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Abstract: Ostrogradsky’s, Dirac’s, and Horowitz’s techniques in terms of higher-order theories of
gravity produce identical phase-space structures. The problem with these techniques is manifested in
the case of Gauss—Bonnet—dilatonic coupled action in the presence of higher-order term, in which
case, classical correspondence cannot be established. Here, we explore another technique developed
by Buchbinder and their collaborators (BL) and show that it also suffers from the same disease.
However, when expressing the action in terms of the three-space curvature, and removing "the
total derivative terms’, if Horowitz’s formalism or even Dirac’s constraint analysis is pursued, all
pathologies disappear. Here, we show that the same is true for BL formalism, which appears to be
the simplest of all the techniques to handle.

Keywords: higher-order theory; canonical formulation

1. Introduction

The canonical formulation of higher-order theories was developed by Ostrogradsky
almost two centuries ago [1,2]. However, it did not draw much attention, since other than
toy mechanical models, practically no such physical theories were proposed at that time.
Exactly a century had elapsed when it was applied to a physically motivated problem, such
as a fourth-order harmonic oscillator [3]. The real physical problem in this context appeared
for the first time, while an attempt was made to formulate a renormalized quantum theory
of gravity [4]. The higher-derivative theory of gravity is usually considered a model of
quantum gravity. The reason is that Einstein-Hilbert action is supplemented by curvature
squared terms (R?, R,y R") to ensure renormalizability [4] and asymptotic freedom [5-7].
Unfortunately, curvature-squared gravity theories have been found to suffer from the
unresolved problem of physical unitarity in perturbative analysis, which is typical for
higher-derivative theories. However, possibilities to overcome this difficulty were also
discussed in the literature [6,8] and references therein. It is also ascertained that curvature
squared gravity would arise as a low-energy effective theory derived from superstring
theory in D = 10 dimensions [9-11]. Over the last couple of decades, higher-order theories
of gravity, e.g., F(R), F(G), F(R,T), etc. (R, G, T being the Ricci scalar, the Gauss—Bonnet
term, and the torsion term, respectively) have drawn lot of attention in the search for
alternatives to the dark energy issue. Nonetheless, it is always suggested to test the
viability of such modified theories of gravity in different contexts. In the context of the
very early universe, a canonical formulation is required as a precursor, especially to study
quantum cosmology.

Since Ostrogradsky’s technique does not apply in the degenerate case of singular
Lagrangian, for which the Hessian determinant vanishes, Dirac’s constraint analysis [12]
may be applied for the purpose. Nonetheless, a host of theories have been formulated over
the years to bypass constraint analysis. One such approach in this direction was originally
proposed by Boulware [13], and later reshuffled by Horowitz [14] in the context of a higher-
order theory of gravity, in particular. Since the canonical formulation of higher-order
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theories require an extra degree of freedom, in Horowitz’s formalism, apart from the scale
factor (‘a’ in the Robertson-Walker minisuperspace), an auxiliary variable is introduced by
taking the derivative of the action (4, say) with respect to the highest derivative of the field
variable present (Q = a—’;). At the end, the auxiliary variable is replaced by the basic variable
(extrinsic curvature tensor) through canonical transformation. The important finding in
this regard is that all three formalisms, viz. Ostrogradsky’s (once degeneracy is removed),
Dirac’s, and Horowitz’s formalisms, produce an identical phase-space structure [15]. In
the meantime, certain pathologies with Horowitz’s formalism have been perceived. For
example, it was noticed that Horowitz’s formalism can even be applied in the case of linear
gravity theory (Einstein—Hilbert action) leading to incorrect quantum dynamics [16-18],
and some superfluous total derivative terms are eliminated [18,19], which neither may
be obtained from the variational principle, nor have any connection with the Gibbons—
Hawking—York term [20,21], or any of its modified versions, associated with higher-order
gravity. Furthermore, the coupling parameter, in the case of the ‘non-minimally coupled
scalar tensor theory of gravity associated with higher-order terms’, has not been found to
play any particular role, since its derivative does not appear in the Hamiltonian [22]. The
same is true for ‘dilatonic coupled Gauss—-Bonnet-theory in the presence of higher-order
terms’, where additional classical correspondence from the quantum counterpart cannot
be established [22]. In view of such a situation, yet another technique was developed
under the name ‘modified Horowitz formalism’ (MHF), which was successfully applied
in different modified higher-order theories of gravity, to explore the evolution of the very
early universe [15,17-19,22-32]. In MHE, the action is expressed in terms of the three space
curvature (instead of the scale factor), ‘the total derivative terms’ are removed by integrating
the action by parts, and Horowitz’s formalism (introduction of auxiliary variable and else)
is followed, thereafter.

To be specific, let us consider the following isotropic and homogeneous Robertson—
Walker (RW) metric

dr?
1—kr?

ds> = —N2(t) d® + a?(t) + r?(d6* + sin®0d¢?) |, (1)
for which the degeneracy in the Lagrangian disappears if the gauge (N) is fixed a priori,
and in which case, Ostrogradsky’s technique applies as well. Once such degeneracy is
removed, it was observed that Ostrogradsky’s technique produces the same Hamiltonian
obtained following Horowitz’s and Dirac’s formalisms [15]. Therefore, it certainly follows
that both Ostrogradsky’s and Dirac’s formalism implicitly suffer from the same disease, in
disguise, as was noticed in Horowitz’s technique, discussed above. Therefore in the MHE,
instead of the scale factor, the action is expressed in terms of the basic variable ;;—the
three space metric from the very beginning—so that redundant total derivative terms do
not appear [18,19]. Thereafter, total derivative terms are integrated out by parts, which
are canceled with the supplementary boundary (Gibbons-Hawking—York and modified
Gibbons-Hawking—York) terms. Subsequently, the auxiliary variable is introduced follow-
ing Horowitz’s proposal. At the end, the auxiliary variable is replaced by the other basic
variable Kjj—the extrinsic curvature tensor. In the process, obnoxious pathologies which
appeared following Horowitz’s formalism, disappear, while a different Hamiltonian is
produced altogether. It is to be mentioned that although both the Hamiltonians (obtained
following MHF and Ostrogradky’s/Dirac’s/Horowitz’s formalisms) are related through
canonical transformation, they indeed produce different dynamics in the quantum domain.
It is also important to mention that it is not plausible to carryover the classical canonical
transformations in the quantum domain for higher-order theories, due to non-linearity.
MHEF leads to a hermitian effective Hamiltonian, a standard quantum mechanical prob-
abilistic interpretation, and a viable semiclassical treatment, which exhibits oscillation
of the wave function with regard to the classical de-Sitter solution. As a result, classical
correspondence is established. In this regard, MHF may be considered the most viable
technique to handle higher-order theories. It was later established that once the action
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is expressed in terms of the three-space metric (hl-j) from the very beginning, and total
derivative terms are taken care of, Dirac’s constraint analysis [12] also produces an identical
Hamiltonian to the MHF [22,28-30].

Amongst other techniques, the Hawking—Luttrell technique [33] has limited applica-
tion, since conformal transformation is not possible in general [19], and Schmidt’s tech-
nique [34] is identical to Horowitz’s formalism in disguise [17]. However, there is yet
another technique developed in the 1980s by Buchbinder and his collaborators [35-39],
which did not receive much attention. Querella [40] only noticed that although at a first
glance, the general formalism developed by Buchbinder and his collaborators (BL) appears
to be satisfactory, it nevertheless has pitfalls. The BL formalism is our current concern. Here,
we test the abstract theoretical settings of BL formalism in a simple minisuperspace model
to explore the pitfalls, if any. The underlying essence of this formalism is to bypass Dirac’s
constrained analysis, very much like Horowitz’s technique, but instead of introducing an
auxiliary variable, here, the program is initiated with the scale factor and the extrinsic
curvature tensor. However, we shall, on the contrary, develop the formalism starting from
the basic variables {hij, Kl-]-}, the three-space curvature, and the extrinsic curvature tensors
for the reason already discussed. In our present attempt to explore the outcome of this
technique, we discover that the formalism leads to an identical phase-space structure as
was found in the case of Ostrogradsky’s/Dirac’s/Horowitz’s formalism.

This paper is organized as follows. In the following section, we study the scalar
tensor theory of gravity (both the minimal and non-minimal cases), and also supplement
the Gauss-Bonnet—dilatonic coupled action with the scalar curvature squared (R?) term,
following BL formalism. In Section 3, we explore the fact that once total derivative terms
are taken care of, the Hamiltonian does not differ from MHF. Section 4 discusses its physical
application, in connection with some earlier works. Section 5 concludes our work.

2. BL Formalism in Three Different Higher-Order Theories

In view of the importance of the higher-order curvature invariant terms required to
construct a renormalizable quantum theory of gravity when the curvature is extremely
strong, a unique canonical formulation of the Einstein—Hilbert action supplemented by
higher-order curvature invariant terms is therefore necessary. Here, we consider three
different cases, minimally and non-minimally coupled scalar—tensor theory of gravity
supplemented by the R? term, and the scalar-tensor theory of gravity being supplemented
by R? and Gauss-Bonnet terms. In the Robertson-Walker minisuperspace (1) under consid-
eration, the Ricci scalar and the Gauss—Bonnet terms are

6 (i a*> ,k Na
R_Nz<a+a2+Naz_Na) @)
— R _ 4R, R" + R, s R — 2% (Na_ Na Ll k
G = R* — 4Ry R + Rypyy R = oo (Ni = Na) (57 +k ), ®

respectively. For the sake of comparison with earlier results, we express actions in terms of
the three-space metric, instead of the scale factor, as its importance has been mentioned
already, and will be explicitly shown at the beginning of Section 3. Since the construction
of higher-order theory to its canonical form requires an additional degree of freedom, in

addition to the three-space metric £, the extrinsic curvature tensor Kj; is treated as a basic

variable, as already stated. We therefore choose the basic variables h;; = z4;; = azéij, so that
Kij = =55 = —§%ij = —5x%ij- Interms of z = a2, the Ricci scalar and the Gauss—Bonnet

terms take the following forms,

ek _1NZ] 4)
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12 (2 22 Nz 22 k
==l )l +- 5
g N2 (z 272 Nz> (4N2z2 + z) ©)
respectively. It is noteworthy that since

1204 a% a*  _Nai  Na® | N%a® | NZ%i N%s2  NNa

v N4
RuRY =G|t a v 2ne  ne T e PR R ke tR | (0
therefore,
1 12 \d[1a3 a
RyRW — “R?> = —( = | = |5 — +k—|, 7
i~ 3 (Na3)dt {3N3+ N} @

and as a result,

1 d(14&  a
w2 — 44 — _ “ % w
/{RWR 312}./ gd'x 12c/{dt(3N3+kN)]dt ®)

is a total derivative term. Thus, the RWRP”/ term is redundant in the RW metric, once the
R? term is considered (the constant C appears due to the integration of the three spaces).
Hence, to scrutinize the BL formalism presented by Buchbinder and their collaborators
in the RW minisuperspace model (1), we consider scalar tensor theories of gravity and
also Gauss-Bonnet—dilatonic coupled gravity theory, associated with the scalar curvature
squared term RZ.

2.1. Minimal Coupling

Let us start with the following minimally coupled case,
1
Al = / V-8 {aR + BR? — qu),ycp” — V(¢) |d*x + aZg + B )

In the above, « = ﬁ, B is a constant coupling parameter, aXg = 2 ¢, KvV/hd®x is the
Gibbons-Hawking—York boundary term [21] associated with the Einstein—Hilbert sector
of the above action, and X2 = 4p §,, RKvhd3x is its modified version corresponding to
the R? term, while K is the trace of the extrinsic curvature tensor Kjj. Note that both the
counter terms are required under the condition R = 0, at the boundary. Instead, if the
condition (5Kij = 0 is chosen at the boundary, the counter terms are not required, as in the
case of Horowitz’s formalism [14], since both the boundary terms appearing under metric
variation vanish. However, in the case of Ostrogradsky’s technique [1] and Dirac constraint
analysis [12], boundary terms are not taken care of. This is also true for BL formalism, as
we shall see shortly. Nevertheless, the Modified Horowitz’s formalism [17-19,23-25] fixes
0hij = 0 = 6R at the boundary, and hence requires supplementary boundary terms. We
demonstrated earlier that proper attention is paid to all boundary terms in the ‘Modified
Horowitz formalism” (MHEF). As a result, it presents a different phase-space Hamiltonian
for a particular action being supplemented by higher-order terms. Nonetheless, it is related
to the others under a suitable set of canonical transformations [15]. However, as mentioned
earlier, such transformations cannot be carried over in the quantum domain, due to non-
linearity. So, it is indeed required to check if the BL formalism also produces the same. The
action (9) in the RW minisuperspace model (1) may be written in terms of the basic variable
hij = 251‘]‘ as

X . o %) I 73 o ..
A= | {Sa\/}<ZNZ+2kN)+9ﬁ<Z e N AL L)

N N2 VZ\N3  N# N5 N2 ' N
(10)

12
+2? (4’— - VN) dt + aSy + BEge.

2N
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The (8) component of the field equation in terms of the scale factor ‘a’ takes the follow-
ing form

6o [ a2 36B [4.. ~oN o N i _,N> _iN
{12(1\]2+k>+a2N4<2aa —24 N 4 —4aaﬁ+2a 5—1—5{1 W_ZTN
11
3”'14 2kN2a2 Nt ¢’ V)=0 o
a TN a T <2N2+)_’

which contains terms up to the third derivative. This is the energy constraint Equation
(E = 0), and when expressed in terms of the phase space variables, becomes the Hamil-
tonian constraint equation (due to diffeomorphic invariance) of the theory under consid-
eration. Our aim is to construct the phase-space structure and establish diffeomorphic
invariance of the theory, following the formalism presented by Buchbinder and his collabo-
rators (BL).

The Equation (9) has already been expressed in terms of the basic variable {/;;},
instead of the scale factor. The canonical formulation of higher-order theories requires
an additional degree of freedom, and the only choice is the the extrinsic curvature tensor
{Kij}. In contrast to Horowitz’s formalism, where apart from {/;;} an auxiliary variable is
introduced and, at the end the Hamiltonian, is expressed in terms of the basic variables
{hij, Kij}, in BL formalism, these basic variables are associated from the very beginning. In
the Robertson-Walker metric, the extrinsic curvature tensor is expressed as,

s . .
Kij = —ﬁ = —%51‘]‘ = —%(51‘]‘ = _qij say. (12)
Since there is only one independent component, instead of g;;, the new generalized coordi-
nate is chosen to be its trace, viz.

z o q
ﬁ, Le., ql] = 351] (13)

To express the action in terms of velocities, we choose

v=4, vp = ¢. (14)
The scalar curvature (4) therefore takes the following form:

25 ek 2
R_m+?_Rq_m(v+3Nk), (15)

Equation (10) can be expressed as

2
4p 2, ,3( %
Alq:/lZa\/Z(U+3kN)+Nﬁ(U+3kN) +z2 <2NNV> dt, (16)
while the Lagrangian density is
L1y = 2a+/z(v + 3kN) + P (v+3kN)2+z% ﬁ—NV (17)
1 Nz 2N '

Note that the boundary terms remain intact in the equation, as well as in the point La-
grangian. Canonical momenta are

aL 86

dL;, JL
pq = 87;1 =20z + d 1

3
_ _ _ _ _dLy  zZyy 18
Nﬁ(v+3kN),pw—afo,pzfa—vzfoandpq,,%,T, (18)
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Clearly, there exist two primary constraints, C = py ~ 0, and D = p, ~ 0. Therefore, Dirac
constraint analysis appears to be essential. However, there is a wonderful twist in the BL
formalism. For example, one can express the modified Lagrangian density as

) . . N .
Li = Lig+pg(d—v) + pn(N —oN) + p2 (Z - 3q> + P (b —vp), (19)

and, equivalently, the Hamiltonian density as
N . . . . N 2Ng
H{ = pqq + pNN + P¢¢ +pz— L] = PqU + PNUN + PgpUgp + P273 — qu. (20)
As a consequence, one can immediately find that the primary constraint D = p, =~ 0

disappears. Furthermore, since N is a non-dynamical Lagrange multiplier, the constraint C
vanishes strongly. Therefore, one arrives at

2gN 2N
Hi = pgo -+ Con + pyvp + ps =5 — Liy = Con + pgo + pyop + p: —o= — Lig = Con + NHy,  (21)
where

2N
NHEL = pgv+ pgvy + —-4pz — Lig

2 (22)
2N 48 3 Y
:pqv+p4,v¢+?querx\/E(anBkN)f N\[(v+3kN) z2 (2N+NV>

In the above, m in the superscript stands for minimally coupled theory. Upon substituting
v and vy from the definition of momentum (18), we obtain,

_o[2a VZ o ocz RN 3
so that the canonical Hamiltonian finally reads as
2g N w31, 3
m P — —_— J— —_—
Hyr = 3pz+16‘qu (4‘8+3k>pq ,B 2+22%P¢+V22. (24)

The action (10) may also be cast in the canonical form as,

Alq = /(ZPZ + qpq + ¢P4) — NHBL)dt d3x = /(hljﬂ” + KUHZ] + (Pp(p — NHBL)dt d3x, (25)

where 7'/ and IT/ are momenta canonically conjugate to hij and Kjj, respectively. For the
sake of comparison, let us make the following canonical transformation:

3 2
q— Ex; pq — gpx, (26)

to express the above Hamiltonian (24) as

223
mo— xp.+ 3\22 2 <6ﬁ+2k) +ﬁ+ p4’ + vzl 27)
It is revealed that the above Hamiltonian (27) is exactly the one obtained earlier, following
Ostrogradsky’s, Dirac’s, and Horowitz’s formalisms [15]. Note that here, very much like
Ostrogradsky’s and Dirac’s formalisms, once the formalism is initiated, i.e., R is expressed
in terms of {hij, Kij} (15) as well as the action (16) and the point Lagrangian (17), there
remains no option to integrate the action by parts. As a result, even the Gibbons-Hawking—
York term [20,21], which is physically meaningful, being associated with the entropy of
the black hole, along with its higher-order counterpart, remains obscure. On the contrary,
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following the modified Horowitz formalism (MHF), where boundary terms are taken care
of, we earlier obtained [15]
2 3
— 6ka \/+ + Vzz.  (28)
273

VZ o, 3ax?  18Bkx®>  36pk>
Hiyiar = xPz+36ﬁPx NG 3 /z

Although (27) and (28) exactly match under the following set of canonical transformations,

. 18kpx 4 Jax 3ax .
PRI T
px—>px+%—3txﬁ, X = x,

z
P = Po, ¢ — .

and apparently there is no contradiction between the two, note the essential difference: the
linear term in the momentum (py), which is very much present in (27), remains absent from
the Hamiltonian (28). As a result, the two Hamiltonians (27) and (28) induce completely
different quantum dynamics, since in the quantum domain, as previously mentioned,
canonical transformation cannot be carried over due to non-linearity.

2.2. Non-Minimally Coupled Case

We find that the two different Hamiltonians (27) and (28) render two different quantum
descriptions of the same classical model. Although some of the essential features (Gibbons—
Hawking—York term and its higher-order counterpart) are absent from the Hamiltonian (27),
it is not clear which one gives the correct quantum description of the theory. Furthermore,
there may exist a unitary transformation (which we have not yet found) relating the two
Hamiltonian operators. Therefore, to realize the situation more deeply, we consider the
non-minimally coupled case next, whose action

A :/\ﬁd4 [ R+5R2**¢u¢ V(p)| + ()R +BEge,  (29)
may be expressed in the RW metric (1) as

: Nz 98 2Nzz  N?z2  4kNz 4k 5
Az:/{Sf((i))\f(N—NZ—FZkN) f(N3 i N e N)

)

where, as already mentioned, the supplementary boundary terms are required when MHF is
taken into account. In the above, we consider an arbitrary functional coupling parameter f(¢).
Pursuing the same procedure as above, one finally arrives at the following Hamiltonian:

vz P 2 22 P ¢ 3

o — +2k . 1% 31
H xpz+36ﬁ f<4)>6;8+ px+f<)4}3+2zz+ z2, (31)
which is again identical to the one found following Dirac’s formalism and may be found
following Ostrogradsky’s and Horowitz’s techniques as well [22]. In the superscript, nm
stands for non-minimal coupling. The action (30) may also be cast in the canonical form as
in (25). On the contrary, following MHEF, one finds [22]

HMm—m3wwwugfzw) B (Lra)+ 2 N
+ 3xf(z AL 9f2(\} + V23,

(30)

N\.n

+z dt + f(¢)Xr + BXgo,
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However, under the following set of canonical transformations,

Dy = pa— 18,33kx n 3f(¢p)x

, 2=z,
z2 2yz
k
px — px+36ﬁ\ﬁ +3f(p)Vz, x — x,

Py = Po +3f (9)xVz, ¢ — ¢,

the two Hamiltonians (31) and (32) match again [22]. Nevertheless, here the difference
is predominant and explicit. Note that the f’'(¢) term does not appear in (31), while it is
coupled with py in (32). This coupled (f'(¢)py) term requires operator ordering in the
quantum domain, which is different for different forms of f(¢). Hence, even if the two
Hamiltonians are related through unitary transformation, such a transformation would be
different for different forms of f(¢).

2.3. Einstein—Gauss—Bonnet-Dilatonic Action in the Presence of Higher-Order Terms

Although it is clear that two different quantum descriptions follow from the same
classical action using different techniques, it is still abstruse to select the correct descrip-
tion. Therefore, we next consider Einstein-Gauss—Bonnet—dilatonic coupled action in
the presence of a higher-order curvature-invariant term. The Gauss—Bonnet (GB) term
arises quite naturally as the leading order of the &’ expansion of heterotic superstring
theory, where o' is the inverse string tension [41-46]. Several interesting features of the
GB term have been explored in the literature [47-67]. However, the Gauss—Bonnet term is
topological-invariant in four dimensions, and so to measure its contribution to the field
equations, dynamic dilatonic scalar coupling is required. It is worth mentioning that,
in string-induced gravity near initial singularity, GB coupling with a scalar field plays a
crucial role in the occurrence of nonsingular cosmology [68,69]. A particular hallmark
of the GB term is the fact that, despite being formed from a combination of higher-order
curvature-invariant terms (G = R? — 4R,y RM + Ra,gwR”‘ﬁl“’) (3), it ends up only with
second-order field equations, avoiding Ostrogradsky’s instability, and equivalently, ghost
degrees of freedom. Nonetheless, such a wonderful feature ultimately leads to a serious
pathology, the ‘Branched Hamiltonian’, which has no unique resolution to date [70-72].
Nevertheless, it has been revealed that, by supplementing the action with a higher-order
curvature-invariant term, the pathology may be bypassed [24,25]. We therefore consider
the following action:

Az = / V—gd*x {aR + BR% + ()G — %WP'V - V(cp)} + aZg + fEg + 7(¢)Eg. (33)

In the above, the Gauss-Bonnet term G is coupled with y(¢), while V(¢) is the dilatonic
potential. Furthermore, the symbol K stands for K = K3 — 3KK" Kij+2KY KikK;f, where K is

the trace of the extrinsic curvature tensor Kjj, and y(¢)Xg = 47(¢) $,,, (ZGi]'Kij + %) Vhd®x

is the supplementary boundary term associated with the Gauss-Bonnet sector. The (J)
component of Einstein’s field equation in terms of the scale factor here reads as

a2 \ N2 2 N4 N2 aN

.4 ) 2 \T4 7. ) )
—32—2—2kN22—2+k N ) +247a¢<”+k> - <¢+V> =0.

, . . ) e
bu (a+k) L 0B (251&'2512%a‘24aa'z+2a22+5a2N2”N

(34)

a? N2g3 \ N? 2N?

Equation (33) in terms of the basic variable (hij = azéij = z4;j) may be expressed as
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" 2 ) o "
As /[3&[(; ﬁ§+2kN) %( _ 2Nz | N2 —4kNZ+%+4k2N)

VZA\N* N+ T N5 N2 ' N
3v(p) (22 .. N 2k 4kNz 3 (35)
tNvE (N PR N N N ) TE 2N4’ VN )Ja

+aZg + BEge +v(P)Zg,

where the additional supplementary boundary term y(¢)Xg = —(¢) Nf/ (sz + 12k)

required in the case of MHF. Inserting the other basic variable (K;; = — %51-]-) and considering
4 = v (13), Equation (35) finally may be expressed as

(o akny 4 XD 08 N

Asy = / [Zacﬁ(v—i—?)kN) U o~ =

L NV
ﬁ_

Thus, the Lagrangian density takes the following form,

7*N quz]

Nyz
(36)

N

+z dt + aXg + BEg2 + A(P)Xg.

48 2, 81(9) [o? _ 4'N kNg*| . 3( 1
L3q72zx\f(v+3kN)+7( v+ 3kN)* + ~z {g—ﬁ-&-kv—?}—i—z (qu, VN) (37)

where boundary terms are not taken care of. The canonical momenta are

pg = o Vz+ ——=(v +3kN)+W(q2+k>

v N\f Vz \9z
3 (38)
8L3q _ 0 AL, z2yy d _ dLs; 0
PN= 9oy = PP 0, = N Y PR T g T

Clearly, there exist two primary constraints, C = py ~ 0 and D = p, ~ 0, which are
usually handled by Dirac constraint analysis. However, as mentioned, such analysis is not
at all required in the BL formalism. For example, one can express the modified Lagrangian
density as

) . . 2N .
Ly = Lag+pg(§d—v) + pn(N —oN) + p2 (Z - 3‘7) +pp(9—vp), (39)

so that the corresponding Hamiltonian density takes the following form:

* . . ; . % 2N
H3 = pqq + pNN + ped + pzz — Ly = Pqv + PNUN + PgpUgp + quz - L3q. (40)

In the process, the primary constraint D = p, ~ 0 disappears, and one obtains

2qN 2gN
Hg = pgv+ Con + PpUp + Pz Z’. — L3q = Coun + < q3 Pz — L3q> = Coun + N'HGBBL. (41)
In the superscript, GB represents the Hamiltonian for Einstein-Gauss-Bonnet—dilatonic
coupling. Note that the constraint C = py strongly vanishes, since the lapse function N is

simply a Lagrange multiplier. Therefore,

2gN
NHGBBL = PqU + pp0p + 7@ Pz — L3q

2gN
= pPqU+ ppvyp + q—pz —2a+/z(v+ 3kN) — \[(v+3kN) (42)
_ 8@ [v? _gN qu A
vz 9z 2722 ’
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Upon substituting v from the definition of momentum (38), one obtains
NHCTy =N [ ﬁ? “n(5 )+ ajjﬂ B ”"(% +5) 5 (% i) 43)
SEG) S G G o)
The canonical Hamiltonian therefore finally reads as
SEG) S G G

Again, for the sake of comparison, let us use the canonical transformation g — %x ; Pqg — % Px
(26) to express the above Hamiltonian (44) in the following form:

2 2,3 az  yx® 2ky Vo 7 3y
HOByy = xp 4 VT 4 2 —<—+—+—+2k> + 2y )
BT e T ap T \ep ez ap )P T o0 T \aped 2t 5)
ay 12ky  2ky?\ 5 2akyy/z  24kPy  4k%A2 3
+ + =Ty 24 + + +Vzd,
<2ﬁ\/iE 23 [Sz% B vz BVz

Note that it is similar to the one already found following Dirac’s formalism, and may be
found following Ostrogradsky’s and Horowitz’s techniques as well [22]. The action (35)
may also be cast in the canonical form with respect to the basic variables as

A3q = /(sz +4pq + (PZJ(,, — NHBL)dt Px = /<hzj7'(l] + KZ]HIJ + ¢U¢ — N'HMHp>dt d3x, (46)

where 7'/ and TT7 are momenta canonically conjugate to hij and Kjj, respectively. Hence,
everything appears to be consistent. On the contrary, following MHEF, one finds [22]

2 2 18kB [ x? X0 12kxt 72k2x2
HOB ypp = x +ﬁp"+3a<—x — 2% z>f—<—+2k>+<—+ + ) 2
MHE =P 30 NS RV 2t g e (47)
2

¥ 12kx\ , Py 3
B Vvz3.
+<23+ 22 >7p¢+223+ :

Nonetheless, under the following set of canonical transformations,

188kx  3ax  6ky(p)x  3y(¢p)x3
— - + - - ’
pe b 2?2 2yz 23 223

zZ— 2z,

k 3v(¢)x?  12kA
36— + 3 , : 48
Px — Px+ 'Bﬁ+ a\z + 3 + NG X —x (48)
7 (@)X 12ky'(¢)x
— - - 7 — 7
Py = Po 3 z ¢—¢

the two Hamiltonians (45) and (47) match again [22]. Therefore, it appears there is no
problem. Nevertheless, note that the Hamiltonian (47) contains the term (7/(¢) py), which
is absent from (45). Now, during canonical quantization, the presence of this term requires
operator ordering, which is different for different forms of y(¢). As a result, even if the two
may be related through unitary transformation, such a transformation would be different
for different forms of 7y(¢). Thus, there does not exist a unique unitary transformation. In a
nutshell, we find that the two Hamiltonians (45) and (47) induce two different descriptions
in the quantum domain, and there is apparently no way to choose which one is correct.
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3. The Role of Divergent Terms

The first important point to mention is that in all the formalisms, the scale factor is
treated as the basic variable, while we initiate our program using the three-space curvature
instead. To explain the reason behind this choice, let us consider curvature squared
action, A = [ BR?d*x, as an example. Under variation, it gives a total derivative term ¢ =
—48 f RK+vh d3x, as mentioned earlier, where K is the trace of the extrinsic curvature tensor
Kjj. A counter term (—0), known as the modified Gibbons-Hawking—York term [20,21],
must be added to the action in case, instead of 4, JR is kept fixed at the boundary, as in
MHE. In the RW (1) metric under consideration, the action reads as

r -4 2
A:36/3/ aa2+za2a+2ka’+“ +2ka+k]dt/d3 (49)

Under integration by parts, we end up with

T -4 =2 2
A:C/ aéi2+a+2ka+k}dt+C< P +2ka> (50)
i a a a 3

where C = 368 [ d*x. Following Horowitz’s program, we introduce an auxiliary variable
Q= % = 2Caii into the action in the following manner, such that it may be cast in
canonical form:

14 2 g2
A= /{ a—+c(“+2k”+k>]dt+c( i +2ka> (51)
a a a
Integrating the action again by parts, we find
[ A @ at | 2ka® K Qi 2.5, ..
A[ Qa 4Ca+c a+ p +a +C C+3a + 2ka ). (52)

The action is canonical, since the Hessian determinant is non-zero. It is trivial to check that
the above action gives correct field equations, but the left-out total derivative term may be
expressed as

o' = —4p / RKVT d3x + 168 / KV (Zi)d%. (53)

As a result, ¢ # ¢'. Thus, some redundant total derivative terms are pulled out in the
process, which has severe consequences in the quantum domain. On the contrary, if we
start with z = 42, the action reads as

A_C/(z;+\l{;+\k;>dt c/(4\[ f)+c\k[ (54)

where the last expression is found under 1ntegration by parts. Then, following Horowitz’s
program, we find the auxiliary variable Q = az =C5 \Z[, and by judiciously introducing it

in the action we find

A—/[QZ—\/ZCQZ—}—C(\]{;—F\I(;)}dt—i—C\k/ZE, (55)

Finally, performing integration by parts again, one obtains

w Y (G )l E
A= [|-0z- o=+ )|at+c ,

o e (Gr ) e[T
The action is again canonical, and the Euler-Lagrange equations here again lead to the
appropriate field equations, while one can express the total derivative term as ¢. In a
nutshell, although total derivative terms do not affect the classical field equations, for
non-linear theories, such as gravity, such terms have an effect on the quantum dynamics.

(56)
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Therefore, to establish consistence in every respect, hij should be treated as the basic
variable, instead of the scale factor. This is essentially the so-called MHF, which finally
requires the auxiliary variable to be replaced by the the second basic variable, viz. the
extrinsic curvature tensor K;; = —a4 = —z = x(say), in the Hamiltonian.

Next, we observe that the phase-space structures obtained following BL formalism,
although are identical to the Ostrogradsky/Dirac/Horowitz formalism, all differ from
the MHF up to a canonical transformation. We quote from [22] the general argument in
connection with the total derivative terms: “it is just the change of the variables in the
wave function and the phase transformation, plus the change of the integration measure,
and the transformation of the momenta respecting the change of the measure, and so a
unitary transformation relates the two". It is possible (although we have not found this)
that each pair of quantum equations cast from (27) and (28), (31) and (32), and (45) and (47)
are related by unitary transformation. However, it was also mentioned [22] that different
forms of coupling parameter yield different quantum dynamics in the case of MHEF, due
to the presence of a coupling term (f'(¢)py) for the non-minimally coupled case, and
(7' (¢) py) for the Einstein-Gauss-Bonnet—dilaton coupled case, in the Hamiltonian. Thus,
different unitary transformations (if they exist) are required to relate the last two pairs.
Such coupling, as well as the derivative of the coupling parameter, remain absent in other
formalisms. In a nutshell, the unitary transformation relating each pair is not unique.
Furthermore, the semiclassical wave functions found for all three cases studied here exhibit
different pre-factors and exponents for each pair [22]. This generates a different probability
amplitude and evolution of the wave function while entering the classical domain.

Finally, it is important to note that, if the coupling parameter f(¢) is treated as constant
in case of Section 2.2 , the Hamiltonian (32) merely reduces to (28), while the Hamilto-
nian (31) reduces to (27). Hence, the question is which of the two should be treated as
the correct quantum description of the models under consideration? In this connection,
we mention that a serious problem arises with Ostrogradsky/Dirac/Horowitz and BL
formalisms when considering Gauss—-Bonnet-dilaton-induced action. To be specific, in
Section 2.3 if 7y(¢) is treated as a constant, then the contribution of the Gauss—Bonnet term
disappears from the Hamiltonian (47), and reduces to (28). Indeed it should be, since, as
mentioned, the Gauss—Bonnet term is topologically invariant in four dimensions, and so
without functional coupling, it should not contribute to the field equations and the Hamilto-
nian as well. On the contrary, a constant -y does not affect the form of the Hamiltonian (45),
and it does not reduce to (27). This means that if we had started with a constant y from
the beginning, all the terms appearing with v in (45) would have been absent, and the end
result would be (27). After constructing the Hamiltonian with arbitrary v = (¢), if we
set it equal to a constant, then its contribution remains present, and we obtain a different
Hamiltonian altogether. Clearly, this is wrong. Hence, we realize that boundary terms in-
deed play a crucial role while constructing the phase-space structure of non-linear theories.
In fact, if boundary terms are taken into account from the very beginning, treating h;; as the
basic variable, then Horowitz’s formalism reduces to the MHE, as already demonstrated. It
was also noticed that if the Dirac algorithm is applied after integrating the action by parts,
then it also yields a Hamiltonian identical to MHF [22]. It is therefore suggested to conduct
the same test for the BL formalism too. In this section, we shall first integrate actions by
parts to remove the total derivative terms and follow the BL formalism thereafter, in order
to explore the outcome.

3.1. Scalar-Tensor Theory: Minimal Coupling
Upon integrating Equation (30) by parts, we obtain

3az2 98 [(z Nz\* 2k, , e

dat. (57)
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Replacing z by £2-g in view of (13), the above action may be cast as

2, 8kN’g 2772 (¢
<q+ 92 +4k*N* | +z2 N~V dt.  (58)

98
A =/{ 2 NT | kNyE +
E 37 V2 NVz
Note that the equation cannot be expressed only in terms of velocities, due to the explicit
presence of g, unlike (16). However, a similar situation is arrived at in the Einstein-Gauss—
Bonnet—dilaton case, and so it does not matter. The canonical momenta are as follows:

3

L T
Pi=Nal Pe= N9 P2=0=PN (59)

Dirac constraint analysis appears to be inevitable, since the action is singular. However, as
mentioned, for the lapse function N, being the Lagrange multiplier, the constraint strongly
vanishes, so that one can ignore it without the loss of generality. Still, another primary
constraint p, = 0 is apparent. Nonetheless, as already mentioned, in the BL formalism,
Dirac analysis may be bypassed despite the presence of the constraint p, = 0 in the
following manner, expressing the Lagrangian density as,

98 (4 8kN2 p
Ly, = ﬁN&+mmJ+N§<qM9q+%mﬂ+3GLmﬁmw

and the Hamiltonian reads as

NHjpp;, = pgd + p=2 + F’¢¢ —Llg

_ Nyz, N

8BkNg?  36Pk°N ,  (61)
2 N _
= 168 pq-f' qu+22%p¢+

2
2aNG” kN7 — £ NVz3,

3vz 23 vz

where we have used (59) and replaced z by %q, in view of (13). The suffix {MBL} now
represents the modified Buchbinder—Lyakhovich formalism. Finally, as before, for the sake
of comparison, if we perform the canonical transformation g — %x, and p; — % Px, then
the above Hamiltonian (61) takes the following form,

z p 3w
Hypr = xpz + ??gﬁp§+zz4’3+2\[(2—4kz)—

18pk

3
2

[}

(x® +2kz) +Vz2, (62
z

which is identical to H};;;r presented in (28).

3.2. Scalar-Tensor Theory: Non-Minimal Coupling

Here, again, upon integrating the action (30) by parts, we obtain

Az:/{—;\ﬁ[ 3f4;\?\[+6ka\[+N\ﬁ[{(%—%) +&+4k2N2} %(%—Nvﬂdt. (63)

Replacing z by £2-g in view of (13), the above action may be cast as

A :/[—%fN\q[—Zf Vzq + 6 fkNVz + f<4qz+W+4k2Nz> +z%(%—NV)}dt. (64)

The canonical momenta are

3
8 z72 .
Pg = N@%z%——NWVﬂ%N¢PN=O=m. (65)
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As before leaving out the constraint associate with the lapse function, and replacing
z= 3 q in view of (13), the Hamiltonian may be cast as

NH" vipp = pgj + p22 + p4,4'> —-L

N[ YE 2 f’ 2f67 27

R TR e LS (66)

ekfyio Sﬁkq 5 /

Finally, applying the canonical transformation relationships 4 — 3x and p; — 3px, we obtain

L] i -+ E g ) - B )+ T L v )

Clearly, H" ppr. =2 H"™" pmpr, as presented in (32).

nm —
H" mpL = xp:z + 3
72

3.3. Einstein—Gauss—Bonnet—Dilatonic Action

Finally, integrating Equation (35) by parts, we obtain

= o g2 vans) - (N )

Nyz AN~ N2
X (68)
V()2 ¢
NG (—+12k) +23 (5 —NV) |dt.
As before, replacing z by &g in view of (13), the above action may be cast as,
q 9 (4 e 8kN2q 2772
As,,:/[—az\r +6akNVz + —E— ( Zg% + + 42N
vz Nvz\9 9z
X (69)
297 (9)§ (4q° s (97
N (L +126) +23 (2o~ NV ) |ae
The canonical momenta are
3
_ 8 L 247(9) (4 2 e —0—
Po= et Pe= g (or H12K) + 0 pv=0=p (0)

As before leaving out the constraint associated with the lapse function, and replacing
z= 3 q in view of (13), the Hamiltonian may be cast as

NHC \1p1 =pg + p=2 + P¢¢ -L

N 2 p¢ 8,qu 36k
N — 6ka
[16[3 Pyt 3””72 ok 3\/ Vz- vz (71)
2
+M ‘7 + 12k M 4q +12k) + V22 ,
322 9z 923 9z

Finally, the set of canonical transformations g — %x, and p; — %px, allows one to express
the Hamiltonian (71) as

GB vz ﬁ Ba ¥2 _ 18Bk
H*® yipL =xp2 + 36[3px+ +2\f( 4kz) — zz( + 2kz)

” 2 /.2 2
+xvz(¢)< +12k>p +')’(4’)x<9;+12k) + V23

5
2z2

(72)
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As a result, one finds H%B 5, = HCB,yr, as presented in (47). In the process, the
pathology discussed with regard to the canonical formulation of Einstein-Gauss—-Bonnet-
dilatonic action in the presence of a higher-order term is also removed.

4. Application

It is mentioned in the introduction that canonical formulation is a precursor to canoni-
cal quantization. In the absence of a viable quantum theory of gravity, it is suggested to
canonically quantize the cosmological equation and study quantum cosmology to extract
some ethos of the pre-Planck era. For example, one can explore the Euclidean wormhole
solution. Nonetheless, the ‘cosmological inflationary scenario” has been developed since
1980 to solve horizon, flatness (fine tuning), structure formation, and monopole problems,
single-handedly. Short-lived (10736-1072%) s. inflation occurred just after Planck’s era
and falls within the periphery of ‘quantum field theory in curved space-time’. To be
more specific, ‘inflation is a quantum theory of perturbations on the top of the classical
background’, so that the energy scale of the background remains much below Planck’s
scale. Nonetheless, in this context, Hartle [73] suggested that most of the important physics
may still be extracted from the classical action, provided the semiclassical wave function
is strongly peaked. The reason is that a correlation between the geometrical and matter
degrees of freedom is established, and hence the emergence of classical trajectories (i.e., the
universe) is expected. Hence, quantization and an appropriate semiclassical approximation
must be treated as a forerunner to study inflation.

Canonical quantization and the semiclassical wave function, in connection with the
Hamiltonian (67) for non-minimally coupled higher-order theory, are presented in [26],
which reduce to the minimally coupled case when the coupling parameter becomes con-
stant [19]. The Hamiltonian operator was found to be hermitian, the standard probabilistic
interpretation holds, and the semiclassical wave function was found to be oscillatory with
regard to the classical inflationary solution. Inflation has been studied and the parameters
have been found to have excellent agreement with the observational constraints [74,75].
Gravitational perturbation has also been studied.

In [29], again, the quantum counterpart of the Hamiltonian (72) in connection with
Einstein-Gauss-Bonnet—dilatonic coupled action is presented. The hermiticity of the Hamil-
tonian operator is proved, a probabilistic interpretation is explored, and the semiclassical
wave function is found to be oscillatory with regard to the classical inflationary solution.
Finally, we studied inflation and found that the inflationary parameters more or less satisfy
observational constraints [74,75]. In a nutshell, the results obtained in [29] are as follows.
The quantum equation takes the form,

oY g (2 nd n 9% 2hag /1 9 1 2ihyx? 9
Zhavﬂ‘w(w*m)‘mw* (o 3) g (g +1) v

= ﬁelfr

where the proper volume, o = 23 = a3, plays the role of an internal time parameter,
and n is the operator ordering index. In the above equation, H, is the effective hermitian
Hamiltonian operator, while the effective potential V, is given by

302x  dagyox® 43502 wox  A203¢? 203 AMP
v, = 0 _ 2007 LRI AL A L, (74)
o3¢t P 303 o3¢ 3x x

The effective Hamiltonian operator is found to be hermitian for n = —1, which selects the
operator ordering parameter for physical consideration. The standard quantum mechanical
probability interpretation also holds. Under a suitable (WKB) semiclassical approximation,
the wave function is found to be

i _éao/\zz

=20 +1670a303A% /2
¥ — pge! | om0 TOTOMRTVE] (75)
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which exhibits oscillatory behavior with regard to the classical inflationary solution
a = age, where &g, ¢o, and -y are constants. We also present several sets of inflation-
ary parameters in [29], which show that the spectral index of scalar perturbation and the
scalar-to-tensor ratio lie within the range 0.967 < n; < 0.979 and 0.056 < r < 0.089,
respectively, showing reasonably good agreement with recently released data [74,75]. The
e-folding number also remains within the acceptable range 46 < N < 73, which is sufficient

for solving horizon and flatness problems.

5. Concluding Remarks

Although initiated two centuries ago, the canonical formulation of the higher-order
theory of gravity is particularly non-trivial. In fact, only after probing dilatonic coupled
Gauss—Bonnet action was it found that divergent terms play a major role in formulating the
correct quantum dynamics of non-linear gravity theory. The scheme is therefore as follows:
First, the action is expressed in terms of the basic variable hl-]- ; otherwise, if expressed in
terms of the scale factor, which is common, some unwanted divergent terms are removed
in the process of integration by parts, which are not found under the variation of the action.
Next, unless divergent terms are taken care of, the Hamiltonian is found to be different,
which is related through canonical transformation, although such a transformation cannot
be carried over in the quantum domain due to non-linearity. It is shown that in the case
of Einstein-Gauss—-Bonnet—dilatonic coupled action in four dimensions, the Hamiltonian
is wrong, since it does not reflect the topological invariance of the theory. This proves
the importance of divergent terms in higher-order theories. In this respect, the difference
between the BL formalism and the MHF is apparent. In fact, the BL formalism produces an
identical Hamiltonian as obtained earlier following Ostrogradsky’s, Dirac’s, or Horowitz’s
formalisms. However, MHF is a form of the Horowitz formalism, after expressing the
action in terms of the three-space curvature and taking care of the total derivative terms
under integration by parts. It was shown that following the same route, if Dirac’s algorithm
is applied, the Hamiltonian becomes identical to the one found following MHF, and one
obtains a unique quantum description. Here, we show that the same is true with the
BL formalism. In fact, the BL formalism not only bypasses constraint analysis, as in the
case of Horowitz’s formalism, but also does not require the action to be cast in canonical
form with an auxiliary variable, which can be intricate. In a straightforward manner,
it establishes diffeomorphic invariance, and therefore is the easiest technique to use for
handling higher-order theories.
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