the time-delay
interferometry (TDI) technique [9]. Moreover, GW signals emitted by some sources can be
observed for several days, weeks, or even months during the lifetime of a detector. This
is the case for MBHBs considered in this work. It is foreseeable that the strain data of the
detector will contain a mixture of multiple GW signals from different sources. Generally,
a global fit analysis has been proposed to recover the source parameters of all resolvable
signals [10-12]. The method explores the large parameter space of the parameters of all
sources, resulting in a considerable computational cost. As the launch time of the space-
based GW detectors approaches, there is a necessary and urgent need to develop novel
techniques that can effectively mitigate the computational cost of parameter inference.

Currently, the application of deep learning in parameter inference has garnered signif-
icant attention within the GW community. Many researchers have applied deep learning
models to produce the posterior for source parameters of stellar-mass BBHs [13-21]. Some
of the models can achieve comparable performance with the MF approach on the GW
events detected by LIGO/ Virgo. Moreover, some authors have considered the parameter
inference for space-based GW detection through deep learning models in [22]. The authors
implement a successful example of producing a two-dimensional posterior for MBHBs with
components’ masses 117 5 € [1.25,10] x 10° My, using a deep learning model. Their model
is trained on the family of 2.5 PN TaylorF2 waveforms, which are characterized by five pa-
rameters: masses and spins of the two black holes, as well as the signal-to-noise ratio (SNR)
of the waveform. Moreover, the detector responses of TDI channels are not considered.

In this paper, we present an implementation of parameter inference for nonprocessing
spinning MBHBs using a deep learning model based on the normalizing flow (NF) [23].
Actually, the NF architecture has demonstrated remarkable capability in parameter in-
ference for ground-based GW sources [16-18,21]. In light of this success, we make an
attempt to extend its application to coalescing MBHBs detected by future space-based
GW detectors. Taking the simulated LISA data as input, our model has the ability to
produce a reliable posterior for redshifted total mass, mass ratio, coalescence time, and
luminosity distance of MBHBs with instrumental noise. The model only takes about twenty
seconds to draw 50,000 posterior samples for the four parameters, which is much faster
than the MF approach. The prototype global fit analysis takes O(5) days to process a year
of data using O(10%) CPUs [12]. Although our model provides less precise ranges of the
parameters compared to the MF approach, we introduce an attempt at parameter infer-
ence for coalescing massive black hole binaries. It serves as valuable data pre-processing.
Specifically, the model rapidly establishes a narrowed prior within tens of seconds, which
is negligible when contrasted with the time-consuming random sampling in the parameter
space. And the computational cost of the MF can be reduced by adopting the narrowed
prior. Furthermore, our model shows robustness against the presence of multiple MBHB
signals in strain data. This noteworthy characteristic indicates it as a potential candidate
for integration with the global fit analysis, enabling a lower computational cost to recover
the source parameters of all resolvable MBHB signals. In this work, we use simulated
LISA data to train our model. In principle, it can be easily extended to other space-based
GW detectors.

The paper is organized as follows. In Section 2, we introduce the framework of our
model. In Section 3, we illustrate the generation of simulated LISA data used to train and
test the model. Next, Section 4 shows the test results of our model. Finally, we give a
summary and discussions in Section 5.
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2. Model

Our task is to obtain the posterior p(®|s) of the source parameters ® from the strain
data s. To achieve the target, we construct a generative model conditioned on the strain data
to draw samples of a random variable 0. In other words, the model is a sample generator
of conditional distribution g(6|s). By tuning the learnable parameters of the model during
training, the conditional distribution transforms into an estimation of the posterior for
source parameters. Practically, we combine a convolutional neural network (CNN) [24] and
an NF to construct the model. The framework of our model is shown in Figure 1, which
can be divided into two parts.

......................................................

feature vector [
Residual network

:

’

%22 blocks

Figure 1. Framework of the neural network used in this work. The small black dashed box represents
the CNN used to extract key features from the strain data s. The large black dashed box depicts the
block of the NF, and the number of the blocks is set to 22. The initial variable z is transformed to 6
after passing through the whole neural network.

The first part of the model is designed to extract key features from the strain data s, as
indicated in Figure 1 within the smaller black dashed box. This part is required to encode
the features into a low-dimensional output, as a higher-dimensional output would lead to
an increase in the parameters of the subsequent network, consequently raising the cost of
the training process. We have explored several neural network structures commonly used
in the GW community to implement this part, and after careful consideration, we settled
on the CNN due to its final performance and training difficulty. Specifically, the CNN is
composed of three convolutional layers and three fully connected layers. It encodes the key
information of the strain data in a feature vector [ to input the rest part of the model. The
dimension of / is set to 256 in this work.

The second part of the model is implemented using an NF, which describes the
transformation of an initial probability distribution into another probability distribution.
The transformation is defined as an invertible and smooth mapping f; : R® — RP, where
D is the dimension of sample space. In this paper, we set D = 4 for redshifted total
mass, mass ratio, coalescence time, and luminosity distance of MBHB. Note that the NF is
conditioned on the feature vector /. Applying the transformation on a random variable z
with distribution 77(z), the resulting random variable 6 = f;(z) obeys the distribution [23]

i
det| =—
“(3)
The transform comprises a series of artificially defined invertible and smooth mappings,
which can be written as

-1

q(0]s) = 7(z) 1)

fi(z) = fino fin—10--0 fii(2). 2)
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Each mapping f;; (i = 1,---,N) represents a block of the NF, which corresponds to
the bigger black dashed box in Figure 1. There are many types of NF due to different
designs of the mapping f; ;. In this work, we adopt a neural spline flow [25] that is also
used in some studies of ground-based GW data analysis [16-18]. The construction of
the neural spline flow block is depicted within the bigger black dashed box in Figure 1.
For the input z() = f;; 0+ 0 f;(z) of the (i + 1)th block, it undergoes an initial step of
random permutation through an intermediate layer that is implemented using the LU-
decomposition approach [26]. The layer ensures the components of z() can interact with
others. Then, the output of the permutation layer is split into two parts, which can be
written as

20 = [y 1 2ip) ©
Next, z() is inputted to a monotonic rational quadratic (RQ) function G; ;, which transforms
the two parts of z()) separately via

(i) o

. Z} ifj <d,

Gz =37 oy L @)
1 goi(#) ifj>d,

where g, is an artificially defined function parameterized by ¢; and the parameters are
determined by / and 2%71. Specifically, the function g, maps an interval [-L, L] to [-L, L]
and divides the interval into K bins (see more details in Figure 1 of [25]). Each bin is
continuously separated by K + 1 coordinates {(x*), y®))}K  with (x(),y®) = (L, L)
and (x(K),y(K)) = (L, L). For x € [~L, L], the function in the kth bin is evaluated through a
monotonically increasing function given by [25]

(y(k+1) — y(k)) [T(k)(;d + 001 — g)]

(k) _ K
x — x(®)
S(x) = oD — 0 (6)
® _ YD) () ”

x(k+1) _ (k)7

where 66 denotes the derivative of the function at coordinate (x(¥), y(¥)) and the derivatives
of boundaries {6(%), 5(K)} are set to 1. Therefore, the function $¢; is parameterized by 3K — 1
parameters, which can be written as

o = [o¥ ol o). ®

Here, 2K of the parameters ¢ and gof«l determine the widths and heights of the K bins,
respectively. The remaining K — 1 of the parameters ¢¢ determine the boundary derivatives
{60 }ngll. For the neural spline flow used in this work, the parameters ¢; are given by
a residual network [27] that takes the feature vector [ and the zgl:‘)i_l part as input. The
residual network contains 14 residual blocks, and each block is combined with two fully
connected hidden layers of 512 units. Moreover, we train models with a different number
N of the blocks of NF and a number K of bins. We finally choose N = 22 and K = 8 after
comparing the performance of the models. As shown in Figure 1, the initial variable z is
transformed to the variable 6 after passing through all blocks of the NF and a permutation
layer. Generally, one can choose a simple distribution 7(z) that is convenient for drawing
samples of the variable z. We take 77(z) as the standard multivariate normal distribution in
this work.
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To make the distribution g(6|s) described by the model close to the GW posterior
p(O|s), we train the model using the expected value of the cross entropy between the two
distributions, which is given as [16]

H(p,q) = —/ds p(S)/dG p(0]s)logq(8]s). )

Practically, we train the model by minimizing the cross entropy, which is a metric of the
difference between two distributions. However, it is difficult to obtain the posterior p(6|s)
in the integral. The posterior can be converted to likelihood using Bayes’ theorem, and
then the cross entropy can be written as

H(p,q) = —/d9p(9>/dSP(SIG)logq(GIS)- (10)

In the training stage, the training dataset is divided into many mini-batches. H(p, 4) should
be calculated on every mini-batch, and the integral can be estimated using a Monte Carlo
approximation [16,18]

1 B
H(p,q) = B Z Ing(6ulsn), (11)
n=1

where B denotes the batch size and s, represents the nth simulated strain data on the
minibatch. Note that 6,, is drawn from the prior of source parameters and s, is generated
using the composition of GW waveform and noise, which will be explained in detail in
Section 3. Furthermore, we use the Adam optimizer [28] to minimize the cross entropy
stochastically on minibatches. In this work, we implement the model based on PyTorch [29],
nflows [30] and codes shared in [31].

3. Datasets

The strain data s considered in this work is composed of the GW signal and detector
noise, which can be written as
s =h(®)+mn, (12)

where 11(©) is a GW signal from MBHB with the parameter © and 7 is the detector noise.
We simulate GW signals used in the training and test stage using the IMRPhenomD wave-
forms [32,33], which model nonprecessing spinning inspiral-merger-ringdown waveforms.
The GW waveforms are generated with random sampling over an 11-dimensional set of
source parameters: redshifted total mass M, mass ratio ¢, coalescence time f., luminosity
distance d;, dimensionless spins (s1,, 52z ), inclination angle ¢, ecliptic latitude B, ecliptic lon-
gitude A, reference phase ¢, and polarization angle . The priors of the source parameters
are listed in Table 1. The range of coalescence time covers nearly a whole year, and the range
of luminosity distance is converted from the range of redshifts z € [0.5, 5] assuming a flat
ACDM cosmology with (), = 0.31, Q5 = 0.69, and Hy = 67.74 [34]. Moreover, to simulate
the GW signal in real data, the IMRPhenomD waveforms should be modulated using
the response function. For LISA, one of the strongest components of instrumental noise
is the laser phase noise. It can be suppressed using the TDI technique, which combines
measurements from different arms of LISA into a composite observable [9]. We choose
the uncorrelated TDI observables A and E [35] as two channels of the input data passing
through our model. Moreover, for the random noise # in strain data, we generate Gaussian
instrumental noises of the A and E channels using the power-spectral density stated in
the LISA Science Requirement Document [36]. In this work, the simulated GW signals are
generated using codes of LISA Data Challenge Group (LDC) [37], and the instrumental
noises are generated using the PyCBC package [38].

For each TDI channel, we set the number of the input data points as 98,304 and the
sampling time interval as 5 s. During each epoch of the training process, we generate
60,000 GW signals by randomly drawing source parameters from the prior and combining
them with random noises. This approach effectively prevents overfitting and enhances
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the robustness of the model. As is standard practice in training deep learning models, the
training dataset is split into two sets for training and validation. Specifically, 90% of the
data are allocated for training, while the remaining data are utilized for validation.

Table 1. Priors of the source parameters used in this work.

Parameter Prior
M LogUniform[10° M, 10" M
q Uniform[1, 5]
te Uniform|[3 d, 365 d]
dy Uniform[2910 Mpc, 47,312 Mpc|3
(512, 52z2) Uniform[—1,1]
cos!t Uniform[—1,1]
sin 8 Uniform[—1,1]
A Uniform|0, 27|
$e Uniform|0, 27|
P Uniform[0, 7]

4. Results

In this work, we trained many models on an NVIDIA Tesla A40 GPU, experimenting
with different learning rates, batch sizes, and hyperparameters. We evaluated the perfor-
mance of these models based on their final validation loss. The test results reported in this
paper correspond to the model that achieves the lowest validation loss. The model was
trained for about 5 days, employing a batch size of 512 and a total of 3200 epochs. Moreover,
the learning rate was set to 0.0001 at the beginning, which gradually decreased due to
cosine annealing [39] in the training process. The model takes only about twenty seconds
to produce 50,000 posterior samples of the redshifted total mass, mass ratio, coalescence
time, and luminosity distance for an MBHB signal.

Generally, it is convenient to demonstrate the reliability of a generative model through
the Kolmogorov-Smirnov (KS) test [40]. We conducted the KS test on our model using a
dataset containing 1000 simulated strain data. The GW signals injected in the strain data
were generated with source parameters randomly drawn from the prior shown in Table 1.
For each test signal, our model produced 20,000 samples to estimate the posterior for the
four source parameters. The results of the test are summarized in the P-P plot shown in
Figure 2. The p-values of the four parameters are given in the upper left corner of the figure.
The colored lines in the figure represent the empirical cumulative distribution function
(CDF) of the number of times that the true value for each parameter fell within a credible
interval p, as a function of p. As shown in the figure, the empirical CDF lines provided by
our model lie close to the true CDF line (the diagonal black dashed line), which confirms
that our model is a reliable estimator of the GW posterior.

Compared with the uncertainties of source parameters given by the MF approach, our
model provides rougher estimations of the source parameters. Nonetheless, the model can
produce an estimated posterior in tens of seconds, which is valuable for data pre-processing.
Based on the output of our model, we can determine a substantially narrowed prior in
comparison to the initial prior used in the MF approach. The additional time cost incurred
by our model is negligible compared to the cost of the stochastic exploration of parameter
space. Figure 3 shows the reduction in parameter space volume with the help of our model
as a function of SNR. Specifically, we estimate the value based on the 90% credible region
obtained from the posterior samples produced by our model in the KS test. The initial
priors for M, g, and d; used in the MF approach are assumed to be the same as the priors
in Table 1. And the initial prior for t. is assumed to be the input length of our model. We
average the estimated reductions in parameter space volume for each bin of SNRs. As
shown in Figure 3, our model provides a greater reduction for the MBHB with a larger SNR.
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The model is capable of reducing the parameter space volume by more than four orders of
magnitude when SNR > 100.
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Figure 2. P-P plot for redshifted total mass M (blue), mass ratio g (green), coalescence time t. (orange),
and luminosity distance dy, (red) of MBHB. We generate a test dataset composed of 1000 simulated
strain data to conduct the KS test for our model, and the p-values are listed in the upper left corner.
The model produces 20,000 samples for each test data. The colored lines denote the empirical CDF
provided by the model, and the black dashed line denotes the true CDF. The grey regions represent
the 10, 20 and 3¢ confidence bounds.

1074

2
I

2
I

Reduction of parameter space volume

102 10°

SNR
Figure 3. Reduction in parameter space volume as a function of SNR. The value of reduction is
calculated based on a 90% credible region obtained from the posterior samples produced by our
model in the KS test. The blue line denotes the average value calculated for each bin of SNR.

Considering that a GW signal emitted by MBHB can evolve in the sensitive frequency
band of LISA for days, months, or even years, it is foreseeable that multiple MBHB signals
will be superimposed in real data. Although our model is trained on the strain data
containing a single MBHB signal, it also exhibits robustness when dealing with data that
contain multiple signals. The LDC group simulated one year of LISA data comprising a
mixture of 15 MBHB signals, with these systems undergoing mergers at different times
throughout the year [41]. We composed a mixture signal and instrumental noise to test the
performance of our model on multiple signals. Note that eight of the MBHBs possessed
parameters falling within the priors listed in Table 1, whereas the remaining MBHBs had
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luminosity distances beyond the specified range. Thus, the test for our model focused on
the eight MBHBs which are labeled LDC with numbers {1,2,3,8,9,10,13,14,15}. Asa
comparison, we additionally generated eight GW signals individually using the parameters
provided by LDC for these systems. We then combined each signal with its respective
noise separately to test the performance of our model. Due to the input length limitations
of the model, the merger phase of MBHB 2 always exists in input data with the merger
phase of another MBHB. The model cannot produce reliable samples for the input data
containing multiple merger phases. For the other seven MBHBs, our model produced
similar posteriors in both single-signal and multiple-signal cases. Figure 4 shows the
estimated posteriors of the MBHB 14 produced by the model in these two scenarios. The
MBHB 14 is the first one to evolve to the merger phase, which means the GW signal from
it is overlapped with the inspiral phases of all other GW signals. As shown in Figure 4,
the marginalized one- and two-dimensional posterior distributions of the multiple-signal
case (blue) closely align with those of the single-signal case (orange). Our model has
the capability to adapt effectively when multiple MBHB signals are observed during the
lifetime of LISA. It is expected that the model can contribute to the global fit analysis by
determining a reduced parameter space.

H —— multiple signals

L&k single signal

g
= e"?)b = < JJ 1
S (C W‘JJ I h
‘o";"')b‘ ~ = "JJ R
g > r:
RN === N/ I

/}\’\ & el N v > © o> »

© o o '
N ~ ~ ~ ¢ hed » > >
»° »

o
&

M [Mo] q t. [day]l d; [Gpc]

Figure 4. Posterior distributions of the redshifted total mass M, mass ratio g, coalescence time ., and
luminosity distance d; produced by our model. The orange line denotes the result for a single MBHB
signal and the blue line denotes the result for the same signal overlapped with the inspiral phases of
other 14 MBHB signals. The model produces 50,000 posterior samples for each case.

5. Summary and Discussions

In this paper, we presented the implementation of parameter inference using deep
learning for coalescing MBHBs. While training a deep learning model may require some
time, and it took several days in this study, it can produce a large number of posterior
samples of source parameters in a very short duration. Our model has the ability to
generate 50,000 samples of the four source parameters in about twenty seconds. Due to
the complexity of the strain data raised from the motion of space-based detectors and
the TDI technique, the current model cannot achieve comparable precision of parameter
inference when compared with the MF approach. However, it remains feasible to treat the
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model as a data pre-processing tool that effectively reduces the parameter space volume
by over four orders of magnitude for MBHB signals with an SNR > 100. This reduction
consequently reduces the computational cost of the follow-up exploration of parameter
space accordingly.

In reality, the real data of space-based GW detection may contain many unexpected
features. Therefore, the current simulated data cannot be completely consistent with future
real-world scenarios. However, the generalization ability of deep learning enables it to
work beyond the scope of training data, making it adaptable to handle unseen variations
and unexpected features that may arise in the future. Although our model is trained on data
containing a single MBHB signal, it exhibits robustness when analysing data containing
multiple MBHB signals. In our test, the model yields similar posteriors for both scenarios,
showcasing the potential of deep learning to be integrated with a global fit analysis for
analyzing real LISA data. This combined approach holds promising prospects for handling
numerous resolvable GW signals at a low computational cost.

The generalization capability of the deep learning model can be further extended. In
this work, we trained the model on Gaussian instrumental noise. Nevertheless, during real
detection, other noise components will be present, such as non-Gaussian and non-stationary
foreground noise composed of tens of millions of GW signals from Galactic binaries, as
well as data gaps and glitches [42]. Currently, our model has not been extended to analyze
input data containing these components. It can be handled by artificially adding these
components to the training data and increasing the complexity of the neural network. Due
to the superior ability of deep learning in dealing with unknown data features, it holds
great potential for further development in space-based GW data analysis.
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