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Jerzy Kijowski

Center for Theoretical Physics, Polish Academy of Sciences, Al. Lotnikow, 02-668 Warsaw, Poland;
kijowski@cft.edu.pl
† I dedicate this work to my colleague and friend, Richard Kerner, on the occasion of his 80th birthday.

Sixty-seven years have passed since we met in the same class at the T. Reytan Junior High School in Warsaw,
and almost 60 years have passed since the time we both met Andrzej Trautman, a great physicist and our
wonderful teacher.

Abstract: A simple approach to the Hamiltonian theory of radiation phenomena is proposed. It
is shown that the so-called “Trautman-Bondi-mass”, known to a rather narrow circle of specialists
in general relativity, appears naturally in any special relativistic field theory. The structure of the
“radiation data phase space” for the field and its isomorphism with the “Cauchy data phase space”
are thoroughly analyzed.
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1. Introduction

In 1916, only a few months after his discovery of the General Relativity Theory, Albert
Einstein proved his famous “quadrupole formula”, describing the emission of gravitational
waves (see [1,2]). For this purpose, he used the linearized version of his new theory. The
first version of the quadrupole formula contained an error, which was corrected in the
subsequent paper. But in the late 1920s, he began to have doubts about the validity of this
approach to gravitational radiation. In 1936, he tried to publish a paper containing the
(false!) “proof” that gravitational waves do not exist! The final version of the paper (see [3]),
corrected by Howard Robertson, did not contain false statements (see [4]). In Warsaw,
we knew a slightly different version of this story, which was orally transmitted to us by
Leopold Infeld, Einstein’s close collaborator, and his Ph.D. student, Andrzej Trautman
(see [5]).

The main difficulty then was separating “gauge-dependent parameters” from “true
degrees of freedom”. To illustrate this difficulty, consider as an example the following
metric tensor (see [5]):

g = −dt2 + dx2 + dy2 + dz2 − cos(x − t)(2 + cos(x − t))dt2

+2 cos(x − t)(1 + cos(x − t)) + dtdx − cos2(x − t)dx2

which looks like a typical perturbation g = η + h of the flat Minkowski metric

η := −dt2 + dx2 + dy2 + dz2 , (1)

where the perturbation

h := − cos(x − t)(2 + cos(x − t))dt2 + 2 cos(x − t)(1 + cos(x − t)) + dtdx
− cos2(x − t)dx2 (2)
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behaves like a typical plane wave traveling in the direction of the x-axis. Unfortunately, a
simple coordinate transformation:

t̃ := t + sin(t − x) (3)

demystifies this hypothesis and shows that the metric g is flat:

g = −dt̃2 + dx2 + dy2 + dz2 (4)

and, therefore, there are no gravitational waves here. This example shows that care must
be taken when using the coordinate description of the metric tensor to analyze the physical
content of spacetime geometry. In the 1920s, Einstein himself tried to “count” the number
of gauge-invariant degrees of freedom fixed algebraically by Einstein equations, but in
this case, he completely failed. These difficulties made him lose faith in the existence of
gravitational waves, and his 1937 paper [3] was the result of his frustration. At this point,
the “red light” had been turned on for all gravitational wave research (for further details of
this exciting story, see again the beautiful paper, [5]).

The first to understand how to overcome these difficulties was Andrzej Trautman. In
two subsequent articles (see [6–8]), he showed how to measure (in terms of space-time
geometry) the energy transferred to “infinity” by gravitational waves.

In his own words, Trautman only “generalized the Sommerfeld radiation conditions
from electrodynamics to gravity”, but it was much more than that. At that time, no notion of
“quasi-local” energy was available, and the description of gravitational energy relied totally
on various “pseudo-tensors”. Consequently, no localization of energy was possible. An
important step forward was made by the famous Arnowitt–Deser–Misner paper (see [9,10]),
where at least the notion of total energy was unambiguously identified as a certain surface
integral at space infinity. Nowadays, this quantity is called “the ADM-energy”. Trautman
did the same (but earlier) for null infinity: he defined what is now called the Trautman–
Bondi energy. It measures the amount of “not-yet-radiated” energy or, in other words:
“how much energy still remains to be radiated in the future”.

The mathematical structure of this quantity, analyzed thoroughly in [11] (see [12] for a
discussion of traditional approaches and a complete list of the literature on the subject), is
virtually unknown outside of a limited circle of specialists. Moreover, the mathematical
tools used there have now become obsolete. In the present paper, a new, much simpler
formulation is proposed, proving that the “Hamiltonian theory of radiation” is universal
and applies not only to the gravitational field but also to any other field theory (including
special relativistic) where radiation phenomena occur. In particular, no conformal spacetime
compactification and no fictitious metric tensor g̃ = Ω2g at infinity (where g is the physical
metric) are used here.

2. Null Infinity

Consider the wave equation

□ϕ := − ∂2

∂t2 ϕ + ∆ϕ = 0 (5)

in the flat Minkowski space M, equipped with the standard metric tensor

g = gµνdxµdxν = −dt2 + dx2 + dy2 + dz2 . (6)

Each Cauchy hyperplane

Ct0 = {(t, x, y, z)|t = t0} ⊂ M , (7)

is a 3D Euclidean space. Its points are denoted by (x, y, z) = x⃗.
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Every solution of (5) can be uniquely parameterized by its Cauchy data:

φ(x⃗) := ϕ(t0, x⃗) ; π(x⃗) :=
∂

∂t
ϕ(t0, x⃗) (8)

taken on Ct0 . Indeed, the Huygens formula:

ϕ(t, x⃗) =
∂

∂t

(
(t − t0) · φ(S(x⃗, |t − t0|))

)
+ (t − t0)

(
π(S(x⃗, |t − t0|))

)
, (9)

enables us to unambiguously reconstruct the solution ϕ once the Cauchy data (φ, π) are
known. Here, by f (S(x⃗, r)), we denote the mean value of the function f taken on the sphere
centered at x⃗, whose radius is equal to r (a detailed discussion of the Huygens formula can
be found in Appendix A).

Now, we are going to define the “value of ϕ” on the null infinity. For this purpose,
consider a light ray, e.g.,

L := {(t, x, y, z)|t = t0 + τ ; z = z0 + τ ; x = y = 0} . (10)

Of course, the value of ϕ on L vanishes in the limit τ → ∞, so it does not carry any valuable
information. But, as we will see in the sequel, the quantity:

F(L) := lim
τ→∞

(τ · ϕ(t0 + τ, 0, 0, z0 + τ)) , (11)

contains all the information about the solution ϕ if known for every light ray L. To prove
this statement, observe that by the Huygens formula (9), the value of ϕ(t0 + τ, 0, 0, z0 + τ)
is given by the integral of the Cauchy data over the sphere S((0, 0, z0 + τ), τ) (i.e., centered
at (x, y, z) = (0, 0, z0 + τ) ∈ Ct0 , with radius r = τ). But, when τ → ∞, these spheres
become identical to the 2D plane {t = t0; z = z0} ⊂ M, i.e., the shifted (x, y)-plane. It is a
matter of simple calculations to prove that finally, the value of F(L) can be expressed by
the following 2D integral of the Cauchy data, taken over this plane:

F(L) =
1

4π

∫
t=t0;z=z0

(
π − ∂φ

∂z

)
dxdy . (12)

The integral is finite if the Cauchy data sufficiently fulfill strong fall-off conditions at space
infinity (actually, the finite total field energy is sufficient).

For pedagogical reasons, let us assume that the Cauchy data are compactly supported
on every Cauchy surface (7). Then, the simple interpretation of the integral (12) can be
obtained if we introduce null coordinates:

u := t − z ; v := t + z , (13)
∂ϕ

∂u
=

1
2

(
∂ϕ

∂t
− ∂ϕ

∂z

)
;

∂ϕ

∂v
=

1
2

(
∂ϕ

∂t
+

∂ϕ

∂z

)
.

In these coordinates, we have:

F(L) =
1

2π

∫
t=t0;z=z0

∂ϕ

∂u
dxdy . (14)

Due to the translational invariance with respect to coordinates x and y, we have

F(L) = F(L′)

if the two light rays L and L′ differ by such a translation. Hence, the value of the function
F should not be assigned to a single light ray but rather to their equivalence class. The
latter can be identified with the 3D null hyperplane s ⊂ M spanned by the 2D surface
{t = t0; z = z0} and any of the light rays passing through its points in the direction
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of simultaneously increasing z and t (e.g., L or L′). Formula (14) can thus be rewritten
as follows:

F(s) =
1

2π

∫
Ct∩s

∂ϕ

∂u
dxdy . (15)

We conclude that a point “at null infinity” can be identified with a null 3D plane.
Its collection is usually denoted by J + and called the Scri. Each solution ϕ of the wave
equation defines the function F on the Scri, as defined by Formula (15):

J + ⊃ s 7→ F(s) ∈ R (16)

which is equivalent to (11), where L ⊂ s is any light ray belonging to the null 3D hyperplane
s. The function F will be referred to as the “radiation data” for the solution ϕ. It will be
shown in the sequel that ϕ can be uniquely reconstructed from its radiation data (like in
the case of the Cauchy data; see (9)).

The sign “+” reminds us that the limit in Equation (11) was taken for τ → +∞. But
the same procedure can be performed if we replace ∞ with −∞. In the particular case of
the flat Minkowski space, both “plus null infinity” J + and “minus null infinity” J −

are represented by the same Grassmanian of 3D null hypersurfaces. In the curved (but
“asymptotically flat”) space, there is no way to identify these two infinities.

It is worthwhile noting that the radiation data obtained by (15) from the Cauchy data
at two different times, say t0 and t1, are precisely the same. Indeed, the wave Equation (5)
can be rewritten in null coordinates (13):

□ϕ =

(
−4

∂2

∂u∂v
+

∂2

∂x2 +
∂2

∂y2

)
ϕ = 0 . (17)

By integrating this equation over the (x, y) plane, the contribution from the last two terms
vanishes if ϕ vanishes at infinity. As a consequence, the following identity holds:

∂

∂v

∫
Ct∩s

∂ϕ

∂u
dxdy = 0 , (18)

and, consequently,

d
dt

1
2π

∫
Ct∩s

∂ϕ

∂u
dxdy =

1
2π

∂

∂v

∫
Ct∩s

∂ϕ

∂u
dxdy = 0 . (19)

3. Radon Transformation of Cauchy Data: Reconstruction of the Solution from
Radiation Data

By replacing the ray L in Formula (10) with

L̃ := {(t, x, y, z)|t = t0 + τ ; z = z0 − τ ; x = y = 0} . (20)

we obtain:

F(L̃) =
1

4π

∫
Ct∩s

(
π +

∂φ

∂z

)
dxdy . (21)

We conclude that ∫
Ct∩s

π dxdy = π
(

F(L̃) + F(L)
)

, (22)

∂

∂z

∫
Ct∩s

φ dxdy = π
(

F(L̃)− F(L)
)

. (23)



Universe 2023, 9, 520 5 of 17

This means that the Radon transformation (Radon transformation of a function f defined
on the Euclidean space C is the function R( f ) defined on the collection Π of hyperplanes
by the formula:

Π ⊃ p 7→ R( f )(p) =
∫

p
f dσ ,

where dσ is the induced Euclidean measure on p. Once known for every hyperplane p, it
enables one to find the Fourier transformation of f and also the function f itself) of both
the functions π and φ (the latter after integration over the variable z from z = ∞, where
both functions vanish!) can be expressed in terms of the radiation data. But the Radon
transformation is invertible. Hence, the complete Cauchy data (π, φ) and, consequently, the
solution ϕ of the wave Equation (5), can be uniquely reconstructed from its radiation data.

4. Coordinates on the Scri

The Scri carries the canonical differential structure. A convenient system of coordinates
arises if we choose an arbitrary time axis, i.e., a timelike, parameterized straight line:

R ∋ τ 7→ m0 + τ · v ∈ M , (24)

where m0 ∈ M is an arbitrary spacetime point and v is a normalized, timelike, future-
oriented vector: v = (vµ) (i.e., vµvνgµν = −1). Each null 3D hyperplane s ∈ J + intersects
this axis once, and the coordinate τ ∈ R of the intersection point can be used as a coordinate
of the point s ∈ J +.

Every null 3D plane intersecting the axis (24) at the point “m0 + τ · v” contains a single
light ray L, which also passes through this point. The collection of these light rays (forming
a light cone) is known in astronomy as the “celestial sphere” S2. It can be parameterized by
the standard spherical coordinates (xA) = (ϑ, φ). In this way, we have constructed a global
coordinate system (τ, xA), A = 1, 2 on the Scri. We conclude that, topologically, J + is an
infinite cylinder:

J + ≃ R× S2 . (25)

5. Symplectic Structure

Cauchy data on a fixed Cauchy hyperplane carry the canonical symplectic structure

Ω =
∫
C

δπ ∧ δϕ , (26)

which is a closed, non-degenerate two-form on the phase space P = {(π, ϕ)}. The formula
means that if X = (δπ1, δϕ1) and Y = (δπ2, δϕ2) are two vectors tangent to P , the value of
Ω on them is given by the following integral:

Ω(X, Y) =
∫
C
(δπ1(x⃗) · δϕ2(x⃗)− δϕ1(x⃗) · δπ2(x⃗))d3x . (27)

The functional analytic description of the phase space P was given in [13]. Physically
oriented authors prefer to describe this structure in terms of the Poisson structure:

{π(x⃗), ϕ(⃗y)} = δ3(x⃗ − y⃗) ; {π(x⃗), π(⃗y)} = 0 = {ϕ(x⃗), ϕ(⃗y)} , (28)

i.e., in terms of the inverse form Ω−1, which is mathematically much more difficult to
handle, especially in cases of theories with constraints! (By δ3, we denote here the 3D Dirac
“delta distribution”).

The fundamental theorem of the Hamiltonian field theory says that this structure
is Poincaré invariant. It is obviously invariant with respect to the group of Euclidean
transformations of the Cauchy hyperplane, i.e., with respect to space translations and
rotations. Invariance with respect to time translations is equivalent to the fact that the time
evolution of the Cauchy data between Ct1 and Ct2 is a symplectomorphism (a canonical
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transformation). But the same is true for boost transformations. In fact, proving the
Poincaré invariance of the canonical structure is a standard point in classical field theory
textbooks (see [14,15]). This means that Ω can be pulled back to the space of all solutions of
(5) (espace de solutions, using terminology introduced by J. M. Souriau, cf. [16]).

But, instead of the Cauchy data, we can also use the radiation data to parameterize
solutions of (5) and rewrite the symplectic structure (26) on P in terms of radiation data
F(s) = F(τ, ϑ, φ) = F(τ, xA). Simple calculations lead to the following formula:

Ω =
∫
R

dτ
∫

S2
δ

∂F
∂τ

∧ δFdµ , (29)

where µ = sin ϑdϑdφ is a measure on the celestial sphere S2 (the functional analytic
structure of the phase space of radiation data was thoroughly analyzed in [17]). If F and G
are two vectors tangent to P , the corresponding value of the symplectic form is:

Ω(F, G) =
∫
R

dτ
∫

S2

∂F
∂τ

· Gdµ (30)

(to prove the antisymmetry of Ω, it is sufficient to integrate by parts with respect to the
time variable τ). Again, the Poisson version of this formula, although much more difficult
to handle mathematically, may be given:

{F(τ, ϑ, φ), F(τ̃, ϑ̃, φ̃)} = δ′(τ − τ̃)δ2(ϑ − ϑ̃, φ − φ̃) , (31)

where δ′ denotes the derivative of the standard, one-dimensional Dirac delta distribution,
whereas δ2 is the two-dimensional Dirac delta on the unit sphere.

Unfortunately, Formula (29) is not a priori Poincaré-invariant. Indeed, as a result of
the change in the time axis (24), the following elements in Formula (29) may change:

1. The scale of the time variable τ, i.e., dτ → c · dτ, where c is constant along every light
ray L but depends upon the angle variables (xA).

2. Consequently, F(L) := limτ→∞(τ · ϕ(t0 + τ, 0, 0, t0 + τ)) is multiplied by the (xA)-
dependent factor c.

3. The measure dµ = sin ϑdϑdφ on the celestial sphere undergoes a conformal transfor-
mation (“boost”).

The form (29) is invariant with respect to the first change because the scale factor “c”
coming from dτ will be annihilated by the corresponding scale factor “c−1” coming from
∂F
∂τ . But invariance with respect to the remaining changes can also be easily proved. Indeed,
if F is multiplied by the boost factor f , the same factor multiplies ∂F

∂τ , whereas the measure
dµ is multiplied by the factor f−2 and, consequently, the value of the form Ω remains
unchanged.

There is a nice way to rewrite Formulas (29) and (30) in a manifestly Poincaré-invariant
way. For this purpose, we identify radiation data with half-densities on the celestial sphere
S2, namely

F := F ·
√

dµ , (32)

instead of scalar functions F. Now, the symplectic structure in the space of radiation data
can be written as follows:

Ω =
∫
R

dτ
∫

S2
δ

∂F
∂τ

∧ δF , (33)

and
Ω(F ,G) =

∫
R

dτ
∫

S2

∂F
∂τ

· G , (34)

or, in the form often used in the theory of completely integrable systems:

Ω(F ,G) =
∫
R

(
F ′∣∣G)dτ , (35)
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where “prime” denotes the τ-derivative, whereas

(K|G) :=
∫

S2
K · G

is the standard Hilbert scalar product in the space of L2 half-densities on S2.
The above observation means that the half-density F , rather than the scalar function

F, is an invariant geometric object living on J +, which does not depend on the choice of
parametrization of the Scri described in Section 4. The representation of physical states
by half-densities rather than scalar functions is often used in the Theory of Geometric
Quantization and even in conventional Quantum Mechanics, where we use curvilinear
coordinates. Indeed, by representing probability densities

|ψ|2dµ = |Ψ|2 , (36)

in terms of the half-density
Ψ := ψ

√
µ ,

we are not limited to using the (non-physical) reference measure µ and can formulate the
theory in an intrinsic, covariant way. This is especially convenient if the configuration space
is curved.

People working in field theory are used to symplectic structures of the form (26),
where the two ingredients, π and φ, are mutually conjugate Dirichlet parameters (momenta
and positions). But here, the form of the shape

Ω( f , g) =
∫
R

f ′ · g dτ (37)

also arises in a natural way. Its anti-symmetry follows from integration by parts. Dirichlet
decomposition can also be obtained through Fourier transformation with respect to the τ
variable and by splitting the data into positive and negative frequencies. We stress that the
symplectic form (37) is used in many branches of theoretical and mathematical physics.
The main result of this paper consists of the fact that the space of the Cauchy data equipped
with the form Ω given by (26) and the space of the radiation data equipped with the form
(35) are isomorphic. A physical state ϕ of the field can either be described by its Cauchy or
radiation data. The transition between these two pictures is a canonical transformation or,
according to mathematicians, a symplectomorphism.

6. Hamiltonian Description of the Field Evolution

A standard result discussed in every textbook on field theory is that field evolution is
governed by the following (positively defined!) Hamiltonian functional on the space of
Cauchy data:

H(π, ϕ) =
1
2

∫
C

(
π2 + (∇φ)2

)
d2x =

1
2

∫
C

(
π2 − φ∆φ

)
d2x ≥ 0 . (38)

Field Equation (5) is equivalent to the following system of Hamiltonian equations, implied
by (38) and the canonical structure (26):

φ̇ =
δH
δπ

= π ,

φ̈ = π̇ = − δH
δφ

= ∆φ .

The same dynamics, expressed in terms of the radiation data F (defined in the previous
section), reduce simply to the time translation: after the time lapse t, the reference time t0 is
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replaced with t0 + t and, consequently, F (τ) is replaced with F (τ + t). This implies the
infinitesimal version of the dynamics:

Ḟ = F ′ . (39)

In conventional field theory, this equation defines the one-dimensional group of
translations in the direction of the variable τ generated by the momentum operator. Here,
these transformations are generated by the same Hamiltonian (38), but they are expressed
in terms of the radiation data F . Simple calculations lead to the following formula:

H(F ) =
∫
R

(
F ′∣∣F ′)dτ ≥ 0 . (40)

Observe that in contrast with (35), the above formula is not invariant with respect to
changes in the time scale, i.e., transformations of the type “dτ → c · dτ”. This reflects
the fact that energy (Hamiltonian functional) is not a Poincaré-invariant scalar but only a
timelike component of the four-momentum. To define energy, the time axis must already
be fixed, and no Lorentz invariance is expected.

Formula (40) can be proved by a direct calculation. However, we are going to prove it
indirectly. For this purpose, observe that the symplectic form (33) is equivalent to

Ω =
∫
R

dτ
∫

S2
δP ∧ δF , (41)

with the constraints
P =

∂F
∂τ

. (42)

In this constrained framework, the Hamiltonian functional (40) can be written as

H =
∫
R

(
P
∣∣F ′)dτ = −

∫
R

(
P ′∣∣F)

dτ . (43)

It generates the following Hamiltonian equations of motion:

Ḟ =
δH
δP = F ′ , (44)

Ṗ = − δH
δF = P ′ . (45)

The subspace of data fulfilling the constraint condition (42) is invariant with respect to
the above dynamics and, therefore, the true evolution Equation (39) is reproduced. This
completes the proof.

7. Cauchy Data on a Hyperboloid

Consider a family of hyperboloids

Bt0 := {(t, x⃗)| |t − t0|2 − ∥x⃗∥2 = m2 ; t ≥ t0} ⊂ M . (46)

Each of them carries a natural Lobachevsky metric structure, induced from the Minkowski
metric (6). The Lobachevsky metric is conformally flat and can be represented by the
Poincaré disc model

q =
4m2

(1 − ∥y⃗∥2)
2

[(
dy1

)2
+

(
dy2

)2
+

(
dy3

)2
]

, (47)

where the variable y⃗ runs over the Euclidean disc K = {y⃗ ∈ R3 | ∥y⃗∥ < 1}. Each spacetime
point lies on a certain hyperboloid Bξ , ξ ∈ R. Hence, we can use global coordinates (ξ, y⃗)
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on M such that (ξ, y⃗) ∈ Bξ , where (yk) are Poincaré disc coordinates on Bξ . In particular,
the part of spacetime lying in the future of the hyperboloid Bt0 :

B↑
t0
= {(t, x⃗)| t ≥ t0 +

√
m2 + ∥x⃗∥2} ⊂ M (48)

corresponds to ξ ≥ t0.
One can formally formulate the Hamiltonian version of the field dynamics (5) based

on hyperboloids Bξ rather than flat Cauchy surfaces Ct. This procedure was thoroughly
described in [17]. It is based on the standard Lagrangian density

L = L(ϕ, ∂λϕ) = −1
2

√
|det g|

(
gµν∂µϕ∂νϕ

)
, (49)

which must be expressed in coordinates (ξ, y⃗). By treating ξ as the time variable, we define
the canonical momentum:

π :=
∂L
∂ϕ̇

, (50)

where ϕ̇ = ∂ϕ
∂ξ . Finally, the standard formula

H := π · ϕ̇ − L

gives us the corresponding Hamiltonian density. When integrated over a hyperboloid, it
gives us the total amount of energy contained in Bt:

H+ :=
∫
Bt

H . (51)

As a function of the canonical data π and φ = ϕ|Bt , it generates the Hamiltonian field
dynamics in the usual way:

φ̇ =
δH
δπ

, (52)

π̇ = − δH
δφ

. (53)

Observe, however, that by knowing the initial data (π, φ) on Bt0 we can solve the wave
equation only forward in time and find the solution ϕ within the whole B↑

t0
. Unfortunately,

there is no way to solve it backward in time and reach any of the hyperboloids Bt0−ϵ for
any finite ϵ > 0. Indeed, the causal shadow of Bt0 covers the entire future of the light cone
centered at (t0, 0⃗), but it does not contain any of the hyperboloids Bξ for ξ < t0.

This proves that being formally “Hamiltonian”, this is not a Hamiltonian system in
any rigorous sense because the hyperboloid is not a Cauchy surface: the “Cauchy problem”
on Bt0 is not well posed!

8. Mixed “Radiation + Cauchy” Description of Dynamics: The Trautman–Bondi Energy

The above drawback can easily be repaired if, besides the “Cauchy data” on Bt0 , we
also take into account the radiation data corresponding to the past of Bt0 , i.e., the value of
F (τ, xA) for τ ≤ t0. Denote by

Jt0 = {(τ, xA) | τ ≤ t0} ⊂ J + (54)

the part of the Scri lying in the past of Bt0 , and observe that the causal shadow of

Σt0 := Jt0 ∪ Bt0 (55)
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already covers the whole spacetime M. Hence, Σt0 can, in principle, be considered as a
candidate for an “initial value hypersurface”. It can be proved (see [17]) that, indeed, the
evolution of the field data between different surfaces Σξ is a genuine Hamiltonian system,
where ξ plays the role of the time variable.

To prove this statement, it is worth sewing two pieces of Σξ together. For this purpose,
we use the Poincaré disc K ⊂ R3 to parameterize Bξ and take its complement ∁K = R3 \ K
to parameterize Jξ . In spherical coordinates, the Poincaré disc is represented as

K = {(r, yA) | r ≤ 1} ; ∁K = {(r, yA) | r ≥ 1}

whereas
Jξ = {(τ, xA) | τ ≤ ξ} ,

where (xA) and (yA) are spherical angles. To identify ∁K with Jξ we must, therefore,
identify their boundaries: 1 − r with τ − ξ. This requires putting τ = 1 − r + ξ and
identifying:

∁K ∋ {(r, yA)|r > 1} 7→ (1 − r + ξ, yA) ∈ Jξ , (56)

because τ + 1 − r + ξ < ξ.
In Figure 1 we symbolically illustrate field evolution in the mixed “radiation + Cauchy”

representation. Following a longstanding tradition, the Scri is represented as a “light cone”
rather than a “cylinder”. This point of view is suggested by the R. Penrose construction
of J via the conformal compactification of spacetime. Consequently, a fictitious metric
g̃ = Ω2g, where g is the physical spacetime metric, arises in a natural way as an auxiliary
quantity, even if not uniquely defined. We stress, however, that the Scri does not possess a
metric structure. The construction proposed in this paper is entirely based on real spacetime
structures and no arbitrary elements are necessary here. Indeed, the only existing structure
is that of an affine bundle J + ≃ R× S2, where the basis is topologically S2 but is not
equipped with any metric structure, and the fibers carry the affine structure of R only.
Hence, the representation of the Scri as a cylinder (two vertical lines in the picture) would
probably be more adequate. This, however, could suggest that the radiation data play a
role similar to the boundary data during the evolution. Such an idea would be false: the
boundary data must be fixed a priori backward and forward in time during the evolution,
whereas the radiation data are true dynamical data. In particular, radiation data “above
Jξ” are not fixed a priori but must be calculated during the evolution from the Cauchy
data on Bξ .

�
�
�
�
�
�
�

?
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?
?

?
?

?

•
Jξ

Σξ

��
��
��
��
��
��
��

Bξ
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??
??

??
??

??
??
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Figure 1. Schematic picture of the evolution in the mixed “radiation + Cauchy” representation.
Traditionally, the “Scri" is drawn as a “light cone”, even if it carries no metric structure.

The initial data on each Σξ , therefore, consist of the canonical data (π, φ) on the
hyperboloid Bξ and the radiation data F on the part of the Scri that is situated in the past
with respect to Bξ , namely Jξ . A priori, the evolution of the hyperboloid data is defined
only forward in time, whereas the evolution of the radiation data on the half of the Scri is
defined only backward in time and consists simply of forgetting the data on this part of the
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Scri that is skipped when time goes backward. But the system composed of the above two
subsystems, interacting via the appropriate corner condition (see [17]) at the intersection

Sξ = Jξ ∩ Bξ , (57)

is a genuine Hamiltonian system. Its Hamiltonian functional is equal to the sum of the
two energies: the total amount H+ of the “not-yet-radiated” energy contained in Bξ (see
Formula (51)) and the “already-radiated-energy” H− given by

H− =
∫

τ≤ξ

(
F ′∣∣F ′)dτ ≥ 0 , (58)

(cf. Formula (40)). We have, therefore:

H = H− +H+ . (59)

The system is autonomous and the total energy is conserved. But as time ξ increases, the
value of the “already-radiated-energy” H− also increases. In fact, we integrate the positive
function (F ′|F ′) over increasing portions of the Scri. In the limit ξ → +∞, we obtain the
value of the total energy H. This means that the “not-yet-radiated-energy” H+ decreases.
In the limit ξ → +∞, we obtain H+ = 0, i.e., the total energy becomes radiated.

Of course, the hyperboloidal shape of Bξ is irrelevant. What really counts is its
boundary Sξ = ∂Bξ equal to its intersection with the Scri. It is proved in the next section
that the total amount of energy contained in two such hypersurfaces with a common
boundary Sξ is the same. Hence, H+ lives, in fact, on the 2D section Sξ of the Scri. You can
simply forget about the 3D hypersurface Bξ “filling" it.

9. Quasi-Local Character of the Trautman–Bondi Energy

A similar construction can be performed for generic 2D sections S of the Scri. Denote
by JS the part of the Scri that is situated “before” S. Choose an arbitrary spacelike 3D
surface B ⊂ M (if any exist) such that null hyperplanes belonging to JS together with
the entire past causal shadow of B, cover the part of spacetime preceeding B. If there
exists such a B, its relation with S will be denoted by ∂B = S. We define H+ as the total
field energy contained in B, whereas H− is defined as the total energy radiated “before” s,
i.e., contained in JS. Consider now the evolution consisting of the time shifting of both
S and B. During this (reversible!) evolution, energy is transferred from subsystem B to
subsystem JS. The monotonously decreasing (as time increases) energy H+, which can
be assigned to every 2D section of the Scri, can be called the Trautman–Bondi energy of
the scalar field ϕ in analogy to the original Trautman–Bondi energy, which describes the
energy carried by the gravitational field.

To prove that the theory developed in the previous section really works if we replace
Sξ with an arbitrary section S of the Scri, we observe that Sξ , which we have used above,
can also be defined in a different way. Take the 2D sphere:

σ := {(t, x⃗) | t = ξ ; ∥x⃗∥ = ξ} (60)

and a collection σ̃ of all light rays starting outwards from the points of σ. Now, Sξ is equal
to the collection of all null hyperplanes that are tangent to σ̃.

Different 2D sections of the Scri can be obtained if we replace the surface (60) with an
arbitrary convex 2D surface σ ⊂ Cξ , not necessarily a round sphere. If σ̃ again denotes the
collection of all light rays starting outwards from the points of σ, then the collection of all
null hyperplanes that are tangent to σ̃ defines a new 2D section S of the Scri. It can replace
our previous section (57) as a “corner surface”, separating the spacelike and the lightlike
portions of the new Cauchy surface Σ.

For this purpose take an arbitrary spacelike 3D hypersurface B ⊂ M that intersects
J + at S, i.e., satisfying ∂B = S. This simply means that B is asymptotically tangent to the
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“cone” σ̃. The group of time translations in the direction of a (previously chosen) time axis
v (see Formula (24)) becomes a group of canonical transformations, where the phase space
is composed of two interacting subsystems: (1) the radiation data on JS (the part of J +

that lies “in the past of S”), and (2) the canonical data φ = ϕ|B and π = ∂L
∂φ̇ |B on the surface

B. The total Hamiltonian is again equal

H = H− +H+

where the first term is the amount of energy radiated in the past of S

H− =
∫

s≤S

(
F ′(s)

∣∣F ′(s)
)
dτ ≥ 0 , (61)

and the Trautman–Bondi energy H+ equals the integral over B of the canonical energy:

H+ =
∫
B

H . (62)

where
H = π · φ̇ − L , (63)

(observe that H is not a scalar but the scalar density and, therefore, no measure component
of the type “d3y” is necessary when integrating it over B). But, geometrically, H is equal to
the appropriate component of the canonical energy-momentum tensor density Tµ

ν, i.e.,

H+ =
∫
B

T⊥
νvν . (64)

By the Noether theorem (time translations are symmetries of the theory), the canonical
energy-momentum tensor is conserved:

∇µTµ
ν = 0 =⇒ ∂µ

(
Tµ

νvν
)
= 0 . (65)

Hence, by the Stokes theorem, the value of the integral (64) does not change if we replace B
with any other surface B′ that is cobordant to B, i.e., satisfying

∂B′ = S = ∂B . (66)

We conclude that H+ is, in fact, assigned not to a particular 3D hypersurface B but to a 2D
section S of the Scri. This means that the Trautman–Bondi energy is a quasi-local quantity
(this terminology was proposed by R. Penrose much later (see [18])).

Similarly to the case of (57), appropriate corner conditions being fulfilled on S by the
Cauchy data—F on one side and (π, ϕ) on the other—imply that the system composed
of two subsystems becomes a genuine, autonomous Hamiltonian system. Its total energy
H remains, therefore, constant during the evolution. But H− (the “amount of already-
radiated-energy”) increases with time, being equal to the integral (61) of a positive quantity
(F ′|F ′) ≥ 0 over an increasing region {s ≤ S}. Consequently, the Trantman–Bondi energy,
equal to the “amount of not-yet-radiated-energy” (i.e., energy remaining on B, where
∂B = S), decreases as t ↗ ∞, namely H+ ↘ 0.

10. Role of Boundary Conditions in Hamiltonian Field Theory: Interaction through
the Boundary

Both the “formally Hamiltonian” systems of Equations (44)–(45) on the half-Scri Jξ

and Equations (52)–(53) on the hyperboloid Bξ do not separately possess a well-posed
initial value problem and, therefore, are not Hamiltonian systems in any rigorous sense.
The convenient mathematical criterion here is the self-adjointness of the evolution operator.
For example, the evolution (44)–(45) on the Scri is governed by the “momentum” operator

∂
i∂τ , a generator of translations, well known in Quantum Mechanics. This operator is
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essentially self-adjoint on the whole R but has no self-adjoint extension when considered
on the half-line {τ ≤ ξ} (the case of Jξ). Also, canonical energy on the hyperboloid, given
by Formula (51), has no self-adjoint extension.

The fact that interaction through the boundary Sξ of these two systems restores the
self-adjointness if appropriate “corner conditions” are imposed is not a trivial result. But, it
is not exceptional. A nice example of this phenomenon is provided by the wave Equation (5)
when treated independently on the two complementary half-spaces: the lower one {z ≤ 0}
and the upper one {z ≥ 0}. The Laplace operator ∆ is not essentially self-adjoint when
restricted to a half-space. But, it possesses many inequivalent self-adjoint extensions, each
of them defined by a specific boundary condition. Choosing one of them is necessary if we
want to treat field evolution within a half-space as an autonomous Hamiltonian system. A
priori, such a choice can be made independently for the upper and lower half-spaces.

The conventional field evolution in the whole space R3 can be restored as a Hamil-
tonian system composed of the above two subsystems, interacting through the common
boundary {z = 0} if the following boundary conditions are imposed: the coincidence of
the value of the field ϕ and the transversal momentum p⊥ = ∂L

∂(∂⊥ϕ)
, cf. [13].

We emphasize that these considerations are not empty mathematical toys, but concern
the very physical essence of field theory. A purely formal analysis, which can be found in
many physical publications, is not sufficient to describe the evolution of the field.

11. Interaction with Sources

The purely linear theory without sources, given by Equation (5), is trivial from the
point of view of the “S-matrix", as both the J − and J + carry essentially the same
information. The non-trivial relation between incoming and outgoing radiation is obtained
when there are non-trivial sources on the right-hand side of (5). The sources may appear
“deus ex machina”, as external parameters of evolution, or they may be carried by other
physical fields (let us denote them by ψ), interacting non-linearly with our field ϕ and
constituting, together with ϕ, an autonomous, complex physical system (ϕ, ψ). Suppose
that the sources vanish outside of a certain world tube

TR := {(t, x⃗)|r = ∥x⃗∥ < R} . (67)

This means that outside the tube, our previous analysis is valid. Hence, Formula (15)
defines two different values on every null 3D hyperplane: one for t ↗ ∞, which we assign
to a point s ∈ J +, and another for t ↘ −∞, which we assign to the corresponding point
s ∈ J −. The difference between these two values describes the amount of energy that
has been transferred from the subsystem ψ to the subsystem ϕ (or vice versa if the value is
negative) during the evolution of the complex system (ϕ, ψ).

It should be noted that the assumption (67) regarding the spatial localization of sources
is probably too restrictive. Indeed, this rules out a situation in which the sources are carried
by a “small material body” moving freely (i.e., along a straight, timelike trajectory) before
and after a finite time interval while the interaction was active. But also in this case, each
null 3D hyperplane enters for t ↗ ∞ and for t ↘ −∞ into the region where the sources
disappear and our construction works correctly.

12. Maxwell Field and the Linearized Gravity

Every linear, hyperbolic field theory can, finally, be reduced to a system of a few,
decoupled, wave equations. In electrodynamics, such a reduction (compatible with
the symplectic reduction of the phase space of Cauchy data with respect to constraints:
divD⃗ = 0 = divB⃗), is not unique. A version that is especially useful for our purposes is
based on a choice of spherical coordinates (θ, φ, r) = (xA, r), A = 1, 2. It is easy to prove
that both fields, ϕ1 := rDr and ϕ2 := rBr, where Dr and Br are radial components of the
electric and magnetic fields, respectively, satisfy the wave Equation (5) as a consequence of
the Maxwell equations (we use the below Cartesian coordinates (xk):
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∆ϕ1 = ∆(rDr) = ∂n

[
∂n(xkDk)

]
= ∂n

[
δn

k Dk + xk∂nDk
]
= ∂n

[
xk∂nDk

]
= gnk∂nDk + xk∆Dk = xkD̈k = rD̈r = ϕ̈1 ,

which is the same for ϕ2. The role of conjugate momenta is played by the radial components
of the “curl":

π1 := ϵAB∂A

(√
det g DB

)
; π2 := ϵAB∂A

(√
det g BB

)
, (68)

which carry information about ϕ̇i , i = 1, 2. Moreover, the complete information about the
fields D⃗ and B⃗ can be reconstructed from the canonical data (ϕi, πi) in a quasi-local way,
i.e., solving the 2D Poisson equation on each sphere {r = const.} separately.

A similar reduction can be applied in the case of the linear version of Einstein’s gravity
theory. Here, the dynamical variables can be described by 10 independent components of
the linearized Weyl tensor:

Wλκµν = Rλκµν −
1
2
(

gλµRκν − gλνRκµ + gκνRλµ − gκµRλν

)
+

1
6

R
(

gλµgκν − gλνgκµ

)
, (69)

(see [19]), which can be encoded by two independent, symmetric TT tensors (traceless,
transversal):

Dkl = W0k0l ; Bji =
1
2

εjklW0i
kl ; gkl Dkl = 0 = gkl Bkl ; ∇kDkl = 0 = ∇kBkl . (70)

It turns out that the entire dynamics of this field can be again reduced to the wave
Equation (5) for two independent degrees of freedom: ϕ1 := r2Drr and ϕ2 := r2Brr

(see [19,20]). The corresponding canonical momenta are again given as the radial part
of the “curl”, namely:

π1 := ϵAB∂A

(√
det g DBr

)
; π2 := ϵAB∂A

(√
det g BBr

)
, (71)

and, moreover, the complete information about both fields, Dkl and Bkl , can be recon-
structed from the canonical data (ϕi, πi) in a quasi-local way, i.e., by solving the 2D Poisson
equation on each sphere {r = const.} separately (see [21–23]). Consequently, our theory of
radiation, when applied to canonical variables, ϕi, can also describe the radiation carried
by the Maxwell field and gravitational field in the linear approximation.

13. Gravitational Radiation Theory

In our description of the radiation phenomena, we have explicitly used the flat (affine)
structure of the Minkowski spacetime. We cannot apply this technique a priori to describe
the gravitational radiation that occurs in a curved spacetime M. Fortunately, the basic
scheme of radiation theory outlined above remains valid if we assume that this curved
spacetime is asymptotically flat. Physically, asymptotic flatness means that the gravita-
tional system that we analyze is isolated. Technically, we assume that there is a spatially
bounded world tube T (the “strong-field-region”, cf. (67)) such that outside of it (i.e., in
the “weak-field-region” ∁T ⊂ M), the metric can be written as g = η + h, where η is the
flat Minkowski metric, whereas its perturbation h behaves like

∣∣hµν(x⃗)
∣∣ ≤ c

∥x⃗∥ and the

connection coefficients Γλ
µν behave like c

∥x⃗∥2 .
In an asymptotically flat spacetime M, asymptotic structures at infinity can be de-

scribed in a perturbative way. For this purpose, we use the linearized version of the General
Relativity Theory, which reduces to two wave equations describing the evolution of the two
independent degrees of freedom. As described in Section 12, these degrees of freedom can
be chosen in a gauge-invariant way as the two independent components of the linearized
Weyl tensor (see [21,22]). Linearized Einstein equations reduce them to two independent
wave equations. They describe the evolution of the gravitational field only approximately.
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But this approximation improves the further we move away from the strong field region T.
Because radiation takes place at infinity, the quantities that live on the Scri are rigorously
described in terms of the linear theory! Hence, H− is rigorously described by Formula (61),
and the Trautman–Bondi energy H+ is a quantity associated with every section S of the Scri.

What is not rigorous when we limit ourselves to the linear theory, is the description of
energy in finite regions. We cannot, therefore, expect any formula similar to (62), where
the energy density H would be spread over a spacelike surface B. There is no such energy
density because gravitational energy is not additive. Indeed, if such a density existed, the
amount of energy EV contained in a 3D volume V would be equal to

EV =
∫

V
H . (72)

If V is divided into a sum of two disjoint subsets, V = V1 ∪ V2, then (72) implies that
EV = EV1 + EV2 . But such an additivity of gravitational energy contradicts the very notion
of gravitation. The energy weights (in fact, it is equal to its mass!) and, consequently, their
interaction energy cannot vanish:

Einteraction := EV1 + EV2 − EV1∪V2 > 0 . (73)

This conclusion is nothing but Newton’s law of universal gravitation!
Fortunately, gravitational energy is quasi-local. This means that the amount H+ of

Trautman–Bondi energy assigned to each 2D section S of the Scri is given by a surface
integral already in the complete non-linear theory, similar to the case of the A.D.M energy
at space infinity (cf. [24]). Hence, the purely special-relativistic considerations based on
the Noether theorem and the “conservation” of energy-momentum tensor-density Tµ

ν

(which was the case in (64) and (65)) are not necessary here. As a consequence, the entire
Hamiltonian theory of gravitational radiation, defined by the asymptotically linearized
theory, works perfectly well.

14. Geometric Description of the Scri in an Asymptotically Flat Spacetime

What remains is the relation of the asymptotic objects defined with the use of the
(totally artificial!) flat Minkowski metric and the real geometric objects living in the physical,
non-flat spacetime M. The flat null “hyper-planes ” do not exist in curved spacetime and,
therefore, we cannot use them to represent Scri points.

To define such a representation in terms of the intrinsic, geometric objects living in M,
we begin with the original idea of the “asymptotic value of the field ϕ on the light ray”:

F(L) := lim
τ→∞

(τ · ϕ(x(t0 + τ))) , (74)

where
R ∋ t → x(t) ∈ L ⊂ M

is a parametrization of a light ray L and t = x0 is a “laboratory time”, i.e., the time
coordinate in any asymptotically flat coordinate chart (xµ), as described in Section 13
(cf. Formula (11)). The value F(L), defined by (74), does not depend on the choice of the
“initial time” t0 because

lim
t→∞

ϕ(x(t)) = 0 .

As was obvious in the case of a flat M, the same value F(L) is obtained for the entire
“equivalence class” of light rays. The collection s of all those “equivalent” right rays
constitutes a null 3D surface s ⊂ M and represents a point of the Scri. In the flat case, such
a surface was flat. In a generic case, at most, “asymptotic flatness” can be expected. Below,
we briefly outline the idea of the construction of such surfaces.

Given a light ray L and a point x ∈ L, situated “far away” from the strong field region
T, choose a 2D spacelike tangent subspace in P ⊂ Tx M. The collection of all geodesic lines
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that begin at x whose tangent vector belongs to P generates a 2D surface P . Finally, the
parallel transport of the null vector tangent to L at x enables us to choose at each point
of P a null geodesic. The collection of all of them generates the 3D null surface sx. If the
physical metric g = η + h is “almost flat” (i.e., the perturbation h is “almost null”), then the
resulting surface sx is “almost flat”. The surface that represents a point of the Scri is the
(appropriately defined) limit of surfaces sx when x → ∞, i.e., when the entire construction
is performed in an “almost flat” surrounding. We limit ourselves here to present only the
idea of this theory, and the technical details will be presented in another paper.
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Appendix A. Wave Equation and the Huygens Formula

Given a function f = f (x⃗) = f (x, y, z) on a 3D Euclidean space, we define

f (S(x⃗, τ)) :=
1

4π

∫ 2π

0
dφ

∫ π

0
f (x + τ sin ϑ cos φ, y + τ sin ϑ sin φ, z + τ cos ϑ) sin ϑdϑ (A1)

for every real number τ ∈ R1. The new function f (S(x⃗, τ)) is regular on R4 (its regularity
class Ck is equal to the class of f ). Observe that this is even with respect to the time variable:

f (S(x⃗,−τ)) = f (S(x⃗, τ)) = f (S(x⃗, |τ|)) . (A2)

Hence, f (S(x⃗, τ)) is equal to the mean value of f taken on the sphere centered at x⃗, whose
radius r is equal to |τ|.

Observe that rigid translations of the function f commute with calculating its mean
value over a sphere. The infinitesimal version of this observation can be formulated as
follows: for every 3D vector v⃗, the following identity holds:

∇v⃗

(
f (S(x⃗, τ))

)
= (∇v⃗ f )(S(x⃗, τ)) .

Hence, the same applies to the Laplacian operator:

∆
(

f (S(x⃗, τ))
)
= (∆ f )(S(x⃗, τ)) =

(
1
r2

∂

∂r
r2 ∂

∂r
f
)

S(x⃗, τ) =

(
∂2 f
∂r2 +

2
r

∂ f
∂r

)
S(x⃗, τ) .

The second equality holds because when expressed in spherical coordinates (r, ϑ, φ) cen-
tered at x⃗, the angular part of ∆ f vanishes when integrated over the sphere. On the other
hand, we have an obvious identity

∂ f
∂τ

(
f (S(x⃗, τ))

)
=

(
∂ f
∂r

)
S(x⃗, τ) ,

which, when applied twice, proves immediately that the function

χ(τ, x⃗) := f (S(x⃗, τ)) ,

fulfills the following partial differential equation:

∆χ = χ̈ +
2
τ

χ̇ .

This implies that ϕ := τχ satisfies the wave Equation (5). We conclude that from every 3D
function f , we can manufacture a solution of the wave equation:
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ϕ(τ, x⃗) := τ · f (S(x⃗, τ)) .

But a derivative of a solution is also a solution, i.e.,

ϕ(τ, x⃗) :=
∂

∂τ

(
τ · g(S(x⃗, τ))

)
is also a solution. It is easy to prove that every solution is a sum of two such solutions:

ϕ(τ, x⃗) :=
∂

∂τ

(
τ · f (S(x⃗, τ))

)
+ τ · g(S(x⃗, τ)) ,

which is a decomposition of ϕ(τ, x⃗) into an even (first) and odd (second) part with respect
to the time variable τ, whereas f (x⃗) = ϕ(0, x⃗) and g = ϕ̇(0, x⃗) are Cauchy data taken at
τ = 0.
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