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Abstract: Five-dimensional rotating black holes with two rotations could be overspun except for a
single rotation, whereas a black hole in six dimensions always obeys the weak cosmic censorship
conjecture (WCCC) in the weak form even for linear particle accretion. In this paper, we investigate
the overspinning of a seven-dimensional rotating black hole with three rotation parameters. It is
shown that a black hole in the seven dimensions cannot be similarly overspun, thereby obeying the
WCCC even under linear particle accretion. It turns out that a black hole always respects the weak
cosmic censorship conjecture in seven dimensions.
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1. Introduction

The discovery of gravitational wave (GW) as two stellar black hole mergers [1,2] through
LIGO-VIRGO detection has opened a new stage in black hole astrophysics. GW was expected
to be a very powerful tool in revealing hidden properties of black holes. Very recently, the first
image of the supermassive black hole of the M87 galaxy was obtained with the collaboration
of the Event Horizon Telescope (EHT) [3,4]. In addition, the first image of the black hole
candidate and its conceptual aspects [5,6] provides a new way to realize its presence in the
universe. There exist, however, unexplored problems associated with black holes. The WCCC
remains one of the unanswered questions in general relativity (GR) [7]. According to the
WCCC, a black hole is always covered by an event horizon concealing singularity from
observers outside. The WCCC has been tested by various tools and processes that allow the
transition from a black hole to a naked singularity; thus, it has so far remained an active
research area. For the first time, a gedanken experiment was proposed to test the WCCC
and whether a black hole turns into a naked singularity [8]. Later, the issue of WCCC
violation was approached from a different perspective, i.e., a naked singularity would
be formed as a result of gravitational collapse (see, e.g., [9-15]). In GR, the gravitational
collapse would play one of the most important roles in the formation of a naked singularity.
However, there is no proof of the occurrence of naked singularity yet.

It was shown that a near extremal black hole cannot be turned into an extremal one.
This happens because particles with suitable parameters cannot reach the extremal black
hole horizon because the parameter space that allows particles to approach the horizon
pinches off [8,16]. Later, this question was formulated from a different perspective; that
is, could a near extremal black hole be overextremalized to create a naked singularity
by impinging particles? This was first addressed by Hubeny [17] who showed that it
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was achievable by destroying the horizon. Later, it was also extended to a rotating black
hole [18]. It was shown that the rotating black hole can be overspun by plunging particles
with suitable parameters. Here, it is worth noting that this experiment for overcharg-
ing/overspinning was initiated for a linear order particle accretion by ignoring all higher
order effects. Following this thought experiment, an extensive analysis was conducted
(see, e.g., [19-23] addressing overcharging/overspinning of the black holes in various
gravity models). For this thought experiment, when the self-force and back-reaction effects
are taken into account, it is not possible for impinging particles to reach the horizon, i.e.,
over-extremality cannot be approached, thereby respecting the WCCC [24-28].

So, all extensive analyses so far have been conducted for linear order accretion. Re-
cently, Sorce and Wald [29,30] proposed a new gadanken experiment that includes second-
order particle accretion. With this, they opened a new stage of investigation for testing the
WCCC. This new gedanken experiment supports the WCCC, thus a black hole cannot be
overspun/overcharged, which adds a peculiarity to explore the overspinning/overcharging
of black holes. This was then extended to various cases. It turns out that a black hole
that could be over-extremalized at the linear order cannot be overspun/overcharged when
non-linear effects are involved (see, e.g., [31-38]). This experiment was also tested in
Einstein-Born-Infeld and static charged Gauss—Bonnet black holes [39,40]. There was an
investigation that suggested that a test magnetic field would serve as a cosmic censor [41].
The same is also true for its backreaction effect [42], i.e., the magnetic field beyond its
threshold value would have a similar effect in contrast to the non-linear order effects.
Similarly, the cosmological weak magnetic field could potentially be important for testing
the WCCC [43].

Recent analysis shows that a five-dimensional rotating black hole has a remarkable
feature that it could be overspun when it has two rotations, yet there is no overspinning in
a single rotation case even under linear order effects [37]. If one switches off the rotation
parameters of the black hole, it could then be overcharged [44]. This led to an interesting
question—could a black hole be over-extremalized when it has both charge and spin? There
is, however, no available exact solution for an analogue of the Kerr-Newman black hole
in five dimensions. The only way to address this question is to consider the minimally
gauged supergravity-charged rotating black hole [45], which is regarded as the very closest
one to the Kerr-Newman black hole in five dimensions. What emerges here is that the
ultimate case depends on which parameter is dominant. It is demonstrated that a black
hole with a single rotation cannot be over-extremalized if and only if angular momentum
dominates over the black hole charge. Meanwhile, the opposite result is true when the
charge is dominant [36].

As discussed above, for the validity of Einstein’s gravity, Penrose proposed that black
hole singularity would always be hidden behind a horizon. This is what we refer to as the
WCCC. There is, however, no proof of the CCC yet, and thus it remains an open question.
With this in view, it is increasingly important to test whether an existing horizon of a
rotating black hole could be destroyed by overspinning, thus violating the weak WCCC.
Thus, we shall focus here on the overspinning of a near extremal black hole by throwing
in test particles with suitable parameters. Recently, it was shown that a black hole in six
dimensions cannot be overspun by first-order particle accretion, as well as the same result
holds well for a single rotation case [38]. However, a black hole with only one rotation in
higher dimension > 5 cannot be overspun as one of no extremality. In this paper, we would
like to verify whether the same result holds well in seven dimensions. With this motivation,
we analyse seven-dimensional rotating black holes with three rotations. We show that the
black hole in d = 7 cannot be overspun even under linear order particle accretion, similar
to what is observed for six dimensions.

We describe the paper as follows: in Section 2, we present a higher dimension rotating
black hole in a general form which is followed by analysis leading to the discussion of the
overspinning of a black hole for particular cases in Section 3. We discuss our concluding
results in Section 4.
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2. Odd and Even Dimensional Rotating Myers—Perry Black Hole Spacetimes

The line element of the rotating Myers—Perry general black hole metric [46] for Einstein
gravity ind = 2n 4 1 and d = 2n + 2 dimensions is given by
ds? = —di?+ (2 + a2) ()2 + pldg? )

ITF
I1— pr?

+ er (dt + Lli]/llzdgbi) +

2
IF ar=, 1)

and
ds? = —d? +r2de® + (P 4 a?) (dﬂ,z + ,ui2d¢i2)

+ L (dt+ apddgy) +

2
TF dr-, (2)

IT— pr

respectively, where

®)

Here, a; and y, respectively, refer to rotation parameters and the mass parameter. We note
here that y; and « are related by y? = 1and p? +a? = 1ford =2n+land d = 2n+2,
respectively, where 7 is the maximum number of rotation parametera a black hole can have.
For odd and even dimensions, we further define A as follows:

A=T1—ur? and A =T1— pr. 4)

A black hole horizon can be defined by A = 0 for odd and even dimensions, respectively. Let
us then write the horizon equation for odd d = 2n + 1 and even d = 2n 4 2 dimensions as

P4 AR+ fpa)
+ ata3...a>=0, ®)
and
P @)UY 4 f (@)
+ ada3...a> =0, (6)

where f; are functions given as a function of rotation parameters a;. The sufficient condition
for overspinning is that Equations (5) and (6) must be required to have two positive roots to
define extremality, i.e., r— = r4. It is then possible to test whether an existing horizon of a
rotating black hole could be destroyed by overspinning. Hence, for an existing extremality
for 2n + 1 we assume that the general solution can be found for the horizon equation as

(r—)(r+p1)(r+B2)(r* +af)... (PP +af) =0, @)

where 7 has two double roots, 81 and B, are two negative roots, while «; are complex roots.
From Equation (7), it is certain that the term v r*"~!, which never exists in the horizon
Equation (5), appears. As a result, v = 0 suggests that two positive roots cannot exist, i.e.,
no extremality condition appears; thus the question of overspinning never arises. Similarly,
for d = 2n + 2, the same general solution can also be found as

(r—7)2(r+B1)(r+B2)(r* +af)--- =0. ®)
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It is straightforward to show the term -y r?"—Lin Equation (6). Thus, v = 0 always holds
—no positive double root. As a consequence of the general solution for d = 2n + 2, there
appears no extremality condition; hence for the black hole having at least three rotations,
overspinning never happens. This is the case forn = 3and anyn > 3ind = 2n+ 1 and
d = 2n + 2. What happens if one of the rotations vanishes for d = 2n + 1 and d = 2n + 2?
There remains only one positive root for Equations (7) and (8); hence, no question of
overspinning for a number of rotations < n arises. To that, we shall further focus on the
case n = 3.

Let us then consider 3 rotation cases 11 = 3 to check whether the above statement holds
well or not. So, in the case of n = 3 for d = 7, the line element of the rotating black hole
metric (1) in the Boyer = —Lindquist coordinates (t,1,0,9,0,9,x) yields

ds*> = —df* + % (dt — 4 sin? fde —ap cos? 6 sin? xd¢
4=

2
— a3 cos? f cos? Xdl,b) + o dr® + £d6?

_=
IT—p
+  (r* +a?)sin? 0dg? + (1* + a3) cos? 0 sin? xd¢>
+  (r* + a3) cos® 0 cos? xdy?

+ (rz + a5 cos® x + a3 sin® X) cos? 0dx?, )
where
Y = 7?4 a?cos? 6+ a3sin? fsin® x + adsin® 6 cos? x . (10)
Here, a; and yu are given by

16M 5

57_[2 7 al - 2M 7 (11)

and the angular coordinates range over, 6 € [0, 77/2] and ¢, ¢, € [0,27].

3. Overspinning of Seven-Dimensional Rotating Black under a Linear
Particle Accretion

3.1. Black Hole with Maximum Three Rotations A1, A and Aj in Seven Dimensions

Here, we start to consider a black hole with three rotations in d = 7. It is shown
that no extremality condition exists. This is a remarkable aspect of rotating black holes
with three rotations. For given n = 3, we recall Equation (5), which solves to give six
roots, i.e., four complex, one positive and one negative root. As discussed previously, an
extremality requires two positive roots. Since only one positive root exists, it does not
satisfy the extremality condition; therefore, no overspinning occurs for a black hole with
three rotations. To be more accurate, we analyse this positive root, which is given by

24/3B

1
ol (var—am - a)"”
+ 2P(VAa B - A)1/3 —2(a} + 43 +a§)r/2, (12)

ry =

with

A = 245 —3a} <a§ + a%) — 3a? (a‘zl — 4a5a} + a3 — 3;4)

+

(u% + a%) (211‘2L — 5a3a} + 245 + 9;4) , (13)

B aj — a? (a% + a%) + a3 — ada% +aj +3u. (14)
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For a black hole with equal rotations, i.e., a1 = a4, = a3 = a, Equation (12) yields

(3v/3uy/~(@n —27a%) — 27a%) Ve

1/2

+ —a

(3\/§]4 V —(4p —27a%) — 27a2y) 13

(15)

For an existing black hole horizon, 4 > 27a* must be satisfied always. The above equation
becomes a complex quantity, i.e., 73 < 0, thus resulting in no extremality condition existing.
Hence, there never arises a question of overspinning a black hole in the case of three
rotations. We then further consider the possible cases to test whether an extremality
condition exists.

. A? — 4B3 = 0 which defines an extremal black hole:

For that, Equation (12) takes the following form as
1
2 Mapl/2 o2 24 2
ry = 6{ 4B 2(a1 +a2+a3)}. (16)

This clearly shows that the above equation is always negative, and thus no extremality
condition, i.e., ri < 0 that causes no black hole horizon, exists.

e Near extremal black hole:

We assume that a near extremality condition is well defined by the following condition
483 = A2(1 - e2) (17)

with small € < 0. Recalling Equation (12), the horizon 7 for a near extremal black hole is
given by

2 1 24/3 A—1/3B
+ 6 (€— 1)1/3
+ 22(e—1)PA1 —2(at 4} +a3)]. (18)

Since € —1 < 0, we obtain r%r < 0 that is always satisfied for a near extremal black hole,
thereby resulting in no extremality condition existing. In this respect, overspinning simply
loses its applicability. With this in view, here we intend to note that a black hole with
three rotation parameters in d = 7 cannot be overspun as no extremality condition exists;
therefore, the WCCC is always respected. Next, we explore black holes with two and single
rotation cases.

3.2. Black Hole with Two Rotations A1 and A, In Seven Dimensions

Here, we consider a black hole with two rotations in 4 = 7 to understand more deeply
whether it favours the cosmic censorship conjecture. By recalling Equation (5), we first
write the black hole horizon as follows:

ry = (yl/z—a%>l/2. (19)



Universe 2023, 9, 190

6 of 10

If one considers the mass parameter y in terms of black hole mass M, it then yields

1/2
ry = [(W) — a21 . (20)

From the above equation, the condition y!/? < a? refers to an object without a horizon.

However, we begin a nearly extremal black hole, according to which rotation parameters

are regarded as a; = ay = {/ 14 (1 - €?) withe < 1.
Here, we assume that an impinging particle has equal rotations 6], = 6], so that it
would add an equal amount to the black hole rotations [8,18,37].

Equations (19) and (20) define the minimum threshold value as

16 Vs 50 74+4]
1/52(M+5E> <2<M+5E>, 1)

for which the minimum threshold value for either ¢ or ¢ rotation takes the following form

28 5
OJmin = \ 55 2<M5/4 2+ MY4SE

+ 332 M=% 4552) . (22)

Since an impinging particle adds an equal amount to both rotations, the total amount due
to both 4], and §] is written as

8
St = Vs <2M5/4 &+ 2 MV4E
5 \(-3/45p2
> E?). 2
M (23)

This is the lower threshold value of angular momentum required for the impinging particle
to fall into the black hole.

For a particle to fall into the black hole with minimum threshold, it must first reach the
horizon. For that, we need to define the upper bound of the angular momentum. For the
impinging particle to reach the horizon, it should have enough energy, which is in general
given by

SE > Q'¥s1, +0Ws),, (24)

with angular velocities QS:M)) evaluated at the horizon. Hence, the upper threshold value

of angular momentum can be written as

2 4 2
o = =k, 25)
This is what is called the upper threshold value of the angular momentum for impinging

particles falling into the black hole having equal rotations a; = a, = a. Hence, we have

5 28
Smax = 3\ 5 2(1+€ > MY*5E. (26)

For an impinging particle to cross the horizon, the condition dJyax > 6], must always be
satisfied. If not, no parameter space, which cannot allow particles to cross the horizon and
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fall into the black hole, appears. To that, we analyse the parameter space, i.e., AJ, and it is
given by

A — <M1/4 2 tapraa_Lyan 5E2)
5 8

16 1/4
= ) 27
(5%) @)
This clearly shows that the second and the third terms are of second order in €, while the
first term is of third order in €. Thus, the second and the third terms dominate over the first
term, resulting in indicating A] < 0 always. With this, one can deduce that no parameter

space allowing particles to overspin the black hole appears. Thus, the WCCC is always
respected for a black hole with two rotations in seven dimensions.

3.3. Black Hole Having Only Single Rotation A1 in Seven Dimensions

For single rotation, Equation (5) gives the following form for event horizon

Z 172
\Jay +4p —aj

o= |\ (28)

with the presence of no extremality condition, thereby without overspinning. This states
that a black hole with a single rotation in seven dimensions cannot be overspun, similarly to
what is observed in the work [38]. One can then conclude that no extremality condition for
a black hole with single rotation in all higher dimensions exists except for five-dimensional
rotating black holes. However, the black hole with a single rotation cannot be overspun
even if it has an extremality condition [37].

We have explicitly shown that a black hole with three rotations cannot be overspun for
linear particle accretion, resulting in supporting the WCC. Thus, no overspinning occurs.
To better understand its dynamics, we further consider the effective gravitational potential
for seven dimensions. Following Equation (4), one can obtain the effective gravitational
potential for black holes having # rotations as

o(r) %é—lz (rP4a®)...(rP+a) p
2 2n ;D3

-1. (29)
The above equation for seven dimensions can be explicitly written as

2 2 2 2.2 2.2 2.2 222

ai+as+a asas + asas + asa asasa

q,(r):_#+1 PR B G B i B i s i e (30)
4 r2 4 76

where g; refers to black hole rotation parameters. In Figure 1 we demonstrate the radial
profile of the effective gravitational potential ®(r) and its first derivative. As can be seen
from Figure 1, at large distances /M, the resultant acceleration becomes repulsive for
all seven-dimensional black holes, thus resulting in allowing particles not to reach the
black hole horizon. In addition, this plot clearly shows that the resultant acceleration
behaves attractively very near the black hole horizon due to the fact r, < 1 is always
satisfied. It is vital to note that the first attractive term that stems from mass in Equation (30)
dominates the repulsive second term 1/72. Interestingly, one can also observe the same
for o®(r)/dr. It is vital to note here that we have shown that six-dimensional black holes
having a maximum of two rotations cannot be overspun for linear particle accretion (see for
example [38]). Interestingly, it turns out that as shown above dynamics would be similar
for both higher six and seven dimensions, thereby leading to a similar result that black
holes cannot be overspun. Therefore, the same would be the case for non-linear particle
accretions that always endorse weak cosmic censorship conjecture.
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Figure 1. The radial profile of the gravitational effective potential ®(r) and its first derivative
od(r)/or for D = 7 are plotted for various combinations of black hole rotating parameters. Note that
in both panels, vertical line refers to the horizon for a; = a; = a3 = 0.6204 corresponding to a nearly
extremal black hole.

4. Conclusions

In this paper, we studied the validity of the WCCC for a black hole with three rotations
in dimension d = 7 for a linear order particle accretion. It is well-known that a black hole
with two rotations could be overspun except for a single rotation, i.e., a black hole with
only a single rotation in all higher dimensions d > 4 cannot be overspun, thereby favouring
the WCCC [37]. Hence, the natural question then arises: what happens with the black hole
in dimension d = 6? It turns out that black holes cannot be overspun all through [38]. With
this motivation, we intended to test whether the same result holds well for the black hole
in dimensiond = 7.

We have shown that no extremal condition exists for single rotation in seven dimen-
sions, as was expected; thus, it leads to no question for its overspinning. For two and three
rotations, a black hole cannot similarly be overspun for a linear order particle accretion,
thereby obeying the WCCC in dimension d = 7. To be more accurate, we have analysed
the dynamics of overspinning by adapting the effective gravitational potential for seven
dimensions d = 7. We have shown that the resultant gravity becomes repulsive all through
at larger r so that particles cannot reach the black hole horizon. One can then infer that
the dynamics would be similar for higher six and seven dimensions, yielding a similar
result for which a black hole cannot be overspun; thus, no violation of the WCCC occurs.
With this, we verified a remarkable result that black holes in these d > 6 higher dimensions
cannot be overspun even under linear particle accretion [47]. This is a remarkable aspect of
black holes in higher dimensions.
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