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1. Introduction

The liquid drop model [1] describes the isotopic dependence of the nuclear binding
energy in terms of only five adjustable coupling constants, each of them with a simple
physical interpretation [2]. Furthermore, by considering a system with an equal number of
neutrons and protons and neglecting electromagnetic and pairing effects [3], the binding
energy simply consists of a balance between volume and surface terms. Despite the atomic
nucleus being a very complex many-body system, the droplet interpretation provides us
with a unique insight into basic nuclear phenomena such as fusion or fission.

Instead of describing the nucleus as a droplet, it is, however, realistic to adopt a more
microscopic approach by using mean field methods [4]. By solving the self-consistent
Hartree–Fock (HF) equations using an effective nucleon-nucleon interaction plus BCS [1] to
take into account superfluid effects, one can describe a large variety of nuclear observables
such as masses or radii [5] with great accuracy [6] without assuming any a priori shape
of the system. The quality of the HF calculations strongly depends on the properties of
the underlying effective interaction used. Within the scientific literature, one finds a large
variety of them, but limiting ourselves to the non-relativistic case, we can clearly identify
two major families: the zero-range Skyrme interaction [7] and the finite-range ones such as
Gogny [8] and Nakada [9].

These interactions are characterised by a small set of adjustable coupling constants,
typically about ten [10], that are constrained during a fitting procedure [11]. There is no
global consensus on the pool of observables used in the optimisation procedure of the
coupling constants, but it is quite a common practice to perform the fit using infinite nuclear
matter (INM) properties in order to constrain the volume part and finite nuclei properties
to properly take into account surface and finite size effects. As an example, we refer the
reader to Refs. [12,13], where two different protocols have been implemented in order to
adjust the coupling constants of the effective interactions.

Several articles have highlighted the strong correlation between the surface energy
associated with an effective interaction and deformation properties, with particular attention
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to fission (see, for example, Refs. [14,15] and references therein). In particular, it has been
shown that with a surface energy coefficient as ≈ 18 MeV, the resulting interaction is
capable of reproducing reasonably well deformation properties and fission barrier of some
selected nuclei. Exploiting such a correlation during a fitting procedure is very important
since instead of calculating the properties of a deformed nucleus or a fission barrier, which
are quite computationally expensive, one can calculate the surface energy in a simpler
system such as semi-infinite nuclear matter (SINM), eventually using some semi-classical
approximation [14]. Our aim is to study some relevant Gogny parametrisations and
examine the differences between the HF value of the surface energy and the semi-classical
one as in the recent article [16]. The aim of the present article is a first step in that direction
and represents an extension of the pioneering work of Côté and Pearson [17] in SINM.
In this paper, we present a new numerical HF solver for SINM and the associated numerical
procedure capable of handling the most recent Gogny parametrisations.

The article is organised as follows: in Section 2.1, we briefly discuss the properties
of infinite nuclear matter of a few selected Gogny interactions; in Section 2.2, we present
the formalism of the Hartree–Fock equations in SINM, while in Section 3, we present our
results. The conclusions are drawn in Section 4.

2. Materials and Methods
2.1. Infinite Nuclear Matter

INM is an ideal homogeneous system where finite size effects and Coulomb interactions
are neglected. The system is infinite along all directions and characterised solely by the
neutron and proton densities ρn and ρp. By varying the asymmetry parameter β ≡ ρn−ρp

ρ

with ρ = ρn + ρp, we can go from symmetric nuclear matter to a system made only of
pure neutron matter. Note that in the following, we will always consider spin-saturated
systems since they are sufficient to cover our goal. Despite being ideal, INM is, however,
very interesting since several quantities of interest, such as the energy per particle, can
be calculated using various many-body methods and thus offer a unique opportunity
to compare various techniques. Moreover, INM can also be used in practice to describe
physical objects such as neutron stars [18]. In the following section, we will restrain
ourselves to a mean field description of the system using an effective Gogny interaction of
the form.

V(r1, r2) = VC(r1, r2) + VDD(r1, r2) + VSO(r1, r2), (1)

where the various terms read

VC(r1, r2) = ∑
i
(Wi + BiPσ − HiPτ −MiPσPτ)e−r2

12/µ2
i (2)

VDD(r1, r2) = t3(1 + x3Pσ)ρ
γδ(r12 (3)

VSO(r1, r2) = iW0(k′ × k)(σ1 + σ2)δ(r12) (4)

where Pσ, Pτ are the spin/isospin exchange operators, r12 = r1 − r2, k = − i
2 (∇1 −∇2) is

the relative momentum operator acting on the right and k′ its conjugate acting on the left,
and σi are the Pauli matrices. See Refs. [10,19] for more details. The density-dependent
term, VDD(r1, r2), and the spin-orbit one, VSO(r1, r2), have the same form as in the Skyrme
interaction both being zero-range [7]. A second density-dependent term of the form
VDDb(r1, r2) = t3b(1+ x3bPσ)ργb δ(r12) has been considered for the D1P parametrisation [20]
in order to gain more flexibility in the fitting procedure. Within the scientific literature, some
non-trivial extensions of the Gogny interaction have also been suggested: for example,
D1ST2A [21] and GT2 [22] include an explicit tensor term or the more recent D2 [23]
parametrisation that replaces the zero-range density-dependent term by a finite-range one.
For sake of simplicity, we investigate in the current article the surface properties of various
Gogny parametrisations of the standard form given in Equation (1) only.
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Given the interaction, it is then possible to derive INM properties. In Figure 1, we show
by instance the energy per particle (E/A) in symmetric nuclear matter for the standard
Gogny interactions considered here. As expected, all of them produce a very similar
equation of state on a large density range.
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Figure 1. (Color online) Energy per particle in symmetric nuclear matter as a function of the density
for various standard Gogny interactions.

In Table 1, we also provide a summary of some other INM properties, such as the
energy per particle at saturation density, the saturation density, the isoscalar effective mass
m∗/m, the symmetry energy J and its first derivative L. We notice that all these interactions
give very similar values for the effective mass and symmetry energy, while they differ on
their slope L.

The original D1 interaction [8] was developed and used for systematic calculations
in finite nuclei. However, in Ref. [24], the authors showed that D1 was not suitable for
the description of properties of fissile nuclei such as 240Pu. For such a reason, a new
interaction, named D1S [8], was suggested. D1S has been since widely used for nuclear
structure calculations; however, from Table 1, one sees that some bulk properties are still
not fully satisfactory as for example the very small value of L clearly incompatible with
the values currently adopted in the literature [25] and arising from various experimental
measurements such as neutron skins of heavy nuclei or neutron star properties [26–29].
In order to mitigate the poor description of neutron-rich nuclei of D1S, a new interaction
D1N has been developed [30], showing that it was possible to provide a good reproduction
of both INM and finite nuclei properties using this type of finite range interaction.
The D1M [31] interaction has finally been fitted in this spirit by trying to further improve
the description of finite nuclei by taking explicitly into account some effects beyond mean
field level [32]. At the present time, this is the only effective finite-range interaction that can
be used to produce a large-scale calculation of nuclear binding energies with an average
discrepancy, compared to experiment, of less than 1 MeV [33].

The study of INM properties gives us precious information about the bulk properties
of the nuclear interaction, but in order to have an insight into surface properties, we need
to move to the SINM, as discussed in the next section.

Table 1. INM properties of selected Gogny interactions. See text for details.

E/A(ρ0) [MeV] ρ0 [fm−3 ] m∗/m J [MeV] L [MeV]

D1 [8] −16.30 0.166 0.670 30.70 18.36
D1S [8] −16.01 0.163 0.697 31.13 22.43

D1N [30] −15.94 0.161 0.657 29.58 33.58
D1M [31] −15.92 0.165 0.749 28.55 24.75
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2.2. Semi Infinite Nuclear Matter

Following the original work of Swiatecki [34], we define SINM as an infinite medium
along two directions, say x, y in cartesian coordinates, and with a well-defined surface along
the z-axis. Along this direction, the matter density ρ varies between two asymptotic values:

lim
z→±∞

ρ(z) =
{

ρ0 ,
0 .

(5)

Since the system is infinite along z, the above asymptotic value ρ0 is not impacted by the
presence of a surface around z = 0 and is thus set to the standard INM value.

In Figure 2, we illustrate the results of various Hartree–Fock calculations in SINM using
the selected Gogny interactions. In this article, we provide a general formalism to study
SINM at any value of isospin asymmetry, but for the moment, we will present numerical
results only for systems with an equal number of neutrons and protons, i.e., β = 0.
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Figure 2. Total density profile for various Gogny interactions calculated in SINM at β = 0. See text
for details.

We observe that the density does not fall abruptly at z = 0 but exhibits a diffusivity
directly linked to the chosen interaction. We also notice that the density in the matter side
is not totally flat but presents the so-called Friedel oscillations [35] that persist over a large
range of z. Since these oscillations are only very slowly damped, they may impact the
estimate of the surface energy. This problem has been extensively discussed in Ref. [14],
and we will briefly return to it in Section 3.2. Since the selected Gogny interactions have
different saturation densities, as shown in Table 1, we observe that the asymptotic value of
ρ(z) is different when approaching the edge of the box.

In order to perform our study, we follow the procedure detailed in Ref. [17] i.e., we
consider a slab of this medium with a unit cross section in the (x, y) plane and extending
between [−L, L] in the z-direction. The total energy of such a system reads

EL =
∫ L

−L
E(z)dz, (6)

where E(z) is the energy density. We then calculate the same quantity over the same range,
but considering that we have INM in the whole range. In that case, we obtain

E′L = av

∫ L

−L
ρ(z)dz, (7)

where av = E/A(ρ0) is the energy per particle of INM. By definition, the difference between
these two quantities represents the surface energy per unit area

σ = lim
L→∞

∫ L

−L
(E(z)− avρ(z))dz (8)
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which can be converted into the surface energy per nucleon as

as =

(
36π

ρ2
0

) 1
3

σ. (9)

The above considerations are quite general, and the use of a specific approach (Hartree–Fock,
Thomas–Fermi, . . . ) is now required to calculate explicitly E(z) and ρ(z). We proceed now
to discuss the Hartree–Fock equations, which is the approach used in the present work.
Assuming that the wavefunction of the system can be described as a Slater determinant,
the HF equations for SINM can be easily obtained. They read{

− h̄2

2m
∇2 + U(z, kz, kt) + USO

q (z)(k× σ)z

}
φµ(r) = εµ(r)φµ(r) (10)

where µ is a generic index that stands for the quantum numbers of the system. At this stage,
in order to simplify the notation, we neglect the isospin dependence. Since the system is
infinite and homogeneous in the x, y plane, it is convenient to use a mixed representation of
the wavefunction in coordinate and momentum spaces. Following Ref. [36], we write it as

φµ(r) =
√

2ψλ(z, kz, kt)χλ(k̂t)eikt ·r (11)

where kt is the transverse momentum (with respect to the surface). As discussed in
Ref. [17] the spinor χλ(k̂t) is an eigenvector of (k× σ)z with eigenstates λ = ±1. Injecting
Equation (11) in Equation (10), we obtain(

− h̄2

2m
d2

dz2 + U0
q (z) + λktUSO

q (z)− εq(kz, kt) +
h̄2k2

t
2m

)
ψqλ(z, kz, kt) =

∫ ∞

−∞
U1

q (z, z′, kt, kz)ψqλ(z′, kz, kt)dz′ , (12)

where U0
q , U1

q , USO
q represent the Hartree, Fock and spin-orbit contributions and q is an

index that stands for neutrons and protons. For a standard Gogny interaction considered
here, these fields read

U0
q (z) =

π

2 ∑
i

µ2
i

∫ ∞

−∞

[
(2Wi + Bi)ρ(z′)− (2Hi + Mi)ρq(z′)

]
e−(z−z′)2/µ2

i dz′ − W0

2
d
dz
(

J(z) + Jq(z)
)

+ t3ρα(z)
[(

1 +
x3

2

)
ρ(z)−

(
1
2
+ x3

)
ρq(z)

]
+

t3

8
αρα+1(z)

[
3− (2x3 + 1)β2

]
+ t3ρα(z)

[(
1 +

x3

2

)
ρ(z)−

(
1
2
+ x3

)
ρq(z)

]

+
t3

2
αρα−1(z)

(1 +
x3

2

)
ρ2(z)−

(
1
2
+ x3

)
∑
q′

ρ2
q′(z)

, (13)

U1
q (z, z′, kt, kz) =

1
2π ∑

i
∑
q′

∑
λ

µ2
i e−(z−z′)2/µ2

i

[
(2Mi + Hi)− (2Bi + Wi)δqq′

]

×
∫ kFq

0

∫ √k2
Fq−k′z

2

0
k′tψ
∗
q′λ(z, k′z, k′t)ψq′λ(z

′, k′z, k′t)e
−µ2

i (k
2
t +k

′2
t )/4 I0

(
µ2

i ktk′t
2

)
dk′tdk′z, (14)

USO
q (z) =

1
2

W0
(
∇ρ(z) +∇ρq(z)

)
. (15)



Universe 2023, 9, 398 6 of 11

where kFq = (3π2ρq)1/3 represents the Fermi momentum of each species and I0(x) is the
modified Bessel function of zeroth order [37]. Moreover, the explicit expressions of the local
matter density and spin-current density entering the above equations are

ρq(z) =
1

π2 ∑
λ

∫ kFq

0

∫ √k2
Fq−k2

z

0
|ψqλ(z, kz, kt)|2ktdktdkz (16)

J(z) =
1

π2 ∑
λ

λ
∫ kFq

0

∫ √k2
Fq−k2

z

0
|ψqλ(z, kz, kt)|2k2

t dktdkz (17)

It is important to notice that J(z) is only non-zero along the z direction and vanishes when
the spin-orbit interaction is set to zero. In order to calculate the total energy, we will also
make use of the kinetic energy density

τq(z) =
1

π2 ∑
λ

∫ kFq

0

∫ √k2
Fq−k2

z

0

[
|ψqλ(z, kz, kt)|2k2

t + |ψ′qλ(z, kz, kt)|2
]
dktdkz. (18)

In Figure 3, we show the total kinetic density (left panel) and total spin current (right
panel) for the Gogny interactions studied in this article. As expected, the spin-current
density is strongly localised at the surface of the system and asymptotically goes to 0
since the spin-orbit field vanishes in such a limit. Due to the time-reversal breaking [38],
an additional non-local spin orbit field Wq(z, z′) should also be considered, but according
to the numerical tests done in Ref. [17], such a term can be safely neglected in order to
simplify our task.
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Figure 3. Total kinetic and spin-current density profile for various Gogny interactions calculated in
SINM at β = 0. See text for details.

By solving Equation (12) via the numerical procedure detailed in Section 3.1, we can
calculate the total energy density of the system as

E(z) = 1
2 ∑

q

{
εq(z) +

h̄2

2m
τq(z)

}
−Urearr(z)ρ(z) (19)

where

εq(z) =
1

π2 ∑
λ

∫ kFq

0

∫ √k2
Fq−k2

z

0
εqλ(kz, kt)|ψqλ(z, kz, kt)|2ktdktdkz (20)

Urearr(z) = αt3ρ(z)α−1

[
1
2

(
1 +

x3

2

)
ρ(z)2 − 1

4
(1 + 2x3)∑

q
ρq(z)2

]
(21)
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Urearr(z) is a rearrangement term arising from the explicit density dependence of the Gogny
interaction 1. Finally, Equation (19) together with Equation (16) allows us to calculate the
surface energy of the system using Equation (9).

In the previous derivation, we have explicitly neglected the effects arising from the
presence of a residual pairing interaction. Previous studies [39,40] have shown that the
pairing field is peaked at the surface of SINM; we thus may expect that it could have
an impact on the diffusivity of the density and thus on the values of the surface energy.
An accurate study would require us to describe the system using Hartree–Fock–Bogoliubov
(HFB) equations [1]. Since the pairing field has a smaller magnitude than the central and
spin-orbit fields, we may assume that the error we introduce by using HF instead of HFB is
quite small.

3. Results
3.1. Numerical Procedure

The most natural way to solve Equation (12) is to use the Numerov method [41].
To this purpose, we express the single particle wave function in the two asymptotic regions
along the z axis

lim
z→±∞

ψqλ(z, kz, kt) =

{
sin
(
kzz + δqλ(kz, kt)

)
Aqλ(kz, kt)exp

[
−γq(kz, kt)z

]
.

(22)

Using these expressions at the edge of the box L, we can propagate backward (forward) the
solutions using the Numerov algorithm 2 and identify both the constant Aqλ and the phase
shift δqλ using a matching procedure [42] for a given value of the pair of momenta kz, kt for
fixed λ and q. The quantity γq(kz, kt) is fixed as

γq(kz, kt) =

√
k2

t −
2m
h̄2 εq(kz, kt). (23)

Since the system is infinite along the z direction, the bulk region is not affected by the
presence of a surface, and as such, the single particle energies εq(kz, kt) are exactly the same
that one obtains when solving the HF equations in INM. They read

εq(kz, kt) =
h̄2

2m
(k2

z + k2
t ) + U∞

q (
√

k2
z + k2

t ) (24)

where U∞
q (
√

k2
z + k2

t ) corresponds to the HF potential in the infinite medium and represents
the limit for z→ +∞ of the combined HF potentials given in Equations (13) and (14). The
analytical expression of U∞

q (k) is given in Appendix A.
A detailed discussion about the numerical issues related to the solution of this system

for zero-range interactions can be found in Ref. [43]. Although the Numerov method is also
suitable for differential equations having a source term as in Equation (12), we find that
it is numerically more stable to use the trick suggested in Ref. [44], i.e., to transform the
source term in Equation (12) to a locally equivalent potential by multiplying and dividing
by the wavefunction. In order to avoid infinities in the formula, we used the modification
introduced in Ref. [45], so our modified HF equations now read(

− h̄2

2m
d2

dz2 + V loc
qλ (z, kz, kt) + λktW0

q (z)− εq +
h̄2k2

t
2m

)
ψqλ(z, kz, kt)

= Fqλ(z, kz, kt)
∫ ∞

−∞
U1

q (z, z′, kt, kz)ψqλ(z′, kz, kt)dz′ (25)
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where

V loc
qλ (z, kz, kt) = U0

q (z)−
1− Fqλ(z)

ψ
be f
qλ (z, kz, kt)

∫ ∞

−∞
U1

q (z, z′, kt, kz)ψqλ(z′, kz, kt)dz′ (26)

The function Fqλ(z, kz, kt) is defined as

Fqλ(z, kz, kt) = exp

−100

∣∣∣∣∣ ψbef
qλ (z, kz, kt)

(ψbef
qλ )′(z, kz, kt)

∣∣∣∣∣
2 (27)

As discussed in Ref. [45], the use of this function avoids the local potential going to
infinity in the proximity of a node of the wavefunction. See also discussion in Ref. [46] for
more details.

Since the Fock potential depends on the solution ψqλ(z, kz, kt), we perform a series
of iterations where we freeze the potential, and we solve the HF equations iteratively. To
avoid numerical noise, we found that it is advantageous to use for the first iteration of
this procedure the single particle wavefunctions of an infinite step-like potential in the z
direction, whose solutions are analytical. We thus use such a guess to calculate the integral
of the Fock field in Equation (25), and we use the Numerov algorithm to solve Equation (25).
We thus obtain a wavefunction that is typically different from the one we used as a guess,
so we calculate the integral of the Fock term again and we solve another time Equation (25).
This procedure is performed n times until the wavefunctions of the iteration n − 1 are
similar to the ones obtained in the current iteration up to an accuracy parameter

δ =
∫ L

−L

∣∣∣ψn−1
qλ (z, kz, kt)− ψn

qλ(z, kz, kt)
∣∣∣dz ≤ 10−10fm1/2 ∀ q, λ, kz, kt , (28)

In Ref. [17], these are called minor iterations. The superscript ‘bef’ on the wavefunction
labels the wavefunction obtained in the minor iteration n− 1.

Finally, once we observe that we recalculate the new fields. This represents the major
iterations, now labelled j, and we iterate until the variation (in absolute value) of the relative
total energy of the system

δE =

∣∣∣∣∣E
j−1
L − Ej

L

Ej
L

∣∣∣∣∣ , (29)

is less than an accuracy parameter δE ≤ 10−8 MeV. In this way, one introduces an
uncertainty of the order of the eV on the surface energy, which is clearly negligible for the
purpose of this study.

Other methods have been developed to solve HF equations using non-local
potentials [47], but we found the current implementation on two nested loops quite fast
since after the first few major iterations, the shape of the wavefunctions tends to stabilise
and thus require less and less minor iterations in order to converge.

The integrals in kz, kt appearing, for example, in Equation (14) have been performed
numerically using Simpson’s rule [48] using 30 points for kz and 12 points for kt. As discussed
in Ref. [17], the integration over kz requires more accuracy than the one on kt. The values we
used, together with the choice of the box, allow us to obtain results that are numerically stable.

3.2. Surface Energy

In practice, we have to impose a limit on the size of the slab to perform the numerical
calculation. This limit is governed by the presence of Friedel oscillations whose typical
length scale LF is of order π/kF ' 2.3 fm at saturation density. To extract a reliable value
of as, we thus considered L � LF fm and checked that our results (see Table 2) are not



Universe 2023, 9, 398 9 of 11

sensitive to L. For sake of completeness, the results provided in Table 2 have been obtained
using L = 9 fm.

Table 2. Surface energy coefficient for various Gogny interactions. See text for details.

as [MeV]

D1 20.3
D1S 18.4
D1N 18.2
D1M 18.5

D1 excepted, we found that the existing standard parametrisations of Gogny interactions
have surface energy coefficients around 18.3 ± 0.2 MeV. The results presented here are in
good agreement with the one of Ref. [17], given the uncertainties related to the employed
numerical methods [14].

4. Conclusions

In this paper, we have performed Hartree–Fock calculations in semi-infinite nuclear
matter and extended the pioneering results obtained by J. Côté and M. Pearson for D1
to other standard Gogny interactions. Extensions to interactions such as D1P and D2 are
under study.

This work takes place in the more general context of obtaining modern parametrisations,
which include directly in the fitting protocol more physical constraints. In such a framework,
this work will be used in the very near future to compare the results presented here with
a semi-classical approach, that is, an analytical formula that can be incorporated into a
fitting procedure.

Author Contributions: Conceptualization, D.D., A.P. and J.N.; Methodology, D.D., A.P. and J.N.;
Investigation, D.D., A.P. and J.N; Writing—original draft, D.D., A.P. and J.N. All authors have read
and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: All data required to reproduced the results presented here are available
in published papers.

Acknowledgments: The authors would like to thank J. Côté and M. Pearson for very fruitful
exchanges about their calculations and the numerical procedures they adopted to solve HF equations.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. Gogny Potential in INM

The expression for the potential U∞
q (k) reads

U∞
q (k) = ∑

i

[
Ai

0ρ + τAi
1ρβ + Bi

nnu(µik, µik
q
F) + Bi

npu(µik, µik
−q
F )
]

+
3
4

t3ρα+1 − τ
1
4

t3(1 + 2x3)ρ
α+2β , (A1)
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where

Ai
0 =

π3/2µ3
i

4
(4Wi + 2Bi − 2Hi −Mi) , (A2)

Ai
1 =

π3/2µ3
i

4
(−2Hi −Mi) , (A3)

Bi
nn = − 1√

π
(Wi + 2Bi − Hi − 2Mi) , (A4)

Bi
np =

1√
π
(Hi + 2Mi) , (A5)

and takes the value τ = +1(−1) for neutrons (protons). We also used β =
ρn−ρp

ρ0
. The

function u(x, y) is defined as

u(x, y) =
1
x

[
e−

(x+y)2
4 − e−

(x−y)2
4

]
+

√
π

2

[
erf
(

x + y
2

)
− erf

(
x− y

2

)]
(A6)

here erf(t) is the error function [37]. A similar expression was already given in Ref. [49].

Notes
1 Notice there is a typo in Equation (3).26 of Ref. [17]
2 In order to apply the Numerov method, we use a step of 0.1 fm along the z direction
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