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Abstract: This paper recovers a broad spectrum of optical solitons for the perturbed nonlinear
Schrodinger’s equation having a dual-power law of nonlinearity. The perturbation terms are from
inter-modal dispersion and self-frequency shift. The integration scheme is the improved extended
tanh function approach. The parameter constraints that naturally emerge are also enumerated.
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1. Introduction

Optical solitons are a research trove in the field of Quantum Optics. One of its
everlasting areas is the study of soliton dynamics through optical fibers and metamaterials,
as well as other forms of waveguide [1-10]. The standard governing model is the familiar
nonlinear Schroédinger’s equation (NLSE) that comes with various forms of self-phase
modulation (SPM) structures. In addition, several forms of perturbation terms are typically
taken into account that are of Hamiltonian as well as non-Hamiltonian type, thus making
the model integrable or non-integrable, accordingly. The model that will be addressed in
the paper today is the NLSE with the parabolic law of nonlinearity that carries a couple of
Hamiltonian perturbations, and thus, the model is rendered integrable. The perturbation
terms stem from intermodal dispersion and self-frequency shift. The integration tool is
the improved extended tanh function approach. This would lead to the retrieval of a full
spectrum of 1-soliton solutions, namely, the bright, dark, and singular solitons. The results
are exhibited after a quick intro to the model and a succinct re-visitation to the integration
algorithm. Also described are the restrictions for the occurrence of such soliton solutions.
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Governing Model

The governing model is NLSE with the parabolic law of SPM, with intermodal disper-
sion and self-frequency shift,

it = Bex + o191°p + elpl*p + i [Aps + ulpl ] M

In Equation (1), B is the chromatic dispersion (CD), while SPM comes from ¢ and €.
Moreover, x and t, which represent spatial and temporal coordinates, respectively, are the
independent variables, whereas 1 is the dependent variable. The perturbation terms stem
from A and u that emerge from intermodal dispersion and self-frequency shift, respectively.
Finally, i = /1.

In recent times, significant works have been published, in which the NLSE is also
examined with cubic-quintic nonlinearities, with some even applying fractional calculus.
See [11-15] and references therein.

2. Improved Extended Tanh-Function Approach (Succinct Recapitulation)

Suppose that we have the following nonlinear evolution equation:
F(M, utl u.X/ M.XX/ uxt/- . ) = 0/ (2)

Here, u = u(x, t) is an unknowable function, F is a polynomial in the variable u and
its partial derivatives u;, u, with respect to t, x, in which the highest order derivatives and
nonlinear terms are included.

Step 1: Use the traveling wave transformation

u(x,t) = U(g), §=k(x—ot), ®)

where k, v are constants that will be determined later. Then, Equation (2) is now a nonlinear
ordinary differential equation of the type

P(u, —kol’, kU, k2u”,...) —0, @)
where P is a polynomial in U(¢) and its total derivatives, while ' = d%'
Step 2 : We assume that the solution of Equation (2) can be expressed in the form
N N 4
u@E) =) a®@'+3 pid, ®)
i=0 i=1
where @ satisfies
@ =ev/ag + @ + a2 + a3P3 + a4, (6)

where ¢ = £1. This equation gives various kinds of fundamental solutions [16].

Step 3 : Calculate the positive integer N in Equation (5) by balancing the order of the
highest derivative and the largest power of the nonlinear component in Equation (2).
Step 4 : Substitute (5) into (4), along with (6). As a result of this substitution, we obtain
a polynomial of ®. By collecting all terms of the same power in this polynomial and
equating them to zero, we have an overdetermined system of algebraic equations that may
be solved by Maple or Mathematica to obtain the unknown parameters k, v, ag, a;, and
Bi(i =1,2,...). Consequently, we obtain the exact solutions of (2).

3. Application to the Model

The application of the improved extended tanh-function approach to perturbed NLSE
with the parabolic law of nonlinearity structure is hypothesized with the solution structure:

Pp(x, 1) = U(G)el s e, @)
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where the wave variable ¢ is given by
& =k(x —ot). 8)

The soliton speed is given by v, while w and « represent the frequency shift and
propagation constant, respectively; they are real parameters.
Plugging (1) into Equation (1) and separating the imaginary and real components

BIRU" — BKPUG” — k(—2Bw + A+ o) U + (—kpe' + pew + o) UP
+(k + Aw — Baw?)U + el® =0, )

and
2BK2'U" + BKAUQ" + kU (—2Bw + A + v) + 3kulU?U’ = 0. (10)

Equation (9) may be integrated after being multiplied by U to arrive at

p—— G Wo-A-v _ 3uu?
pR2U2 2Bk 4Bk

(11)
where G is an integration constant. Now, substituting Equation (11) in Equation (10) results in

~16G2 + 4kU* ((4px + A2 + 02 — 4pow + 2A0) —2Gp) + 16624 UPU" +

BK2UI® (20 + Ap + o) + K2UP (16pe +3p2) = 0. (12)

Using the transformation uz=v, Equation (12) can be written as

G Vi V34 gV2 4+ gV +gs+V7=0, (13)
where "
g1 = Lo,
_ 2Bo+u(A+v)
& = e
k(4/5(vaw)+(/\+v)2)72Gy (14)
83 = B3 ’
4G?

84 = 4F, g5:Wr

where F is the constant of integration. These newly introduced parameters g; for1 <;j <5
reduce the ODE to a compact form, as visible in (13). The only purpose of the paper is to
address the integrability of the model to locate its soliton solutions using the algorithm that
is adopted.

Balancing V' 2 with V4 in Equation (13) gives N = 1. Consequently, we reach

B1
V(¢) = a0+ a1 P(G) + . (15)
@) @+ 30
Substituting Equation (15) with the set of Equation (7), collecting all the terms of the
form @ together, and equating each coefficient to zero yields a set of algebraic equations
which can be solved using some software such as Maple or Mathematica to obtain:
Result (1): If we set ag = a; = az = 0, we obtain

A1+ 83 82(83 — A1)
X = i e— = O, ==
0 297 P 81 g,
g5 — —2M183 4 5A18284 — 283 + 7828483

1643
a?2qr (A — 1
ay = W, ap = Z(3A1 -g3), A= \/m- (16)
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Then, the solution corresponding to (1) are bright soliton solutions with 3A; — g3 > 0.

o t) = {_Al +8s ,  [84(8s _3A1>sech[; Vs —g3(x—vt)} }

28> $2(A1 —83)
« pl(rx—wt+(k(x—vt))) (17)
Result (2): ,
Case (1): Ifwesetay =az3 =0anday = 4%, we obtain
6]
M +g3 $2(83 — A1) g1(83 — A1)
xg = — 7 - 0/ - 7 = 7
0 TS B1 g1 v 35 i
w2gr (A — 1
ap — ]82(4;4 g3), ) = ZL<3A1 — g3) (18)

Then, the solution corresponding to (1) are bright soliton solutions with 3A; — g3 < 0.

e {—‘“ at

_ 84(301 —g3) tanh [; _%(3A1 —g3)(x— vt)] }2

2¢> 2¢2(A1 — g3)
Xei(Kxfthr(p(k(vat)))‘ (19)
(ii)
A +g3 82(83 — A1) 94(83 — A1)
ng = ——-252 a7 =0, =92 o7 =o=° -7
0 29> 1 81 44 85 4g
_ —2M185 + 9M18284 — 283 + 3928483

1
ay , a2 = (301 —g3),
16873 4

Ay = 1\/85 — 28284 (20)

Then, the solution corresponding to (1) are singular soliton solutions, with 3A; — g3 > 0.

20183 —9A 2633
Plx, ) =4 — Aitgs 1\/ 183 18284 + 283 — 3828483
282 & 2(301 — g3)

2
+ cofh [; Loa- g m)} } gilee—wtg(k(—o1)) @

a%mz(lfmz)

Case (2): Ifweseta; =a3 =0anday = L we obtain
aglem=—

A+ g3 2114(A1 + g3) gz(gg — Al) 1
ny = — L, o= S0 =92’ T 4, = >(3A1 —¢3),
0 2% 1 2 81 I%s 2= ;801 —g3)

M =/85—2981, B1=0,
B 1
16g3(1 — 2m2)*

%~ 2083 (8m* — 8m? + 1) + Aygaga (S6m* — 56m? +-5)

85

—2g3 (8m* — 8m® +1) + 228485 (40m* — d0m? +7) ). 22)
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Then, the corresponding solution of (1) is Jacobi’s elliptic cosine function.

_ ) BMitgs 1 [2aym*(A+gs) |1 [3A1—g3 :

Xei(Kx—wt-&-zﬁ(k(x—vt))). (23)

We achieve a bright soliton solution with 3A; — g3 > 0 if we select m = 1.

(1) = { _Mitgs | V20(M +83)Sech[v3A;—g3 (x_w)] }2

282 82
Xei(KX*(Uf‘HP(k(X*Uf))). (24)

B(1-n2)

a4(2—m2)2’

_ Mg _ [2a4(A1—83) _ _ $2(A1+gs) _ 1
M= T3 M=\ T Pr=0, g1=5", a=3(-301-g3)

2 o 20, g3m* —2g3m* +A1g2g4 (—5m* —16m>+16) +, (7m*—16m>+16)
— 2 _ =t1&s 83 18284 828384
Ay = 83— 23284, 85 = 16?%(7'12_2)2 . (25)

Then, the solution corresponding to (1) is Jacobi’s elliptic function of the third kind.

o) = {A12;283 n g12\/2a2r(r122(_A;12—)83)dn[; /—(;A_l 7;23;3 (x— vt)] }z

w pllex—wt+(k(x—ot))) (26)

Case (3): Ifwesetay =az3 =0anday = we obtain

We achieve a bright soliton solution with 3A; + g3 < 0 if we select m = 1.

P(x,t) = {A12g—2g3 + g12\/2a2(g3 — Aq)sech [_(3A21+gs)(x - vt)] }

Xei(Kxfwt+¢(k(vat)))' (27)
azmz .
Case (4): If wesetay = a3 = 0and a9 = —2——, we obtain
u4(m2+1)
)
_ Mg _ 2a4(A1+83) _ _ £2(83=M)
‘XO__lngS, X1 = - 4;% 3/ ,31_0/ 81—243841,

a = ;301 —g3), A1 = /8% —28284,

o @ (m2 1) 23 (m2 1) 4 Ay gaga (5mt —26m2+5) +gogags (7m* +2m217)

85 = 16g3(m2+1)° ) (28)

Then, the solutions corresponding to (1) are Jacobi’s elliptic sine function.
1

Mg 1 [2am2(M+g5) |1 [g3—3A :
l[J(x,t)—{— prs :tg (mz—b—l)sn[Z (mz—i—l)(x_vt)]}

w plEx—wt+(k(x—vt))) (29)
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We achieve a dark soliton solution with 3A; — g3 < 0 if we select m = 1.

1
LAt 1 s goytanh | L[58 | L
w(x,t)—{ 2% igz 2a2(A1+g3)tanhl2 7 (x —vt)

Xei(;cxfwtwwp(k(vat)))' (30)
(ii)
an = M-8 By = m? (201839818284 —283+3828483 ) _ 82(A1+g3)
07 "2+ T %P1 40,3 (m2+1) el gy

a=1(-3M—g3), A= /83 —28284

o 2A1g§ (m271)272g§ (m271)2+Ag2g4 ( 75m4+26m275) +829483 (7m4+2m2+7)
5 =

16g3(m2+1)° ’ (31)
Then, the solution corresponding to (1) is
M-8 1 20183 — 9M1gags — 283 + 3828483
P(x,t) = ——==+ — 5
297 2¢ ap(m? 4+ 1)
1 3A1+83 _ : i(kx—wt+¢(k(x—vt)))
XnNs [2 7(7712 ) (x vt)] } e . (32)

We achieve a singular soliton solution with 3A; 4 g3 > 0 if we select m = 1.

P(x,t) = {Al_gi“‘ 4 \/2A18§ —9IN18284 — 285 + 3828483

2g2 ng 2&2

1
2
x coth E \/ 73A12+ 83 (x — vt)] } gilex—wt+g(k(x—ot)), (33)

Jacobi elliptic functions are indicated by the symbols sn(¢|m), en(¢|m), and dn(&|m), where
m is the elliptic modulus.
The elliptic Jacobian functions transform into hyperbolic ones when m — 1:

cn(g|1) — seché  sn(&|1) —» tanhé  dn(¢|1) — sech &
The elliptic Jacobian functions transform into trigonometric ones when m — 1:
cn(¢l0) — cosé  sn(]0) — sing dn(¢|0) — 1

Result (3): If we set a, = a4 = 0, we obtain

_ 30 EM

o — 3a1(—3g2 £ Ag)
° 128

" 3g2(—3g2 £ Ag) + 248185

_1 3 2  —3adgr — 4npg3 — 384
g5 = 6( 3upg2 — 5583 6zx0g4>, as = 36, ,

2 (3aog2 +
= PIORSEE) ,  fa(ag —sg1s5). 9
0

Then, the solution corresponding to (1) is Weierstrass’s elliptic function.

a1 =0, B
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1
73g2 + A I 3011(*3g2 + Az) ( 1 ) }2

x, t) =
pixt) { 12¢1 382(=382+ A2) + 248183 | @(x_m),l%zs}

Xei(Kxfwt+¢(k(x7vt)))’ (35)
where I, = —4aq /a3, and I3 = —4a( /a3 are the Weierstrass’s function invariants.
01— 03

s/ has(er — o) & w1

© [\/Za?(x —ot), Iy, 13} = 03+

dn? Tas(or — o3) (x — ot)

=0+ (07 —03)
sn2|/2az(o1 — 03) (x — ot)

en? |4/ 3az(0y — 03) (x — ot)
=01+ (01 —03)— = (36)
sn?|\/%a3(1 — 03) (x — vt)

where 07 = p [%} ,00 = [%} ,03 =@ [#] ,and oy # 03. We achieve a soliton solution

with az(oq — 03) > 0 if we select ay = ag # 0, which leads to 07 = 0». In this case, we have

© {\/zﬁ(x —ot), Iy, Z3j| = 07 coth? [ 7{13(012_ 73) (x — vt)] —

o3 csch? [ M (x — vt)] . (37)

Result (4): If we set a; = ap = ag = 0, we obtain

Az +2 9a
po = 3t 384 B1 =0, A3 = /48] —9g281

382 20393 — 492 + 99294
g1 = 47383 — 9A38284 — 883 + 27828483 g5 —403g3 + 938284 — 883 + 27828483
54g; 543
o — a2 (—4038% +9N39284 + 885 — 27928483) ' 38)
5447

Then, the solution corresponding to (1) is

1
Az +2g3 94384 a3 } ’
x,t) =< — + exp |+ x — ot
yt) { 382 2a4 (20383 — 483 + 98284) P 2\/—ay ( )

Xei(Kx—wt-&-(p(k(x—vt))). (39)
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Result (5): ,
Case (1): If wesetaz =a4 =0and ay = 4%, we obtain

M+ 4/2(—M1g3 + 85 —3%284) — %3 ———
xg = \/ ’ X1 = 0/ Al = g% - 28284,

2¢>
By = — V2a1M184 a0 — A1g3 + 38% — 68284/
\/_Algs +85 — 38284 (D185 + 85 — 28284) 28
_ (Mgt -20gs) _ 8a(MigsF 85— 284)

4g41/85 — 28284 4821/85 — 29284

Then, the solution corresponding to (1) is

(40)

oo t) = {Al + \/2(—A1g3 +83 —3%284) — &3 V2010,

282 (A183+ 83 —28284) \/—Algs + 8% — 39284

y 1 } il —wt+g(k(x—ot))) (41)

— 70 T exp {ﬁ:\/ 7A1g3+32'§;6g2g4 (x — vt)]

Case (2): If we setay = a3 = a4 = 0, we obtain

A1 — g3 L[ 4a0gs / 82(A1+83)
— , - 2 ’ 7
xp 2% 18] Mg+ 25 gz 8284, 81 = igs

20183 — 5018284 — 283 + 7g28483
16g3

85 = —3A1 — g3)- (42)

Then, the solution corresponding to (1) is

2 _ _ 3
o) = {\/gs 2028483 [543 +g3)csch[ /1(3A1+g3>(x_w)”

28> A182 + 8382
Xei(Kxfwt+¢(k(vat)))‘ (43)

Result (6):
Case (1): If we setayg = a; = 0, we obtain

209 — <4g3 + \/(4g3 — 2a2)2 - 36g2g4> B a3a%
63> T 203% 20083+ 84

(30(0g2 +2x0g3 + g4)
44x0

g =

1
8 =7 (“(3)(—&) — 20583 — 306084)/ ay = (44)

Then, the solution corresponding to (1) is a singular soliton with a, > 0

2a3 — (483 + /(483 — 22)7 — 368284) aseg (303> + 4aogs + 3g4)
632 2(2a%g2 -+ 20(0573 + g4)

px,t) = {

2
csch(y/ag(x — Ut)]} pllx—wtt(k(x—ot)) (45)
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2
Case (2): Ifwesetay =ay =0anda; = 4”734, we obtain
A+ 1/2(—D1g3 + 85 —3%284) —
o — 1 183 T 83 —98284) — &3 I 4N 2,84 By =0
0 2¢> o 2(Ags+85—2%8)
2(A183 + 85 — 28284 4(A1g3 + 85 — 28284
A = g;;;;,gr:g(g4£; gg),gyzg(g4£; 8284)
a1 (D183 + 93 — 28284) \/—A183 + 83— 32284
a3 = — \/EA g . (46)
184
Then, the solution corresponding to (1) are dark soliton solutions with a, > 0.
Ay + /2(—D183 + 85 — 38284) —
1 183 T 83 —58284) — &3 127184
IIJ(X, t) = + - (
&

28 2(D183 + 83 — 28284)

1
2

X (1 + tanh B\/E(x - vt)} > } pl(ex—wt+p(k(x—ot))) (47)

4. Conclusions

The paper recovers a full spectrum of perturbed 1-soliton solutions to the NLSE
with Hamiltonian perturbation terms and the parabolic law of SPM. The solitons appear
with parameter constraints that are also listed. Additional solutions that are in terms of
singular periodic functions and Jacobi’s elliptic functions have additionally emerged from
the integration scheme, namely, the extended tanh function scheme. These results are now
ready to be explored, further along. Additional integration schemes would lead to a soliton
solution when the perturbation term is considered with maximum intensity or with full
nonlinearity. This would be with the application of the semi-inverse variational principle.
Moreover, the soliton parameter dynamics can also be obtained with the application of the
variational principle, moment method, or the collective variables approach.

The integration approach implemented in this paper can be expanded to address
the fourth-order nonlinear Schrédinger’s equation as well. Recently, nonlocal integrable
nonlinear Schrodinger’s equations are presented via the group reductions of matrix spectral
problems [17]. The multidimensional version of the model that is studied in the paper
can be applied to DWDM topology or to the case of twisted fibers where matrix version
of the model appears. This would be another rich avenue to venture into with such an
integrability approach in multi-dimensions, and to recover novel results that would be
applicable to such optoelectronic devices.

Other avenues of expansion with this model would be to look at the variation of
parameters for the corresponding chirped solitons that can be recovered with the usage of
the variational principle, moment method, soliton perturbation theory, collective variables
approach, and several others. These would lead to the variation of the soliton parameters,
including the phase constant, which cannot be recovered using the commonly studied
approaches such as soliton perturbation theory. However, the soliton perturbation theory
would lead to the effect of optical soliton cooling, an important feature that is needed for
soliton transmission across intercontinental distances.

Apart from these, one is slated to have a look at the supercontinuum generation for
the model. One of the most important perturbation terms, namely the intrapulse Raman
scattering, was tacitly omitted in the current work since the main focus of the paper is
the integrability of the model. This being a non-Hamiltonian perturbation term, would
lead to the perturbed model being non-integrable. However, the inclusion of this effect
would give a broader perspective to the model, such as the computation of the soliton
frequency downshift.
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While the perturbed version of the model is considered in this paper, it must be
borne in mind that the perturbation terms are strong. If however, these would have been
weak perturbation terms, then the integrability would lead to quasi-stationary solitons,
rather than exact soliton solutions, in which case the Raman scattering effect could be
included. These quasi-stationary solitons are recoverable with the usage of a multiple-
scales perturbation procedure, in which case non-Hamiltonian perturbation terms can be
rendered to be integrable as well.

Apart from the deterministic perturbation terms, it is of paramount importance to
take into effect the perturbation terms that are of stochastic type. After all, the effect of
randomness is always present in soliton propagation dynamics. Therefore, it is absolutely
necessary to address these effects with the inclusion of a random perturbation term, in both
additive and multiplicative formats. For the multiplicative perturbation term, the white
noise effect can be addressed with the aid of Ito Calculus. On the other hand, the additive
stochastic perturbation term can be handled with the formulation of the Langevin equation,
which would lead to the mean free velocity of the soliton. This is therefore an open project
that is on the table to be taken up.

On another note, it is important to check out the numerical studies, in addition to
the plethora of analytical approaches that are enumerated. The model and its similar
counterparts are to be addressed numerically using several forms of computational ap-
proaches. A few such approaches are the improved Adomian decomposition scheme,
the Laplace-Adomian decomposition scheme, the variational iteration method, the finite
differences approach, the finite element method, the boundary element method, and many
other similar approaches. These would express the soliton dynamics numerically with a
visual perspective.

Finally, experimental approaches are on the table too. It is imperative to take a look at
the soliton perturbations from an oscilloscope. The eye diagrams would give a rounded
study to the model that would be the final touch at the lab before the rubber meets the
road! Thus, the current paper is just a drop in the ocean, and consequently, a lot of work
lies ahead of us. The results are currently awaited and will be disseminated sooner rather
than later.
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