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Abstract: We demonstrate that the cosmological arrow of time is the cause for the arrow of time
associated with the retarded radiation. This implies that the proposed mathematical model serves to
confirm the hypothesis of Gold and Wheeler that the stars radiate light instead of consuming it only
because the universe is expanding—just like the darkness of the night sky is a side-effect of the global
cosmological expansion.
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1. Introduction

It would not be an overstatement to claim that the nature of the arrow of time belongs
to a small set of the most ancient and most pondered questions in physics and philosophy.
To even attempt listing all the works and articles dedicated to this problem would be an
exercise in futility—so much has been written on the subject! The problem becomes further
obfuscated by the lack of common ground on what the term “arrow of time” actually means.
The physicists usually define it as a physical distinction between what “was” and what “will
be”, an indicator that serves to distinguish and provide the formal definitions for the future
and the past. This is as broad a definition as can be, and as such it suffers from the common
problem plaguing all broad definitions: it allows for a number of different arrows of time!
For example, Roger Penrose in [1] lists as many as six distinct time arrows, associated with:
(i) a decay of K%-meson, (ii) quantum measurements, (iii) growth of entropy, (iv) retardation
of radiation, (v) our perception of time (a so-called psychological arrow of time), (vi) the
expansion of the universe, and (vii) the disparity between the amounts of black and white
holes. Alternatively, Stephen Hawking in his bestselling book [2] restricts his attention to
just three candidates: the time arrows (iii), (v) and (vi). Thus, even the classic disagree on
the question of which of the arrows are more fundamental than the rest.

In this article. we will take a new look at two of those time arrows, namely (iv) and (vi).
We are going to show that these two share a very curious relationship. In particular, we
will demonstrate that in the expanding universe there exists a global boundary condition
which naturally favours retarded radiation to the advanced one. This appears to be a very
intriguing and unexpected result, so much so that the authors themselves were quite taken
aback by it. After all, we have always considered the cosmological arrow of time a harmless
curiosity and not a real physical principle. Perhaps we were too eager to condemn!

Interestingly, a possibility of a relationship between the arrows of time (iv) and (vi)
has been discussed previously, in [3]. The authors of that article attempted to establish a
link between a local time arrow of electromagnetic field and a global cosmological time
arrow within the framework of the Wheeler-Feynman absorber theory, which was very
popular at the time [4,5]. We are mentioning this to celebrate the historic justice and to
give due homage to our predecessors. We are going to employ a more direct approach that
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does not require the absorber theory. However, since we have already mentioned Richard
Feynman, we would like to invoke a little fragment of his Nobel lecture, in which he recalls
a conversation with German professor Herbert Jehle. They had a discussion about the
possible applications of an action integral in quantum mechanics, and Jehle said: “You
Americans are always trying to find out how something can be used. That’s a good way
to discover things!” [6]. Let us get in the full spirit of this quote by asking the following
question: Is it possible to put the derivation of the Pauli equation from the Dirac equation
to some sort of use?

Here is the gist. The Pauli equation without the electromagnetic field is simply the
Schrodinger equation for a free particle. However, it is known that in order to properly add
the interaction with electromagnetic field we have to use not the Schrédinger, but Dirac
equation—otherwise we would have no way to correctly calculate the magnetic moment of
the electron. This has long been known and demonstrates that at least in one aspect—the
spin and the interactions with electromagnetic field—the Dirac equation appears to be
more fundamental than the Schrodinger equation for a free particle.

However, what should happen if we decide to add the gravity field into the mix? We
can do the same thing, only this time instead of grappling with the Dirac equation (as it
was for the electromagnetic field) we shall dive even further, down to the Klein—-Gordon
equation (KGE). To be more precise, we will require all three equations: KGE, Dirac and
Pauli (i.e., the Schrodinger equation for a free particle) equations, ordered as a hierarchy.
The basic equation in this hierarchy will be KGE, from whom we can derive the Dirac
equation (by “taking a square root”), which in non-relativistic approach reduces to the Pauli
equation—or the Schrodinger equation for a free particle if there is no electromagnetic field.
The reason we require this hierarchy and not just Schrodinger equation is simple—the
other two equations are needed for adding the interactions with different fields. To add an
interaction with an electromagnetic field and producing a correct magnetic moment one
has to start with the Dirac equation. Similarly, in order to properly add an interaction
with a gravity we’ve got to start with KGE. This is due to the following observation. KGE
is essentially a relativistic relationship between the momentum and the energy in the
Minkowski space. By adding gravity we switch to pseudo-Riemann space which in terms
of KGE simply means replacing the ordinary derivatives with the covariant ones. Once
accomplished, we can then follow the standard algorithm for deriving the Pauli equation,
i.e., take a square root and use the non-relativistic approach (by separating the large and
small components of bispinor). As we shall see, by following this route already in the first
approximation, we will come to a very interesting observation: the gravity leaves a distinct
mark in our calculations, selectively favouring the retarded solution, thus producing one of
the most famous arrows of time—the arrow of radiation.

Now, one can wonder: why such famous equations as KGE, Dirac and Schrodinger,
themselves are the subjects of countless first-rate works', have not been used in the way we
propose in this article? All of these equations were extensively studied before, including
the cases with variable gravity fields, but so far no one has made any claims about the
time arrow allegedly hidden within. Why then do we dare to propose such an audacious
proposition? The answer lies in cosmology. According to our contemporary models, the
universe we reside in must contain a fundamental scalar field. This field can be easily
utilized for defining a time variable. Indeed, consider a cosmological hypersurface of a
constant time, defined as a three-dimensional region of the universe with fields of matter
identical in every point. These fields are commonly modeled by a single scalar field, which,
once introduced, can play the role of a time variable. Take for example an inflaton field. A
boundary exists which separates a metastable inflationary vacuum from the region where
the vacuum state has decayed leading to a secondary reheating and the birth of a new
pocket universe. It is this (infinite) boundary that defines a zero o’clock on every watch? of
this pocket universe. Another important example involving the cosmological scalar field is
the anthropic solution to the problem of a small cosmological constant. It is based on the
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idea, developed in [7] , which assumes that the density of the dark energy p,, is a random
variable, and as such has to be written as a sum of two terms:

Po = Pa +Pg, (1)

with p, € R being the vacuum energy’s density, and pyp—a variable density of a dynamical
dark energy component, which in a simplest case act as certain fundamental scalar field ¢.
Using (1) Vilenkin and Garriga have proposed an elegant solution to the problem of small
observable cosmological constant which not only fits the observations (see [8-10]) but also
naturally solves an adjacent problem of cosmic coincidences. For details, we shall refer the
interested reader to their article®, but we will point out one important fact: the approach of
Vilenkin and Garriga implies the existence of at least one global scalar field, which depends
only on time (or, to be more precise, has negligibly small spatial gradients). An it is this
field that we will implicitly use in Equation (7) in Section 5, which incidentally is the one
equation that we will “take a square root” of.

The article is constructed in the following manner: the next three Sections will be
dedicated to the arrows of time (iii), (iv) and (vi). In particular, Section 2 is solely dedicated
to the best known and widely accepted time arrows: the thermodynamic arrow of time,
and also to its limitations in the cosmological framework. According to the modern theories
of inflation, the post-inflationary universe automatically starts from a low-entropy state
(which is good), as long as we postulate an extremely low-entropy state of the universe prior
to the beginning of the inflation (which is not so good). Thus, we essentially have to trade in
the time arrow (iii) in the observable universe for the very unlikely and unexplained origins
of the very early universe. In addition, while this might still be explained and reconciled
by a future quantum theory of gravity, for now the problem remains—hence, its inclusion
in Section 2, followed by the discussion of the time arrows (iv) and (vi) in Sections 3 and 4.
In Section 5 we begin the calculations, deriving the Green’s function and demonstrating
its retardational properties. The results we discuss in Section 6. In particular, we point
out a steep price we had to pay for that result: the new modified Hamiltonians ends up
being non-hermitian! This sounds quite radical and one might even wonder whether it
actually discredits our entire approach. However, there is a physical meaning behind this
complication: once the gravity and the cosmological horizon are included into the picture,
the universe can no longer be considered a closed system; instead, one has to work with it
as with any other open quantum system, which in general require complex Hamiltonians.

Before we move on, let us specify the assumptions that will be used throughout the
article. There are three:

1.  We restrict ourselves to the homogeneous and isotropic (Friedman) geometries;

2. We stick to the synchronous reference frame (the cosmic time) and the preferred
coordinate system in which the cosmic background radiation is homogeneous and
isotropic;

3. The Hubble parameter H is assumed to be constant.

We would like to point out that the third assumption does not actually imply us living
in a de Sitter universe. Recall that the characteristic times of change for all cosmological
parameters (such as scale factor a, Hubble parameter H, density p and pressure p) are on
the order of magnitudes of billions of years, whereas we are discussing the Schrodinger
equation and the physics it describes on much smaller time scales. For that reason, we can
safely assume H as a constant.

2. Notes Found in the Bathtub and the Thermodynamic Arrow of Time

One of the most considered and reliable arrows of time is the thermodynamical arrow
(iii), which defines the future as the direction of time along which entropy grows. The
thermodynamical arrow (iii) is stochastic in nature, but the probabilities involved are
so large for the growth of entropy and so small for its diminution, that the growing of
entropy becomes practically predetermined. For illustration, consider an example from [12].
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Suppose we stand in a bathroom that is completely and homogeneously covered by water
vapor. What would be a probability that we shall see a small opening—say, 1% of the
total volume of the vapor,—spontaneously opening up in the steam? We can immediately
see that it should be unlikely, since it would mean a decrease in entropy. Consider, for
simplicity, that the steam is an ideal gas and that the process of opening up is isotermic.
Then, the entropy will vanish (in terms of Boltzmann units k) by:

N
AS = — 2
5 @
where N is the amount of molecules of the water vapor. If this number is on level of
magnitude of the Avogadro constant N,, we will have the following probability:

P~ exp(—1022>. ©)

Looking at this tiny probability assures us that even if we spend millions of billions of
years in that bathroom we would not observe anything like this.

Boltzmann's arrow of time produced by the growth of entropy is a beautiful way to
explain the past and the future. However, it does have one problem: in order to work it
requires the initial entropy of the universe to be very low. For example, if we happen to be
in the aforementioned bathroom and to our astonishment observe the small 1% opening
in the steam, we can be certain that in the future this opening will vanish. In fact, the
probability of that with 1 — exp(—10?2) ~ 1. We will therefore have a clear distinction
between the past state and the future state—a proper arrow of time. Except, we now have
to answer the question of how did we obtain that low-entropy state (a homogenous steam
with a small opening) in the first place. For isolated systems there exist two alternatives: (i)
the bathroom was originally entirely covered by the steam, but a small fluctuation occurred,
temporarily producing a small opening, only to be filled by the vapor again; (ii) in the
more distant past the vacant space was even larger (say, 2% of total volume), but at the
moment of observation it was already half-filled by the water molecules. Normally, we
would choose (ii) with confidence, since the bathroom is typically free of steam before we
opened the faucet, and grew progressively more opaque as the hot vapor began to flood
the room. However, this is true only because the bathroom containing the vapour is an
open system. If it was not, if the bathroom was an isolated system, then the alternative (i)
becomes more preferable! Indeed, in this case the probability of alternative (ii) happening
is equal to

P~ exp(—z X 1022), @)

SO
/

% = exp(—1022>. 5)

Thus, this is precisely the reason why the problem of low-entropy initial conditions
for isolated systems is so difficult. In particular, the only way to explain the low observable
entropy and highly structured content of our universe is to admit that it had contained
even smaller entropy at the very early stages of its life. In order to explain the seemingly
well-ordered state of the current universe, one has to postulate an even greater order in
the early universe! This looked like a blatant attempt at sweeping the problem under the
carpet and for a long time such a state of affairs in cosmology was considered nothing
short of scandalous. Only the advent of the theory of cosmological inflation has cleared the
picture. The inflation occurs very rapidly and it concludes by converting the energy of the
inflaton field into the reheating and the birth of about 10 elementary particles. The newly
formed particle gas fills up almost entirely the flat (as a consequence of inflation) universe
in a homogeneous and isotropic manner, producing what the classical thermodynamics
would dub a high-entropy state. However, we have to consider the gravitational degrees
of freedom, and their presence completely changes the dynamics. The gas produced at
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the end of inflation is almost homogeneous, but it still has small lamps, tiny fluctuations in
density—the echoes of quantum fluctuations, blown up by the inflation. In addition, from
the perspective of gravitation this is a very low-entropy state, because it then proceeds to
voraciously clumping those lumps together, eventually leading to formation of the galaxies,
stars, planets and all the magnificent structures we can now observe. All of that increases
the total entropy, just as it should according to the Second Law of Thermodynamics. So,
we obtained a nice package in which cosmological inflation creates not only the universe
we know but the thermodynamical arrow of time as well. However, this shining picture
still has one small blemish: the problem of the causes of inflation. The inflation will only
commence when there is a small but significantly isotropic and homogeneous volume of
space filled with a metastable vacuum. Unfortunately, such a state is very low-entropy, and
what is worse, we still have no substantiative evidence for such states being typical at small
(say, Planckian) scales. In fact, it seems to be the opposite: at Plank scales we expect a very
irregular space-time behaviour (quantum foam), which runs counter to the requirements
for inflation. Thus, even though the theory of inflation is pretty much universally accepted
by cosmologists, for now the initial conditions for the beginning of inflation seemingly
belong to the set of “unlikely” and “lucky” occurrences. This is very regrettable, since this
casts a long shadow on the theory of inflation being capable of single-handedly explaining
the nature of thermodynamical arrow of time. Most physicists (including the authors of this
article) hope that this mystery will be solved by an upcoming theory of quantum gravity.
However, for now we have to cope with the distinct possibility that the explanation for the
arrow of time lies somewhere else.

3. Retardation of Radiation and Rock’n’Pond

This was the particular perspective of Zeldovich and Novikov (ZN), who in 1975 laid
a bold claim that the distinction between the future and the past in terms of the growing
entropy is fundamentally flawed [13]. Their point of view was that the arrow of time have
to exist in all physical systems, including, for example, the isolated pairs of particles for
whom the entropy can not be properly defined. Even if somewhere far from a given pair
there is some complex multi-particle system (such as the aforementioned bathroom with
equimentioned steam) whose entropy can be defined, the local nature of physical laws
would prevent it from exerting any kind of influence upon the happily isolated pair. One
might argue, that the local laws of physics are time-reversible and thus cannot be used as
litmus test for the direction of time*, but ZN respond that the real reason for the different
between the future lies not the equations, but in the initial conditions that we impose upon
those time-reversible equations. In particular, the conditions that produce either retarded
or advanced radiation, while physically feasible, are utterly asymmetric with respect to
the future and the past. In fact, ZN have argued that it is the condition that allows us to
unequivocally distinguish the past from the future! Their idea was that the waves radiated
from the emitter (retarded radiation) automatically correlate with its movement, whereas
the converging waves (advanced radiation) require some very fine tuning of the frequencies
and phases to completely give away their energy to the receiver. In other words, the
retarded radiation comes chip (any accelerated charged particle can do it!), but emulating a
time-inverted radiation is costly.

It is important to emphasize a subtle yet crucial difference between this approach
and the claim that the observed dominance of the retarded radiation over the advanced
one is just because the latter require very special, low-entropy boundary conditions. For
example, when we throw a rock into a pond we casually observe the water waves travelling
from the point of impact and beating upon the boundaries of the pond; the time-inverted
process of the waves emerging from the pond boundaries, converging at the center of
the pond and ejecting the rock in the air, while physically possible, requires extremely
well-chosen boundary conditions, characterized by an astonishingly low entropy of the
system “water + boundaries of the pond + rock at the bottom”. This example might make
us think that the arrow of time, associated with the retarded radiation must also be a
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by-product of the thermodynamical arrow of time (see Section 2). However, ZN disagree,
pointing out that even in the simple system of two interacting charged particles we shall
get a retarded and not an advanced radiation. Since you cannot define an entropy of such
a system, there can be no thermodynamic arrow of time. Thus, they conclude, it is the
conditions for the radiation that defines the arrow of time, and it is more fundamental then
the thermodynamic arrow of time. The entropy simply grows in the direction delineated
by the condition of retarded radiation.

This reasoning sounds rather convincing, but like a proverbial pond it hides a rock
at the bottom. When we consider an isolated system of two charged particles we are
implicitly assuming them to be surrounded by an infinite empty space. We have to, because
if they are surrounded by some other matter, no matter how distant, then the problem
becomes similar to aforementioned rock thrown into a pond (or a lake) with very distant
boundaries. In addition, we have already discussed why this problem explicitly invokes
the thermodynamic arrow of time. Thus, it looks like the argument of ZN is only true in the
essentially empty universe, where the sole entertainment consists of the aforementioned
two particles. Or is it?.. Do we actually know that in the empty universe there can be no
converging waves reaching from the infinity?

On first glance this sounds utterly ridiculous. However, so is a particle (or two) as a
unique occupant of the otherwise empty universe. Such a system is ripe for very unusual
results. For instance, consider the example coined by Hoyle and Narlikar [3]: a single
particle with inert mass m in an empty universe. Since there are no external forces, by the
second Newton’s law we have a null product of particle’s acceleration and mass. What is
in the solution? Hoyle and Narlika claims that the correct solution might actually be m = 0,
since there is no way to properly define the acceleration in an empty universe (no other
particles = no points of reference). However, then we arrived at a truly Machian conclusion:
the mass of a particle in a given universe is determined by all its material content. No
content means no mass! An exceedingly poetic result, which is also utterly non-relativistic.

Thus, we reach an impasse. While the idea of ZN sounds solid, it is built using a model
of very dubious physical relevance. Can we go so far as to claim that it is built on a shifting
sand? Well, we argue that the answer is “no”. This will require some proof, which we will
soon provide. Before that, however, there is one more arrow of time for us to discuss.

4. The Cosmological Arrow of Time: When the Starts Steal the Light

We consider the cosmological arrow of time the last as it is the youngest and seemingly
the ripest for criticism. Indeed, what do we mean by saying that the future is defined
as the state of the universe with more distant galaxies? And does it imply that in the
contracting universe the time goes “backwards”, the children graduate from the college
into the high school, argon atoms *° Ar spontaneously decays to the potassium atoms °P,
the black holes become white, and the stars suck in the light instead of emitting it? Sound
like a hallucinogenic-induced nonsense, and yet it is what should in fact take place if the
arrow of time is indeed produced by the expansion of the universe.

Here is the model originally proposed by Thomas Gold [14]. According to him, some
time in the future the expansion of the universe might stop, and a new phase commence,
during which the universe will contract and the entropy—decrease. Gold then set an
ambitious goal of finding a corresponding cosmological model that is completely time
symmetric. Such a symmetry implies two entirely symmetric low-entropy boundary
conditions—one for the future, and one for the past. While we might balk at the thought of
a future boundary condition, it is not logically inconceivable; after all, we are already used
to the idea that the early universe requires a special low entropy boundary condition in
the past, so why not the same thing in the future? Granted, as denizens of the expanding
universe it is very difficult for us to imagine what the life in the contracting universe should
look like (the time symmetry of the model ensures us that, yes, there has to be a life in such a
universe). The pictures that comes to mind are staggeringly surreal: think of a steam being
sucked into the water of a bathtub, or the black dots of stars on the luminescent skies, or
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the old people getting younger with every year. Imagine the eyes of the observer emitting
the light which is sucked up by the burning candle, wax stains climbing up its sides, while
the observer recalls the future and ponders the past... Such a place would put to shame
both Hogwarts and Wonderland combined. In addition, yet no denizen of the collapsing
universe would see them! According to Gold, the arrow of time in such a universe must be
reversed, which means that these people would see the universe expanding, and entropy
growing. In fact, it is us they would pity as the weird ones who live in the collapsing
universe!

Naturally, most cosmologists thought of Gold’s model as too exotic for their tastes, and
claimed there really no real physical reasons to impose any special boundary conditions in
the future (aside from the obvious aesthetic beauty stemming from the symmetry of the
model). Stephen Hawking once attempted to formulate one such one reason in [15], but he
withdrew his claim shortly afterwards. Furthermore, most contemporary cosmologists stick
to a view that it is unlikely for our universe to ever stop expanding, and even if it should [7],
the subsequent collapse would be totally unlike the time-inverted phase of expansion.
All of this seems to make the Gold’s model and, by extension, the cosmological arrow of
time dubious at best and outdated at worst. Zeldovich and Novikov had a field day with
it in [13] by mercilessly ridiculing the claim that the arrow of time in a closed universe
must invert once the universe starts contracting. They argued that the cosmological switch
from expansion of the universe to contraction is completely analogous to the behaviour
of a vertically propelled rock (or a space rocket with the velocity smaller than the orbital
speed) when the force of gravity stops its upward movement and compels it to descend.
The rock experiences no change in the direction of time, and neither should the universe.
Thus, concluded ZN, it makes no sense whatsoever to use the expansion of the universe
as a fundamental arrow of time. They’ve even apologized to the readers afterwards for
spending so much time on “explaining the elementary”, which can only be excused by so
many articles “persisting in perpetuating the flawed arguments” [13].

With all due respect to ZN as two indubitable classics, we have to point out that the
argumentation of theirs is equally “flawed”, and the “flaw” stems from the false analogy.
The movement of the rock and the evolution of the universe are two very different physical
phenomena and one cannot expect to simply use one to explain another. It is very easy to
see, once we recall that the rock (or, more generally, a rocket) moves along the geodesics
according to the laws of relativity—in particular, it can never move with the velocities
exceeding the speed of light. On the other hand, the expansion of the universe is produced
by a literal stretching of the space-time, and is not bound by the speed of light’. Hence,
despite some surface-level similarities, the fundamental difference in the physical nature of
these two cases makes any kind of comparison by analogy dubious to say the least. We
apologize to our readers for wasting so much time on something so elementary, but in our
opinion it was necessary to point out an obvious flaw in ZN’s argumentation.

Still, one might retort that a flaw or no flaw, we still don’t know what happens with
the direction of time in the contracting universe. Can we provide any sort of tangible proof
that the the cosmological dynamics has any effect et all upon the arrow of time? As a matter
of fact, we do! In fact, we are going to show that the electromagnetic time arrow (iv) is in
indeed predetermined by existence of cosmological arrow (vi), so that in the collapsing
universe the stars are indeed sucking the light out of outer space! But before we begin with
our investigation we have to first answer one general question: how can the expansion of
the universe have any effect upon the retarded radiation such as the one emitted from our
smartphones when we turn the flashlight on? One is a global process that manifests itself
on the level of galaxies and above, while the other is a product of a local physical laws.
How can one affect another? The answer lies in a global boundary condition.

To understand it, consider the field equations derived by the variational principle. In
order to to get to them, we have to variate the action which is followed by integration by
part [18,19]. This produces the Lagrange-Euler equation and an additional surface term. In
order to dispense with the latter we impose the following global condition: both the fields
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and their derivatives on the infinitely removed hypersurface must be equal to zero. Hence,
even though in the end we get local equations, they are all predicated upon the existence of
one global boundary condition. In addition, it is this almost obvious observation that is
going to loom large in the next Section.

5. The Schrédinger Equation in Expanded Universe

We shall start our derivation with the Klein-Gordon equation for scalar field with no
gravity:
2 2 2 2
. o me ¢ ¢ 09
— 2A il = Ap= —L 4 — T 4 =7
¢-c ¢+(h)¢ 0, ¢ 8x2+8y2+822 ©)

Physically speaking, (6) is a relativistic relationship between the momentum and
energy in the Minkowski space-time. As such, it shall hold for any free (non-interacting)
relativistic fields. The Dirac equation can be derived if we formally “take a square root”
of (6).

Next, let us make an upgrade and go from the Minkowski space to the more interesting
geometry of Friedmann universe with scale factor 2 = a(t). The analogue of (6) for this
case can be obtained using the fact that the covariant derivative of the stress-energy tensor
is equal to zero (as a consequence of contracted Bianchi identities):

; 2
. a . C
Ty =0—§+3-¢— Ap+ Mg =0, )

or, speaking more precisely, we get a product of (7) and ¢, but it is not important here®. For
simplicity, let us rescale the spatial variables as such:

1
Ea,' — ai, i=1,2,3.

On our next step, we have to reduce the order of the second order differential
Equation (7) by build up a corresponding 4 x 4 matrix differential equation of first or-
der. This can be done properly in a number of ways. For instance, one can adopt the
factorizational approach described in [20], which is commonly used for turning (6) into a
Dirac equation. However, in our case we decided to follow a simpler route, delineated in a
wonderful monograph [21]. Here is how the method works for (6). First, we write down a
linear equation containing a first order derivative with respect to variable t and define the
Hamiltonian  which contains the spatial derivatives of no higher than first order:

] .
h—¥ =HY.
ih= H ®)
The coefficients in H must be 4 x 4 matrices. Taking a square of (8) [21] produces a

new equation:
20 52
—h @‘F =HY. )

Now all that remains would be to require every component of (9) serving as a solution
of KGE (6). This both defines the unknown coefficients and yields the Dirac equation we
required.

What if instead of Equation (6) we start out with (7)? The crystal clear logic of [21] is
still fully applicable here. Repeating all the steps this time yields a new matrix equation,
which is very similar to a Dirac equation expect for one term depending upon the Hubble
parameter H = a/a:

(a3 3 by 2
Zh(at + ZH)‘I’ = —zhckzzlzxkak‘l’ +mc*BY, (10)
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where the constant matrices satisfy the usual anticommutative algebra
{wi, o} =205, {w;,p} =0, of=p>=E.

and can thus be written in terms of the Pauli matrices:

(e (5 %)

Note also that the mass in (7) also depends upon H as follows:

3H\? mc?\
M?= (== — .
(5) (%)

Before we move on, we would like to stress that, just like the original Dirac equation,
the modified Equation (10) is invariant with respect to the reversal of time. In order to see
this, first recall that the time reversal automatically alters the sign of the Hubble parameter
H= % (Ina) (for those who go backwards in time, the universe appears to be contracting).
So, let us define:

t=t, 9, = 9, H = —H. (11)

A time-inverted solution of (10) can be obtained from ¥(t)” by the operation of
complex conjugation followed by additional multiplication by a certain 4 x 4 matrix T [21]:

Y(t) = TY*(t), (12)
which produces the following time-inverted version of (10)

3
ih(aat, + iH’) () = <—ihc Y TagT 1o + mczTﬁ*T”)‘P’(t’), (13)
k=1

where the matrix T can be shown to be equal to

TIiD(z(J(32< Og 0(_)2 ),

because T shall commutate with &y and j, but anti-commutate with a1 and «3. In addition,
if we revert from ¥’ back to ¥* by (12), take a complex conjugate of (13), and return to the
original t and H as in (11), we will obtain nothing else but our Equation (13), as it ought
to be.

Next, we should use the nonrelativistic approximation. In order to do that it is handy
to rewrite (10) as:

3 .
ih%‘{’ = —z’hck_zl w o ¥ + <m02[3 — 312H>‘Y

after which we can express the bispinor in terms of two spinors via classic substitution

Y = exp(—imhczt) ( gi ) (14)

lhaf(x)__lh(av)<¢)_2mc(X>_ 2 (x) (15)

Then
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Then, separating the large and small bispinor components and after a few simple
calculations we end up with our desired equation:

) h? 3hH

ot 2m+iA

This is the sought after generalization of Schodinger equation for a free particle which
travels in the expanding (H > 0) Friedman universe. In addition, this equation has an
interesting special point in the lower complex half-plane. As we shall soon see, it is this
peculiarity that ensures that the Green’s function for (16) in the expanding universe will
always be retarded. However, before we get there, we should emphasize one important
aspect of (16): just like its predecessor (10), this equation is invariant with respect to the
time inversion! Indeed, similar to an ordinary Schrodinger equation, the time reversed
version of (16) can be obtained by replacing t — —t, ¢ — ¥* and, of course, H — —H.
The latter is crucial, because it guarantees that the modified Schrodinger equation (16)
remains indifferent to a direction of time—as long as we remember that, in the optics of
those living backwards in time, an expanding universe is actually collapsing! In other
words, by deriving the Equation (16) from (10), we have not accidentally smuggled in an
arrow of time into the model that had none. This would have amounted to nothing short of
a mathematical error! And yet—the time arrow is now very close by, its contours ready to
take shape once we add a final piece of the puzzle: the fact that the observed universe is
expanding.

So, let us get on with it! In order to prove that there is no foul play and no aces up the
sleeves of the authors, let us slowly walk through calculations along with the reader.

Let us start by recall that the Heaviside function 6

6(t>0)=1, 6(t<0)=0, (17)

which satisfies the following relationship:

(o)
/ diw.e*"‘” = —2mif(t)e . (18)
—co W+ 1€

where € > 0. The relationship (18) is commonly used as an integral representation for (17)
in the limit ¢ — 0. (18) can be proven easily by closing the contour of integration in the
lower complex half-plane, computing the resulting integral by the residue theorem at point
w = —ie [22]. Assuming that the lower contour stretches up to a negative infinity, for T > 0,
the integral over the lower contour will vanish and we will get (18). When T < 0 we shall
close the contour in the upper complex plane; since there are no poles there, the integral
will be equal to zero.

Now let us concentrate on the Green’s function. By definition, it is the function G that
satisfies the equation:

. 0 s / / _ 54 (1
(lhat’+2m—|—i/\A>G(x —x)=6%(x —x), (19)

where
W (¥ —x) =5t —£)oB®) (¢ — 1), G(xX'—x)=G{t —t, ¥ —1).

and the boldface is used whenever we meet with a three-dimensional vector. The Fourier
transformation of G is

_ [dw dPp
) 2 (2nh)3

G(.X'/ _ X) efiw(t’*t)Jrip(r/fr)/FlGo(p,w), (20)
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and if we substitute (20) into (19), take into account an explicit form of the Fourier transform
of ™) (x' — x), we end up with the following equation for Go(p, w):

1 1
Go(p,w) = . = —, (21)
_ _2mp? iAp? QO +ie
hiw 4m2 )2 + 4m24)\2

where we have introduced two auxiliary parameters () and €. We can now substitute (21)
back into (20) and integrate over w using (18). This results in

, o 2mi —t\ [® 4 p2(t' —t)  ip(r —r)
Cx'—x) = —(27rh)49<h> ./_ood peXp(h(Zim—/\) T ) @2)

We conclude our calculations by pointing out that, according to (22), the Green’s
function is indeed retarded:

G(x'—x) =0, <t (23)

and it is indeed caused by an expansion of the universe: H > 0, i.e., € in (21) belons to a
lower complex half-plane. It follows automatically, that in the collapsing universe the
propagator must be advanced—just as Gold envisioned using his hypothesis of “symmetric
universe”. However, unlike his, our result is strictly necessitated by mathematics behind
the derivation of the Schrodinger Equation (16).

For the sake of completeness, let us finish the calculations by taking the remaining
few integrals. To this end, let us choose the p. axis along the r' — r, switch to spherical
coordinates:

{px, Py pz} 2 {0<p<o0,0<0<m0<¢<2m},

and integrate with respect to 6. Then, choose new scalar variable k = p(r' — r)/h. The
expression would then convert to:

b i t—t /°° , GRS
G(x'—x) = (27r)2h|r’—r|30( ; ) oodkksmkexp( = t2(A—2im) ) (24)

By calculating the remaining integral we get the final result:

, i (3ihH +4mc2\>? (¥ —t im  3H\ [ —r]?
R e T
I 8irtc2 (¢ — t) h ho 42 )2(Y —t)

It is obvious that, as expected, in the special case H = 0 this expression reduces to a
standard retarded Green'’s function for a free non-relativistic particle.

Thus, we have demonstrated the existence of an unlikely yet strong relationship
between the cosmological arrow of time in the expanded universe and the arrow of time
produced by the retarded radiation. The observant reader might notice that we have
derived the retarded propagator for just a single particle, but this can be easily remedied
using the same approach. The result would still have to account for the same pole in the
lower complex half-plane, which once again would favour the retarded propagator to the
advanced one. This, of course, produces the classic retarded radiation. According to our
model, because the electromagnetic wave is formed of photons, and because the wave
functions of these photons share the same retarded Green’s function—a propagator in the
expanded universe,—we get an electromagnetic arrow of time. In other words, we get an
explanation for why the stars shine instead of consuming the nearby light, or why the eye
of the reader sees this article instead of projecting the photons out of a retina back onto the
monitor. Further, what is even more fascinating—we get this free of charge, simply because
of the expansion of the universe! Yes, it is indubitably ironic if all the night lanterns work
just because the universe happened to expand; then again, it only gets dark at night because
of that expansion, so we are in no position to complain [23]!
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Before we conclude this Section, we should say a few words about the meaning of our
result. In particular, it is interesting to ponder whether it applies solely to an electromagnetic
arrow of time or, more broadly, to the time arrow of radiation in general? We would argue
that the latter is true. If we think about it, the water waves in the pond discussed in Section 3
or, say, the longitudinal acoustic waves in the air are merely the macroscopic manifestations
of movement of numerous numbers of atoms, fully controlled by the quantum mechanical
laws and equations—the very equations that ought to contain a tiny imaginary term just
like in (16)%. Thus, the evolution of each of these atoms must be governed by a retarded
propagator. An apt analogy here would be the famous double-slit experiment. Imagine
an opaque plate with two open slits. If we illuminate this plate with a coherent source of
light (a laser), on the screen behind the plate we will observe a certain interference pattern.
However, if we pierce the plate twice more, adding two more slits, a new pattern will form,
and some previously illuminated places on a screen will no longer register any photons
whatsoever. One might at first interpret it as a collective effect and argue that the new slits
produce two new streams of photons that play havoc with the photons from the original
two streams, somehow hampering their progress to certain places on the screen; but, it
cannot be! One might repeat the same experiment with a single photon, and it would still
shun the same places on the screen. Hence, the quantum interference has nothing to do
with a collective behaviour of photons, and everything—with how a single photon behaves
itself. Thus, it is by analogy with this famous experiment that we propose a following
hypothesis: the time arrow we have derived must be pertinent for every single atom and it
is through them that the effect of a time arrow is felt by the “classical” waves, be it a water
wave, an air wave, or an electromagnetic wave. Or, to put it in other words, the time arrow
of a wave is comprised of multiple time arrows of its constituent atoms.

6. Discussion

The modified Schrodinger Equation (16) has allowed us to come to an interesting
conclusion about the interdependence of two different arrows of time. It also invites a
number of questions, such as: Does it imply that the Hamiltonian in the expanded universe
is no longer hermitian? Further, isn’t it a tad too steep a price for our endeavours?

Let us consider it. We know that at H = 0 (and thus, at A = 0) the simplest solution of
(16) is a spherical wave:

e—iEt/h+ikr 2mE

P(r,t) = — k= P (26)

A not very large non-zero H will alter this definition but slightly, due to an extremely
small coefficient 71/c2. Letting A # 0, and assuming that the energy is real-valued, we
shall get

(2m +iA)E
-

Let us estimate the parameters involved. Using the currently observed value for
the Hubble parameter H ~ 2.2 x 10718 s~ (see [25] for an interesting discussion on the
discrepancies in determining the values of H) we can see that A = 2.42 x 10— g, which is
37 orders of magnitude (!) lighter than the mass of the electron, n, = 9.1 x 10728 and 31 or-

k= (27)

ders of magnitude lighter than neutrino, the lightest known particle, m, ~ 2.14 x 10734 g!
Therefore, we can rewrite (27) with a very high accuracy as
V2mE iA
k= 1+—). 2
h < * 2m> @8

Hence, the solution (26) will get one additional exponential multiple. Setting E = mc?

and introducing a horizon radius
c

RH:E’



Universe 2023, 9, 30

13 of 17

allows us to write this multiple as

exp <i3\/§7’>‘ (29)

For instance, at the scale of a standard lab, r ~ 100 m, this multiple in (26) will be
equal to 1 & 7778 x 102, In other words, a presence of a tiny imaginary “cosmologically
induced” term in (16) is, for all intents and purposes, virtually imperceivable in the labo-
ratory. Its only measurable contribution will be an emergence of a time arrow under the
guise of retarded radiation!

However, a deviation from self-adjacency, even as tiny and imperceptible as this, still
requires a physical explanation, otherwise it will be deemed unacceptable by the absolute
majority of physicists (including the authors of this article!). Fortunately, the Equation (16)
actually makes a lot of sense in the framework of a classical quantum mechanics. First, we
have to understand that the non-stationary cosmology effectively invalidates the common
view on the the universe as a closed system [26]. Instead one has to consider it as a system
embedded in a variable gravitational field—note, that one cannot just add this field as a
component of a system lest all the conservational laws turn into trivial identities, losing
us the key tools of statistical approach. Hence, we are dealing with an open system, i.e., a
system interacting with an environment. Such systems are well-known and well-studied.
For example, they commonly arise in the quantum theory of dissipative processes (there
the word “environment” is usually replaced by a term “reservoir”) and in the description
of the physical nature of quantum measurements. The methods used for probing the
open systems are numerous and include: the Lindblad generalization of von Neumann
equation [27]; the quantum diffusion model of Caldeira and Leggett [28]; the quantum
theory of continuous measurements, based on the Feynman integrals [29] and further
developed by Mensky in [30]. The latter approach is most pertinent for us as it naturally
leads to complex Hamiltonians of appropriate form. Let us take a short look at this approach
(as usual, for more details we refer the reader to the aforementioned articles).

Consider a variable which describes a certain state of an open system. Let us assume
that this variable gets continuous varied due to external influence upon the system, and
that its resulting value is denoted by « . Then we can introduce a measure w,[p, q] which
depends on the trajectory in a phase space and is close to 1 if the trajectory is close to a but
is almost zero for all the other trajectories. The evolution of the system we can describe via
the Feynman integral:

Jtaplidatdlpalexe | [t (i = ip.0)], 30)

Next, let us specify what we mean by a measurement. Suppose we are observing the
variable A, and the result of observation is denoted by a(t). Then the bounded Feynman
integral must be taken over a narrow “corridor” of possible trajectories, centered around the
one trajectory which produces the a(t). It is possible to show that the measure functional
wa[p, q] shall be chosen in a form of a Gauss functional:

walp, q) = exp M dt'(—x(A(p,q) - a(t’))z)} (31)

where « is a coefficient which controls the resolution. This produces a modified Schrodinger
equation with an effective complex Hamiltonian:

9) = =3y = (5~ x(A=a()? ) 1) @)
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which we have written using the notation introduced in [30]. It is now easy to check that
(16) is reducible to (32):

T = —ix(A —a(t))? =
(33)
2 2 . . 2
~ g = — I — i (<Y — 0)°.

if we redefine the mass as )

m—-M=m+ —.
4dm

Therefore, in the terms of open systems, the Equation (16) simply describes a continu-
ous observation of a particle’s momentum within a quantum “corridor” centered around
the zero momentum. This is a fascinating picture that provides an interesting illustration to
a possible physical explanation for a non-hermitian form of our Hamiltonian, as well as
stimulates an interest in further investigation of its nature.

Before we move on to a final conclusion, a couple of remarks is in order. First of all,
we must acknowledge that the relationship between the observed asymmetry of radiation
and the retarded/advanced solutions of the wave equations might actually be highly
complex and non-trivial. This is the subject that we did not even dare to touch, once
we considered the wide range of different opinions among the authors who write on the
topic, well illustrated by Hew Price in [31]. We do not deem ourselves ready for tackling
this difficult subject, but harbour a hope that we will return to it in a later article. The
second question we have not discussed so far is the problem of a time arrow in a universe
that begins to collapse, especially in the instant when the Hubble parameter changes sign.
This question becomes surprisingly relevant if we are correct in our assumptions about
the existence of a global scalar field. According to J. Garriga and A. Vilenkin in [7], the
(positive) density of a scalar field decreases in time whereas the density of the vacuum
energy remains negative. In a distant future this trend will lead to effective cosmological
constant changing sign and becoming negative, ensuring the imminent end of expansion of
the observable universe, and heralding its subsequent collapse. The qualitative estimates
made in [7] state that it will happen after 10'? years, although the time required might be
cut short by the unusual singularities discovered by J. D. Barrow and A. A. H. Graham
in [32], reducing it to something comparable with an age of contemporary universe [33].
However, if there indeed exists a direct link between the cosmological and radiational
arrows of time, then the collapsing universe will be dominated by the advanced (not
retarded!) radiation. What would it mean for an observer in such a universe? This is a good
question which we are studying right now and are expecting to discuss in a subsequent
paper. Finally, we have left open an interesting question about the relationship between the
cosmologic and thermodynamic arrows of time. The brightest example of it are the stars’.
From the common point of view, stars are the places where the thermodynamic gradient is
particularly steep, so the temporal asymmetry of radiation can be considered a consequence
of the thermodynamic asymmetry. However, we are leaning to a different point of view,
which, despite our critical remarks in Section 3 we (at least) partially share with ZN. If our
hypothesis is correct, then the three different arrows of time form the following hierarchy:

1.  The cosmological arrow of time. It is the most fundamental of the three as it ensures
physical asymmetry between the future and the past.

2. The cosmological arrow of time produces the time arrow of radiation as described in
Section 5.

3. Once physical asymmetry between the past and the future is established, we can begin
to formulate the Second law of thermodynamics and postulate that entropy always
grows in the direction of the future.

According to ZN, the growth of entropy is a handy tool for probing the direction of

time, as long as we remember that it is just a by-product of a more fundamental time arrow.
Further, while we agree with ZN about this, we disagree with their opinion as to what is



Universe 2023, 9, 30

15 of 17

Notes

dates back to 1986 [11]!

more fundamental. They thought that it was 2—the time arrow of a radiation. We argue
that it is in turn an offspring of a more global time arrow 1, which takes root in nothing else
but an expansion of the universe!

In conclusion, we would like to once again emphasize that we are as astonished as
anyone by these results. We have always been on the side of Zeldovich and Novikov with
regard to questioning of the validity of cosmological arrow of time. Up until now, we
simply did not believe in it as something even vaguely fundamental—unlike the well-
established thermodynamic arrow of time. However, once we began working on this
article, we started to encounter more and more additional arguments for a cosmological
nature of the direction of time. For example, consider a pure de Sitter universe, devoid
of any matter. The astronomical data forces us to believe that this foreboding model is
a dark and extremely distant future of the universe we live in—so distant, in fact, that
the cosmic period during which the universe remains filled with the sparkling matter of
stars, galaxies—or even plain baryon matter,—is merely a measure zero blip in the overall
timeline'’. In a rather short time (cosmologically speaking), a cosmic event horizon will
contain nothing at all except for Hawking-Gibbons radiation (even the cosmic background
radiation will be a distant memory in just a trillion years, too faint to be detected). The
universe will inevitably slip into a state of a maximal entropy. However, the very presence
of the Hawking radiation implies there will exist slight temperature fluctuations. Such
fluctuations will temporarily decrease the overall entropy. They will dissipate, of course,
raising the entropy back to the max. The problem is—both the prior and the succeeding states
will have more entropy than the universe had at the moment of fluctuation. This implies
that a de Sitter universe has no discernible thermodynamic arrow of time. However, there
would exist at least one other time arrow, tirelessly measuring eon after eon—and that, of
course, would be the cosmological arrow of time! So, does it mean that it actually is more
fundamental? We do not know. Hopefully, in the future we will be able to answer this
question. After all, in this article we did not presume to tell the future—merely to tell it
from the past.
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KGE Klein-Gordon equation
ZN Zeldovich and Novikov

Even the essential bibliography on the subject boggles the mind!
Or, shall we say, every pocket-watch?

Interestingly, the very first paper which has suggested the anthropic solution of the cosmological constant due to the dark energy
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For example, the Newtonian equations that govern the orbital movement of the planets in a Solar system are symmmetric with
respect to the change of t — —t. If somewhere in the universe there is a star system where the time is reversed, there would be no
way of knowing it just by observing the rotation of the planets!

A distance between two significantly distant objects in a rapidly expanding universe might grow faster than the speed of light.
According to the observational data, ours is one such universe, cf. [16,17]

This becomes important when one describes the phenomena of the phantom zone crossing
For the sake of brevity we omit the spatial variables in the argument of ¥ (¢, 7)

If the reader is of a mind that the quantum mechanics has no hand in these phenomena, we fully recommend an interesting article
by Andreas Albrecht and Daniel Phillips [24], which vividly demonstrates the tremendous rate at which the quantum uncertainty
becomes a dominant factor during the collisions of ordinary particles. For example, the behaviour of the Nitrogen molecules at
standard air temperature and pressure is essentially non-classical at all times, whereas for the water molecules taken at body
temperature the quantum uncertainty overcomes the classical randomness already after the first collision. Even for something as
inconspicuous as a game of billiards (or a snooker), on average the eight collisions on a pool table is enough for claiming that
the random movement of a billiard ball is now governed by an overgrown quantum uncertainty! Naturally, this applies with a
vengeance to all the phenomena that involve huge numbers of colliding molecules, including both the water and the air waves.

We are grateful to one of our referees who brought this example to our attention

If the vacuum with a positive energy density is metastable, the universe will have an expiration date and will not exist forever.
However, an estimated duration of time prior to decompactification is still so large, that it not just dwarfs the aforementioned
time period, it “quarkifies” it!
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