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Abstract: General Relativity is an extremely successful theory, at least for weak gravitational fields;
however, it breaks down at very high energies, such as in correspondence to the initial singularity.
Quantum Gravity is expected to provide more physical insights in relation to this open question.
Indeed, one alternative scenario to the Big Bang, that manages to completely avoid the singularity, is
offered by Loop Quantum Cosmology (LQC), which predicts that the Universe undergoes a collapse
to an expansion through a bounce. In this work, we use metric f(R) gravity to reproduce the modified
Friedmann equations which have been obtained in the context of modified loop quantum cosmologies.
To achieve this, we apply an order reduction method to the f(R) field equations, and obtain covariant
effective actions that lead to a bounce, for specific models of modified LQC, considering a massless
scalar field.
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1. Introduction
1.1. Motivations: Loop Quantum Cosmology and Its Modifications

At the order of the Planck length [,, where General Relativity (GR) breaks down,
a quantum theory of gravity is expected to provide insight on the behaviour of gravity
at quantum scales [1], and, consequently, in addressing fundamental open questions [2],
such as the initial singularity problem. Loop Quantum Gravity (LQG) [3-5] is one of the
main candidates, which predicts that classical differential geometry, at small space-time
curvatures, is replaced by a discrete quantum geometry at the Planck scale. Indeed, Loop
Quantum Cosmology (LQC), which is described as a symmetry-reduced model of LQG [6],
provides a more complete understanding of the initial singularity, and through an effective
Hamiltonian description yields the following modified Friedmann equation [7-13]:

1 P
H?> = 2k (1) 1)
3 P Oc

where H = 4/a is the Hubble function, given in terms of the scale factor a(t), and the
critical energy density p, is defined as p. = V3/ (327'(273 ), where v & 0.2375 is the Barbero—
Immirzi parameter [14]. Throughout this work, we use the geometrized system of natural
units in which ¢ = 1 = G = 1 and, accordingly, ¥ = 87t. The resulting equation of motion is
just the usual Friedmann equation, for a spatially flat universe with a cosmological constant
equal to zero, with a modified source, which has no extra degrees of freedom compared to
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GR. The modified Friedmann Equation (1) dictates that the Big Bang singularity is replaced
by a quantum bounce that occurs at the critical density p., determined by the underlying
quantum geometry, which is independent of the matter content of the universe, when
H=0and i > 0.

Formally, in LQG, the elementary classical phase space variables for the gravitational
sector are the Ashtekar-Barbero connection A}, and the conjugate triad Ef. When con-
sidering a spatially flat space-time, which is the case in standard LQC, the only relevant
constraint is the Hamiltonian constraint, given by [15,16]

H= (CM + Cgmv)/87TG/ (2

whose vanishing yields the equations of motion. Cy, is the matter sector constraint and
Cqrav is the gravitational constraint, given by [15,16]

Cgmv = Céfa)v - (1 + ’72)C§£fz)v ’ (3)

E) oD

where Cé(,mv is the Euclidean term and Cg;q, is the Lorentzian term. The Euclidean part is
given by [15,16]

() 1 5 . E4j gDk
Corav = 5 /d xeiijlgbm ’ 4)

where F iab is the field strength of the connection A} and det(q) is the determinant of the
spatial metric compatible with the triads. The Lorentzian part, on the other hand, is given
by [15,16]

E&j bk

NCEON

where K is the extrinsic curvature. Unlike in the framework of full LQG, in the standard
LQC scenario, the Euclidean and Lorentzian terms are treated in the same way, due to a
classical symmetry reduction, which makes the Lorentzian term a multiple of the Euclidean
one. A quantization is then performed on the combination of these two terms, leading to
the Hamiltonian constraint in LQC [15]. In this sense, this procedure does not grasp the
totality of the full theory of LQG, since the Lorentzian and the Euclidean terms need to be
quantized in different ways, leading to a different Hamiltonian constraint. Thus, due to the
quantization ambiguities in constructing the Hamiltonian constraint operator in isotropic
loop quantum cosmology, this has the important implication that different treatments may
arrive at different Planck scale physics. One of the first attempts to understand this problem
and to construct a Hamiltonian constraint that is actually similar to the construction in
LQG, and inherits more features from the full theory, was undertaken in Ref. [17], in
which Thiemann’s regularization was used. Indeed, the Lorentz term of the gravitational
Hamiltonian constraint in the spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW)
model was quantized by two approaches different from that of the Euclidean term. One of
the approaches is very similar to the treatment of the Lorentz part of the Hamiltonian in loop
quantum gravity and, therefore, inherits more features from the full theory. Two symmetric
Hamiltonian constraint operators were constructed, respectively, in the improved scheme,
and it was shown that both have the correct classical limit through the semi-classical
analysis. Nevertheless, there is still no systematic derivation of LQC as a cosmological
sector of LQG and, as a consequence, different paths to obtain LQG-like Hamiltonians from
LQC followed [18-21]. Due to these quantization ambiguities in constructing the effective
Hamiltonian from LQG, it is pertinent to understand how different quantization methods
affect the physical predictions. More specifically, there are still great possibilities for the
expanding universe to recollapse due to quantum gravity effects.

Throughout this work, we will focus on two specific modified loop quantum cosmol-
ogy (mLQC) models [15,17], which differ from standard LQC in the way the Lorentzian
term in the Hamiltonian constraint is treated [22]. One of the main goals of this study was to

c{b), = / #xK] Kb )
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verify whether the Big Bang was still replaced by a quantum bounce. Moreover, numerical
solutions were shown to be reliable approximations in order to extract phenomenological
implications, particularly in the bounce regime.

1.2. Modified Loop Quantum Cosmology—I: mLQC-I

As emphasized in Ref. [15], in LQC it is not necessary to eliminate the Lorentzian
term explicitly in order to express the Hamiltonian constraint. In fact, if the Lorentzian
term is maintained, different effective Hamiltonians are obtained. In this formal sense, the
model derived in Ref. [15], which here we denote by mLQC-I, by treating the Lorentzian
term in the Hamiltonian constraint separately and using Thiemann’s regularization [17]
yielded a more fundamental difference between LQC and mLQC-], in that in the latter the
evolution of the universe is described by two different branches, b4 and b_, and, therefore,
it is asymmetric with respect to the bounce.

Considering the b_ branch, the modified Friedmann equation takes the form [15,22]

K 2/1
Hz_:?,P< _ﬁ[ TP/ P (6)

) 1+ 2 4
e (12 +1)(1+ V1= p/pl)

where p! = p./[4(1 + 7?)] is the critical density at which the quantum bounce occurs,
that is suppressed by a factor of 4(1 + 7?) with respect to the standard model of LQC. For
p/pl < 1, the standard Friedmann equation H? = xp/3 is recovered.

Concerning the b, branch, the modified Friedmann equation takes the form [15,22]

_K“PA< _P) 1+p<1—272+\/1—p/p£)
4720t (1+ V1= p/pl)

pe
where & = (1 -592)/(7* +1), pa = 3/[xaA?(1 + 9?)?], and A? = 4/37y. For this
branch, the limit of Equation (7) when p/p, < 1,is given by H? ~ 8Gy(p + pa) /3, where
Gy := aG. It can be shown that the classical energy conservation law still holds in this
modified model of LQC, concerning both branches.

Taking the current cosmological constraints into account, the evolution of the universe
must start from the b branch, in the pre-bounce phase, and afterwards the evolution will
be switched to the one described by the b_ branch. In LQC, we only have one branch due
to the fact that the Lorentzian term is not explicit in the Hamiltonian. The two branches
coincide at the bounce, p = p! [15]. Contrary to the previous branch, in the b, branch,
the quantum geometric effects are still present in the above limit. Comparing with the
standard Friedmann equation, we see that these effects are present in the form of a modified
Newtonian constant, G, and an emergent positive cosmological constant, p5. These pose
phenomenological problems, if this branch lies in the post-bounce universe in which we
live [15].

@)

1.3. Modified Loop Quantum Cosmology—Ii: mLQC-II

The second modification of LQC that we consider in this work, outlined in Ref. [17],
was derived by using Thiemann’s regularization, similar to the previous model, while
using the proportionality of Ashtekar’s connection and extrinsic curvature [16]. The
corresponding modified Friedmann equation takes the form [17]

2Kp< p)
=20 (- £
3 od!

where we find that the quantum bounce occurs at the critical density p!! = 4(7? + 1)p..
Unlike the mLQC-I model, the bounce in this model is perfectly symmetric, as in LQC.

1+4v*(v* +1)p/pl!
14+29%0/pl + T+ 4921+ %)/l |
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However, the modified dynamics in the Planck regime are less trivial, similarly to the
mLQC-I model. Another similarity between LQC and mLQC-II is their classical limit. The
limit of Equation (8), for p/pll < 1, is given by H? = xp/3 [16]. Once again, using the
modified equations that this model provides, the energy—-momentum conservation law still
holds without any change in the properties of the equation of state (EoS).

1.4. Order Reduction

Now, the only covariant action that leads to second-order equations, under metric
variation, is the Einstein—-Hilbert (EH) action, and any change in this action leads to higher-
order equations. Considering an action other than the one from GR appears to be unjustified
given that it implies a departure of a framework that has proven to be successful in
describing several physical phenomena. However, considering such theories might be
useful, especially if they are close to the theory which we believe to be presently more
correct. In fact, given that the modified Friedmann Equations (6)—(8) are obtained from
modified sources, a reasonable question to ask is whether it is possible to derive them from
an effective action, other than the EH action. An interesting analysis was considered in the
Palatini approach of f(R) gravity in Ref. [23]. In this context, the functional Palatini f(R) is
a function of the trace of the energy—-momentum tensor T, so that the modified Friedmann
equation in Palatini f(R) gravity does not involve any higher derivatives of the geometrical
quantities and is just a function of the matter sources [24]. Indeed, this result provided new
insights on the continuum properties of the discrete structure of quantum geometry. In
this work, in order to deduce effective actions, we use metric f(R) gravity [25-31], where
the full field equations in this framework are of fourth-order. One advantage of using
f(R) gravity is that this theory seems to be the only one which can avoid the Ostrogradski
instability [29,32]. We can either consider this theory as an exact theory, meaning that
their field equations are considered as genuinely higher-order, or we can treat it as an
effective field theory by only considering the solutions which are perturbatively close to
GR as the physical ones and the rest as spurious [33-35]. A method that provides the latter
approach is that of covariant order reduction, which allows one to find solutions that are
perturbatively close to GR. A further advantage of this procedure consists in the fact that it
may also serve as a model selection approach. The idea of considering only the solutions
which are perturbatively close to GR is not new in cosmology. For example, an inflation
model with a polynomial expression for f(R) was phenomenologically investigated in [36].
Another example is presented in [37], where the R + R? 4+ ROR inflationary model was
considered by treating the RUIR term as a small perturbation.

Indeed, it was shown that, at least for isotropic models in LQC, using a covariant
order reduction then a covariant effective action can be found if one considers higher-
order theories of gravity but faithfully follows effective field theory techniques [32]. In
this context, these techniques were applied within bouncing cosmologies, which can be
envisaged as candidates for solving the Big Bang initial singularity problem. In Ref. [38],
bouncing solutions in a modified Gauss—-Bonnet gravity theory were explored, of the type
R+ f(G), where R is the Ricci scalar, G is the Gauss-Bonnet term, and f is some function
of it [38]. In finding such a bouncing solution, the order reduction technique was used
to reduce the order of the differential equations of the R + f(G) theory to second order
equations. As GR is a theory whose equations are of second order, this order reduction
technique enables one to find solutions which are perturbatively close to GR. Furthermore,
the covariant action of the order reduced theory was also obtained. The analysis explored in
Ref. [38] was extended in the context of f(R, G) gravity by using the same order reduction
technique [39]. Indeed, several covariant gravitational actions leading to a bounce are
directly selected by demanding that the Friedmann equation derived within such gravity
theories coincides with the one emerging from LQC. The same approach has also been
implemented in the context of f(Q) symmetric teleparallel gravity theories, where Q is the
non-metricity scalar [40]. Further cases were explored in Refs. [41,42].
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1.5. Outline of the Paper

In this work, we are interested in extending the analysis outlined in Ref. [32], by apply-
ing the method of covariant order reduction to the modified Friedmann Equations (6)—(8),
within the modified loop quantum cosmologies considered above. To this effect, we write
out the Lagrangian density of f(R) gravity as the sum of the gravitational Lagrangian of
GR and a deviation term, and present the final form of the reduced modified Friedmann
equations. In Section 2, we present the covariant order reduction technique in some detail
and outline a strategy to deduce the effective actions. In Section 3, we obtain the effective
actions for the modified loop quantum cosmological models considered above. Finally, in
Section 4, we conclude and discuss our results.

2. Covariant Order Reduction Technique
2.1. Reduced Equations in f(R) Gravity

In this work, we consider metric f(R) gravity, whose corresponding action is given by

1
5= e /Vd4XM—78f(R) +Sm(gu, ¥), ©)

where ¢ is the determinant of the metric tensor g,,, Sp is the matter action defined as
Sm = [y d*x\/=g Lm(guw, ¥), being Ly the matter Lagrangian density, in which mat-
ter is minimally coupled to the metric g;, and ¥ collectively denotes the matter fields.
Without loss of generality, we parametrize the Lagrangian density f(R) as the sum of the
gravitational Lagrangian of GR and a deviation term, as follows

f(R) = R+2A+€¢(R), (10)

where A is the cosmological constant, € is a dimensionless parameter, and e¢(R) represents
the deviation from GR. Substituting Equation (10) in Equation (9), and varying the action
with respect to the metric yields the following gravitational field equations

1
Guv — g\ +e€ —ng,go(R) + ¢'(R)Ruy — (VuVy — guw0) @' (R)| =Ty . (11)

The energy-momentum tensor Ty, is defined as

_ 2 d/—glm)
Tw === g (12)

We now apply the order reduction technique to Equation (11). In the present case,
this amounts to replacing the Ricci scalar and the Ricci tensor, in the terms of order €, by
the expression we obtain from them, from the € = 0 version of the same equations. Thus,
setting € = 0 in Equation (11), yields the following

1
R}, = 58 (R +24) + Ty, (13)
as the reduced expression of the Ricci tensor, where Rt is the order reduced Ricci scalar.

Taking into account the trace of Equation (13), the latter provides Rt = —«T — 4A, and
after substituting it into Equation (13), we arrive at

1
R,{V = Ty — Eg;“,KT — Aguy - (14)

Replacing R and Ry, in the e-order terms in Equation (11), with the above expressions, we
finally obtain

1 1
Guv — A + €| —58uwe(Rr) + ¢'(Rr) (KTW — 58T — Ag;w) —(VuVy = g0) ¢ (Rr) | =«Ty . (15)
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These are reduced field equations in the sense that we are not using the complete field
equations to determine expressions for R and R,,. We should notice that this approximation
is only valid when

lep(R)] < [R]. (16)

After a solution ¢(R) is determined, it has to be verified a posteriori for which interval
of values of R this is valid.

Throughout this work, we consider an isotropic and homogeneous universe described
by the FLRW metric with a (—, +,+,+) signature, which, in spherical coordinates, is
given by

dr?
1— kr?

ds*> = —dt* +a(t)? + r2d0* + 1 sin” 0dp? | , (17)
where a(t) is the scale factor and k is the curvature of the universe, which can be set
equal to —1, 0, or +1, depending if one is considering a hyperspherical, spatially flat, or
hyperbolic universe, respectively. We assume a perfect fluid description for the content of
the universe, given by the energy-momentum tensor, Ty, = (o + p)U, Uy + pguv, where
UH is the four-velocity field of an observer comoving with the fluid, defined in such a way
that U,U" = —1,and p = p(t) and p = p(t) are the fluid’s energy density and isotropic
pressure, respectively.

Now, taking into account the FLRW metric (17), then Equation (15) provides the
following modified Friedmann equation

kA el 1
=3 3| 3CUt D@0+ oA + Sor +IH? @R (1 +w) (3w — 1)xp |, (18)
by taking into account a barotropic EoS p = wp, with —1 < w < 1. Note that we recover
the standard Friedmann equation for € = 0.

In the context of the order reduction method, we substitute the H? term within the €
term on the right hand side of Equation (18) by the standard Friedmann equation, which
yields [32]

1 kK A €]l 1
2 A Nl ! 1 -
9k
— (3Kp - SA) ¢"(R7)(1+w)(1 —3w)xp|, (19)

as our final form of the reduced modified Friedmann equation in f(R) gravity. It is clear now,
that the reduced differential equation is effectively a second-order one. With this result,
we aim to find a function ¢(Rrt), such that Equation (19) is the same as some Friedmann
equation with a modified source.

2.2. Strategy to Obtain Effective Actions

Here, we specify the conditions in which we will be using Equation (19). In this
context, we consider a spatially flat universe (k = 0) with a zero cosmological constant
(A =0), so that Rt = —«xp(3w — 1). Taking these aspects into account, then Equation (19)
becomes

H2 = xp— <| 5 (G0 + )¢/ (Re)rp + 29(Rr) — 3622 (R)(1+0)(1 ~3w)| . (20)
In the following sections, we will compare Equation (20) to the modified Friedmann
Equations (6)—(8) considered in the modified loop quantum cosmologies, outlined in the
Introduction. However, we reinforce the idea that there are two kinds of modified Fried-
mann equations at play. One of them is Equation (20), which was derived in the context of
metric f(R) gravity, and the other one was derived in the context of LQC. Thus, our main
goal is to determine ¢(R7), such that Equation (20) is the same as Equations (6)—(8). In
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doing so, we will determine an effective action that leads to the quantum bounce which
characterizes those models. Thus, the modified Friedmann equation, in the context of LQC
and its modifications, can be written, in a general way, as

1
H? = Zr0+¥(p), (21)

where ¥ (p) is some algebraic function, which will depend on the model. Comparing with
Equation (20), the requirement is that ¢(R7) satisfies

~ 5360+ D9 Rowp + Fo(Re) ~ 30262 (R)(1+0)(1=30)| = ¥(p), @)

312
for a given ¥ (p). The same equation, written in terms of Ry, using Rt = —«p(3w — 1), is
given by
efl Bw+1) , 314+w) , B
5|30k — 5o o Re f (Re) + S EUR ¢ (Re)| = ¥(RE). 3

For each model, mLQC-I and mLQC-II, we will be considering the scenario of a
massless scalar field (w = 1). In this context, an effective action for LQC was already
determined in Ref. [32].

3. Effective Actions for Modified Loop Quantum Cosmology Models

In order to be in agreement with the approach leading to Equation (1), we consider a
massless scalar field, i.e., we set the EoS parameter to be w = 1. Therefore, Equation (20)
simplifies to

2 1 €15 v 1 2.2 1
H™ = 2xp — 3 |2¢'(Rr)xp + 5 ¢(Rr) +12c°p"9" (R7) | , 24)

and, as a consequence, Equation (22) reduces to

- g {Z(P/(RT)KP + %(P(RT) + 12K2p2€0"(RT)] =Y¥(p), (25)

with
Ry = —2xp. (26)

Note that Rt is negative, as the energy density p is positive. Finally, we write out
Equation (25) in terms of Rt as

€|l
— 3 |7#(Rr) = Rr¢/(Rr) + 3R1¢"(Rr)| =¥ (Rr). (27)
Independently of the model of LQC that we are considering, at a given moment, the
solution to the non-homogeneous Equation (27) consists of the sum of the solution to the
corresponding homogeneous equation and its particular solution,

¢(R1) = ¢p(RT) + ¢p(R7). (28)

As such, before specifying any of the models, by substituting ¥(R7) in Equation (27)
for each case, let us consider the homogeneous equation first, which is common to all cases
and is given by

1
5#(Rr) = Rr¢'(Rr) + 3R79" (Ry) = 0. (29)
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This equation is a homogeneous second order Cauchy—Euler equation, having the
form
X%y (x) 4 axy’ (x) + by(x) = 0. (30)

Assuming a trial solution, y(x) = x™ gives
2m(m —1)x™ 2 + axmx™ 1 4 bx™ = 0. (31)

We now see that y = x™ was a rather natural choice since we obtained a common factor
x™ that we can drop obtaining the characteristic equation for m, given by m? + (a — 1)m +
b = 0. Through the roots of this equation, we obtain a solution for Equation (30) whose
form depends on the number of roots, and if they are real or complex. In the present case,
the characteristic equation for the homogeneous Equation (29) is m? —4m/3+1/6 = 0
and, solving for m, one obtains two real roots, m = %(4 + \@), meaning that the solution
to Equation (29) is given by

on(R) = cyRe4V10) 4 o) Re(4+V10) (32)

This solution does not contain analytic functions of R, meaning it is not locally given
by a convergent power series. For this reason, and also for the fact that ¢, (R) does not con-
tribute to the full Equation (27), we can set ¢c; = ¢ = 0, without loss of generality [32]. As
such, the solutions to Equation (27) are simply given by the particular solution in question

¢(Rr) = ¢p(Rr), (33)
depending on ¥(R7).

3.1. Effective Action for LQC

Here, for self-completeness and self-consistency, we briefly present the particular
scenario studied in Ref. [32], where an effective action for LQC was found, requiring matter
tobe a scalar field, in order to be in agreement with the approach leading to Equation (1) [13].
From Equation (21), for LQC we have that ¥(p) = —xp?/(3p.) or, as a function of Rr,
using Rt = —2xp, we have ¥(Rr) = —R%/(12xp.). Therefore, in this case, Equation (27)
is given by

R%
 4dkpce”

2 0(Rr) — Rrg/ (Rr) + 3R3¢" (Rr) (4)

Since we already covered the solution to Equation (29), we now focus on its particular
solution. Looking at Equation (34), the particular solution should be of the form ¢, (Rt) =
AR?, where A is a constant. Plugging this in Equation (34) and solving for A, one obtains
A =1/(18exp.). We therefore have [32]:

R2
~ 18kp.

e(i’p(R) (35)

where we have dropped the subscript T since, to € order, f(R) and f(Rr) are the same.
Thus, the f(R) function for the effective action, that leads to Equation (1), is [32]

fIR) = R-+egy(R) = R+~

o, T (36)

where the dots are an indication of an infinite series. Notice that the case of a quadratic
model f(R) « R?, in the context of LQC, was also considered in Ref. [43]. An effective
brane-world and the LQC background expansion histories were also reproduced from a
modified gravity perspective in terms of a quadratic term in the Ricci scalar, in a theory
non-minimally coupled with the matter Lagrangian [44]. We can neglect the rest of the
terms, as they are subdominant with respect to the quadratic term. According to the order
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W m

39(Rr) = Reg!(Rr) + 38% ¢/ (Rr)| = -

+3(12(2v10+ 5)p! + (V10 +10) R) 2P [—2, < (vio-

)
+(2xp; + R) (9\/E2F1 B,é(—\/ﬁ—él); % (2 — \/E>, _prl}

(11f+20)2F1B é(\/ﬁ—4);é(m+2>;—zig]>]}, (41)

reduction method, this solution is only valid for a certain range of curvatures, given by
Equation (16), or, equivalently, for a certain range of energy density values. In this case, the
solution is valid for

R>» —18xp. = p<9pc. (37)

Thus, a metric f(R) action was found in Ref. [32] which, when treated as an effective
action, leads to the modified Friedmann equation, provided by LQC. Here, we follow an
analogous procedure for the modified models of LQC.

3.2. Effective Actions for mLQC-I

As described in the Introduction, mLQC-I is divided in two branches. As such, we
consider each of them separately and find an effective action for both.
3.2.1. Effective Action for the b_ Branch

Considering Equation (6) for the b_ branch, we find that Equation (21), in this case, is

given by
20751
Y(p) = p + 5 (1 P ) P70 (38)

"3l T3 el (2 4+1)(14 /1 —p/pl)?

or, using Equation (26),

2 2 I
¥(Rp) = — L4 RT(1+ Rt ) 7 Rr/(26pc) (39)

120lx = 6 2kpl ) (12 +1)(1 + /1 + R/ (2xp))2

Cc
Therefore, in this case, Equation (27) provides
6 xg (108
6

1201k (’YZ+1)<1+ \/W/(ZW))Z

Using Wolfram Mathematica, we obtain the following solution

(40)

1 R?
( REG-VIO) ¢ 4 o RE(VIOH) . 4 {5(_7272@5 + 2 rsarr)
c

90(72 +1)

((5 4\/>)Kpc (\/>+10 zPl[ —4);1<2—\/ﬁ>;—R}

6 2ip!

g(Vi0+2); 2;@}

where, again, we have dropped the subscript T since, to € order, f(R) and f(Rry) are
the same.

As expected, the first two terms in Equation (41) correspond to Equation (32), and
the remaining terms correspond to the particular solution to Equation (40). This solution
contains hypergeometric functions', denoted by ,F;, and its domain is —2xp. < R. Along
with the fact that it only makes physical sense that R < 0, we have that our physical
solution is defined in the range

—2kpl <R <0. (44)
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Thus, a metric f(R) action was found which, when treated as an effective action, leads
to the modified Friedmann Equation (7), provided by the b_ branch of mLQC-L Setting
c1 = ¢p = 0, without loss of generality, the effective action is given by

= R+90(721+1){5(_7272Kp£+'§£+547212>+\/11*087+21o 3(4(5—”5)@5
(V04 10)8) 5 3 5 (V- 0) 2 V05
(1220t (V0 10)8) [ (V0-0) (0 2)
o 0 (30038 [ (IO~ ) 52 V) -

(3Ll

} . (45)

Using Wolfram Mathematica, a Taylor expansion of Equation (45), about R = 0 and up
to third order, was computed and is given by

(4+39%)R? 7*R3
R) =R R) =R s 46
fIR)=R+eqR) =R+ 7201+ 1 2)xpl 9920+ 2) (koI 2 (40)
where the critical density for this model is given by
V3
oc = (47)

1287293 (14 2)

In order to better convey the magnitude of the deviation from GR in this case, we
provide two different plots in Figure 1. In Figure 1a, we present the deviation of the effective
Lagrangian density from the one we find in GR, as a function of R. In this plot, we are able
to compare the deviation in the case of LQC, given by Equation (35), with that of mLQC-I,
in the case of b_ branch. Notice that we are plotting Equation (41), with ¢; = ¢ = 0, not
the corresponding series expansion. In Figure 1b, we compare the effective f(R) functions
of LQC and the b_ branch of mLQC-I, given by Equations (36) and (45), respectively, with
that of GR, with A = 0.

3.2.2. Effective Action for the b Branch

Considering the b, branch, with the modified Friedmann Equation (6), we find that
Equation (21) is given by

p(1-27+/1—p/pk
¥(p) = —% + %mcp,\ (1 - PI> 1+ ( ) , (48)
Pe 4vzp£(1+ V1 —p/p£)

or, using Equation (26),

R 1
¥(R7) = ?T + FAK0A (1 +

c

Ry ) 1 RT(l —292+ /1 +RT/(2Kpg)) )
2xp( 8v2xp! (1 + 1+ RT/(ZKpg)) .

Therefore, in this case Equation (27) becomes

> 41 Re Ry ) [1 Rr(1-27%+ \/1+RT/(2KP£))] 50)

€ 190 Rrgly +3R2¢ _|-1zx1<p <1+
— 2 |59T — Rror T¢T| = 35 A
3|2 6 3 2%/ 872Kp£<1—|— 1+RT/(2KP£))

Cc
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where ¢ = ¢@(R7). As before, the solution to Equation (50) was obtained using Wolfram
Mathematica, and is given by

o) = RV De s R (VB 4 s SARUSET = gt + )
gl - a(R=2(vVI0-2)ugt)om [, (~viD- ) (2~ viD) 51
(a0 2ol ) [ (VIO ) (VIO 25
gt~ (V0-1) 35 14 (V- ) 2 viT) 5
(1) 3 (-2 (0 2) ) o

where we have dropped the subscript T since, to € order, f(R) and f(Rr) are the same. Once
again, the first two terms correspond to Equation (32), and the remaining ones correspond
to the particular solution of Equation (50). As in the previous branch, the solution contains
hypergeometric functions and its domain is given by —2xp! < R. As such, since it only
makes physical sense that R < 0, Equation (51) is defined, as a physical solution, for
the range

—2kpl <R <0. (52)
Taking the same argument as in the previous calculations, we can set c; = ¢, = 0 and,

as a consequence, the effective action is given by

apAR(18(29% — 1)xpl + R)
727k (p¢)?

f(R) = —axpp+2R+

Mp/}{ 3[R —2(V10-2)pl| 21 {—1,1(—\@—4);1(2— VI0); - ]

200 6 g _ﬂ
Sty LA )
R
+(Vio+1)2h [ii(m—4)i<m+2)—fm]>} (53)

A Taylor expansion of Equation (53) up to third order, about R = 0, was computed
using Wolfram Mathematica, resulting in

1(5v2 = 1)pa #(4=37)oaR? | apsR®
N «57 ~Doa g . (54
f(R) aKpA + ( 47201 + + 28872k (pI)2 * 396812 (pl)? T B8

We observe that, for this particular branch, f(0) # 0. We recall that p, was interpreted
as the energy density of an emergent positive cosmological constant in Ref. [15].

Thus, a metric f(R) action was also found for the b, branch of mLQC-I which, when
treated as an effective action, leads to the modified Friedmann Equation (7). Finally, using
the same definitions we used before, to provide plots for the b_ branch, we also provide the
same kind of plots for this branch, in Figure 2. In Figure 2a, we can observe that, for mLQC-
I, e¢(R) is an increasing function, contrary to all the other models we are considering.
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Figure 1. The plot (a) (Deviation, from GR, of the effective Lagrangian: a comparison between the b_
branch of mLQC-I and LQC) presents the comparison between Equation (41), for the b_ branch of
mLQC-I (dashed dark orange line), and Equation (35), for LQC (solid blue line), with ¢; = ¢, =0,
for —2kp! < R < 0. Although the deviation is higher for the case of the b_ branch of this modified
model, both of them are dominated by the quadratic term. The plot (b) (Effective f(R) function: a
comparison between the b_ branch of mLQC-I, LQC, and GR) illustrates the differences between the
Lagrangian density of GR (solid black line), with A = 0, and the effective Lagrangian densities given
by Equation (36), in the case of LQC (solid blue line) and Equation (45), for the b_ branch of mLQC-I
(dashed dark orange line), for the interval —2Kp£ <R <0.

3.3. Effective Action for mLQC-II
We now consider the mLQC-II model, in which the modified Friedmann equation is

given by Equation (8). In this case, Equation (21) is given by
2p(1—p/pt") (L +4(P+1)0/0l)  xp

¥lp) = ,
3(1+29%/pl1 + VITA(Z FD7%0/p0) 3

(55)

or, using Equation (26),

$(Rp) = Rt Rr(L+Re/@xpc)) (1-297(7" + )Rr/ (kpc')) (56)

6 3(1—2Re/(xpl!) + VI=22( + DR/ (xpl1) )

Therefore, in this case Equation (27) is given by

RT(1+&> (1— WH)RT)

ef1 R 2kpl! Kol
~3 §¢(RT) — Rr¢'(Rr) +3R2T§0”(RT)] = *6T - — . (57)
3(1 - PRr +. 1= (72+1)Ry
xo! xpc!

The solution to Equation (57) was obtained using Wolfram Mathematica, and leads to
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1(4 1 1 20(9° + 7*)R?
ep(R) = c;Rs( m)e—i—czRé(m*‘L)e—l—W{270(74+72)R+wm)l;y)+90Kp£1
C

+9

3((v10—2)xpl +2(7* +4?)R) 2Ry l;,é(\/ﬁﬂ;é(z \@);W

+(6<74+7) (\/»+2)KPC)2F1l ! 1(\/> )%(\/»—FZ) 2R7K<ZH+1)
L (Vo) (o vy BT

(oot + )= (VI0-1)2m .
)}

2R (7v* +1
(Vio- )(J<u)7g1)

where we have dropped the subscript T since, to order ¢, f(R), and f(Rr) are the same.
As usual, the first two terms correspond to Equation (32) and the remaining terms corre-
spond to the particular solution of Equation (57). For this model, the solution also con-
tains hypergeometric functions but with a different argument and its domain is given by
R < xpl/(27*(7*+1)). As such, in this case the solution only has physical meaning for
the interval

(v 1)an )

R <O0. (59)

Thus, a metric f(R) action was found which, when treated as an effective action, leads
to the modified Friedmann Equation (8), provided by mLQC-IIL. Setting ¢; = ¢ = 0 this
effective action is given by

20(7° ++*)R?

1
f(R) = R+90,Y4{270('y4+72>R+Kp£1+901<p£1+9 3((\@—2)Kp£1

g (V=g e Vi) B

+2 (74 + 72) R) 2F
+(6(7+77)R - w.@mﬁqggﬁwqgqumﬂﬁﬂ
(oot 7)) ((v10-1)

(WH)ZH[;6(@-4),-2(m+2);21372(72+1>

35 (V0= 4) g2 vio) 2T G

i}

Using Wolfram Mathematica, a Taylor expansion of Equation (60), about R = 0 and up
to third order, was computed and is given by

11
Kpc

3
(_3,)/4 _ 2,)/2 4 1)R2 ,)/2 (,)/2 + 1) R3
R)=R — 1
fR) + 18kpll 62(xpll)?2 tees (61)

where the critical density for this model is

i V3(*A+1) _

62
823 (62)

P

This solution for the mLQC-II model is depicted in Figure 3. In Figure 3a, we present
the deviation of the effective Lagrangian density from the general relativistic counterpart,
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and compare them to the the deviation in the case of LQC, given by Equation (35), with
that of mLQC-II, given by Equation (41) with ¢; = ¢, = 0. In Figure 3b, we compare the
effective f(R) functions of LQC and mLQC-II, given by Equation (36) and Equation (60),
respectively, with that of GR, with A = 0.

0.0;

-0.5

— LQC
mLQC-I b,

—— GR
— LQC
mLQC-I b,

€o(R) -1.0 f(R)

-4 -3 -2 -1 0 - -4 -3 -2 -1 0

(a) (b)

Figure 2. The plot (a) (Deviation, from GR, of the effective Lagrangian: a comparison between the b
branch of mLQC-I and LQC) presents the comparison between Equation (51), for the b, branch of
mLQC-I (dashed light orange line), and Equation (35), for LQC (solid blue line), with ¢; = ¢, =0,
for —2kpl < R < 0. Contrary to the previous case, for this branch the correction is dominated by
the linear term. As a result, since R < 0, the deviation is predominantly negative. The plot (b)
(Effective f(R) function: a comparison between the b branch of mLQC-I, LQC, and GR) illustrates
the differences between the Lagrangian density of GR (solid black line), with A = 0, and the effective
Lagrangian densities given by Equation (36), in the case of LQC (solid blue line), and Equation (53),
for the b branch of mLQC-I (dashed light orange line), for the interval —2Kp£ <R<O0.

0

——Lac
150 ——~ mLQc-Il _sol 7
I ~
///
//
100 [ -
€p(R) f(R) 100+ P
[ -
- —GR
L= ——Lac
50 -150+
~—_ [ —ZZ mLQc-i
0 -150 -100 ——50—— 0 -200 -150 -100 -50 0
R R
(a) (b)

Figure 3. The plot (a) (Deviation, from GR, of the effective Lagrangian: a comparison between
mLQC-II and LQC) presents the comparison between Equation (58), for the case of mLQC-II (dashed
pink line), and Equation (35), for LQC (solid blue line), with ¢; = ¢; = 0, for —18xp, < R < 0.
Both of the corrections are dominated by the quadratic term. The plot (b) (Effective f(R) function:
a comparison between mLQC-II, LQC, and GR) illustrates the differences between the Lagrangian
density of GR (solid black line), with A = 0, and the effective Lagrangian densities, in the case of LQC
(solid blue line), and Equation (60), for mLQC-II (dashed pink line), for the interval —18xp., < R < 0.

Finally, we also present in Figure 4 two plots with all the solutions. In Figure 4a, we
compare all the deviations with respect to the Lagrangian density of GR. In Figure 4b, all
the effective metric f(R) functions are displayed. With the exception of the b branch of
mLQC-], all deviations from GR are dominated by the quadratic term and the remaining
terms become more subdominant, with increasing order, as is the case in LQC. In the case
of the b, branch, the dominant term is linear, due to the presence of the constant on the
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right-hand side of Equation (50), which is not the case in any of the other equations we
have solved.

0.5~
~__ ) .

0.0=——= —_— /

1 -2 //
/
-0.5] Srac 1 3 = —
€p(R) —— mLQC-1 b | R =
-1.0 mLQC=1 b; 1 RS —_GR
——— mLQC-II ] —Lac

15 ] - — — mLQC-I b.
, R mLQC-I b,

-2.0 1 ——— mLQC-II

e [ I -7 -4 -3 -2 -1 0
R R
(a) (b)

Figure 4. The plot (a) (Deviation, from GR, of the effective Lagrangian: a comparison between all
models) contains Equation (35), for LQC (solid blue line), Equation (41), for the b_ branch of mLQC-I
(dashed dark orange line), Equation (51), for the b branch of mLQC-I (dashed light orange line) and
Equation (58), for mLQC-II (dashed pink line), with ¢c; = ¢, = 0, for 72K‘D£ < R < 0. The plot (b)
(Effective f(R) function: a comparison between all models) presents the effective f(R) functions for all
models, including GR (solid black line), with A = 0. These are Equation (36), for LQC (solid blue
line), Equation (45), for the b_ branch of mLQC-I (dashed dark orange line), Equation (53), for b4
branch of mLQC-I (dashed light orange line) and Equation (60), for mLQC-II (dashed pink line), for
—2kpl <R <0.

4. Conclusions

In this work, we have addressed the initial singularity problem that is present in the
ACDM model, in which the Universe emerges from a single point with infinite density, and
considered a possible resolution to this question, as proposed by LQC, in which the Big
Bang is replaced by a quantum bounce. Through an effective Hamiltonian description, this
bounce is manifested by an effective Friedmann equation that is similar to the one found in
GR, but with a modified source, given by Equation (1). It is clear from this equation that
the energy density reaches a finite maximum value, a critical density, contrary to the Big
Bang scenario. In this regard, LQC proposes a scenario in which the Universe undergoes a
collapse to an expansion through a bounce.

Since this result comes from a different field in physics, it is relevant to ask if it is pos-
sible to replicate it in the framework of GR and its modifications. In this context, in order to
obtain the modified Friedmann Equation (1), we considered the class of metric f(R) gravity,
where the Ricci scalar in the EH action, is substituted by a general function of R. Using this
particular modification of GR, an effective action that leads to Equation (1) was determined
in Ref. [32], assuming a massless scalar field. Motivated by this approach, we considered
two modifications of standard LQC, which also yield a quantum bounce that occurs for
a critical density, specific to each model, which we denoted by mLQC-I and mLQC-II, as
outlined in the Introduction. These modifications came to be formulated as a result of a
departure of LQC from LQG. More specifically, in LQC, which is a symmetry-reduced
model of LQG, the different components of the Hamiltonian are treated as multiples of
each other. This is not the case in the full theory of LQG. As such, mLQC-I and mLQC-II are
two attempts to incorporate more aspects of LQG in LQC, by means of similar treatments
of the Hamiltonian, with respect to the treatment given in LQG.

Furthermore, we applied the covariant order reduction method by obtaining a re-
duced version of the full field equations of f(R) gravity, in the sense that they are second-
order equations and give solutions perturbatively close to GR, and deduced the modified
Friedmann equations. This equation depends on the f(R) function, which we chose to
parametrize as f(R) = R + e¢(R). Motivated by the example given in Ref. [32], in which a
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function ¢(R) was found, we applied this procedure to the mLQC-I and mLQC-II models.
The first model, mLQC-L is divided in two branches, denoted by b_ and b, providing the
modified Friedmann equations given by Equations (6) and (7), respectively. The second
model, mLQC-II, gives the modified Friedmann Equation (8). Using the software Wolfram
Mathematica, we then found a function ¢(R), such that Equations (6)—(8) are the same as
Equation (20), for w = 1. As such, specific effective covariant actions were found, in the
context of metric f(R) gravity, which provide Equations (6)—(8), for |R| < p, according to
Equation (16). These effective actions satisfy f'(R) > 0, allowing for a positive effective
gravitational coupling, and f”(R) > 0, avoiding the Dolgov-Kawasaki instability [25].

The approach followed in this article breaks down in regions of very high energy
densities, which are the most interesting regions for physics and phenomenology. Indeed,
the approximation that we use is valid for |[R| < pc ~ I, 2, breaking down at p,, since
IR ~ pc ~ 1, 2. Thus, the argument that the effective Lagrangians deduced in this work
yield Equations (6)—(8) is not quite a rigorous statement. However, our claim is that at
stages close enough to the bounce, such as just before and after it, the Lagrangians found
in this work may effectively and correctly describe the collapsing universe. Moreover,
it should be noted that the modified Friedmann equations derived in this paper are not
guaranteed to respect general covariance, a problem that remains open in LQC models that
involve quantum bounces [45].

We would like to point out that there is a simpler approach compared to the one pre-
sented in this paper, namely f(x) gravity [46], where x is an invariant, such as the torsion,
the intrinsic curvature, a combination of the Carminati-McLenaghan, or the invariant com-
ing from mimetic gravity which, at the background level, mimics standard LQC [47]. This
approach could, in principle, be applied to the modifications of LQC, providing simpler
formulations than those obtained in the present paper. Moreover, in some works dealing
with f()x) gravity, it has been reported that the corresponding equations do not coincide
with the ones of LQC and, in fact, they can lead to the Ostrogradski instability, as opposed
to f(R) gravity theories [29,32], or gradient instability, as well as to the appearance of ghost
fields. A similar conclusion could be obtained for modified LQC at the perturbations level.

A successful theory that combines GR and quantum mechanics is yet to be found.
In order to predict and describe the beginning of the Universe, we need physical laws
that are valid in that regime. If GR is the correct theory in describing the Universe in that
period, then the singularity theorem would show that, in the beginning, the Universe was
contained in a single point, with infinite density and infinite curvature. However, what the
theorem really shows is that, in the beginning of time, the magnitude of the gravitational
interaction was so strong, that quantum gravitational effects were, most likely, relevant. As
such, it is expected that a quantum theory of gravity will allow for a proper description of
the beginning of the Universe. In this regard, the ACDM model is incomplete and, for this
reason, it is pertinent to attempt modifications of GR, in order to accommodate scenarios
in which the Big Bang singularity is non-existent, such as the covariant effective actions
determined in this work. In a forthcoming paper we will extend our analysis to arbitrary
values of w for mLQC-II.
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Note

1

The Gaussian, or ordinary hypergeometric function, is a special function defined by the hypergeometric series

2Fila,b;c;z) = i @nlb)n " (42)

= (¢)n n!

on the disk |z| < 1, where (a)y, (b)y, and (c), are the Pochhammer symbols defined as

1, n=20,
(@ = {q(q+1)...(q+n -1), n>0, “3)

and by analytic continuation elsewhere. 5 F; [, b; ¢; z] has a branch cut discontinuity in the complex plane running from 1 to co.
The hypergeometric series is convergent for arbitrary a, b, and c forreal -1 <z < land forz+1ifc > a+0b.
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