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Abstract: The recent discovery of Earth’s second Trojan asteroid (2020 XL5), which will remain in the
vicinity of the Sun–[Earth+Moon] triangular Lagrangian point L4 for at least 4000 years, has attracted
the attention of the scientific community as a remarkable example of those elusive objects that are the
witnesses of the first phase of our Solar System. The possibility that an Earth’s Trojan asteroid (ETa)
may represent a pristine record of the initial conditions of the Solar System formation makes these
small objects an interesting target for a robotic exploration mission. This paper analyzes orbit-to-orbit
Earth–ETa transfer trajectories of an interplanetary spacecraft propelled by a solar sail. In the last
decade, some pioneering space missions have confirmed the feasibility and potentiality of the solar
sail concept as a propellantless propulsion system able to convert the solar radiation pressure in a
continuous thrust by means of a large, lightweight and highly reflective surface. Using the state-of-
the-art level of solar sail technology, this paper studies the performance of a solar-sail-based transfer
trajectory toward an ETa from an optimal viewpoint and with a parametric approach.

Keywords: solar sail; Earth’s Trojan asteroids; trajectory optimization; mission analysis

1. Introduction

The existence of Trojan asteroids, orbiting around the L4 or L5 triangular Lagrangian
points of a restricted three-body system, have been known since many years for different
planets of the Solar System, such as Jupiter, Mars, and Neptune [1–3]. In recent years,
many efforts have been devoted to discover possible Earth’s Trojan asteroids (ETas). The
existence of primordial ETas would be of invaluable scientific importance as they could
provide unique information on the Solar System’s dynamical and chemical history. Current
theories suggest that primordial ETas could exist [4] and, indeed, numerical simulations
have confirmed the stability of some ETa orbits in the presence of perturbations from other
planets of the Solar System for a time span up to 105 years and possibly permanently [5].
Thus far only two ETas have been found, 2010 TK7 and 2020 XL5, and numerical simula-
tions have revealed that both asteroids are transient [6], although their orbits around the
Sun–[Earth+Moon] triangular Lagrangian point L4 will remain stable for some thousand
years [7]. The difficulty in discovering new ETas is due to several reasons, including their
small size, but especially because of their unfavorable viewing geometry when observed
from Earth. In fact, asteroids orbiting around L4 or L5 are visible very close to the Sun
and under large phase angles [8]. For example, the asteroid 2020 XL5 is observable only
a few minutes before dawn. In addition, 2020 XL5 is a C-type asteroid, meaning it is
carbon-rich and, as such, characterized by a very low albedo. For these reasons, although
it was originally discovered in December 2020 by a Pan-STARRS1 survey, the small body
2020 XL5 has been confirmed to be an ETa only very recently using new sets of observations
and archival data from 2012 to 2019 [9].

Due to their scientific interest, ETas represent targets of primary importance for future
space missions, especially in case it would be possible for a probe to reach the asteroid
surface, collect samples of it and return the samples to Earth. The main problems related
to a preliminary analysis and design of trajectories toward the two currently known ETas
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are therefore worthy of investigation. The orbits of these asteroids, which move in the
vicinity of the triangular libration points of the Sun–Earth system, have a semimajor axis
very close to that of their parent planet (that is, a∼=1 au). Unfortunately, sending a probe
to rendezvous these asteroids is not a simple task to carry out, as their heliocentric orbits
are characterized by high values of eccentricity and inclination. As such, a direct transfer
towards them with a typical chemical propulsion system is a very demanding option and,
in practice, rather complex with current technology, so that a feasible solution is to plan a
mission exploiting one or more intermediate (planetary) flyby maneuvers. This is actually
the strategy proposed by Lei et al. [10], who studied possible trajectories to 2010 TK7 with
gravity assists by Venus (V) and Earth (E), using either VE or VEV sequences. However,
transfer trajectories with multiple planetary flyby maneuvers usually cause significant
increases of flight times due to the constraints related to the celestial body ephemerides.

An interesting option for reducing the flight time and avoiding the need of flyby
maneuvers is offered by the use of a propellantless and continuous-thrust propulsion
system such as a classical (photonic) solar sail [11,12]. A solar sail, which exploits the
continuous pressure from the solar photons acting on a lightweight membrane to produce
a net thrust, enables space missions that would be prohibitive with conventional (either
chemical or electric) propulsion systems [13]. In particular, it is especially well suited for
trajectories requiring an orbital plane change and, indeed, it has been proposed as the
primary propulsion system for possible missions towards near-Earth asteroids [14–18]. The
aim of this paper is to investigate optimal trajectories towards the two currently known
ETas using a probe propelled by a solar sail. In particular, our study is concentrated
on the relationships between the sail performance (parameterized with its characteristic
acceleration) and the total flight time. To better quantify the actual potentialities of a solar
sail, we tackle the problem by looking for the minimum time trajectory that transfers
the probe starting from a point on the heliocentric Earth’s orbit to a point on the ETa
orbit without considering the ephemerides of the two celestial objects involved in the
interplanetary transfer.

2. Problem Description and Mathematical Model

The problem addressed here is to calculate the transfer trajectory of an interplanetary
spacecraft, propelled by a classical solar sail, between two Keplerian heliocentric orbits
with given characteristics. More precisely, the initial (or the final) orbit, that is, the orbit
that the spacecraft traces at the beginning (or at the end) of the transfer, coincides with
the Earth’s (or the ETa) heliocentric orbit. This situation is consistent with a case when the
solar-sail-based spacecraft leaves the Earth’s sphere of influence using a parabolic escape
trajectory, with zero hyperbolic excess velocity relative to the Earth. It is assumed that
the spacecraft true anomaly on both the initial and final orbit is not fixed a priori, that
is, we study an orbit-to-orbit transfer without considering the ephemerides of the two
celestial bodies at both the beginning and the end of the heliocentric mission. This allows
us to estimate the optimal transfer performance without including the mission constraints
related to actual launch windows, which depend on the current positions of the celestial
bodies on their orbits. Since the spacecraft mass does not vary with time, the transfer
performance is quantified by the total flight time defined as

∆t , t f − t0 ≡ t f (1)

where t0 , 0 is the initial time when the spacecraft leaves the Earth’s orbit, and t f is the final
time, when the spacecraft reaches the ETa and completes the interplanetary rendezvous.

2.1. Solar Sail Thrust Model

During the transfer, the solar-sail-induced propulsive acceleration vector a may be
described by one of the possible thrust models discussed in the classical [19–21] or more
recent [22–24] literature. In this study, we assume a flat solar sail (i.e., a rigid sail membrane
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in which the solar radiation pressure-induced billowing effect [25–27] is neglected) without
in-flight degradation of the reflective film [28,29], and we adopt the so called “optical force
model” [20], according to which the actual optical characteristics of the sail reflective mate-
rial are included in the thrust vector description. In particular, the physical characteristics of
the solar sail membrane are identified by the reflection coefficient ρ, the fraction of photons
that are specularly reflected s, the-Lambertian coefficient of the front (B f ) or back (Bb) sail
surface, and the emissivity coefficient of the front (ε f ) or back (εb) sail reflective surface.
For example, assuming a sail film with a highly reflective aluminum coated front side and
a highly emissive chromium-coated backside, the value of the optical coefficients [19] are
summarized in Table 1. The first row of Table 1 reports the optical coefficients in an ideal
case (the so called “ideal force model”), when the sail surface is considered as a specularly
reflecting rigid mirror [20].

Table 1. Reflective film optical coefficients in an ideal case, and in a sail membrane with a highly
reflective aluminum coated front side and a highly emissive chromium-coated backside.

Force Model ρ s B f Bb ε f εb

ideal 1 1 2/3 2/3 0 0
optical 0.88 0.94 0.79 0.55 0.05 0.55

According to the optical force model described by McInnes [20] and using the approach
detailed in Ref. [30], the propulsive acceleration vector a of a flat solar sail can be written as

a =
ac

b1 + b2 + b3

( r⊕
r

)2
(n̂ · r̂) [b1 r̂ + (b2 n̂ · r̂ + b3) n̂] (2)

where r is the Sun–spacecraft distance, r⊕ , 1 au is a reference distance, ac is the characteris-
tic acceleration, defined as the maximum value of ‖a‖ when r = r⊕, r̂ is the Sun–spacecraft
unit vector, n̂ is the unit vector perpendicular to the sail nominal plane (in the opposite
side of the Sun), whereas {b1, b2, b3} are the dimensionless force coefficients [30], which
depend on the optical characteristics of the sail reflective film and are defined as

b1 , 1− ρ s (3)

b2 , 2 ρ s (4)

b3 , B f ρ (1− s) +
(1− ρ)

(
ε f B f − εb Bb

)
(

ε f + εb

) (5)

Using the values of {ρ, s, ε f , εb, B f , Bb} from Table 1, Equations (3)–(5) give the force
coefficients {b1, b2, b3} reported in Table 2. Note that, according to the values of Table 2,
in an ideal force model the propulsive acceleration vector is aligned with the normal unit
vector n̂. Assuming, instead, an optical force model, the direction of a is between the
direction of n̂ and that of r̂, as sketched in Figure 1, where α ∈ [0, π/2] rad is the cone
angle, defined as the angle between n̂ and r̂.

Table 2. Force coefficients for an ideal and an optical force model obtained through Equations (3)–(5).

Force Model b1 b2 b3

ideal 0 2 0
optical 0.1728 1.6544 −0.0109
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Figure 1. Solar sail propulsive acceleration direction and cone angle.

In Equation (2), the characteristic acceleration ac is the typical solar sail performance
parameter [20], whose value depends on the total spacecraft mass and the solar sail reflec-
tive area. Using current (or near future) solar sail technology, it is possible to reach values of
ac of about 0.1 mm/s2 (or 0.5 mm/s2). For exemplary purposes, consider the NASA’s Solar
Cruiser demonstration mission [31], which is scheduled to be launched in 2025 to test the
capability of a large solar sail to reach an artificial orbit between the Earth and the Sun, and
to maintain it in a position sunward of the natural Lagrange point L1. The Solar Cruiser
will use a propulsion system with a characteristic acceleration of about 0.12 mm/s2. On
the other hand, the design of the solar sail employed in the proposed Helianthus mission
concept [32,33] estimates a value of ac ' 0.6 mm/s2 to be necessary to generate an artificial
(collinear) equilibrium point in the Sun–[Earth+Moon] system.

2.2. Spacecraft Dynamics

During the interplanetary transfer, the spacecraft state vector

x , [p, f , g, h, k, L]T (6)

is described by the Walker’s [34,35] modified equinoctial elements (MEOE) {p, f , g, h, k, L}.
The MEOE can be written as a function of the classical orbital elements {a, e, i, ω, Ω, ν} of
the spacecraft osculating orbit, and the result is

a =
p

1− f 2 − g2 (7)

e =
√

f 2 + g2 (8)

i = 2 arctan
√

h2 + k2 (9)

sin ω = g h− f k , cos ω = f h + g k (10)

sin Ω = k , cos Ω = h (11)

ν = L−Ω−ω (12)

where a is the semimajor axis, e is the eccentricity, i is the orbital inclination, ω is the
argument of the periapsis, Ω is the right ascension of the ascending node, and ν is the
spacecraft true anomaly along the osculating orbit. In a preliminary transfer trajectory
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design, the spacecraft is considered to be only subject to the gravitational attraction from the
Sun and the propulsive acceleration from the solar sail. Paralleling the approach proposed
by Betts [36], and bearing in mind the results discussed in Ref. [15], the spacecraft equations
of motion can be written as

ẋ = A [a]RTN + b (13)

where x is the state vector given by Equation (6), b ∈ R6×1 is defined as

b ,

[
0, 0, 0, 0, 0,

√
µ� p

(
1 + f cos L + g sin L

p

)2
]T

(14)

in which µ� is the Sun’s gravitational parameter, and A ∈ R6×3 is a matrix in the form

A ,



0 A12 0
A21 A22 A23
A31 A32 A33
0 0 A43
0 0 A53
0 0 A63

 (15)

whose non-zero entries are

A12 =
2 p

1 + f cos L + g sin L

√
p

µ�
(16)

A21 = sin L
√

p
µ�

(17)

A22 =
(2 + f cos L + g sin L) cos L + f

1 + f cos L + g sin L

√
p

µ�
(18)

A23 = − g (h sin L− k cos L)
1 + f cos L + g sin L

√
p

µ�
(19)

A31 = − cos L
√

p
µ�

(20)

A32 =
(2 + f cos L + g sin L) sin L + g

1 + f cos L + g sin L

√
p

µ�
(21)

A33 =
f (h sin L− k cos L)

1 + f cos L + g sin L

√
p

µ�
(22)

A43 =

(
1 + h2 + k2) cos L

2 (1 + f cos L + g sin L)

√
p

µ�
(23)

A53 =

(
1 + h2 + k2) sin L

2 (1 + f cos L + g sin L)

√
p

µ�
(24)

A63 =
h sin L− k cos L

1 + f cos L + g sin L

√
p

µ�
(25)
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In Equation (13), the vector [a]RTN ∈ R3×1 consists of the components of the propulsive
acceleration vector written in a radial-tangential-normal (RTN) reference frame, of which
the unit vectors {îR, îT, îN} are defined as

îR ≡ r̂ , îN ,
r̂× v̂
‖r̂× v̂‖ , îT , îN × îR (26)

where v̂ is the spacecraft velocity unit vector that, by assumption, belongs to the plane
(îR, îT). Note that the orientation of the sail nominal plane in the RTN frame is fully defined
by means of two angles, that is, the sail cone angle α, shown in Figure 1, and the sail
clock angle δ ∈ [0, 2π] rad, sketched in Figure 2. Since the propulsive acceleration, in turn,
depends on the orientation of the sail nominal plane, the angles α and δ represent the two
control variables during the design of the solar sail trajectory.

n̂

solar sail

R
î

T
î

N
î

�

Sun

�

Figure 2. Sail cone (α) and clock (δ) angles.

According to the scheme of Figure 2, and bearing in mind Equation (2), the components
of the propulsive acceleration vector a in the RTN frame are

[a]RTN =
ac

b1 + b2 + b3

( r⊕
r

)2
cos α

b1 + (b2 cos α + b3) cos α

(b2 cos α + b3) sin α cos δ

(b2 cos α + b3) sin α sin δ

 (27)

The vectorial equation of motion (13) gives a system of six scalar differential equations,
which is completed by a set of suitable initial conditions. Recalling that the spacecraft
angular positions on the initial and the final orbit are both left free, five initial conditions
are obtained by observing that the initial values of {p, f , g, h, k} coincide with those on
the Earth’s heliocentric orbit, whereas the initial value of the remaining MEOE (that is, the
value of L) is an output of the optimization process described in the next section. The initial
values of the classical orbital elements of Earth’s heliocentric orbit have been retrieved
from the JPL Horizons on-line ephemeris system, and the corresponding initial values of
{p, f , g, h, k} have been calculated with the aid of Equations (28)–(32)

p = a
(

1− e2
)

(28)
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f = e cos(ω + Ω) (29)

g = e sin(ω + Ω) (30)

h = tan(i/2) cos Ω (31)

k = tan(i/2) sin Ω (32)

Finally, from Equation (12), note that

L = Ω + ω + ν (33)

Table 3 summarizes the values of {a, e, i, ω, Ω} used in the numerical simulations for the
Earth and the target ETa.

Table 3. Classical orbital elements used in the numerical simulations.

Celestial Body a [au] e i [deg] ω [deg] Ω [deg]

Earth 1.0008 1.5940 × 10−2 3.0225 × 10−3 302.9781 159.8640
2010 TK7 1.0001 1.9076 × 10−1 20.8847 45.8665 96.5194
2020 XL5 1.0007 3.8721 × 10−1 13.8467 87.9847 153.6008

Using the data reported in the first row of Table 3, Equations (28)–(32) give the follow-
ing five initial conditions

p(t0) = 1.0005 au , f (t0) = −3.5430× 10−3 , g(t0) = 1.5542× 10−2 ,

h(t0) = −2.4765× 10−5 , k(t0) = 9.0802× 10−6 (34)

Note that the data of Table 3 can be used to obtain a set of 5 final constraints (that is,
calculated at the unknown final time t f ), which model the spacecraft rendezvous with the
heliocentric orbit of the target ETa. For example, assuming the asteroid 2010 TK7 as the
mission target, the 5 final constraints are

p(t f ) = 0.96371 au , f (t f ) = −0.15111 , g(t f ) = 0.11643 ,

h(t f ) = −2.0925× 10−2 , k(t f ) = 0.18311 (35)

whereas in the case of asteroid 2020 XL5, the final constraints are

p(t f ) = 0.85068 au , f (t f ) = −0.18425 , g(t f ) = −0.34056 ,

h(t f ) = −0.10876 , k(t f ) = 5.3989× 10−2 (36)

2.3. Trajectory Optimization

The spacecraft transfer trajectory is found by minimizing the flight time ∆t of
Equation (1), that is, by maximizing the performance index J defined as

J , −∆t ≡ −t f (37)

The optimal control problem is faced with an indirect approach [37] in which, taking
Equation (13) into account, the Hamiltonian functionH is given by

H , ẋ · λ ≡ (A [a]RTN) · λ + b · λ (38)
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where λ ∈ R6×1 is a vector defined as

λ ,
[
λp, λ f , λg, λh, λk, λL

]T

(39)

in which λy is the variable adjoint to the (generic) spacecraft MEOE y. The time variation
of the generic adjoint λy is obtained from the Euler–Lagrange equations

λ̇y = −∂H
∂y

with y ∈ {p, f , g, h, k, L} (40)

of which the explicit expressions are here omitted for the sake of brevity.
The time variation of the two control angles {α, δ} is found by applying the Pontrya-

gin’s maximum principle, that is, by maximizing (at any time instant) that partH′ of the
Hamiltonian functionH that explicitly depends on the sail cone and clock angles. Observ-
ing that the two controls {α, δ} appear only in the components of [a]RTN in Equation (27),
and taking Equation (38) into account, we obtain

H′ , (A c) · λ with c , cos α

b1 + (b2 cos α + b3) cos α

(b2 cos α + b3) sin α cos δ

(b2 cos α + b3) sin α sin δ

 (41)

where A is given by Equation (15), and λ is defined as per Equation (39). Using standard
methods, the maximization ofH′ with respect to δ gives the following expressions of the
optimal clock angle

sin δ =
ds√

d2
s + d2

c
, cos δ =

dc√
d2

s + d2
c

(42)

where ds and dc are two auxiliary functions of the state and the adjoint variables, which are
defined as

ds , λ f A23 + λg A33 + λh A43 + λk A53 + λL A63 (43)

dc , λp A12 + λ f A22 + λg A32 (44)

Unfortunately, the maximization of H′ with respect to α does not provide a closed form
expression of the sail cone angle as a function of the state and the adjoint variables. However,
using Equation (42) to calculate the optimal clock angle,H′ may be written as a function of
the single variable α. Accordingly, at a given time instant, the functionH′ = H′(α) can be
maximized with a (standard) numerical method such as, for instance, an algorithm based
on the golden section search and parabolic interpolation method [38].

Consider, for example, a set of heliocentric canonical units [39] (so that the Sun’s
gravitational parameter is 1), an optical force model with the force coefficients reported
in Table 2, and assume p = 1 au, f = 0.4, g = −0.2, h = 0.7, k = 0.9, L = 2, λp = 0.1,
λ f = 0.5, λg = −0.3, λh = 1.3, λk = −1, λL = −0.7. In that case, the maximization of H′
gives α ' 33 deg and δ ' 262.5 deg, as illustrated in Figure 3, which shows the general
functionH′ = H′(α, δ), and the reduced functionH′ = H′(α) obtained by considering the
(optimal) value of the clock angle δ given by Equation (42).

The two-point boundary value problem (TPBVP) associated with the optimal control prob-
lem is made of 12 scalar (non-linear) differential equations, that is, the equations of motion (13)
and the Euler–Lagrange Equation (40). The required 12 boundary constraints are given by the
5 initial conditions of Equation (34), the 5 final conditions of Equation (35) or Equation (36), and
by 2 additional equations obtained from the transversality condition [40,41], viz.

λL(t0) = 0 , λL(t f ) = 0 (45)
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Note that, according to the definition of the performance index J of Equation (37), the
transversality condition also gives the additional constraint [40]

H(t f ) = 1 (46)

which is necessary to calculate the (minimum) flight time t f . The numerical approach
makes use of a hybrid technique that combines a gradient-search based algorithm to obtain
a first estimate of the unknown adjoint variables, with direct methods to refine the solution.
The solution of the TPBVP gives the initial values of adjoint variables λp(t0), λ f (t0), λg(t0),
λh(t0), λk(t0), the initial true anomaly ν(t0) (and so the value of L(t0), see Equation (33)),
the final spacecraft true anomaly along the ETa orbit ν(t f ), and the minimum flight time t f .
It also provides the optimal control law, that is, the time variation of the two control angles
{α, δ} necessary for the spacecraft to complete its minimum-time interplanetary transfer.
The results of the numerical simulations are discussed in the next section.
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Figure 3. Variation ofH′ with the cone and clock angle in an exemplary case.

3. Numerical Results

For a given solar sail force model (either ideal or optical), and for an assigned ren-
dezvous mission (with either asteroid 2010 TK7 or asteroid 2020 XL5), the minimum-time
solution depends on the value of the spacecraft characteristic acceleration. In order to obtain
a parametric analysis of Earth–ETa transfer performance, the characteristic acceleration in
the numerical simulations has been assumed to range within the interval [0.1, 1]mm/s2.
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Values of ac at the bottom (or top) of that range of variation are representative of a solar sail
propulsion system designed with current (or future) technology.

With the aid of the mathematical model discussed in the previous section,
Tables 4 and 5 summarize the main results of an Earth–ETa trajectory optimization in
terms of minimum flight time t f , initial (ν(t0)) and final (ν(t f )) spacecraft true anomaly,
number N of complete revolutions around the Sun during the transfer, and sail force
model adopted.

Table 4. Earth–asteroid 2010 TK7 minimum-time performance as a function of the characteristic
acceleration and the sail force model.

ac
[mm/s2]

Force
Model

t f
[Days]

ν(t0)
[deg]

ν(t f )
[deg] N

0.1 optical 5032.8 280.3 196.2 15
0.1 ideal 4830.9 264.4 214.3 13
0.2 optical 2530.9 281.1 193.9 7
0.2 ideal 2215.7 306.3 158.3 7
0.3 optical 1644.5 311.3 154.2 5
0.3 ideal 1494.0 347.3 129.7 5
0.4 optical 1271.4 284.5 188.2 3
0.4 ideal 1119.3 304.6 160.1 3
0.5 optical 1110.7 266.8 245.0 3
0.5 ideal 910.2 291.8 176.5 2
0.6 optical 838.4 306.4 155.6 2
0.6 ideal 758.4 318.6 133.5 2
0.7 optical 733.8 336.4 126.3 2
0.7 ideal 723.9 291.0 276.3 2
0.8 optical 710.1 317.5 289.9 2
0.8 ideal 643.3 5.2 286.5 1
0.9 optical 640.4 32.2 278.5 1
0.9 ideal 564.4 110.5 279.0 1
1 optical 535.1 86.7 189.6 1
1 ideal 471.4 103.8 168.0 1

Table 5. Earth–asteroid 2020 XL5 minimum-time performance as a function of the characteristic
acceleration and the sail force model.

ac
[mm/s2]

Force
Model

t f
[Days]

ν(t0)
[deg]

ν(t f )
[deg] N

0.1 optical 4008.9 150.5 195 12
0.1 ideal 3478.8 213.8 119.5 11
0.2 optical 1868.1 195.2 127.2 6
0.2 ideal 1724.2 224.9 116.2 6
0.3 optical 1233.4 205.5 122.2 4
0.3 ideal 1140.7 237.4 113.2 4
0.4 optical 919 214.0 119.1 3
0.4 ideal 849.6 245.4 112.0 3
0.5 optical 710.2 185.1 132.4 2
0.5 ideal 643.7 205.6 119.0 2
0.6 optical 608.6 228.0 113.4 2
0.6 ideal 561.6 256.8 108.4 1
0.7 optical 547.9 282.2 110.2 1
0.7 ideal 504.3 337.5 111.1 1
0.8 optical 598 225.0 292.8 1
0.8 ideal 559.6 246.7 286.6 1
0.9 optical 568.2 248.2 292.1 1
0.9 ideal 533.8 272.0 285.3 1
1 optical 546.6 269.3 290.8 1
1 ideal 514.7 294.9 283.6 1
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The first two columns of Tables 4 and 5 can be used, through a best fit procedure, to
obtain the function t f = t f (ac) that gives the minimum flight time as a function of the
spacecraft characteristic acceleration. For an assigned mission scenario and a given sail
force model, the actual variation of the minimum flight time with ac may be reasonably
approximated by the following simple function

t f '
p1 ac + p2

a2
c + q1 ac + q2

(47)

where t f is expressed in days, ac is in millimeters per square second, and the best fit
coefficients {p1, p2, q1, q2} are reported in Table 6. Figure 4 shows a comparison between
the numerical simulation results and the approximate function given by Equation (47). As
expected, when a low characteristic acceleration is considered in the optimization process,
the value of N tends to increase (see the last column in Tables 4 and 5), and the transfer
trajectory becomes more involved. This aspect is confirmed by Figure 5, which shows the
minimum-time transfer trajectory for the two Earth–ETa mission cases (assuming an optical
force model) as a function of the characteristic acceleration ac.

Table 6. Best fit coefficients in Equation (47) as a function of the mission scenario and the sail
force model.

Scenario Force Model p1 p2 q1 q2

Earth-2010
TK7

ideal 12, 285 41, 589 107.6 −1.896

Earth-2010
TK7

optical 275, 545.8 3, 314, 602.08 6648 0.1183

Earth-2020
XL5

ideal 362.83 −109.47 −0.297 −1.425 × 10−3

Earth-2020
XL5

optical 663, 873.84 1, 060, 354.05 3738 −93.04

Case Study

A more detailed analysis is now described in a potential mission scenario from Earth
to asteroid 2020 XL5, assuming the solar sail to have a propulsive acceleration comparable
with that employed in the upcoming NASA’s Solar Cruiser interplanetary mission [31].
Accordingly, a value of ac = 0.12 mm/s2 and an optical force model have been used in
the numerical simulations to obtain the optimal transfer trajectory illustrated in Figure 6.
In this case, the optimal flight time is t f ' 3306 days, whereas Equation (47) estimates an
approximate value of about 3207 days (about 3% smaller). The ephemeris-free optimal
orbit-to-orbit transfer starts when the spacecraft true anomaly along the Earth’s orbit is
about 195 deg, whereas the arrival point has a true anomaly (along the ETa heliocentric
orbit) of 297 deg. In this context, the time variations of the classical orbital elements of the
spacecraft osculating orbit {a, e, i, ω, Ω} are shown in Figure 7a. Note that the final values
of the elements are consistent with the data reported in Table 3. Finally, the time variations
of the three components of the propulsive acceleration vector in the orbital RTN reference
frame are sketched in Figure 7b.
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(a) Case of 2010 TK7 with ideal force model.
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(b) Case of 2010 TK7 with optical force model.
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(c) Case of 2020 XL5 with ideal force model.
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(d) Case of 2020 XL5 with optical force model.

Figure 4. Simulation results (red circle) and best fit interpolation (dashed black line) of the flight time
as a function of the characteristic acceleration.
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(a) Case of 2010 TK7 with ac = 0.1 mm/s2.
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(d) Case of 2020 XL5 with ac = 0.5 mm/s2.
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(e) Case of 2010 TK7 with ac = 1 mm/s2.
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(f) Case of 2020 XL5 with ac = 1 mm/s2.

Figure 5. Optimal Earth–ETa transfer trajectory (black line), assuming an optical force model, as a
function of the characteristic acceleration. Blue line→ Earth’s orbit, red line→ asteroid orbit, blue
circle→ start, red circle→ arrival, blue star→ Earth’s orbit perihelion, red star→ asteroid orbit
perihelion, yellow circle→ Sun.
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Figure 6. Optimal trajectory in an Earth–asteroid 2020 XL5 transfer, with ac = 0.12 mm/s2 and an
optical force model. The figure legend is consistent with that reported in the label of Figure 5.
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(a) Orbital elements.
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(b) Acceleration components.

Figure 7. Time variation of the osculating orbit elements and propulsive acceleration components (in
an RTN reference frame) in an Earth–asteroid 2020 XL5 transfer, with ac = 0.12 mm/s2 and an optical
force model. Blue circle→ start; red circle→ arrival.
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4. Conclusions

Minimum-time orbit-to-orbit transfers from Earth to one of the two currently known
Trojan asteroids have been simulated by solving an optimal control problem with an
indirect approach. For a probe propelled by a (flat) solar sail, feasible trajectories exist
that enable those transfers without the need of intermediate planetary flyby. The solar-
sail-based spacecraft performance has been investigated with a parametric approach as
a function of the spacecraft characteristic acceleration. Using the state-of-the-art level
of solar sail technology, the interplanetary transfers require flight times on the order of
some years, and a substantial reduction of the transfer time could be reached with a
characteristic acceleration of about 0.5 mm/s2. In fact, simulations have shown that the
mission times tends to drastically decrease as the characteristic acceleration increases to a
near-term technology level and, indeed, reduce to about 500 days only when a medium-
high performance solar sail (with ac = 1 mm/s2) is considered. Although these results have
been obtained without considering the planetary ephemerides, they clearly indicate that
solar sail propulsion is a very promising option for a mission toward Earth Trojan asteroids.
A natural extension of this work is a preliminary analysis of an Earth–ETa transfer by
considering the actual planetary ephemerides. Since the two celestial bodies involved in
the transfer roughly share the same value of semimajor axis (and so nearly the same orbital
period) the ephemeris-constrained transfer can be studied by parametrically analyzing the
minimum flight time as a function of the starting true anomaly along the Earth’s orbit, for a
fixed value of characteristic acceleration.
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Abbreviations

Notation

a semimajor axis [au]
ac characteristic acceleration [mm/s2]
a propulsive acceleration vector [mm/s2]
A matrix, see Equation (15)
Aij generic entry of matrix A, see Equations (16)–(25)
b vector, see Equation (14)
B f non-Lambertian coefficient of the front sail film
Bb non-Lambertian coefficient of the back sail film
{b1, b2, b3} force coefficients, see Table 6
c auxiliary vector, see Equation (41)
{ds, dc} auxiliary functions, see Equations (43) and (44)
e eccentricity
H Hamiltonian function
H′ reduced Hamiltonian function, see Equation (41)
i orbital inclination [deg]
îR radial unit vector
îT transverse unit vector
îN normal unit vector
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J performance index [days]
n̂ unit vector normal to the sail plane
{p, f , g, h, k, L} MEOEs
{p1, p2, q1, q2} best fit coefficients, see Equation (47)
r radial distance [au]
r̂ Sun–spacecraft unit vector
r⊕ reference distance [1 au]
t time [days]
v̂ spacecraft inertial velocity unit vector
x spacecraft state vector
α sail cone angle [rad]
∆t flight time [days]
δ sail clock angle [rad]
ε f emissivity coefficient of the front sail film
εb emissivity coefficient of the back sail film
λ adjoint vector, see Equation (39)
λy generic adjoint variable
µ� Sun’s gravitational parameter [km3/s2]
ω argument of periapse [deg]
Ω right ascension of the ascending node [deg]
ρ sail film reflection coefficient

Subscripts

0 initial, parking orbit
f final, target orbit

Superscripts

· derivative with respect to time
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