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Abstract

:

Nonlocal gravity (NLG) is a classical nonlocal generalization of Einstein’s theory of gravitation developed in close analogy with the nonlocal electrodynamics of media. It appears that the nonlocal aspect of the universal gravitational interaction could simulate dark matter. Within the Newtonian regime of NLG, we investigate the deviation of the gravitational force from the Newtonian inverse square law as a consequence of the existence of the effective dark matter. In particular, we work out the magnitude of this deviation in the solar system out to 100 astronomical units. Moreover, we give an improved lower limit for the short-range parameter of the reciprocal kernel of NLG.
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1. Introduction


The nonlocal treatment of material media in physics has a long history [1,2,3]. In its present form in electrodynamics, in particular, history dependence is taken into account in the constitutive properties of atomic media; that is, one retains the basic equations of Maxwell involving the electromagnetic fields   ( E , B )   and their excitations in the medium   ( D , H )  , but the constitutive connections between these fields become nonlocal due to history dependence. The resulting constitutive relations involve a nonlocal kernel that incorporates the atomic and molecular physics of the background medium [4,5,6]. Nonlocal gravity (NLG) is a classical nonlocal generalization of Einstein’s general relativity [7] that has been constructed in close formal analogy with the nonlocal electrodynamics of media [8,9,10]. There is no medium in the gravitational case; hence, the corresponding nonlocal kernel must ultimately be determined on the basis of observational data. The detailed physical motivation for the nonlocal extension of GR and a comprehensive treatment of NLG is contained in Ref. [10].



Einstein’s general relativity (GR) can be expressed in an exact form that resembles Maxwell’s electrodynamics. Indeed, there is a well-known teleparallel equivalent of general relativity (TEGR), which is the gauge theory of the group of spacetime translations [11]. Therefore, TEGR, though nonlinear, is formally analogous to electrodynamics and can be rendered nonlocal via history-dependent constitutive relations as in the nonlocal electrodynamics of media. In the resulting theory of nonlocal gravity (NLG), there is a fundamental preferred frame field in spacetime; moreover, the gravitational field is locally defined, but satisfies partial integro-differential field equations. Nonlocal gravity theory employs an extended geometric framework involving both the Riemannian curvature of spacetime and the Weitzenböck torsion of the preferred frame field. Furthermore, NLG is consistent with the universality of gravitational interaction and the principle of equivalence of inertial and gravitational masses that has strong observational support. Indeed, free test particles and null rays follow geodesics of the spacetime geometry, which ensures the universality of free fall within the framework of classical physics. The only known exact solution of the field equations of NLG is the trivial solution, namely, Minkowski spacetime in the absence of gravity. Thus far, the nonlinearity of NLG has prevented finding exact solutions for strong-field regimes such as those involving black holes or cosmological models [12]. However, linearized NLG and its Newtonian limit have been extensively studied [10,13].



Heuristically, NLG theory involves a kind of spatial and temporal average of the gravitational field over the past; that is, the gravitational memory of past events survives in some form in the field equations of NLG. When one writes the field equations of NLG in the same way as GR field equations, one finds that the source term contains, in addition to the standard symmetric energy–momentum tensor of matter, certain purely nonlocal gravity terms as well. These nonlocal gravity source terms, within the Newtonian regime of the NLG theory, help this theory recover the purely phenomenological Tohline–Kuhn modified gravity explanation of the “flat" rotation curves of spiral galaxies [14,15,16]. That is, the nonlocal aspect of universal gravitation appears to simulate dark matter. Therefore, it is natural to interpret the extra nonlocal gravity source terms of NLG in terms of nonlocally induced effective dark matter, which would be a remnant of the past gravitational events. In the Newtonian regime of NLG, which is briefly described in the next section, such a memory becomes instantaneous and reduces to a spatial average with a time-independent universal kernel. What is now considered dark matter in astrophysics and cosmology may indeed be the manifestation of the nonlocal component of the universal gravitational interaction [10,17,18,19].



In nonlocal electrodynamics, the kernel is based on the quantum physics of the medium; however, there is no medium in NLG. In this case, we must rely on astronomical data for the determination of the kernel. On the other hand, in conformity with the nonlocal electrodynamics of media, there is no Lagrangian for NLG. In fact, in Ref. [9] an action principle was formulated for linearized NLG that included a time-asymmetric nonlocal kernel in connection with the past history of the gravitational field. However, the nonlocal field equation that resulted from the variation of the action involved a time-symmetric kernel that violated causality. It seems that an action principle for NLG is in conflict with causality.



Within the Newtonian regime of NLG, the properties of effective dark matter and its distinguishing features in comparison with the standard dark matter paradigm have been the subject of recent investigations [17,18,19]. The main purpose of present work is to describe the general attributes of the gravitational force within the Newtonian regime of nonlocal gravity and study in detail its deviation from the Newtonian inverse square force law within the solar system.



1.1. Nonlocal Newtonian Gravity


The gravitational field equation of NLG reduces in the Newtonian limit to the nonlocal Poisson equation


   ∇ 2  Φ  ( x )  + ∫ χ  ( x − y )   ∇ 2  Φ  ( y )    d 3  y = 4 π G  ρ  ( x )   ,  



(1)




where  χ  is the universal kernel of NLG in the Newtonian regime. Here,   ρ ( x )   is the density of matter in a Cartesian system of coordinates,   x = ( x , y , z )  , G is Newton’s constant of gravitation and   Φ ( x )   is the corresponding gravitational potential. Regarding Equation (1), we note that temporal retardation vanishes and an average over the past reduces in the limit of instantaneous connection to a spatial average when one formally lets   c → ∞  . For the sake of simplicity, we have suppressed the possibility that  Φ  and  ρ  could, in principle, depend upon the instantaneous temporal coordinate t. Under physically reasonable mathematical conditions, it is possible to express Equation (1) in its reciprocal form


  4 π G  ρ  ( x )  + ∫ q  ( x − y )   [ 4 π G  ρ  ( y )  ]    d 3  y =  ∇ 2  Φ  ( x )   ,  



(2)




where q is the reciprocal kernel. This is the Poisson equation with an extra source term, namely,


   ∇ 2  Φ = 4 π G   ( ρ +  ρ D  )   ,   ρ D   ( x )  = ∫ q  ( x − y )  ρ  ( y )    d 3  y  .  



(3)




It is natural to interpret   ρ D   as the nonlocally induced density of effective dark matter. It is given by the convolution (“folding”) of the reciprocal kernel q with the density of matter  ρ . Therefore, the existence and distribution of effective dark matter in NLG is intimately connected with the material source and its distribution.



The reciprocal kernel q must be determined on the basis of observational data. On the other hand, NLG in the Newtonian regime requires that   q ( x )   be absolutely integrable as well as square integrable over all space [10,20]. Within the Tohline–Kuhn modified gravity scheme [14,15,16], which NLG recovers in the Newtonian regime of the theory, the flat rotation curves of the spiral galaxies had already led to the introduction of the spherically symmetric Kuhn kernel


   1  4 π  λ 0      1   | x − y |  2    ,  



(4)




where    λ 0  ∼ 1   kpc is the basic galactic length scale in this approach. To implement the mathematical requirements of NLG regarding q, we introduce two new length scales   a 0   and   μ 0  − 1    to moderate the short and long distance behaviors of the Kuhn kernel, respectively. This then leads to two possible simple positive spherically symmetric functions for q that have been studied in detail [10]. These functions, which are integrable as well as square integrable, are


   q 1   ( r )  =  1  4 π  λ 0       1 +  μ 0    (  a 0  + r )    r  (  a 0  + r )     e  −  μ 0   r    ,   q 2   ( r )  =  r   a 0  + r     q 1   ( r )   ,  



(5)




where Kuhn’s kernel is recovered for    a 0  =  μ 0  = 0   and   r = | x − y |  . For    a 0  = 0  ,    q 1  =  q 2  =  q 0   ,


   q 0   ( r )  =  1  4 π  λ 0       1 +  μ 0   r   r 2     e  −  μ 0   r    ,  



(6)




which is integrable but not square integrable. In fact,


  4  π   ∫ 0 r   q 0   ( s )   s 2   d s =  α 0    1 −  ( 1 +   1 2     μ 0  r )    e  −  μ 0  r     ,   α 0  : = 2 /  (  λ 0    μ 0  )   .  



(7)




The integral of   q 0   over all space is the dimensionless constant   α 0   and similarly,


  4  π   ∫ 0 ∞   q i   ( s )   s 2   d s =  α 0    w i   ,   w 1  = 1 −  1 2   ζ 0    e  ζ 0    E 1   (  ζ 0  )   ,   w 2  = 1 −  ζ 0    e  ζ 0    E 1   (  ζ 0  )   ,  



(8)




where


   ζ 0  : =  a 0   μ 0    



(9)




is another dimensionless constant. Here,    E 1   ( x )    for   x > 0   is the exponential integral function [21], namely,


   E 1   ( x )  =  ∫ x ∞    e  − t   t   d t  ,   E 1  ( n )    ( x )  =    d n   E 1    d  x n     ,   E 1  ( 1 )    ( x )  = −   e  − x   x  = −  E 0   ( x )   ,  



(10)






   E n   ( x )  : =  ∫ 1 ∞    e  − x t    t n    d t  ,    d  E n   ( x )    d x   = −  E  n − 1    ( x )   ,  x   E n   ( x )  =  e  − x   − n   E  n + 1    ( x )   ,  



(11)




where in the definition of    E n   ( x )   ,   n = 0 , 1 , 2 , ⋯  . Moreover,    q 0  >  q 1  >  q 2    for any finite radial coordinate r. It proves useful to define


   E i   ( r )  = 4 π  ∫ 0 r   [  q 0   ( s )  −  q i   ( s )  ]   s 2   d s  ;  



(12)




then, we have for   i = 1 , 2  ,


  4  π   ∫ 0 r   q i   ( s )   s 2   d s = −  E i  +  α 0    1 −  ( 1 +   1 2     μ 0  r )    e  −  μ 0  r     ,  



(13)




where


   E 1   ( r )  =  1 2   α 0    ζ 0    e  ζ 0    [  E 1   (  ζ 0  )  −  E 1   (  ζ 0  +  μ 0  r )  ]   ,  



(14)






   E 2   ( r )  = 2   E 1   ( r )  −  1 2   α 0    ζ 0      μ 0  r    μ 0  r +  ζ 0     e  −  μ 0   r    .  



(15)




The quantities    E 1   ( r )    and    E 2   ( r )    are positive monotonically increasing functions that start from zero at   r = 0   and approach    E i   ( ∞ )  =  ( 1 −  w i  )   α 0  > 0   as   r → ∞  . In fact, with   w i  ,   i = 1 , 2  , given by Equation (8),    E 1   ( ∞ )  =   1 2    α 0    ζ 0    e  ζ 0    E 1   (  ζ 0  )    and    E 2   ( ∞ )  = 2   E 1   ( ∞ )   .



The effective dark matter in NLG has some specific attributes that must be mentioned here. Consider a point particle of mass m that is located at   x m  ; then, Equation (3) implies


  ρ  ( x )  = m  δ  ( x −  x m  )   ,   ρ D   ( x )  = m  q  ( x −  x m  )   .  



(16)




The reciprocal kernel q is spherically symmetric by assumption; therefore, the point particle of mass m is surrounded by a spherical distribution of effective dark matter of density   m  q   that extends to infinity and decays exponentially to zero with a decay length of   μ 0  − 1   . The strength of this distribution is characterized by the Tohline–Kuhn parameter    λ 0  ∼ 1   kpc; indeed, the effective dark matter disappears for    λ 0  → ∞  .



The net effective dark matter   m D   corresponding to point mass m is given by


   m D  = m  ∫ q  ( x )    d 3  x  = m  α 0   w .  



(17)




Extending Equation (16) to a distribution of a large number of point particles, it follows that   ρ D   is always finite for a Newtonian astronomical system; moreover,   ρ D   traces out, albeit in an extended and diffuse manner, the form of the matter distribution. Therefore, the distribution of the effective dark matter in NLG is quite different from the standard dark matter paradigm. The fact that   ρ D   is the convolution of the reciprocal kernel q with the density of matter  ρ  can be used to estimate the local density of effective dark matter according to NLG in our solar neighborhood [22]. Moreover, it is an important property of the convolution that the total effective dark matter over all space is given by


   M D  = ∫  ρ D   ( x )   d 3  x = ∫ q  ( x )    d 3  x ∫ ρ  ( x )    d 3  x =  α 0   w  M  ,  



(18)




where M is the mass of the source. This is a natural generalization of Equation (17) for an extended system. We can use these considerations to estimate the amount of dark matter within a given galaxy by calculating approximately the portion of   M D   that is confined within the boundaries defined for the galaxy [17,19].




1.2. Gravitational Force in NLG


In NLG, as in GR, free test particles follow future-directed timelike geodesics of the spacetime metric. Naturally, in the transition from NLG to its Newtonian regime, the speed of light formally approaches infinity in the same way as in GR and the gravitational force on a test particle of inertial mass m in a gravitational potential   Φ ( x )   is thus given by the Newtonian result


  F ( x ) = − m ∇ Φ ( x )  .  



(19)







Imagine a point particle of mass m at   x m   as in Equation (16); in this case, Equation (3) implies that the gravitational potential is due to the point mass m as well as its cocoon of effective dark matter. The latter forms a spherical distribution centered on m with density   m q  . Imagine now another point particle of mass   m ′   located at   x ′  . The gravitational force on   m ′   due to m can be calculated using Equation (19); indeed, the result is


   F NLG   (  x ′  )  = G  m ′     x m  −  x ′     |   x m  −  x ′    |  3     m + m  ∫ 0   |   x m  −  x ′   |    4  π   s 2  q  ( s )  d s   ,  



(20)




where the first term in the square brackets is simply the Newtonian result due to point mass m, while the second term is due to its cocoon, namely, the spherical distribution of effective dark matter of density   m q   surrounding m. We have employed Newton’s shell theorem here, since   m ′   is affected only by the attractive force of the portion of the cocoon that is within a sphere centered on m of radius    |   x m  −  x ′   |   , the distance from m to   m ′  . In fact,   m ′   is unaffected by the remaining mass of the cocoon as a direct consequence of Newton’s shell theorem. Furthermore, this theorem states that the spherical portion of the effective dark matter of radius    |   x m  −  x ′   |    acts as though it were concentrated at   x m  . It follows that


   F NLG   (  x ′  )  = G  m ′  m    x m  −  x ′     |   x m  −  x ′    |  3     1 + Δ ( |  x m  −  x ′  | )   ,  



(21)




where Equation (13) implies


  Δ  ( r )  =  ∫ 0 r  4  π   s 2  q  ( s )   d s = − E  ( r )  +  α 0    [ 1 −  ( 1 +   1 2     μ 0  r )    e  −  μ 0  r   ]   .  



(22)




Here,  Δ  contains the contribution of the effective dark matter and   E ( r )  , which vanishes when    a 0  = 0  , has been defined in Equations (14) and (15). We note that   Δ ( r )   is a positive monotonically increasing function that starts from zero at   r = 0   and asymptotically approaches   Δ  ( ∞ )  =  α 0  w   in accordance with Equation (8).



We can now extend   F NLG   to a matter distribution. That is, the NLG force on a point mass m at  x  due to a matter distribution with density   ρ ( x )   is given by


   F NLG   ( x )  = − G m ∫  1 + Δ ( | x − y | )     x − y    | x − y |  3   ρ  ( y )    d 3  y  .  



(23)




Let us first imagine that we are in the exterior of a finite astronomical source. As we move away from the source, the gravitational attraction increases due to the effective dark matter and eventually the Newtonian inverse square law is recovered; that is, very far from the source,    | x − y |  ≫  μ 0  − 1     and we find    Δ ( | x  −  y | )  ≈  α 0  w  . Hence, Equation (23) reduces to the Newtonian result


   F NLG   ( x )  ≈ − G  ( 1 +  α 0  w )  m ∫   x − y    | x − y |  3   ρ  ( y )    d 3  y  ,  



(24)




except that Newton’s constant G has now been replaced in effect by   G ( 1 +  α 0  w )  . For   | x | ≫ | y |  , we have to lowest order in   | y | / | x |  ,


   F NLG   ( x )  ≈ − G  ( 1 +  α 0  w )  m M  x   | x |  3    ,  



(25)




where M is the mass of the source and   ( 1 +  α 0  w ) M   is its mass plus its associated net effective dark matter. For a galactic source, the corresponding rotation curve, where the attractive acceleration of gravity equals the centripetal acceleration of circular motion, is then essentially Newtonian very far from the galaxy. This consequence of NLG appears to be consistent with the conclusion of a recent study of the far-flung rotation data of the Milky Way and M31 [23].



For the sake of completeness, let us mention that the gravitational potential in NLG for a matter distribution of density  ρ  is given by


       NLG   Φ i   ( x )  =     − G  ∫ [ 1 −  E i   ( ∞ )  +  α 0   ( 1 −  e  −  μ 0  r   )         +  r  λ 0    ( 1 + i   a 0  r  )   e  ζ 0    E 1   (  ζ 0  +  μ 0  r )  ]    ρ ( y )   | x − y |     d 3  y  ,     



(26)




where   r = | x − y |   and   i = 1 , 2  , corresponding to   q 1   and   q 2  , respectively. In fact, one can show explicitly using Equation (23) that    F NLG   ( x )  = − m   ∇ NLG  Φ  ( x )   .



In Equation (3), for the effective dark matter density   ρ D  ,   q = 0   leads to    ρ D  = 0   and we recover Poisson’s equation of Newtonian gravity that is a consequence of the inverse square law. Therefore, we expect that NLG leads to deviations from the inverse square law as a result of the existence of the effective dark matter. On small laboratory scales, there has been great progress in verifying Newton’s law of gravitation down to a distance of about 50 μm and efforts are under way to explore even smaller distances [24,25,26,27,28,29]. For the sake of completeness, we mention here that the leading quantum correction to the Newtonian gravitational potential,   − G M / r  , due to mass M is given by [30]


  −   G M  r   1 +  17  20 π     L P 2   r 2     ,  



(27)




where    L P  =   ( ℏ G /  c 3  )   1 / 2   ≈  10  − 33     cm is the Planck length. In NLG, G is a constant of nature as well, since there is no firm observational evidence in support of a variable G. Meanwhile, terrestrial experiments regarding Newton’s law and the measurement of Newton’s constant of gravitation G continue at present [31,32]. On the other hand, interesting experiments have been proposed recently to measure directly deviations from the inverse square law of gravity in the solar system out to 100 astronomical units (AU) and beyond [33,34,35,36]. In any case, modifications are expected due to the presence of dark matter [37]. Finally, on larger galactic scales, we expect to determine the reciprocal kernel q from the rotation curves of spiral galaxies. By fitting the predictions of NLG with observational data, we hope to find   a 0  ,   α 0   and   μ 0  . However, in connection with the short-distance parameter   a 0  , reliable rotational data is not available very close to the center of the galactic bulge. It therefore appears that we could ignore the short-range parameter   a 0   when we compare the predictions of NLG with the rotation curves of spiral galaxies. In this way,   α 0   and   μ 0   have been determined; in fact,


   α 0  = 10.94 ± 2.56  ,   μ 0  = 0.059 ± 0.028    kpc   − 1    ,   λ 0  =  2   α 0    μ 0    ≈ 3 ± 2  kpc   



(28)




based on the observational data regarding nearby galaxies and clusters of galaxies [38]. We should mention the possibility that the three parameters of the reciprocal kernel could in principle depend upon cosmological time; here, however, we assume that they refer to the present cosmological epoch [10]. Regarding the observational determination of   a 0  , we note that a lower bound for   a 0  , namely,    a 0  ≳  10 15    cm, or about 100 AU, was calculated in 2015 using the solar system data available at that time in connection with the perihelion precession rate of Saturn [39]. The implications of NLG for the solar system crucially depend on the value of   a 0   and we will employ current solar system data to improve the lower bound on   a 0   in Section 4.



The aim of this paper is to present a general discussion of the gravitational force within the framework of NLG; in particular, we henceforth focus on deviations from the inverse square law of gravitation in the solar system out to 100 AU and beyond, which could be measurable in principle via future experiments [33,34,35,36].





2. NLG Force in the Solar System


Let us start with Equation (23) for the force of gravity according to NLG due to a compact object such as a star. We are interested in the force in the exterior of the source,   | x | > | y |  , but with


   | x − y |  ≪  μ 0  − 1   ≈ 17  kpc  .  



(29)




This is the situation of interest in connection with solar system experimental proposals contained in Refs. [33,34,35,36]. In view of Equation (29), we want to expand   Δ ( r )   in Equation (23) in powers of    μ 0  r ≪ 1  . To this end, we start with Equation (22), where   E ( r )   is given by Equations (14) and (15). For   E 1   in Equation (14), let us expand    E 1   (  ζ 0  +  μ 0  r )    in a Taylor series about    E 1   (  ζ 0  )    to obtain


   E 1   ( r )  = −  1 2   α 0   ζ 0   e  ζ 0    ∑  n = 1  ∞     (  μ 0  r )  n   n !    E 1  ( n )    (  ζ 0  )   .  



(30)




From the definition of the exponential integral function in Equation (10), we find for   n = 0 , 1 , 2 , ⋯  ,


   E 1  ( n + 1 )    ( x )  =   ( − 1 )   n + 1   n !    e  − x    x  n + 1      W n   ( x )   ,  



(31)




where   W n   is a polynomial of degree n defined by


   W n   ( x )  : =  ∑  k = 0  n    x k   k !    .  



(32)




For   n → ∞  ,    W n   ( x )  →  e x   . Furthermore, in terms of these polynomials, we have for    E 2   ( r )    in Equation (15),


    a 0    a 0  + r    e  −  μ 0  r   =  ∑  n = 0  ∞    ( − 1 )  n   W n   (  ζ 0  )     r  a 0    n   ,  



(33)




where   r <  a 0    by assumption. Then, putting these results together, we have


   E 1   ( r )  =  r  λ 0    ∑  n = 0  ∞     ( − 1 )  n   n + 1    W n   (  ζ 0  )     r  a 0    n    



(34)




and


   E 2   ( r )  =  r  λ 0    ∑  n = 0  ∞    ( − 1 )   n + 1      n − 1   n + 1     W n   (  ζ 0  )     r  a 0    n   .  



(35)




Remarkably, our expansions in powers of    μ 0  r ≪ 1  , where    μ 0  − 1   ≈ 17   kpc is the long-range parameter of the reciprocal kernel q, end up being in effect expansions in powers of   r /  a 0   , where   a 0   is the short-range parameter of q. Writing Equation (22) in the form


  Δ  ( r )  = − E  ( r )  +  r  λ 0    ∑  n = 0  ∞    ( − 1 )   n + 1      n − 1   ( n + 1 ) !     ζ 0 n     r  a 0    n   ,  



(36)




we obtain expansions


     ( 1 )   Δ  ( r )  =  r  λ 0    ∑  n = 1  ∞     ( − 1 )   n + 1    n + 1     W n   (  ζ 0  )  +   n − 1   n !    ζ 0 n      r  a 0    n    



(37)




and


     ( 2 )   Δ  ( r )  =  r  λ 0    ∑  n = 1  ∞    ( − 1 )   n + 1    n  n + 2     W n   (  ζ 0  )      r  a 0     n + 1    ,  



(38)




for   q 1   and   q 2  , respectively.



Let us write  Δ  in Equation (23) as


   Δ ( | x  −  y | )  =  ∑  n = 2  ∞   Δ n   (  ζ 0  )      | x − y |  n    λ 0   a 0  n − 1      ,  



(39)




where    Δ n   (  ζ 0  )    are dimensionless functions of    ζ 0  =  μ 0   a 0   . Comparing relations (37) and (38) with Equation (39), we conclude that for   n = 2 , 3 , 4 , ⋯  ,


     ( 1 )    Δ n   (  ζ 0  )  =    ( − 1 )  n  n    W  n − 1    (  ζ 0  )  +   n − 2   ( n − 1 ) !    ζ 0  n − 1      



(40)




and


     ( 2 )    Δ n   (  ζ 0  )  =   ( − 1 )   n − 1      n − 2  n    W  n − 2    (  ζ 0  )   ,  



(41)




where    W n   (  ζ 0  )  =  ∑  k = 0  n   ζ 0 k  / k !  . Therefore, depending on whether we use   q 1   or   q 2  , we find


     ( 1 )   Δ  ( r )  =  1 2   ( 1 +  ζ 0  )    r 2    λ 0   a 0    −  1 3   ( 1 +  ζ 0  +  ζ 0 2  )    r 3    λ 0   a 0 2    +  1 4   ( 1 +  ζ 0  +   1 2    ζ 0 2  +   1 2    ζ 0 3  )    r 4    λ 0   a 0 3    − ⋯   



(42)




or


     ( 2 )   Δ  ( r )  =  1 3   ( 1 +  ζ 0  )    r 3    λ 0   a 0 2    −  1 2   ( 1 +  ζ 0  +   1 2    ζ 0 2  )    r 4    λ 0   a 0 3    + ⋯  ,  



(43)




respectively. We expect that these series converge for   r <  a 0   . It is straightforward to calculate higher-order terms in these series, which we must substitute in Equation (23) in order to calculate general NLG deviations from Newton’s law of universal gravitation. This is explicitly illustrated in the rest of this section for a spherically symmetric source.



2.1. Spherically Symmetric Distribution of Matter


Imagine a spherically symmetric distribution of matter confined within a sphere of finite radius   r 0  . Each point particle of mass m has an accompanying sphere of effective dark matter of density   m q   surrounding it and the spherical symmetry of mass distribution naturally results in an effective dark matter distribution that is spherically symmetric and concentric with the matter distribution. To see this in detail, consider a Cartesian coordinate system   ( x , y , z )   with its origin at the center of the spherical source of radius   r 0  . In the convolution formula for    ρ D   ( x )    in Equation (3), let the orientation of the coordinate system be such that   x = ( 0 , 0 , r )   and   y = ( y sin θ cos ϕ , y sin θ sin ϕ , y cos θ )  , with no loss in generality. Then, after integration over the azimuthal angle  ϕ , we can write


   ρ D   ( r )  = 2 π ∫ ρ  ( y )    y 2   d y  q  ( U )  sin θ  d θ  ,  



(44)




where


  U : =  | x − y |  =   (  r 2  − 2 r y cos θ +  y 2  )   1 / 2    ,    ∂ U   ∂ ( cos θ )   = −   r y  U   .  



(45)




The integration over the remaining angular coordinate is straightforward and results in


   ρ D   ( r )  =   2 π  r   ∫ 0  r 0    ρ  ( y )   y  [ Ψ  ( r + y )  − Ψ ( | r − y | ) ]  d y  ,   



(46)




where


  Ψ  ( s )  =  ∫ s  q  ( u )  u  d u  .  



(47)







Let us next calculate the gravitational force experienced by a test point particle of mass m due to the concentric spherical distributions of  ρ  and   ρ D  . The result is simply obtained via Newton’s shell theorem, namely, the attractive force of gravity is radial with magnitude    F N  +  F D   , where   F N   is the strictly Newtonian part due to  ρ ; that is,


   F N   ( R )  =   4 π G m   R 2    ∫  0  R  ρ  ( r )   r 2   d r  ,   F D   ( R )  =   4 π G m   R 2    ∫  0  R   ρ D   ( r )   r 2   d r  ,  



(48)




where R is the distance from m to the common center of  ρ  and   ρ D  .



In Appendix A,    ρ D   ( r )    is explicitly worked out for a spherical source of constant density   ρ 0  . In this case, an exact analytic formula can be obtained for the force   F D   due to effective dark matter. On the other hand, we are interested in the deviations of the gravitational force from the inverse square law in the solar system in connection with recent experimental proposals [33,34,35,36]; therefore, for practical purposes, we use the approximation scheme involved in expansions (42) and (43) to derive an alternative formula for    F D   ( R )    as described below.




2.2. Alternative Formula for    F D   ( R )   


Alternatively, we can use Equation (23) to compute the gravitational force in NLG when the source of mass M is spherically symmetric and confined within a sphere of radius   r 0  . To compute the relevant integral in Equation (23), we employ the same approach as in the previous subsection in order to find the gravitational force on m when it is located outside the source, namely,   R >  r 0   . The force is then along the negative z direction and has magnitude    F N  +  F D   , where the Newtonian part is simply given by    F N  = G m M /  R 2    and the effective dark matter part is given by


   F D   ( R )  = 2 π G m  ∫  0   r 0   ρ  ( y )   y 2   d y  ∫  − 1  1    Δ ( U )   U 3    ( R − y cos θ )   d  ( cos θ )   ,  



(49)




where  U  is defined by


  U : =   (  R 2  − 2 R y cos θ +  y 2  )   1 / 2    .  



(50)







In principle, expansions (42) and (43) could be continued for   U <  a 0    and the resulting convergent infinite series could be used in Equation (49) to determine the contribution of effective dark matter to the gravitational force. That is, let us expand   Δ ( U )   in powers of  U  as in Equation (39). Then, with


  R − y cos θ =  1  2 R    (  U 2  +  R 2  −  y 2  )    



(51)




and employing the same integration approach as above, we can write Equation (49) in the form


   1 m   F D   ( R )  =   4 π G   R 2    ∑  n = 2  ∞     Δ n   (  ζ 0  )     (  n 2  − 1 )   λ 0   a 0  n − 1      ∫  0   r 0    I n   ( y ; R )  ρ  ( y )   y 2   d y  .  



(52)




Here, we have introduced


   I n   ( y ; R )  =  1  2 y     ( n R − y )    ( R + y )  n  −  ( n R + y )    ( R − y )  n    ,  



(53)




which is an even function of y, while    I n   ( y ; − R )  =   ( − 1 )  n   I n   ( y ; R )   . We note that    I n   ( 0 ; R )  =  (  n 2  − 1 )   R n   ; moreover,    I n   ( y ; 0 )  = −  y n    for   n =   even, while    I n   ( y ; 0 )  = 0   for   n =   odd. Specifically,


         I 2   ( y ; R )  = 3  R 2  −  y 2   ,   I 3   ( y ; R )  = 8  R 3   ,   I 4   ( y ; R )  = 15  R 4  + 10  R 2   y 2  −  y 4   ,           I 5   ( y ; R )  = 24  R 5  + 40  R 3   y 2   ,   I 6   ( y ; R )  = 35  R 6  + 105  R 4   y 2  + 21  R 2   y 4  −  y 6   , ⋯ .     



(54)




Plugging these expressions into Equation (52), we find that the deviation from the Newtonian gravitational force involves the even moments of the mass density  ρ .



To illustrate this general approach, we next calculate the NLG modification of the gravitational force explicitly for a spherical source of constant density   ρ 0  .




2.3.    F D   ( R )    for a Spherical Source of Constant Density


Let us now assume that the density of matter is constant and equal to   ρ 0   such that the mass of the source is given by


  M =   4 π  3   ρ 0    r 0 3   .  



(55)




Then, the integration over the source in Equation (52) can be simply carried through and the result takes the form


   1 m   F D   ( R )  =   G M    λ 0   a 0      Δ 2   1 −  1 5    r 0 2   R 2    +  Δ 3   R  a 0   +  Δ 4   1 +  2 5    r 0 2   R 2   −  1 35    r 0 4   R 4      R 2   a 0 2   + ⋯   ,  



(56)




where we can now substitute    Δ n   (  ζ 0  )    from either Equation (40) or (41) to determine the force due to the effective dark matter depending on whether we use reciprocal kernel   q 1   or   q 2  . Therefore, outside the source, we have the important result


     F D   ( R )     F N   ( R )    =   R 2    λ 0   a 0      Δ 2   1 −  1 5    r 0 2   R 2    +  Δ 3   R  a 0   +  Δ 4   1 +  2 5    r 0 2   R 2   −  1 35    r 0 4   R 4      R 2   a 0 2   + ⋯   .  



(57)







As mentioned before, we are interested in the experiments [33,35] that propose to measure deviations from Newton’s inverse square law in the solar system at the level of about   10  − 7    out to a distance of 100 AU. Let us note that with    a 0  ≳ 100   AU, the amplitude of NLG deviation from the inverse square law given by Equation (57) at   R = 100   AU is


    R 2    λ 0   a 0    ≲  R  λ 0   ≈ 1.5 ×  10  − 7    ,  



(58)




where    λ 0  ≈ 3   kpc in agreement with Equation (28). Furthermore, for the Sun,    r 0  =  R ⊙  ≈ 5 ×  10  − 3     AU; therefore, beyond the orbit of the Earth, terms of order    r 0 2  /  R 2    and higher may be neglected in Equations (56) and (57). This means that the NLG deviation from the Newtonian acceleration of gravity beyond the orbit of the Earth can be approximated by


     F D   ( R )     F N   ( R )    ≈   R 2    λ 0   a 0     ∑  n = 0  ∞   Δ  n + 2    (  ζ 0  )     R  a 0    n   ,  



(59)




which is due to the effective dark matter of the Sun. General expressions for      ( 1 )    Δ  n + 2    (  ζ 0  )    and      ( 2 )    Δ  n + 2    (  ζ 0  )   ,   n = 0 , 1 , 2 , ⋯  , are given in Equations (40) and (41).



The effective dark matter of the Sun affects the planetary orbits as well. The extra acceleration of gravity experienced by a planet outside the orbit of the Earth is given by


      1 m   F D     ( R )  |   q =  q 1    ≈   G  M ⊙     λ 0   a 0        [  1 2   ( 1 +  ζ 0  )  −  1 3   ( 1 +  ζ 0  +  ζ 0 2  )   R  a 0          +  1 4   ( 1 +  ζ 0  +   1 2    ζ 0 2  +   1 2    ζ 0 3  )    R 2   a 0 2   + ⋯ ]      



(60)




or


   1 m   F D     ( R )  |   q =  q 2    ≈   G  M ⊙     λ 0   a 0      1 3   ( 1 +  ζ 0  )   R  a 0   −  1 2   ( 1 +  ζ 0  +   1 2    ζ 0 2  )    R 2   a 0 2   + ⋯   ,  



(61)




depending upon whether we use   q 1   or   q 2   for the reciprocal kernel of NLG. We now turn to the general implications of Equation (56) for the orbits of planets in the solar system.





3. NLG: Planetary Orbits in the Solar System


Imagine a planet of mass m in orbit about a star of mass M within the framework of Newtonian mechanics. This is the standard classical two-body problem in Newtonian celestial mechanics and it is possible to formulate it exactly within the Newtonian regime of NLG by taking due account of the effective dark matter of the star as well as the planet. To simplify matters, however, we write the equation of relative motion in our case as


     d 2  R   d  t 2    +   G M R   R 3   = − F  ( R )    R R   ,  



(62)




where we have assumed   m ≪ M  ,   M + m ≈ M   and that the force due to the planet’s effective dark matter can be neglected. Here,   F ( R )   is the magnitude of the perturbing function due to the effective dark matter of the star. The NLG perturbing force is central, attractive and conservative; hence, the relative orbit is planar. In the background Cartesian coordinate system   ( X , Y , Z )  , let   ( X , Y )   be the orbital plane; moreover, we introduce polar coordinates   ( R , φ )   such that   X = R cos φ   and   Y = R sin φ  . The unperturbed relative orbit is an ellipse in the   ( X , Y )   plane with one of its foci at the origin of coordinates. That is, when we turn off the perturbation in Equation (62),   R = ( X , Y , Z )   with   Z = 0   and


  R =    A 0   ( 1 −  E 0 2  )    1 +  E 0  cos  ( φ −  G 0  )     ,  



(63)




where   A 0  ,   E 0   and   G 0   are the semimajor axis, eccentricity and argument of the pericenter of the unperturbed relative orbit, respectively. The unperturbed pericenter has coordinates


   A 0   ( 1 −  E 0  )   ( cos  G 0  , sin  G 0  , 0 )   .  



(64)




Moreover, motion along the unperturbed orbit takes place such that


    d φ   d t   =   L 0   R 2    ,   L 0  =   [ G M  A 0   ( 1 −  E 0 2  )  ]   1 / 2    ,  



(65)




where   m  L 0    is the orbital angular momentum of the unperturbed relative orbit. Let T be the period of the unperturbed orbit, then the Keplerian frequency  Ω  is given by


  Ω =   2 π  T   ,   Ω 2  =   G M   A 0 3    .  



(66)







For the perturbed system (62), the instantaneous position and velocity of the relative motion define an osculating ellipse that is momentarily tangent to the perturbed orbit; therefore, the perturbed relative motion can be described via the evolution of the osculating ellipse given by the Lagrange planetary equations [40]. In the present planar case, the Lagrange planetary equations reduce to


    d A   d t   = −   2 E sin ( φ − G )   Ω   ( 1 −  E 2  )   1 / 2      F  ( R )   ,  



(67)






    d E   d t   =   1 −  E 2    2 A  E      d A   d t    ,  



(68)






    d G   d t   =    ( 1 −  E 2  )   1 / 2    A  E  Ω    F  ( R )  cos  ( φ − G )   .  



(69)







To reveal the long-term behavior of the perturbed Keplerian system (62), we average over the “fast" Keplerian motion of frequency  Ω . In our approximation scheme, we define the average of a function f by


  < f > =  1 T    ∫ 0 T  f d t =  1  2 π     ( 1 −  E 0 2  )   3 / 2    ∫ 0  2 π     f ( φ ) d φ    [ 1 +  E 0  cos  ( φ −  G 0  )  ]  2    ,  



(70)




where Equations (63)–(66) for the unperturbed orbit have been employed. Let us now write


  F  ( R )  =  ∑  n = 0  ∞   F n   R n   ,   F n  =   G M    λ 0   a 0  n + 1      Δ  n + 2    ,  



(71)




using Equation (59). Here, R is given by Equation (63) for the unperturbed orbit. Averaging Equations (67) and (68), we find


     d A   d t    =    d E   d t    = 0  ,  



(72)




which means that on average the shape and size of the orbit remain unchanged. Moreover, the Keplerian ellipse slowly precesses and the rate of precession is given by


     d G   d t    = −  1   E 0   Ω    ∑  n = 0  ∞   A 0  n − 1     ( 1 −  E 0 2  )   n + 2    F n    I n   ,  



(73)




where


   I n  = −  1  2 π    ∫   η 0     η 0  + 2 π     cos η  d η    ( 1 +  E 0  cos η )   n + 2     .  



(74)




Here,   η 0   is a constant. By taking derivatives of the integrals below with respect to the eccentricity   E 0  ,


   1  2 π    ∫   η 0     η 0  + 2 π     d η   1 +  E 0  cos η   =  1   ( 1 −  E 0 2  )   1 / 2     ,   1  2 π    ∫   η 0     η 0  + 2 π     d η    ( 1 +  E 0  cos η )  2   =  1   ( 1 −  E 0 2  )   3 / 2    ,  



(75)




we can evaluate   I 0   and   I 1  . More generally,


   E 0     ∂  I n    ∂  E 0    =  ( n + 2 )   [  I  n + 1   −  I n  ]   .  



(76)




In this way, we find


   I 0  =   E 0    ( 1 −  E 0 2  )   3 / 2     ,   I 1  =  3 2    E 0    ( 1 −  E 0 2  )   5 / 2     ,   I 2  =  1 2     ( 4 +  E 0 2  )   E 0     ( 1 −  E 0 2  )   7 / 2     ,    etc .    



(77)




Substituting these results in Equation (73), we find for the rate of pericenter precession


     d G   d t    = −   G M    λ 0   a 0       ( 1 −  E 0 2  )   1 / 2     A 0   Ω     Δ 2  +  3 2   Δ 3    A 0   a 0   +  1 2   Δ 4   ( 4 +  E 0 2  )    A 0 2   a 0 2   + ⋯   .  



(78)




This general result can also be obtained by studying the average motion of the Runge–Lenz vector, as explained below.



Precession of the Runge–Lenz Vector


For the perturbed Keplerian system (62), we define the Runge–Lenz vector  Q  by


  Q : = V × L − G M   R R   ,  



(79)




where   V = d R / d t   and   L = R × V   are the relative velocity and specific orbital angular momentum of the relative motion, respectively. The latter is in the Z direction and has magnitude L. It follows from Equations (62) and (79) that


    d Q   d t   = − F  ( R )    R R  × L = L  F   ( − sin φ , cos φ , 0 )   ,  



(80)




in the background Cartesian system of coordinates. For the unperturbed orbit,  Q  is a constant of the motion and is given by


   Q 0  : = G M  E 0    ( cos  G 0  , sin  G 0  , 0 )   .  



(81)




The Runge–Lenz vector points in the direction of the pericenter and its magnitude is characterized by the eccentricity of the orbit; indeed, it vanishes for a circular Keplerian orbit.



For a small perturbing function as in Equation (62), the rate of temporal variation of  Q  is “slow”; therefore, its overall precession becomes evident once we average Equation (80) over the “fast” Keplerian motion. Employing the same averaging procedure as in the first part of this section, we find


     d Q   d t    = Q   ( − sin  G 0  , cos  G 0  , 0 )   ,  



(82)




where


  Q = −  L 0   ∑  n = 0  ∞   A 0 n    ( 1 −  E 0 2  )   n + 3 / 2    F n    I n   .  



(83)




In computing the average in Equation (82), we have assumed   φ −  G 0  = η   and used the integrals


   1  2 π    ∫  0   2 π     sin φ  d φ    [ 1 +  E 0  cos  ( φ −  G 0  )  ]   n + 2    = −  I n   sin  G 0   ,  



(84)






   1  2 π    ∫  0   2 π     cos φ  d φ    [ 1 +  E 0  cos  ( φ −  G 0  )  ]   n + 2    = −  I n   cos  G 0   ,  



(85)




where   I n   is given by Equation (74).



Finally, we can write


     d Q   d t    = ω ×  Q 0   ,  



(86)




where frequency  ω  points in the Z direction and its magnitude  ω  is the rate of pericenter precession. Therefore,


  ω =  Q  G M  E 0    = −  1   E 0  Ω    ∑  n = 0  ∞   A 0  n − 1     ( 1 −  E 0 2  )   n + 2    F n    I n   ,  



(87)




in agreement with Equation (73).





4. Improved Lower Bound for   a 0  


The nonlocal modifications of gravity in the solar system crucially depend on the short-range parameter   a 0   of the reciprocal kernel. To emphasize this point, let us write the result of the previous section for the perihelion precession frequency of planets beyond the Earth more explicitly as follows:


       ω |   q =  q 1    =      −  1 2  Ω   A 0 2    λ 0   a 0       ( 1 −  E 0 2  )   1 / 2   [ 1 +  ζ 0  −  ( 1 +  ζ 0  +  ζ 0 2  )    A 0   a 0            +  ( 1 +  ζ 0  +   1 2    ζ 0 2  +   1 2    ζ 0 3  )   ( 1 +   1 4    E 0 2  )    A 0 2   a 0 2   − ⋯ ]  ,     



(88)






       ω |   q =  q 2    =      −  1 2  Ω   A 0 2    λ 0   a 0       ( 1 −  E 0 2  )   1 / 2   [  ( 1 +  ζ 0  )    A 0   a 0            − 2  ( 1 +  ζ 0  +   1 2    ζ 0 2  )   ( 1 +   1 4    E 0 2  )    A 0 2   a 0 2   + ⋯ ]  ,     



(89)




where  Ω  is the Keplerian frequency of the planetary orbit and    ζ 0  =  a 0   μ 0   . In these expressions, the terms in the square brackets up to and including those proportional to    A 0  /  a 0    agree with the results of previous work [10,39]; however, terms of order    (  A 0  /  a 0  )  2   and higher are new.



In principle, solar system observations can be used to limit the magnitude of the short-distance parameter   a 0   [41]. In 2015, observational data regarding the rate of perihelion precession of Saturn was employed to set an important lower bound on   a 0   of about   10 15   cm; in fact,    a 0  ≳ 2 ×  10 15    cm if   q 1   was used for the reciprocal kernel of NLG in the Newtonian regime, whereas    a 0  ≳   1 2   ×  10 15    cm if   q 2   was used [39]. Specifically, to avoid conflict with high-precision ephemerides, it was assumed that nonlocal gravity should not produce an extra shift in the perihelion precession of Saturn that in absolute magnitude would be greater that   2 ×  10  − 3     seconds of arc per century. To obtain a significant lower bound on   a 0   in this way, the planetary orbit should be rather far from the Sun [39]. Indeed, Saturn’s orbit has a semimajor axis    A 0  ≈ 9.58   AU, eccentricity    E 0  ≈ 0.0565   and an orbital period   T ≈ 29.46   yr. In the meantime, improved data for the rate of perihelion precession of Saturn has become available [42]. Based on the new data, we can now assume that the absolute magnitude of the extra contribution of nonlocal gravity to the rate of perihelion precession of Saturn must not exceed   0.67 ×  10  − 3     seconds of arc per century. This conservative estimate increases by a factor of 3 the lower limit on   a 0  . That is, if the reciprocal kernel of nonlocal gravity is   q 1  , we find    a 0  ≳ 400   AU. However, if the reciprocal kernel is   q 2  , we find    a 0  ≳ 100   AU.




5. Discussion


This paper goes beyond the preliminary calculations contained in previous work [10,39] and presents a general treatment of the NLG deviations from the inverse square law of gravity in the solar system. To obtain explicit expressions for the deviations due to NLG, we have assumed that the Sun has uniform density and is spherically symmetric. These simplifying assumptions in the specific case of classical nonrelativistic nonlocal modification of Newtonian gravity are adequate at present; however, better approximations may be necessary when detailed observational data become available in the future. In any case, with these assumptions the force of gravity on a point mass m at a distance R from the Sun is radial toward the Sun in NLG and is given by


       G m  M ⊙    R 2        [ 1 +  1 2   ( 1 +  ζ 0  )    R 2    λ 0   a 0    −  1 3   ( 1 +  ζ 0  +  ζ 0 2  )    R 3    λ 0   a 0 2           +  1 4   ( 1 +  ζ 0  +   1 2    ζ 0 2  +   1 2    ζ 0 3  )    R 4    λ 0   a 0 3    + ⋯ ]      



(90)




or


    G m  M ⊙    R 2     1 +  1 3   ( 1 +  ζ 0  )    R 3    λ 0   a 0 2    −  1 2   ( 1 +  ζ 0  +   1 2    ζ 0 2  )    R 4    λ 0   a 0 3    + ⋯   ,  



(91)




depending upon whether the reciprocal kernel is chosen to be   q 1   or   q 2   as given in Equation (5). Terms proportional to   R 4   inside the square brackets are new and go beyond previous results [10,39]; moreover, methods developed in this paper make it possible to calculate all of the higher-order terms in these equations as well as their influence on planetary orbits in the solar system. Here,    ζ 0  =  μ 0   a 0   ,    λ 0  ≈ 3  kpc   and    μ 0  − 1   ≈ 17  kpc  . Furthermore, employing new observational data regarding the perihelion precession rate of Saturn, we can provide a new lower limit for the short-range parameter   a 0   of the reciprocal kernel that is an improvement by a factor of 3 over the old one [39]; that is,    a 0  ≳ 400   AU if the reciprocal kernel q is   q 1   and    a 0  ≳ 100   AU if it is   q 2  . Let us recall here the requirement of NLG that the reciprocal kernel be integrable as well as square integrable; indeed, the presence of   a 0   is necessary to avoid a singularity at   r = 0   in the reciprocal kernel and thereby satisfy the reasonable mathematical requirements of NLG.



In the Newtonian regime of NLG, the nonlocal aspect of the universal gravitational interaction appears in effect as dark matter. In modern astronomy, dark matter is needed to explain the dynamics of galaxies, clusters of galaxies, and structure formation in cosmology. In the current standard model of cosmology, the energy content of the universe consists of about 70% dark energy, about 25% dark matter and about 5% visible matter. Most of the matter in the universe is currently thought to be in the form of certain elusive particles of cold dark matter that, despite much effort, have not been directly detected. The existence and properties of this cold dark matter have thus far been deduced only through its gravity. On the other hand, it is possible that there is no dark matter at all and the theory needs to be modified on the scales of galaxies and beyond in order to take due account of what appears as dark matter in astronomy and cosmology. A suitably extended theory of gravitation could then account for observational data without any need for dark matter. In this way, modified gravity theories such as NLG have been constructed. Indeed, other approaches to nonlocal gravitation exist in connection with dark matter or dark energy that draw their inspiration from developments in quantum field theory. In one such class of nonlocal models concerned with cosmic acceleration, there is effectively no deviation from general relativity within the solar system [43,44].



The results of the present investigation are expected to be of interest in connection with future experiments that will look for the signature of dark matter in the solar system [33,34,35,36]; moreover, such experiments may indeed determine the short-range parameter   a 0   of the reciprocal kernel q.
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Appendix A. ρD (r) for a Spherical Constant Density Object


Imagine a spherical system with constant density of matter up to radius   r 0  . That is,   ρ  ( r )  =  ρ 0    for   r ∈ [ 0 ,  r 0  ]   and otherwise   ρ ( r ) = 0  . We use a Cartesian coordinate system with its origin at the center of the sphere. We want to compute   ρ D   throughout space using the convolution formula given in Equation (3) with   q =  q 1    or   q =  q 2   . Let us note that q and  ρ  are spherically symmetric; therefore,    ρ D   ( x )    is spherically symmetric as well and is thus only a function of   r = | x |  . For the sake of simplicity, we use below


   r ^  : =  μ 0   r  ,    r ^  0  : =  μ 0    r 0   .  



(A1)







Appendix A.1. q = q1


Let us first choose   q =  q 1   , which can now be written as


   q 1  =    α 0   μ 0 3    8 π      1 +  ζ 0  +  U ^     U ^   (  ζ 0  +  U ^  )      e  −  U ^     ,  



(A2)




where    α 0  : = 2 /  (  λ 0    μ 0  )   ,    ζ 0  : =  μ 0   a 0    and


   U ^  : =  μ 0    | x − y |  =  μ 0     (  r 2  +  y 2  − 2 r y cos θ )   1 / 2    ,  y =  | y |   .  



(A3)




With no loss in generality, we have assumed here that  x  is in the z direction and  θ  is the polar angle of  y . Therefore,


     ( 1 )    ρ D   ( r )  =    α 0   ρ 0   4   ∫   1 +  ζ 0  +  U ^     U ^   (  ζ 0  +  U ^  )      e  −  U ^       y ^  2   d  y ^  sin θ  d θ  ,  



(A4)




where    y ^  : =  μ 0   y  . From the integration over  θ , we find


  ∫  1 +  1   ζ 0  +  U ^       e  −  U ^    d  U ^  = −  e  ζ 0     e  −  ζ 0  −  U ^    +  E 1   (  ζ 0  +  U ^  )    .  



(A5)




In this way, we find our main result, namely,


        ( 1 )    ρ D   ( r )  =    α 0   ρ 0    e  ζ 0     4   r ^     ∫ 0   r ^  0        y ^   d  y ^  [  e   − |   r ^  −  y ^   | −   ζ 0    −  e  −  r ^  −  y ^  −  ζ 0           +  E 1   ( |   r ^  −  y ^   | +  ζ 0  )  −  E 1   (  r ^  +  y ^  +  ζ 0  )  ]  ,     



(A6)




where    U ^   ( θ = 0 )  =  |  r ^  −  y ^  |    and    U ^   ( θ = π )  =  r ^  +  y ^   .



To do the integral, the following results are useful:


  ∫ x sinh x  d x = x cosh x − sinh x  ,  ∫ x  e  − x    d x = −  ( 1 + x )   e  − x    .  



(A7)




Furthermore, consider


  I  (   r ^  0  , A )  : =  ∫ 0   r ^  0    y ^   d  y ^   E 1   (  y ^  + A )   ,  I  ( −   r ^  0  , A )  =  ∫ 0   r ^  0    y ^   d  y ^   E 1   ( −  y ^  + A )   ,  



(A8)




where A is a constant. Using integration by parts, we find


  I  (   r ^  0  , A )  =  1 2    r ^  0 2   E 1   (   r ^  0  + A )  +  1 2   ∫ 0   r ^  0      y ^  2    y ^  + A    e  −  y ^  − A    d  y ^   .  



(A9)




The end result is


     I (   r ^  0  , A ) =      1 2   ( 1 − A )   e  − A   +  1 2   A 2   E 1   ( A )  −  1 2   ( 1 +   r ^  0  − A )   e  −   r ^  0  − A          +  1 2   (   r ^  0 2  −  A 2  )   E 1   (   r ^  0  + A )   .     



(A10)







Let us first calculate the outside density, namely,   r >  r 0   . We have from Equations (A6)–(A10),


        ( 1 )    ρ D   ( r >  r 0  )  =        α 0   ρ 0    e  ζ 0     4   r ^    [ 2  e  −  r ^  −  ζ 0     (   r ^  0  cosh   r ^  0  − sinh   r ^  0  )         + I  ( −   r ^  0  ,  r ^  +  ζ 0  )  − I  (   r ^  0  ,  r ^  +  ζ 0  )  ]  ,     



(A11)




which works out to be


        ( 1 )    ρ D   ( r >  r 0  )  =         α 0   ρ 0    e  ζ 0     8   r ^    { 2  e  −  r ^  −  ζ 0     [ 3   r ^  0  cosh   r ^  0  +  (  r ^  +  ζ 0  − 3 )  sinh   r ^  0  ]           +  [   (  r ^  +  ζ 0  )  2  −   r ^  0 2  ]   [  E 1   (  r ^  +  ζ 0  +   r ^  0  )  −  E 1   (  r ^  +  ζ 0  −   r ^  0  )  ]  }  .     



(A12)







Next, we calculate the effective dark matter density in the interior of the compact sphere, i.e., for   r <  r 0   . In employing Equation (A6), we need to split the integration of   y ∈ ( 0 ,  r 0  )   into two parts: integration over   y ∈ ( 0 , r )  , where   r − y > 0  , and   y ∈ ( r ,  r 0  )  , where   r − y < 0  . Hence,


           ( 1 )    ρ D   ( r <  r 0  )  =    α 0   ρ 0    e  ζ 0     4   r ^     ∫ 0  r ^    y ^   d  y ^    e  −  r ^  +  y ^  −  ζ 0    −  e  −  r ^  −  y ^  −  ζ 0    +  E 1   (  r ^  −  y ^  +  ζ 0  )  −  E 1   (  r ^  +  y ^  +  ζ 0  )            +    α 0   ρ 0    e  ζ 0     4   r ^     ∫   r ^     r ^  0    y ^   d  y ^    e   r ^  −  y ^  −  ζ 0    −  e  −  r ^  −  y ^  −  ζ 0    +  E 1   ( −  r ^  +  y ^  +  ζ 0  )  −  E 1   (  r ^  +  y ^  +  ζ 0  )    .     



(A13)




We can write this expression as


        ( 1 )    ρ D   ( r <  r 0  )  =         α 0   ρ 0    2   r ^     [  r ^  −  ( 1 +   r ^  0  )    e  −   r ^  0     sinh  r ^  ]  +    α 0   ρ 0    e  ζ 0     4   r ^      [ I   ( −  r ^  ,  r ^  +  ζ 0  )           − I  (   r ^  0  ,  r ^  +  ζ 0  )  − I  (  r ^  , −  r ^  +  ζ 0  )  + I  (   r ^  0  , −  r ^  +  ζ 0  )   ]  .      



(A14)




Using Equation (A10), we find after some algebra


     ( 1 )    ρ D   ( r <  r 0  )  =  A 1  +  B 1  +  C 1   ,  



(A15)






   A 1  =  α 0   ρ 0   [ 1 −   1 2    ζ 0   e  ζ 0    E 1   (  ζ 0  )  ]   ,  



(A16)






   B 1  = −    α 0   ρ 0    4   r ^     e  −   r ^  0     [  r ^  cosh  r ^  +  ( 3 + 3   r ^  0  −  ζ 0  )  sinh  r ^  ]   ,  



(A17)






   C 1  =    α 0   ρ 0    e  ζ 0     8   r ^     {  [   (  r ^  +  ζ 0  )  2  −   r ^  0 2  ]   E 1   (   r ^  0  +  r ^  +  ζ 0  )  −  [   (  r ^  −  ζ 0  )  2  −   r ^  0 2  ]   E 1   (   r ^  0  −  r ^  +  ζ 0  )  }   .  



(A18)







The effective dark matter density in NLG is the convolution of the reciprocal kernel q with the density of matter  ρ ; in the case under consideration here, we have a constant density sphere with radius   r 0  . For reciprocal kernel   q 1  , we have calculated the dark matter density outside      ( 1 )    ρ D   ( r >  r 0  )    and inside      ( 1 )    ρ D   ( r <  r 0  )    the sphere. It is possible to show that these agree on the surface of the sphere   r =  r 0    and      ( 1 )    ρ D    is therefore a continuous function throughout space.




Appendix A.2. q = q2


The reciprocal kernel is now    q 2  =  [  U ^  /  (  ζ 0  +  U ^  )  ]   q 1   . Thus, with the same notation and convention as before, we have


     ( 2 )    ρ D   ( r )  =    α 0   ρ 0   4   ∫   1 +  ζ 0  +  U ^     (  ζ 0  +  U ^  )  2     e  −  U ^       y ^  2   d  y ^  sin θ  d θ  .  



(A19)




After the  θ  integration, namely,


  ∫    ( 1 +  ζ 0  +  U ^  )   U ^     (  ζ 0  +  U ^  )  2     e  −  U ^    d  U ^  = −   U ^    ζ 0  +  U ^     e  −  U ^    −  e  ζ 0    E 1   (  ζ 0  +  U ^  )   ,  



(A20)




we find


        ( 2 )    ρ D   ( r )  =         α 0   ρ 0    4   r ^     ∫ 0   r ^  0    y ^   d  y ^      |   r ^  −  y ^   |     |   r ^  −  y ^   | +   ζ 0      e   − |   r ^  −  y ^   |    −    r ^  +  y ^     r ^  +  y ^  +  ζ 0      e  −  r ^  −  y ^              +    α 0   ρ 0    e  ζ 0     4   r ^     ∫ 0   r ^  0    y ^   d  y ^   [   E 1   ( |   r ^  −  y ^   | +   ζ 0   ) −  E 1   (  r ^  +  y ^  +  ζ 0  )  ]   ,     



(A21)




where    U ^   ( θ = 0 )  =  |  r ^  −  y ^  |    and    U ^   ( θ = π )  =  r ^  +  y ^   .



For the outside region (  r >  r 0   ), we use the methods described above to find


        ( 2 )    ρ D   ( r >  r 0  )  =         α 0   ρ 0    e  ζ 0     8   r ^    { 2  e  −  r ^  −  ζ 0     [ 3   r ^  0  cosh   r ^  0  +  (  r ^  + 3  ζ 0  − 3 )  sinh   r ^  0  ]           +  [  (  r ^  +  ζ 0  )   (  r ^  + 3  ζ 0  )  −   r ^  0 2  ]   [  E 1   (  r ^  +  ζ 0  +   r ^  0  )  −  E 1   (  r ^  +  ζ 0  −   r ^  0  )  ]  }  .     



(A22)




In a similar way as before, we find the effective density of dark matter inside the spherical object of constant density   ρ 0  , namely,


     ( 2 )    ρ D   ( r <  r 0  )  =  A 2  +  B 2  +  C 2   ,  



(A23)






   A 2  =  α 0   ρ 0   [ 1 −  ζ 0   e  ζ 0    E 1   (  ζ 0  )  ]   ,  



(A24)






   B 2  = −    α 0   ρ 0    4   r ^     e  −   r ^  0     [  r ^  cosh  r ^  + 3  ( 1 +   r ^  0  −  ζ 0  )  sinh  r ^  ]   ,  



(A25)






      C 2  =    α 0   ρ 0    e  ζ 0     8   r ^        {  [  (  r ^  +  ζ 0  )   (  r ^  + 3  ζ 0  )  −   r ^  0 2  ]   E 1   (   r ^  0  +  r ^  +  ζ 0  )         −  [  (  r ^  −  ζ 0  )   (  r ^  − 3  ζ 0  )  −   r ^  0 2  ]   E 1   (   r ^  0  −  r ^  +  ζ 0  )   }  .      



(A26)







On physical grounds, we expect that    ζ 0  < 1  ; for instance, a reasonable value for the short distance parameter   a 0   is   10 18   cm   ≈ 1   light-year, in which case    ζ 0  ≈ 2 ×  10  − 5     is very small compared to unity and one cannot observationally distinguish the two cases involving   q 1   and   q 2  . For    ζ 0  < 1  ,    ρ D   ( r )    has a maximum with zero slope at the center of the object (  r = 0  ). For    ζ 0  = 0  , the two cases agree, since    q 1  =  q 2  =  q 0   ; in this case, Figure A1 illustrates the behavior of    ρ D   ( r )    for     r ^  0  =  μ 0   r 0  = 0.3  .
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Figure A1. The effective dark matter for a constant density sphere given by Equations (A22) and (A23). Here,    ρ D   (  r ^  )  /  ρ 0    is plotted versus    r ^  =  μ 0  r   and we have assumed that    ζ 0  = 0   and     r ^  0  =  μ 0   r 0  = 0.3  . 






Figure A1. The effective dark matter for a constant density sphere given by Equations (A22) and (A23). Here,    ρ D   (  r ^  )  /  ρ 0    is plotted versus    r ^  =  μ 0  r   and we have assumed that    ζ 0  = 0   and     r ^  0  =  μ 0   r 0  = 0.3  .



[image: Universe 08 00470 g0a1]








References


	



Poisson, S. Mémoire sur la théorie du magnétisme en mouvement. Mém. Acad. Sci. France 1823, 6, 441–570. [Google Scholar]

	



Liouville, J. Solution nouvelle d’un problème d’Analyse relatif aux phénomènes thermo-mécaniques. J. Math. 1837, 2, 439–456. [Google Scholar]

	



Hopkinson, J. Residual Charge of the Leyden Jar.—Dielectric Properties of different Glasses. Phil. Trans. R. Soc. Lond. 1877, 167, 599–626. [Google Scholar]

	



Jackson, J.D. Classical Electrodynamics, 3rd ed.; Wiley: Hoboken, NJ, USA, 1999. [Google Scholar]

	



Landau, L.D.; Lifshitz, E.M. Electrodynamics of Continuous Media; Pergamon: Oxford, UK, 1960. [Google Scholar]

	



Hehl, F.W.; Obukhov, Y.N. Foundations of Classical Electrodynamics: Charge, Flux, and Metric; Birkhäuser: Boston, MA, USA, 2003. [Google Scholar]

	



Einstein, A. The Meaning of Relativity; Princeton University Press: Princeton, NJ, USA, 1955. [Google Scholar]

	



Hehl, F.W.; Mashhoon, B. Nonlocal Gravity Simulates Dark Matter. Phys. Lett. B 2009, 673, 279–282. [Google Scholar] [CrossRef]

	



Hehl, F.W.; Mashhoon, B. Formal framework for a nonlocal generalization of Einstein’s theory of gravitation. Phys. Rev. D 2009, 79, 064028. [Google Scholar] [CrossRef]

	



Mashhoon, B. Nonlocal Gravity; Oxford University Press: Oxford, UK, 2017. [Google Scholar]

	



Cho, Y.M. Einstein Lagrangian as the translational Yang-Mills Lagrangian. Phys. Rev. D 1976, 14, 2521–2525. [Google Scholar] [CrossRef]

	



Bini, D.; Mashhoon, B. Nonlocal gravity: Conformally flat spacetimes. Int. J. Geom. Meth. Mod. Phys. 2016, 13, 1650081. [Google Scholar] [CrossRef]

	



Mashhoon, B.; Hehl, F.W. Nonlocal Gravitomagnetism. Universe 2019, 5, 195. [Google Scholar] [CrossRef]

	



Tohline, J.E. Does gravity exhibit a 1/r force on the scale of galaxies? Ann. N. Y. Acad. Sci. 1984, 422, 390. [Google Scholar] [CrossRef]

	



Kuhn, J.R.; Kruglyak, L. Non-Newtonian forces and the invisible mass problem. Astrophys. J. 1987, 313, 1–12. [Google Scholar] [CrossRef]

	



Bekenstein, J.D. The missing light puzzle: A hint about gravity? In Second Canadian Conference on General Relativity and Relativistic Astrophysics; Coley, A., Dyer, C., Tupper, T., Eds.; World Scientific: Singapore, 1988; pp. 68–104. [Google Scholar]

	



Roshan, M.; Mashhoon, B. Dynamical Friction in Nonlocal Gravity. Astrophys. J. 2021, 922, 9. [Google Scholar] [CrossRef]

	



Roshan, M.; Mashhoon, B. Dynamical Friction and Tidal Interactions. Astrophys. J. 2022, 926, 44. [Google Scholar] [CrossRef]

	



Roshan, M.; Mashhoon, B. Characteristics of Effective Dark Matter in Nonlocal Gravity. Astrophys. J. 2022, 934, 9. [Google Scholar] [CrossRef]

	



Chicone, C.; Mashhoon, B. Nonlocal Gravity: Modified Poisson’s Equation. J. Math. Phys. 2012, 53, 042501. [Google Scholar] [CrossRef]

	



Abramowitz, M.; Stegun, I.A. Handbook of Mathematical Functions; National Bureau of Standards: Washington, DC, USA, 1964. [Google Scholar]

	



de Salas, P.F.; Widmark, A. Dark matter local density determination: Recent observations and future prospects. Rept. Prog. Phys. 2021, 84, 104901. [Google Scholar] [CrossRef]

	



Dai, D.C.; Starkman, G.; Stojkovic, D. Milky Way and M31 rotation curves: ΛCDM versus MOND. Phys. Rev. D 2022, 105, 104067. [Google Scholar] [CrossRef]

	



Adelberger, E.G.; Heckel, B.R.; Nelson, A.E. Tests of the gravitational inverse square law. Ann. Rev. Nucl. Part Sci. 2003, 53, 77–121. [Google Scholar] [CrossRef]

	



Tan, W.H.; Yang, S.Q.; Shao, C.G.; Li, J.; Du, A.B.; Zhan, B.F.; Wang, Q.L.; Luo, P.S.; Tu, L.C.; Luo, J. New Test of the Gravitational Inverse-Square Law at the Submillimeter Range with Dual Modulation and Compensation. Phys. Rev. Lett. 2016, 116, 131101. [Google Scholar] [CrossRef]

	



Tan, W.H.; Du, A.B.; Dong, W.C.; Yang, S.Q.; Shao, C.G.; Guan, S.G.; Wang, Q.L.; Zhan, B.F.; Luo, P.S.; Tu, L.C.; et al. Improvement for Testing the Gravitational Inverse-Square Law at the Submillimeter Range. Phys. Rev. Lett. 2020, 124, 051301. [Google Scholar] [CrossRef]

	



Lee, J.G.; Adelberger, E.G.; Cook, T.S.; Fleischer, S.M.; Heckel, B.R. New Test of the Gravitational 1/r2 Law at Separations down to 52 μm. Phys. Rev. Lett. 2020, 124, 101101. [Google Scholar] [CrossRef]

	



Baeza-Ballesteros, J.; Donini, A.; Nadal-Gisbert, S. Dynamical measurements of deviations from Newton’s 1/r2 law. Eur. Phys. J. C 2022, 82, 154. [Google Scholar] [CrossRef]

	



Du, A.B.; Tan, W.H.; Dong, W.C.; Huang, H.; Zhu, L.; Tan, Y.J.; Shao, C.G.; Yang, S.Q.; Luo, J. A new design for testing the gravitational inverse-square law at the sub-millimeter range with a 32-fold symmetric attractor. Class. Quantum Gravity 2022, 39, 105008. [Google Scholar] [CrossRef]

	



de Paula Netto, T.; Modesto, L.; Shapiro, I.L. Universal leading quantum correction to the Newton potential. Eur. Phys. J. C 2022, 82, 160. [Google Scholar] [CrossRef]

	



Dai, D.C. Variance of Newtonian constant from local gravitational acceleration measurements. Phys. Rev. D 2021, 103, 064059. [Google Scholar] [CrossRef]

	



Bhagvati, S.; Desai, S. Search for variability in Newton’s constant using local gravitational acceleration measurements. Class. Quantum Gravity 2022, 39, 017001. [Google Scholar] [CrossRef]

	



Buscaino, B.; DeBra, D.; Graham, P.W.; Gratta, G.; Wiser, T.D. Testing long-distance modifications of gravity to 100 astronomical units. Phys. Rev. D 2015, 92, 104048. [Google Scholar] [CrossRef]

	



Feldman, M.R.; Anderson, J.D.; Schubert, G.; Trimble, V.; Kopeikin, S.; Lämmerzahl, C. Deep space experiment to measure G. Class. Quantum Gravity 2016, 33, 125013. [Google Scholar] [CrossRef]

	



Bergé, J.; Baudis, L.; Brax, P.; Chiow, S.W.; Christophe, B.; Doré, O.; Fayet, P.; Hees, A.; Jetzer, P.; Lämmerzahl, C.; et al. The local dark sector: Probing gravitation’s low-acceleration frontier and dark matter in the Solar System neighborhood. Exper. Astron. 2021, 51, 1737–1766. [Google Scholar] [CrossRef]

	



Zwick, L.; Soyuer, D.; Bucko, J. Prospects for a local detection of dark matter with future missions to Uranus and Neptune. LPI Contrib. 2022, 2686, 4007. [Google Scholar] [CrossRef]

	



Belbruno, E.; Green, J. When Leaving the Solar System: Dark Matter Makes a Difference. Mon. Not. Roy. Astron. Soc. 2022, 510, 5154–5163. [Google Scholar] [CrossRef]

	



Rahvar, S.; Mashhoon, B. Observational Tests of Nonlocal Gravity: Galaxy Rotation Curves and Clusters of Galaxies. Phys. Rev. D 2014, 89, 104011. [Google Scholar] [CrossRef]

	



Chicone, C.; Mashhoon, B. Nonlocal Gravity in the Solar System. Class. Quantum Gravity 2016, 33, 075005. [Google Scholar] [CrossRef]

	



Danby, J.M.A. Fundamentals of Celestial Mechanics, 2nd ed.; Willmann-Bell: Richmond, VA, USA, 1988. [Google Scholar]

	



Iorio, L. Gravitational Anomalies in the Solar System? Int. J. Mod. Phys. D 2015, 24, 1530015. [Google Scholar] [CrossRef]

	



Iorio, L. Calculation of the Uncertainties in the Planetary Precessions with the Recent EPM2017 Ephemerides and their Use in Fundamental Physics and Beyond. Astron. J. 2019, 157, 220. [Google Scholar] [CrossRef]

	



Park, S.; Dodelson, S. Structure formation in a nonlocally modified gravity model. Phys. Rev. D 2013, 87, 024003. [Google Scholar] [CrossRef]

	



Woodard, R.P. Nonlocal Models of Cosmic Acceleration. Found. Phys. 2014, 44, 213–233. [Google Scholar] [CrossRef]












	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  universe-08-00470


  
    		
      universe-08-00470
    


  




  





media/file0.png





media/file2.png
0.6 0.8

0.4

0.2

HoT





media/file1.jpg
1.5

S L
— =

0d /(a011)dd

0.0k

0.2 04 06 08

0.0

HoT





