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Abstract: The vanishing phase space generator of the full four-dimensional diffeomorphism-related
symmetry group in the context of the Barbero-Immirz-Holst Lagrangian is derived directly, for
the first time, from Noether’s second theorem. Its applicability in the construction of classical

diffeomorphism invariants is reviewed.
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1. Introduction

What we identify as the Barbero-Immirzi-Holst model serves as a foundation for
today’s canonical approach to loop quantum gravity. In this article, we derive a new
analysis of the underlying four-dimensional spacetime diffeomorphism-related classical
canonical symmetry. We derive the canonical symmetry generators directly from the
vanishing charge that follows from Emmy Noether’s second theorem, in a manner similar
to the first such derivation presented for conventional canonical gravity in [1]. The focus is
on a reformulated ADM approach that incorporates densitied triads. And we argue that the
extension of this analysis to the new triad approach to gravity as proposed in [2—4] is almost
trivial. As is well known, in order to achieve the results of canonically generated variations
of spacetime coordinates, it is necessary to supplement the variations of phase space

check for variables under diffeomorphims with related triad gauge transformations. We conclude
updates with an overview of a technique for introducing intrinsic coordinates as gauge conditions
and employing the full diffeomorphism generator to construct invariant temporal evolution
in a manner related to Rovelli’s relative observables [5]. This lays the foundations for an
eventual application in loop quantum gravity.

It should be stressed that this underlying phase space approach to symmetry is still
not widely appreciated in the general relativity community. We have written much on the
historical background of the dispute amongst proponents of the original Wheeler-Dewitt
Academic Editor: Parampreet Singh  formalism and approaches developed by Peter Bergmann, including many collaborators
and students. See, for example, [6]. The key distinction in this dispute is Wheeler’s
abandonment of the full spacetime diffeomorphism symmetry. He did retain a three-
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least intially he thought that the spatial metric itself could fix the time evolution. The views

have evolved substantially, and in fact today there is a much wider appreciation of the
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potential to implement the full four-dimensional diffeomorphism symmetry in the general
Copyright: © 2023 by the author.  re]ativistic phase space. Indeed, several authors have addressed the question of how one can
Licensee MDPL, Basel, Switzerland. iy oke this symmetry in constructing true spacetime diffeomorphism invariants. Especially
noteworthy are current efforts to employ the full symmetry, recognizing that the full general
relativistic metric, including the so-called lapse and shift functions, must be included as
phase space functions. We cite, in particular, the recent work in quantum cosmology [8-12]
where intrinsic coordinates are being employed in the context of quantum loop cosmology.
The coordinates themselves are defined in terms of either of the spacetime metric or material
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fields. One can thereby in principal employ the diffeomorphism symmetry group that we
are deriving in a new manner in this article to construct objects that are invariant under
the action of the group. This is closely related to an approach called relational quantum
mechanics that has long been advocated by Rovelli [13].

2. Derivation of Canonical Hamiltonian

We use minus one half of the ADM Lagrangian as rewritten using triad variables.

1 1 1 2
L£=—7Lapm = 5Nt (3R + KK — (KZ)Z) = —Nt <3R + Kpe™et K 4 — (e”hKab) > )
where
szfl <8b0_Ncgb —gcaNC—gth)Zfl (gbo—zg Nc)- )
a N \8ab ab,c b chiN g N \eab, c(a |b)

The variable t is the determinant of the spatial metic g,;, with e its inverse. The variable
N is the lapse while N“ represents the metric shift functions. °R is the tree-dimensional
curvature scalar.

The first task is to specialize to tetrads with the choice Eg =nt = 5gN 1 gNTIN®.
This tetrad is orthogonal to the constant time hypersurface. The covariant metric is

_NZ + Ncngcd guch)
pu— 7 3
Suo ( gpaN* Sab ©)

with the contravariant metric

wo_ (—1/1\12 N®/N? )

Nb /NZ eab _ NaNb /NZ (4)

We then choose the remaining tetrads to be tangential to the constant time hypersurface.
Thus, the full set of contravariant tetrads (with the upper index representing the row and
the lower index representing the column) is

N1 0
E? = (_N—lNa Ta)' (5)
i

with the corresponding covariant set

N 0
= (one ) ©

However, we employ as independent triad variables f”f := T where t := det(t}).

Furthermore, rather than choosing the lapse N as an independent configuration variable,
we work with N := t~IN. Therefore, for the following, we need

b =, T8 = (177 LT @)
therefore, we find that
1.
ty = Et;Ti’fy, (8)
‘ . 1
—15b
ty =t T}, (—t;t{l + 2t{,t;), ©)
and 1
T!, = —Et*Zt{?T}fyT,-” +ITE (10)
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Now, we define the canonical momentum

pl oL
¢ an,O
oK
- _ ac ,bd _ ab cd ab
= Nt(e e ee )KCdaTleO. (11)
Therefore, we need
oK
ZNtaTZb = gabté - 2tl(ggb)e' (12)
1,0
Subsequently,
pe =T Kea, (13)
from which we deduce that o
pl(atz) = Ky (14)

Therefore, we can write the Lagrangian immediately in terms of the canonical momenta.
To obtain the canonical Hamiltonian #., we must now focus on p}, Tfo which we want
to write in terms of the momenta. We have

peTo = KT} Tho- (15)
We rewrite this in terms of derivatives of t{. Therefore, we consider first
Tiy = (tT7) o = toT? + tT0 = t]  TET? — tTETOL o, (16)
and we therefore have
pi ~lff0 = %tK,,b (e“beCd — ebcead)gcdlo. (17)

But
8ed = 2NKq + zge(cNfd)r (18)

so we conclude, finally, that
Pino = tK,, (e”beCd — ebce“d) (NKCd + ge(ched)). (19)
We thereby obtain the expression for the canonical Hamiltonian,
He = pb T - L
Nt

2
= - <3R + Kapee" Ky — (e”hKab) > + tKap <3abN\Cc - eaCNIbC)' 20)

For later use, we need to rewrite the canonical Hamiltonian in terms of p’, using K, = piﬂ té),
which implies that

Kope*e" Koy = Pl(atZ)P](ctii)eacebd =3 (szplb@”b + pfzpjb]}ngb> (21)

and ' '
e KopeKeg = phTIpy T} (22)
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Therefore, the canonical Hamitonian becomes

Nt b
HC — 2 <3R+2papbeab+zpap]bTﬂTh_pu pLTJb) +tpgtl ( lle‘C _eC(llN‘C))
N
—(FrTIRY, + Lpipi T 4 L phpl TOTE — g T T
zpapb zpupb ji Pa ipb i
ab c b)
Pt ( Nie \ "N
— NHo + p,TNE = 2pat TCT”Nlc zprCNlc, (23)

where N := t~IN and

~ 1 o
Ho := —5T0T) (3R], + phvh — Piph)- (24)

It is straightforward to check that this does deliver an almost correct expression for the
time rate of change in the densitized triad—lacking, as we shall see shortly, the arbitrary
triad gauge rotations, i.e.,

e _ OH Feqb _ i Fbfe) o F L1 ges
T¢y = W’C = N(ATeT) - plTITE ) + TING — ST TN —
e

ot 25)

c 9 Tl |c
It is important to recognize here that the ADM Lagrangian does not depend on the

antisymmetrized linear combination of velocities T4l Z{z]/ and as a consequence, we obtain

a corresponding primary constraint, with a corresponding addition to the Hamiltonian
generator of time evolution. Rosenfeld, indeed, in [14] considered a tetrad version of general
relativity in which analogous constraints appeared and, although he did not explicitly
construct the corresponding extended Hamiltonian, he could easily have applied his new
techniques to achieve this. We next derive the relevant primary constraint by applying
Noether’s second theorem.

3. Noether Charges

First, there is a vanishing charge that arises from the invariance of the ADM action
under triad rotations
e
oy T =€V T]-”nk, (26)

where 7, are arbitrary spacetime functions. Following Noether’s second theorem, con-
served charge arises as follows. The variation of the action is

0=3, / AL = / i (‘M )5,7 ‘ <aa:r£ eifk:r]aqk> , 27)
o P

When the field equations are satisfied, we obtain, letting the variations vanish at spatial
infinity, the conserved charge

Cy= /dc’xpzeijkf"f;yk. (28)
But since 7y can vary arbitrarily with time, we deduce the existence of constraints
0=H* = —eTp,Tf. (29)

The additional constraints that arise from the invariance of the action under spacetime
diffeomorphisms require a bit more work to derive. We derive the vanishing Noether
charge diffeomorphism-related generator following the procedure that was applied in the
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conventional metric case in [1]. It should be noted here that this procedure was applied
to tetrad-based general relativity by Rosenfeld in 1930. And as observed in [15], he did
not complete the derivation of the canonical generators that we shortly find, very likely
because he recognized that he could not express them exclusively in terms of canonical
variables. In other words, he did not recognize, as first observed in [16], that the variations
were not projectable under the Legendre transformation to phase space.

Under an infinitesimal diffeomorphism x# = x# — e/, the scalar density £ transforms as !

= (LeM) (30)

M

where the § variation is actually the Lie derivative L. We shortly work out the corresponding
field variations. But first, we derive the corresponding vanishing Noether charges noting that
when the field equations are satisfied, and letting € — 0 at spatial infinity,

0

X
f
] oL oL L -
oL = / & 5T + 2~ 5N SN
/ \ar, TN, AN 0
N/ 4 Xi
0
_ / d e[ (31)
X

Therefore, again, taking into account that the time dependence of € is arbitrary, we derive
the corresponding vanishing Noether charges

Ce = / e, (32)
with vanishing charge density
L g L o AL o
Cc = =017 SN ON® — Le°
< = am, Tan, Y Tang ¢
= ploT® + PEN + PN — Lé°. (33)

We recognize, of course, that the momenta P and 13,1 are primary constraints.

The next step is to determine the variations under x'# = x* — e”. We must bear
in mind that the variations of the triads must yield vectors that remain tangent to the
fixed time hypersurface. And furthermore, the varied n* = 55 N-1 - 5§ N~IN“ must be
perpendicular to this new hypersurface. The resulting variations are

SN = Ne§) — NN?€%, + Neb + N e (34)

and
SN" = Ny — (N2e"™ + N*N?)el), + €%y — Ne%, + N§e® + N el (35)

To determine the variation of T#, we refer to the variation of the spatial components of
the metric. We have

oguy = Ot 5t
=t €ty + oty € + ENCElt, + theSt, + N E) + ttiel,. (36)

Therefore, we find . ‘ ) )
5ty = tfwe” + ti,Nbeg + t;aef)a' (37)
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Next, we calculate § Tl-” using

SHhT! = —1,5T7, (38)
which implies
STV = —OHTIT! = —(th " + tN€l, + thes, ) TITY
= T} —N'Tiel, — 4 Te. (39)
Now, to obtain 677, we need
5t = 16 T? = #(th et + (NS, + el ) TF, (40)
which implies
ST! = OtTf + 6T} = Tie! + NPl Tf + ef Tf — N°Tfel — €277 (41)
Finally, we also find that
N = —Iy(;gfl’f?,yeﬂ +eh+ e%Nu>

1 .~ 1 .~
+ Neh NN+ (TN + Na )+ (FATUN N, ) @)

As noted originally in [16] with regard to Hilbert action, the variations of the lapse
and shift are not projectable under the Legendre transformation to phase space due to the
dependence on their time derivatives, and the unique means of eliminating these terms
in spacetime diffeomorphisms is to require a metric dependence which we rewrite in the
form n#&0, where

N -1
il =t = (zy) (55‘ - 55‘1\1“). (43)
The general infinitesimal spacetime coordinate variation is therefore

et = &0 4 sl e (44)

It should be noted here that this requirement results in a loss of the original spacetime
diffeomorphism Lie algebra. The most striking change is a forced dependence on the
underlying spatial metric, leading to what has become known as the Bergmann Komar
group. A detailed history of this development can be found in [6,19].

Taking this required metric dependence into account, the resulting variations are

N = PO -N° +EN, = (tgo) — N* (tgo) + &N,
~ /0 ~/oa
= o0 + &% — Nt 420 — N9 + &N ; (45)
therefore,
SN = 6t !N+t 1N
= —t 25N ++t1 (t/oéo + 8% — N .80 — N0, + g”N,a)

= —t 2N+t <ttf1loTl-”§0 + 50 — Nt TV G — NOIES, + gﬂN,a). (46)
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To continue, we need
5t = t;ye” + ifi'JNbeBZ + tée,ba
_ N_lff;,oﬁo _ N—lté,bNbérO + tf;,b(;rb + téNb (N—lgo)’a + t;;(—N‘lego + (—:b)’a
= NTME" — N7 NG 4ttt (-NTINGE 4 8l ). 47)
We use this to calculate

—t72Not = —t'NOETI = —+7'T? (tflrogo — i NPEO+ Nt 2+ (—Nf;cjo o+ Ngf;) ) (48)

Combining terms, we obtain

SN = 7T (#h20 — th NG 4 Nt 2 + 1) (- NLE® + NEL ) )
+ ¢! (tt;‘,,ongo + 185 — Nt THEO — N5, + éf“N,a)
= 71T (Nt et + (- NLE0 + N ) )
+ ! <t§?0 — NG + é”N,a>
= —NTft;,8" + Nag® — N&§ 4% — NG% + 7' Nag"

= N%&°— N&% + &% — N°Z9 + N o&". (49)

SN = % — Ne™gh + Nye™s® + Nig¥ — N,
= % — Ne® <th> + (tzy) beﬂbtgo + Nzt — NPz,
~ ,b , ~ 4 4
— C?O _ tZNeubC?b + tzN,beubgo + N,ﬂhé'b _ Nbérjlb- (50)

As a final step, we need to consider the variations under e/ = ob ¢“. These contribute
the additional terms to the Noether density

paTEE! + ph (4 T7 — enTY). (51)

After performing an integration by parts, letting {* — 0 as x* — oo, we obtain contribution
AT+ (pT0) & = (ATF) & = (WhuTf = phaT? — PTL )&

= —2Dpy TIE" = Hy. (52)

Indeed, since ¢* is an arbitrary spacetime function, this delivers an additional vanishing
Noether generator of spatial diffeomorphisms with constraint
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Substituting the original variations into the Noether charge, we obtain

¢ = pa 0"3 — £l

+ piThe + ph (Nbe T¢ +eh T — N”T?eoc—e”CTf)JrﬁgN + PN

- ﬁ0e0+(pZTf o= 2p”t TCT”N|C zprCN|C>

+ pATE el + ph (NS T? + el T — NOTYeS, — €6 Tf ) + PON + PoSN".  (54)
Next, we collect terms (54) involving €% and not 7?[0. We have

(puTa Cd - paTd ac) tge( N|d)6 + pa (Nbe Ta NaTice/OC>

= (PaTa cd _ PaTd aC)N(c|d)§0

1, 1 1 . 3
- ﬁp; NN;,N%OTH—N%OT‘* NCN“T;?QO—N“TZ.CQQ. (55)

Z

We perform an integration by parts in the first line to obtain
_ - |:N(:O (PgTa cd p;Ti(dec)a):| N,
|d
1 - 4
=3 (NQO) (PATENT = piT{N)
NG (Pl TN = i TN, (56)
In addition, we have
pa be + Pa (ehTH o e,aCTic)
= pi TN Nbgo piT ( N~ NbNbgoJrN N' §0+N NbCO)
(NN NG N ) @

Then, it turns out that some amazing cancelations occur, and the resulting Noether
charge is

C; = / x {ﬂog" + Hal
+ D <Nf;§° — Ng& + 8 — N°go + zy,ag‘l)
+ P, (gfg — Ne" g, + N e+ Nzt — Nbgfh”, (58)
where we have the additional vanishing constraint due to the arbitrariness in function g 0,

1 1 i 1
Ho = —5 77 (°RY, + phh — pipk) = 0. (59)
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Similarly, since ¢* can vary arbitrarily in time, we obtain constraint
Ha=0. (60)
These results imply, of course, that C; itself vanishes. >

4. Spacetime Diffeomorphism-Related Noether Generator

We work out here the requirement to add gauge transformations to the diffeomorphisms
in order to attain projectability under the Legendre transformation from configuration-velocity
space to phase space. This challenge arises due to the absence of anti-symmetrized linear
combinations of triad time derivatives in the ADM Lagrangian. This is a combination that
appears in the Ricci rotation coefficient (see [20]).

af = T4l 1] — NoT ¢ Nes Tk 4 Nl T, (61)
We undertake the variation of the covector component Qg under the infinitesimal diffeo-
morphism with descriptor e# = n#&0 + o}/ &,
50 = el + 60y (62)
We do not need (5Qg since it is projectible. Thus, we have
s (=10 ij( _ aj—1p5ax0 a
50 = of (N g)/0+0a( N-INE +C>,o+“" (63)
We discover that the unprojectable time derivatives of the lapse and shift appear in this

variation. But the good news is that these inadmissible variations can be eliminated by
adding gauge rotations with

7t = eI, (64)
with generator
—/d3xekijQ;{n”COpk =— /d3xeki70;{'n”§oek’””pz17‘,f
= /dg'xQ’;l[iiQ n# Tlfgo. (65)
The additional Ricci rotation coefficient is (from [20]) the three-dimensional coefficient
Qf = wy.
Adding this expression to the first line in (58), we define the vanishing generator
density

1 . . 1 . . Kli i 5
Ho = (—3R + g Paphe™ — P TInT] + Qy[lﬂz]n”T,?) = 0. (66)

Thus, we finally have the full diffeomorphism-related vanishing Noether generator,
derived directly from the vanishing Noether charge,

oy = | d3x[Ho§°+Ha§“+11"Hk
+ vt

+ P, (gfg — PNe™g), + N e g0 + N’ — Nbc’;f‘bﬂ : (67)
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5. Variations Produced by the Generators and the Generator Algebra

We first confirm here that the Noether generators that were obtained do indeed
generate the correct variations of configuration variables. (One could indeed invoke a
procedure invented by Rosenfeld in 1930 to show that momentum variables also undergo
the correct variations.) We begin with the variations generated by R(&) := [ d®xH;&*.
We have N N N

5T = {T?,R(g)} = —elkgiTe, (68)

Next, we consider variations generated by V;; := [ d3xH,qn", finding that
o5T3 = {TL V(i) } = =Tl + Thyy" — ] T4, (69)

Here, it is useful to define w}' := %e’”jkwik, from which it follows that a){; = eﬁkw’g.
Thus, we can interpret the last term in (69) as arising from a triad gauge rotation with
the gauge descriptor derived from the spatial diffeomorphism descriptor, i.e., the full
variation becomes such that the first is a spatial diffeomorphism variation and the second
is a gauge rotation,

(5,7f"? = —ff’iy,“b + f“f’,biy” — eijkiybwi T, (70)

The final variation to consider is that generated by S[¢] := [ d®xH(¢°. We have

st ={msig} = {m{fselh = i (un ). o

The vanishing constraint generators that we obtained here are precisely those obtained
previously in [20]. Indeed, this algebra played a central role in the derivation of the
complete generator of spacetime diffeomorphism related transformations that we derived
here in an alternative manner in applying Noether’s second theorem. The generators obey
the following closed Poisson bracket algebra:

{RIZ) R[7]} = —R{[¢,n]l, (72)
where [&, 7]’ = elkgiyk,
{vieL i} = {ste) xin} =0, 73)
{VI&L VIl } = VIE ] - RPRaE"), (74)
using the Lie bracket B
(67" = ¢"nfy — 1", (75)
{5161, Vil | = ~S1£,8°] - RO arl1e") + Oy nt1¢0lc, 76)
where ‘ ' )
(6pp[t6°] + SR [Qunt5°))why = (PaT™Dy(%) +2T7 ¢ Doy e, (77)
and finally,
{slg1 st} = vid - RUD.E T, DT, 7s)
where

"= (goab;z —~ ’Zah§> e (79)
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6. The Canonical Hamiltonian

It must be stressed that the above diffeomorphism generator differs in an essential
manner from the conventional temporal evolution generator. Note that the canonical
Hamiltonian derived in (23), after performing an integration by parts (assuming N* — 0 as
X — o0), takes the form

He = Ho + N"H,, (80)

and, as noted in (25), the Poisson bracket {Tl“, f d3x’HC} yields an equation of motion that
does not take into account the spacetime coordinate freedom available in the function QO
that multiplies the triad gauge constraint in the complete Hamiltonian

H= / dx (NHo + NH, + OFHy ). (81)

This evolves initial phase space data in time via the Poisson bracket. The generator Cg,,
on the other hand, acts on the entire solutions generated by H and transforms them to
new physically equivalent solutions that are related through the action of active spacetime
diffeomorphisms.

7. Extension to the Barbero-Immirzi—-Holst Model

The Holst addition to the Lagrangian is

1 I
Ly = EZ\ItE;‘E}ARP,L. (82)
It is introduced with what has become known as the Barbero-Immirzi parameter y. The
curvature is expressed in terms of the Ricci rotation coefficients,

Rty = 0,0 — 0,0/ + QM) — MO, . (83)

It is of course well known that this Lagrangian vanishes when, as we assume, the torsion
vanishes. The outcome for our specific use is that the new canonical momentum p;’ is

obtained through a canonical transformation of pfz, ie.,

T
pi' = plh+ 57 ey (84)

It follows that we need only make this substitution for p/, in our Noether generator (67) to
obtain the spacetime diffeomorphism-related symmetry generator in the Barbero-Immirzi-
Holst model.

8. Evolving Constants of Motion

We briefly overview here the manner in which the vanishing diffeomorphism-related
generator may be employed to implement the use of intrinsic coordinates, evoking the general
method presented in [21]. There, we proposed the use of intrinsic coordinates which must

be spacetime scalar phase space functions. We represent them here as X" (Tf, p;’) 3. With
their aid, we can establish gauge conditions which we represent as x(M* = x# — X* = 0.

Recognizing that these must be preserved under time evolution, we obtain a second set of
gauge conditions

d
0= EX?‘ = 55 — NP{X?‘,’HP} = (Sg - AZNP = X(z)}l, (85)

where

A= {XM, H, b (86)
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In [21], we extended a procedure that was invented in [22] so as to include the lapse and
shift as phase space variables. The basic idea is to take linear combinations of the eight first-

class constraints which we represent here by (;), = (7—[,1, P, 1;,1> , employing the inverse of

A% . Representing the new set of the original first-class constraints by { (j),ur We are able to

arrange that they satisfy the Poisson brackets with the gauge conditions satisfying
{x,85,} = —oldt. 87)

Consequently, we can solve for the gauge functions ¢# which transform arbitrary solutions
of the field equations to those that satisfy the gauge conditions. Of course, in doing so, in
this case, we make use of Generator (67) with the new linear combinations of constraints
C(jv- Thus, for any phase space function @, including the lapse and shift, we can construct
the corresponding spacetime invariant Ze through the action of the generator C¢, i.e.,

To = exp({—,cg})cp. 88)

The validity of this expansion has been demonstrated, for example, in [1,21], for several
previous models. It will be straightforward to do so for the classical Barbero-Immirzi-Holst
theory. A cosmological perturbative approach employing these expansions would be of
particular interest.

9. Conclusions

We presented here a new direct method for obtaining the generator of spacetime
diffeomorphism-related phase space transformations through appealing directly to Noether’s
second theorem. The question that must now be addressed is how one can take these classi-
cal symmetries into account in an eventual quantum theory of gravity. Much effort has of
course long been devoted to addressing this issue. Pullin and his collaborators have cer-
tainly made significant progress in addressing the associated problem of time [23]. Rovelli
has long advocated a closely related approach in which a subset of fields serve as clocks. In
this regard, we are choosing Weyl scalars expressed in terms of phase space variables as
both temporal and spatial intrinsic coordinates [24]. This is accomplished in a manner as
advocated in [1,21].

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The author declares no conflict of interest.

Notes

1

A major advantage in employing the ADM Lagrangian is that it does vary as a Lagrangian density, assuming only that variations
at spatial infinity vanish. See [17], p. 119 and [18].

It is likely a surprise to most readers that this procedure for determining what are now known as secondary constraints, following
the so-called Bergmann-Dirac procedure, was initiated by Léon Rosenfeld in 1930. We believe it would be more accurate to refer
to the Rosenfeld—Bergmann-Dirac method. The relation between Bergmann, Rosenfeld and Dirac is analyzed in detail in [6].
The analogues have long been represented by several authors as T# and they have been denoted as “clock” variables. See, for
example, [8]. We recommend referring to T9 as a clock variable and the T? rod variables.
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