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Abstract: The loss of magnetic pressure accompanying the decay of the magnetic field in a magnetar
may trigger exothermic electron captures by nuclei in the shallow layers of the stellar crust. Very
accurate analytical formulas are obtained for the threshold density and pressure, as well as for
the maximum amount of heat that can be possibly released, taking into account the Landau-Rabi
quantization of electron motion. These formulas are valid for arbitrary magnetic field strengths, from
the weakly quantizing regime to the most extreme situation in which electrons are all confined to the
lowest level. Numerical results are also presented based on experimental nuclear data supplemented
with predictions from the Brussels-Montreal model HFB-24. This same nuclear model has been
already employed to calculate the equation of state in all regions of magnetars.

Keywords: neutron star; magnetar; outburst; magnetic field; shallow heating; cooling; electron capture

1. Introduction

Soft gamma-ray repeaters and anomalous X-ray pulsars are two facets of a very active
subclass of neutron stars, called magnetars, exhibiting outbursts and less frequently giant
flares that release huge amounts of energy up to ~10% erg within a second (see e.g., [1]
for a recent review). These phenomena are thought to be powered by internal magnetic
fields exceeding 10'4-10'° G [2]. At the date of this writing, 24 such objects have been
discovered and six more candidates remain to be confirmed according to the McGill Online
Magnetar Catalog [3]. Their persistent X-ray luminosity ~103-103° erg/s, which is well
in excess of their rotational energy and which implies a higher surface temperature than
in weakly magnetized neutron stars of the same age [4], provides further evidence for
extreme magnetic fields [5]. It is widely thought that heat is generated by the deformations
of the crust beyond the elastic limit due to magnetic stresses (see, e.g., [6]). This mechanism
is most effective in the inner region of the crust, where crystallization first occurs [7,8].
However, it has been demonstrated that heat sources should be located in the shallow
region of the crust to avoid excessive neutrino losses [9,10]. Alternatively, the magnetic
energy in the outer crust may be dissipated into heat through electron captures by nuclei
triggered by the magnetic field evolution [11]. This mechanism is analogous to crustal
heating in accreting neutron stars [12], the matter compression being induced here by the
loss of magnetic support rather than accretion from a stellar companion.

We have recently estimated the maximum amount of heat that could be possibly
released by electron captures and the location of the heat sources taking into account
Landau—Rabi quantization of electron motion induced by the magnetic field [13]. For sim-
plicity, we focused on the strongly quantizing regime in which only the lowest Landau—Rabi
level is occupied, thus allowing for a simple analytical treatment. Results are extended
here to arbitrary magnetic fields. We demonstrate that the weakly quantizing regime
is also amenable to accurate analytical approximations. Results are presented based on
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experimental nuclear data supplemented with the Brussels-Montreal atomic mass table
HFB-24 [14]. The underlying nuclear energy-density functional BSk24 has been already
applied to construct unified equations of state for both unmagnetized neutron stars [15-17]
and magnetars [18].

The paper is organized as follows. In Section 2, we present the equation of state of
the outer crust of a magnetar and the approximations we made. In Section 3, we give
the equations to determine the initial composition of the outer crust and the boundaries
delimiting different layers. Our analytical treatment of the heating from electron captures is
described in Section 4. Numerical results including detailed error estimates are presented
and discussed in Section 5.

2. Equation of State of Magnetar Crusts

In the following, we shall consider the crustal region at densities above the ionization
threshold and below the neutron-drip point. We assume that each crustal layer is made of
fully ionized atomic nuclei (A, Z) with proton number Z and mass number A embedded
in a relativistic electron gas.

2.1. Main Equations

Whereas nuclei with number density ny exert a negligible pressure Py ~ 0, they
contribute to the mass-energy density

En =nyM'(A,Z,B,)c?, 1)

where M/ (A, Z, B,) denotes the ion mass including the rest mass of Z electrons. In principle,
M'(A, Z, B,) may also depend on the magnetic field, which will be conveniently measured
in terms of the dimensionless ratio B, = B/ B, with

m2c3

B = —%— ~ 441 x 103G, 2)
eh
where m, is the electron mass, c is the speed of light, 7 is the Planck-Dirac constant and e is
the elementary electric charge.

To a very good approximation, electrons can be treated as an ideal Fermi gas. In the
presence of a magnetic field, the electron motion perpendicular to the field is quantized
into Landau—Rabi levels [19,20]. The observed surface magnetic field on a magnetar is
typically Bs ~ 104-10'> G [3,21,22]. The internal magnetic field B is expected to be even
stronger and could potentially reach 10'7-10'8 G (see, e.g., [23]). In our previous study [13],
we assumed for simplicity that the magnetic field is strongly quantizing, meaning that
electrons remain all confined to the lowest level throughout the outer crust, thus requiring
B > 5.72 x 10! G [24]. Even if weaker fields are considered, quantization effects are
not expected to be completely washed out by thermal effects. Indeed, the temperatures
T ~ 108-10° K prevailing in a magnetar for which B, >> 1 (see e.g., [10]) are much lower
than the characteristic temperature

2
Tp = ";E—CB* ~593 x 10°B, K, 3)
B

where kg denotes Boltzmann’s constant. Strictly speaking, Equation (3) is only relevant in
the strongly quantizing regime. If several Landau-Rabi levels are populated, the character-
istic temperature is reduced but only by a factor of a few at most at the bottom of the outer
crust (see Chap. 4 in [25]). Neglecting the small electron anomalous magnetic moment and
ignoring thermal effects, the electron energy density (with the rest-mass excluded) and
electron pressure are given by

B, pc? Vmax { X (V) ] 2
E = —— 1+2vB —_— | = , 4
e (27‘()2)\2 V;O gu( +2v *)ler 11218, NeMeC (4)
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Bymec? tmax Xe (V)
Po=—"—7— 14+2vB )Y | ————, 5
© = s L By LT +21/B*] ©

respectively, where we have introduced the electron Compton wavelength A, = 11/ (m,c),
gv=1forv=0and g, =2forv >1,

Pr(x) =xvV1+x2tIn(x+V1+x2), (6)
xe(v) = /12 —1—20B,, %
and vmay is fixed by the electron number density . given by

ne= 2B 3% 0 xv) ®)
©T Al m 8

Here 1, denotes the electron Fermi energy in units of mec2. The index vmay is the highest
integer for which 'yg — 1 —2vmaxBx > 0, i.e.

73—1]

2B, ©)

Vmax = |:

where [.| denotes the integer part. The mean baryon number density follows from the
requirement of electric charge neutrality

= %ne = Any . (10)

The main correction to the ideal electron Fermi gas arises from the electron-ion in-

teractions. According to the Bohr-van Leeuwen theorem [26], the electrostatic corrections

to the energy density and to the pressure are independent of the magnetic field apart

from a negligibly small contribution due to quantum zero-point motion of ions about their

equilibrium position [27]. For pointlike ions embedded in a uniform electron gas, the
corresponding energy density is given by (see e.g., Chap. 2 of [25])

4 1/3
£ = CM<;T) Pnt/37213, (11)

where Cj; is the Madelung constant. The contribution to the pressure is thus given by

JA(EL/ne) &

P =ng dn, 3

(12)
The pressure of the Coulomb plasma finally reads P = P, + P;, whereas the energy
density is givenby £ = En + & + &L
For ions arranged in a body-centered cubic lattice, the Madelung constant is given
by Cp = —0.895929255682 [28]. However, the electron-ion plasma may not necessarily
be in a solid state, especially in the shallow layers, which are the main focus of this work.
The crystallization temperature can be estimated as [7]:

1/3
Ty ~ 1.3 X 10522(1r75) (%) K, (13)

m

where pg is the density in units of 10° g cm~3, and T, is the Coulomb coupling parameter
at melting. In the absence of magnetic field, I';, ~ 175 and T}, is typically of order 10° K.
The presence of a magnetic field tends to lower I'y;, thus increasing Ty, [29]. In any case,
the Madelung constant in the liquid phase remains very close to that of the solid phase.
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In the following, we will adopt the Wigner—Seitz estimate Cy; = —9/10 for the Madelung
constant [30]. Thermal effects on thermodynamic quantities are small and will be neglected.

2.2. Weakly Quantizing Magnetic Field

The magnetic field is weakly quantizing if many Landau-Rabi levels are filled: vmax > 1.
Using the expansions (41) obtained in [31] for the electron density 7, leads to the following
estimate for the mean baryon number density:

_ A 202 3/2 si2,(—1 [ -1 BZ
~ - -1 2B — 14
n 27‘(2Z)\§’ |:3 (’Ye ) + ( *) g 2 4 ZB* + 6 /773 1 ’ ( )

where {(z,q) is the Hurwitz zeta function defined by

+o00 1

U(zq) =),

(15)

for R(z) > 1 and by analytic continuation to other z # 1 (excluding poles v + g = 0). The
first term in Equation (14) represents the mean baryon number density in the absence of
magnetic field. The second term accounts for quantum oscillations due to the filling of

Landau-Rabi levels, while the last term is a higher-order magnetic correction.
The expression for the associated expansion of the pressure is more involved. In the
notations of [31], the electron contribution P, to the pressure can be directly obtained from
(mon) (osc)

the grand potential density by P, = —wj —wy . Using Equations (41), (43) and (44)
of [31] yields (a = €?/(fic) is the fine-structure constant):

2 2 \/72,
P~ C {1<1—ZB*+2§*>10g<%+23*+781>

T 4m2A3 ) 2 1+ /2B,

1 1 3 3
- E(ye,/zB*ﬂg—l—\/zB*) + §<%,/2B*+73—1 — V2B, )
too 73(=1/2,9+1
+ B, (arccosh Ye — Yer/ V2 — 1) — (2B,)%? ./0 (?;B*q)dq
2 (2B.)2 (-3 (+2—-1 2 2B)7% (-5 (42 —1
+7( X) (=2, +7( ) (=2 [
3 7 2 2B, 15 93 2 2B,

1 /B.\* 1 /1 1 1
“am(s) ) (5 )i (e ) 1)

7 _ o 1 —z+1 _1 -z i —z—1

The total pressure is found by adding the electrostatic correction (12) using the
expansion for the electron density:

2 2 \/72,
pa M€ {1(1—28*-0—2g*>log<%+ 2B+ % 1)

T 4m?A3 | 2 1+ /2B,

1 ! ’

_§<% 2B*+7§—1—x/ﬁ>+§(% 2t _@3>

+oo 7a(=1/2,9+1

+ B, (arccosh Ve — Ve \/ﬁ) —(2B,)*? /0 (?jg*q)dq
2(2B)52 (-3 (-1 2 (2B,)72 (=5 [72-1

L 2@ (3 b OB (2 e
S 2\ 2B, 5 7 27\ 2B
1 B* 4 2 1 -1 1 1

() 4 e(5a)e (30 g )

2/ 2\ 2/3(2 (2 3/2
+§<§> CmaZ {g(%—l)

+(ZB*)3/2§<_71,{7§B_*1}> + W%r“}. (18)

with




Universe 2022, 8, 328 5o0f 23

In the absence of magnetic field B, = 0 (corresponding to the limit vmax — +00),
the mean baryon number density and the pressure reduce, respectively, to

B A x?
n = 2737-[2)% , (19)
2
MeC 2 / /
= 87:2)\3[9@(39(%—1) 1+x%+ln(x,+ 1+x$)}
e
Cpmu 4 1/3 4 1MeC? 2/3
+73 (2437r7> Xy —Ag 7577, (20)

Here, x, denotes the relativity parameter defined by x, = A.k, and k., = (37r2ng)1/ 3 is the
electron Fermi wave number. The Fermi energy is then given by

Ye=1/1422. (21)

As shown in Figures 1 and 2 for two representative values . = 10 (shallow region of
the outer crust) and v, = 50 (bottom of the outer crust), respectively, the expansions (14)
and (16) are surprisingly precise throughout the outer crust. In the limit of vanishingly
small magnetic field (vmax — +00), Equations (14) and (16) converge toward the exact
results, (19) and (20), respectively. Although the errors increase with the magnetic field as
expected, they remain very small in the intermediate regime vmax ~ 1 for which the field is
no longer weakly quantizing. When electrons start to be all confined to the lowest Landau-
Rabi level, i.e., when vmax = 0, the error on 7 amounts to 0.1% only. The approximate
formula for the pressure is found to be more reliable, with errors not exceeding 0.02%
and fluctuating.

The expansions (14) and (16) can thus be confidently applied for arbitrary mag-
netic field strengths, from B, = 0 (Vmax — +0o0) up to the threshold magnetic field
B, = (72 — 1) /2 at the onset of the strongly quantizing regime (Vmax = 0) discussed in the
next subsection.

" T " T
- —— 6P./P. i
L i 1
0.06H==="-00/0 ;
L II
14
— L Il
X 0.04 /
N L //
0 4
- /4'
O 0.2 e
| - L Pid
0.00- —“— <;j \\//
~0.02

B/Brel

Figure 1. Relative errors (in %) of the approximate analytical expansions (14) and (16) for the baryon
number density 7i (dashed line) and electron pressure P, (solid line), respectively, as a function of the
magnetic field strength B, = B/ B, with 9, = 10. The errors are obtained by taking the difference
between the approximate and exact results and dividing by the exact result. All electrons are confined
to the lowest Landau—Rabi level at B, = (y2 —1)/2 = 49.5.
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Figure 2. Same as Figure 1 for 7, = 50. All electrons are confined to the lowest Landau—Rabi level at
B, = (72 —1)/2 = 1249.5.

2.3. Strongly Quantizing Magnetic Field

The magnetic field is strongly quantizing if all electrons lie in the lowest Landau-Rabi
level. Setting vmax = 0 in Equations (5) and (8) leads to the following expression for the
pressure and mean baryon number density:

_ Bumec? 2 2
P—M,{%\/’)’e—l—ln Vre—1+7

Caax (16B,Z2\° 2/3
+A;< - ) (v 1) } (22)

_ B, A [
n:znzAgfw'ye—l. (23)

Ye < V1+2B,, (24)

These expressions hold if

or equivalently if
B3/2

ne < m , (25)

using Equations (7) and (8).

3. Initial Composition of Magnetar Crusts

Assuming the crust is initially in a full thermodynamic equilibrium in the presence of
some magnetic field, the composition is found by minimizing the Gibbs free energy per
nucleon, which coincides with the baryon chemical potential (see, e.g., Appendix A in [32]):

E+P M(AZ B2 Z 4 4\ /3
p=—— = ( i :) +Amec2{%—1+3CM(3) meng/?’zz/?’} (26)

This minimization can be performed very efficiently following the iterative approach
proposed in [33,34]. Freely available computer codes in the limiting cases vmax — +0c0 and
Vmax = 0 can be found in [35,36].
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3.1. Interface between Adjacent Crustal Layers

The pressure P;_,; associated with the transition from a crustal layer made of nuclei
(A1, Z1) to a denser layer made of nuclei (Ay, Z,) is determined by the equilibrium condition

H(A1,Z1, Pio) = u(Az, 22, P1s2), (27)

which can be approximately written as [33]

amn, \ 13 12
Ye + CmaAeF(Zy,A1; 2y, Ap) 3 =79 ', (28)

422/321 1 22/322 Z2/3Z2 7 7z -1
F(Zy,A1;,25,Ar) = ( 1 — -1 - =2 ( ! 2) , (29)

3 A 3 A A, AL A,

"(As,Zp,By) M'(A,Z1,B)1/Z1 Zo\ !
7142:{1\4(2, 2,B.)  M(A1,Z )](1 2) 41 (30)

¢ A, Aqme Ail - Afz

The bottom of the outer crust is defined by the depth at which neutrons start to
drip out of nuclei. The corresponding electron Fermi energy obeys an equation similar to
Equation (28), the function F(Z1, A1; Z2, A2) being replaced by (4/3)Z%/3 and «} 72 by [24]

rYdrip _ —M(AZ, B*)Cz + Amyc?
e =

1 1
7.2 +1, (31)

where m,, is the neutron mass.

The threshold condition (28) takes formally the same form with and without magnetic
fields. However, the solutions do depend on B, through the relation between 7, and n,,
and potentially also through the ion masses.

3.2. No Magnetic Field
In the absence of magnetic field B, = 0, the solution of Equation (28) reads [33]

Xy = 73%2{\] 1—

X l1 — E(Z1,A1; 2y, Ay)?

1- ﬁ(zll Al;ZZI AZ)Z

S22~ E(Zy, Avi 7, A2>}

-1
, (32)

with 3
ﬁ(Zl,Al;Zz,Az) = <97T) CMQF(Zl,Al,’ZZ,Az) . (33)

This solution exists only if F(Zy, Ay; Z», Ay) > —1.
The mean baryon number density 77" up to which nuclei (A;, Z;) are present and
the transition pressure P;_,; are then given by Equations (19) and (20) respectively.

3.3. Strongly Quantizing Magnetic Field

The solution of Equation (28) was also found in the limit of a strongly quantizing
magnetic field [34]. Introducing

_ 1 2B,\ /3
F(Z1,A1;Zy, Ay By) = cho‘F(erAl}ZZ/ Ap) ( 37_:> , (34)
1—2
v= Te (35)

2|F(Z1, A1; Zo, A2 B,) P27
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the electron Fermi energy at the crustal interface is given by the following formulas:
e 72> 0and F(Zy,A1;Zy, A2 By) >0
- 1
Ye = 8F(Z1, Av; Za, Ap; By )?/? sinh® (3arcsinh v) , (36)
e 22> 0and F(Z1,A1;Z2, A2 By) <0
8F(Z1, A1; Za, Ag; B,) P2 cosh3(%arccosh u) ifo>1, -
Ye = _
‘ 8\F(Z1,A1;Z2,A2;B*)|3/2 cos3(% arccosv) fo<v<l,
e 72 <0and F(Z1,A1;72,A2;Bs) <0
Ye = 8|F(Z1, A1; Zo, Ag; Bo) 2% cos® 6y if —1<v <0, (38)
1 27tk
0 = 3 AICCOS + - and k=0,2. (39)

The mean baryon number density 75" up to which nuclei (Aj, Z; ) are present and the
transition pressure P;_,; are then given by Equations (23) and (22), respectively. In the case
1472 < 0, the physically admissible solution among k = 0 and k = 2 is the one yielding
the lowest transition pressure P_,, satisfying the conditions 7, > 1 and A" > AMax,

Let us recall that these solutions are only valid under the assumption vmax = 0, which
translates into a lower bound for the magnetic field B, > B1—>2. To find Bl—ﬂ, we substitute
Equations (24) and (25) in Equation (28). This leads to

-2

1-52)2
F(Z1,A1; 22, A7) . (40)

B2 — (e 14 _Cme

2 (3m)1/3

We have assumed B2 >> 1 so that v, ~ /2Bl 2.

3.4. Intermediate Magnetic Fields

Approximate analytical solutions can also be found in the intermediate regime. Re-
marking that the magnetic field enters explicitly in Equation (28) only through the small
electrostatic correction, the threshold electron Fermi energy <. is still approximately given
by the solution in the absence of magnetic fields, Equations (21) and (32). However, the
density and the pressure are now given by Equations (14) and (18), respectively. As shown
in Section 2.2, these expansions in the weakly quantizing limit vax > 1 (including the
absence of magnetic field as a limiting case) actually remain very precise for vmax ~ 1 and
even at the onset of the strongly quantizing regime vmax = 0. Combining the solutions thus
obtained with those presented in Section 3.3, the full range of possible initial magnetic field
strengths can be treated analytically.

4. Magnetic Field Decay and Electron Captures
4.1. Onset of Electron Captures

The initial magnetic field decays on a very long time scale, say of the typical order
of millions of years [37]. The compression of the crust thus occurs very slowly. When the
pressure of a matter element reaches some value Pﬁ (A, Z, B,), the capture of an electron by
nuclei (A, Z) (in their ground state) opens. The daughter nuclei may be in an excited state.

The onset of electron captures by nuclei (A, Z) is formally determined by the same
condition irrespective of the magnetic field strength by requiring the constancy of the Gibbs
free energy per nucleon at fixed temperature and pressure [32]. The threshold electron
Fermi energy is found to the first order in the fine-structure constant « from the condition:
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47, \ V3
Ye + CM( 3 g) aAF(Z) = 'Yeﬁ/ (41)
F(Z)EZ5/3—(Z—1)5/3+%Z2/3, (42)
A,Z,B
%?E_QEC( - *)+1, (43)
nmecC

where we have introduced the Q-value (in vacuum) associated with electron capture by
nuclei (A, Z):

Qrc(A,Z,By) = M'(A,Z,B.)c? — M'(A,Z —1,B.)c? —Eex(A,Z —1,B,).  (44)

These Q-values can be obtained from the tabulated Q-values of 8 decay by the
following relation:

Qrc(A,Z,B,) = —Qp(A,Z —1,B,) — Eex(A,Z — 1,B,). (45)

Here, Ecx (A, Z — 1, B,) denotes the excitation energy of the daughter nucleus. Transi-
tions to the ground state can be considered by setting Eex(A,Z —1,B,) = 0.

4.2. No Magnetic Field
In the absence of magnetic fields, the threshold condition (41) can be solved exactly [38]:

e =11+ ()2, (46)
-1
xf :yf{\/l— {1 P(Z)Z}/(VE)Z—F(Z)} [1—15(2)2 : (47)
1/3
F(z)= CM<9§T> xF(Z). (48)

The pressure Pg(A, Z) and the density 7ig(A, Z) at the onset of electron captures are
then given by Equations (20) and (19), respectively.

4.3. Intermediate Magnetic Field

For vmax > 0, the density and the pressure are obtained by substituting the solution (46)
for the threshold electron Fermi energy in the absence of magnetic field in Equations (14)
and (18), respectively.

4.4. Strongly Quantizing Magnetic Field

In the strongly quantizing regime (vmax = 0), Equation (41) can be solved exactly from
the general analytical solutions given in Section 3.3. Introducing

_ 1 2B,\'/3
F(Z,B,) = gCMocF(Z) 3 <0, (49)
B
v=__ e (50)

2|F(Z,B,) |32’
p

remarking that 7y, > 1, the solutions are given by the following formulas:
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8|F(Z, B.)[*/? cosh® (%arccosh v) ifv>1,
Ye = (51)

8|F(Z, B,)[3/? cosa(%arccosv) if0<v<l.

The threshold pressure and density are respectively given by Equations (22) and (23).
Let us recall that this solution is only valid under the assumption vmax = 0, which

translates into a lower bound for the magnetic field B, > Bf. To find BE’ , we substitute
Equations (24) and (25) in Equation (41). This leads to

B2 -
pf - | 5) {1+ <32§f‘/3F(Z)] . (52)

We have assumed B*’8 > 1so that 9, =~ 2B*’5 .

4.5. Heat Released

The first electron capture does not release any significant heat since it essentially
proceeds in quasiequilibrium. However, the daughter nuclei (possibly in some excited
state) are generally unstable and capture a second electron off-equilibrium thus depositing
some heat at the same pressure Pg(A, Z, B). Ignoring the fraction of energy carried away
by neutrinos, the maximum amount of heat per nucleus (A, Z) is given by

O(A,Z,B.) = u(A,Z,B.) — u(A,Z—2,B,). (53)

It is to be understood that the baryon chemical potentials must be evaluated at the
same pressure. Expressing the electron Fermi energy associated with nuclei (A, Z — 2) as
Ye + 07 with v, given by the solution of Equation (41), and expanding the pressure to the
first order in d+y, leads to

1 4rtn 1/3
5o ~ 3CM0</\3( : “) [22/3 —(z- 2)2/3} . (54)

We have made use of the Gibbs—Duhem relation dP, = n.m.c?dy. and we have
neglected terms of order ad<y,. Substituting Equation (54) in Equation (53) and eliminating
7e using Equation (41) lead to the following expression for the heat released per nucleus
(keeping as before first-order terms):

Q(A,Z,B,) ~0(4,zB,)

amA \'/3
—CM‘XmeCZ)\g<3ZT_l> |:Z5/3+(Z—2)5/3—2(Z—1)5/3 , (55)

where the zeroth-order term is determined by nuclear data alone

09(A,Z,B,) = 2M'(A,Z—1,B,)c®+2Eex(A,Z —1,By)
—~M'(A,Z —2,B,)c* — M'(A,Z,B)c%. (56)

Apart from the small electrostatic correction (the term proportional to the structure
constant Cps), the maximum heat released by electron captures is thus independent of
whether the crust is solid or liquid. Unless B 2> 10'7 G [39], the structure of nuclei remains
essentially unchanged in the presence of a magnetic field so that Q(A, Z, B,) =~ Q(A, Z).

To estimate the heat in Equation (53), we implicitly assumed u(A,Z — 2, P/g, B,) <
u(A,z, DPg, B.), which generally holds for even A nuclei, but not necessarily for odd A
nuclei. In the latter case, we typically have Qﬁ(A, Z—1,By) < Qﬁ(A, Z —2,B,). Using

Equation (43), this implies that %’5 (A Z) < 'yf (A,Z —1). In other words, as the pressure

reaches Pﬁ(A, Z,B,), the nucleus (A, Z) decays, but the daughter nucleus (A, Z — 1) is
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actually stable against electron capture, and therefore, no heat is released Q(A,Z,By) =0.
The daughter nucleus sinks deeper in the crust and only captures a second electron in
quasi-equilibrium at pressure Pg(A,Z —1,Bx) > Pg(A, Z, By).

4.6. Neutron Delayed Emission

As discussed in [24,40], the first electron capture by the nucleus (A, Z) may be accom-
panied by the emission of AN > 0 neutrons. The corresponding pressure Pg, and baryon
density ng, are obtained from similar expressions as for electron captures except that the

p

threshold electron Fermi energy <, is now replaced by

! _ _ 2 _ _ _ / 2 2
N M'(A—AN,Z —1)c? + Eex (A n?zc\g,z 1) — M'(A, Z)c* + ANmyc 1. )
e

Neutron emission will thus occur whenever 'ygﬁ "(A,Z) < 'ygﬁ (A, Z).

5. Results and Discussions
5.1. Initial Composition of the Outer Crust

The initial composition of the outer crust of a magnetar was determined in [18] but
only for a few selected magnetic field strengths, namely B, = 1000, 2000, and 3000. We
have extended the calculations to the whole range of magnetic field strengths ranging from
B = 0to B = 107 G. To this end, we have used the experimental atomic masses from the
2016 Atomic Mass Evaluation [41] supplemented with the same microscopic atomic mass
table HFB-24 [14] from the BRUSLIB database' [42]. The functional BSk24 underlying the
model HFB-24 was also adopted to calculate the equation of state of the inner crust of a
magnetar [18]. This same functional was also applied to construct a unified equation of
state for unmagnetized neutron stars [15-17], and to calculate superfluid properties [43].
Results are publicly available on CompOSE?. This equation of state is consistent with
the constraints inferred from analyses of the gravitational-wave signal from the binary
neutron-star merger GW170817 and of its electromagnetic counterpart [44]. As shown
in [18], the magnetic field has a negligible impact on the equation of the state of the inner
crust and core of magnetars unless it exceeds about 1017 G.

Depending on the strength of the magnetic field when the magnetar was born, different
nuclides are expected to be produced in the outer crust. Changes in the composition
compared to that obtained in [15] in the absence of the magnetic field are summarized
in Tables 1 and 2. The mean baryon number densities and the pressure at the interface
between adjacent crustal layers can be calculated for any magnetic field using the analytical
formulas given in Section 3. The only nuclear inputs are embedded in the parameter
7472 defined by Equation (30). Values for this parameter are indicated in Table 3 for all
possible transitions.

Table 1. Magnetic field strength B, = B/ B, for the appearance (+) or the disappearance (—) of a
nuclide in the outer crust of a magnetar.

Nuclide B,

6ONi(—) 67

885r(+) 858
126Ru(+) 1023
80Nji(—) 1072
128Pd(+) 1249
78Ni(—) 1416

64Ni(—) 1669




Universe 2022, 8, 328

12 0f 23

Table 1. Cont.

Nuclide B,

12471 (+) 1872
12ly(—) 1907
13251 (+) 1986
80Nji(—) 2087

Table 2. Sequence of equilibrium nuclides with increasing depth (from top to bottom) in the outer

crust of a magnetar for different magnetic field strengths. The first row indicates values of B, = B/ B

associated with a change of composition. Results are valid up to B, = 2087.

67 858 1023 1072 1249 1416 1669 1872 1907 1986
561::e 561:;e 56F€ 56Fe 56F€ 561::e 56Fe 561::e 56Fe 561::e 561:;e
62Ni 62Ni 62Ni 62Ni 62Ni 62Ni 62Ni 62Ni 62Ni 62Ni 62Ni
64Ni 64Ni 64Ni 64Ni 64Ni 64Ni 64Ni _ _ _ _
66Ni _ _ _ _ _ _ _ _ _ _

_ _ 8881‘ 88 Sr 8851. 885r 8851‘ 885r 8851. 8881' 8851‘
86KI‘ 86KI‘ 86KI‘ 86K1‘ 86KI‘ 86K1‘ 86KI‘ 86K1‘ 86KI‘ 86KI‘ 86KI‘
84Se 845e 84Se 84Se 84se 84Se 84Se 84Se 8458 84Se 845e
82Ge SZGe 82Ge SZGe 82Ge SZGe 82Ge 82Ge SZGe 82Ge SZGe

_ _ _ _ _ _ _ _ _ _ 13281’1
807n 807n 807n 807n 807n 807n 80Zn 807n 807Zn 807n 807n
78Ni 78Ni 78Ni 78Ni 78Ni 78Ni _ _ _ _ -
SONi SONi 80Ni SONi _ _ _ _ _ _ —

_ _ _ _ _ 128Pd 128Pd 128Pd 128Pd 128Pd 128Pd

_ _ _ 126Ru 126Ru 126Ru 126Ru 126Ru 126Ru 126Ru 126Ru

124M0 124M0 124M0 124MO 124MO 124M0 124M0 124M0 124MO 124MO 124M0
12221‘ 1222r 12221. 12221' 12221. 12221' 1222r 12221. 1222r 12221. 1222r

— _ _ _ _ _ _ _ 1242r 124ZI. 1242r
121Y 121Y 121Y 121Y 121Y 121Y 121Y 121Y 121Y _ _
12051, 12081‘ 12051, 12OSr 12051, 12051' 12051. 12051‘ 12051‘ 1ZOSI. 12081‘
12251‘ 1225r 12251, 12251‘ 12251, 12251' 12281‘ 12251‘ 12281‘ 12251, 1225r
12451, 124Sr 12451, 1248r 12451, 12451' 12481‘ 12451’ 124Sr 12451, 124Sr

Table 3. Values of the nuclear parameter 7} ~? from which the pressure and the densities at the

boundary between adjacent layers in the outer crust of a magnetar can be calculated.

ylo2 Interface

1.8908 56Fe — 02N
4.8972 62Nj — 4N
8.6863 62Nj — 885y

8.1312 64N — 0N
9.3317 64N — 86Kr
18.098 64Nj — 885y

12.155 66Nj — 86Ky
10.044 86Ky — 84Ge
5.5622 88Gy — 86Ky

15.330 Bige _ B2Ge
20.519 82Ge - 807n
38.310 82Ge — 1326
25.926 80Zn — 78Ni
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Table 3. Cont.

12 Interface
37.083 807 — 128pg
—33.289 1326 — 807
32.978 78N — 80N
—409.21 78Nj — 128pq
48.055 78Ni — 126Ru
45.122 80Ni — 1Mo
218.54 80Ni — 126Ru
30.039 128pq — 126Ry
32.010 126Ru - 124Mo
37.441 124Mo — 1227y
40.352 1227, 121y
42.293 1227y 1247y
1.8541 1247, 121y
39.031 1247, 120Gy
40.786 121y _ 120Gy
44.857 120G, _ 122G,
47.747 122G, _ 124G,

5.2. Heating

We have estimated the heat released by electron captures and their location using the
experimental atomic masses and the Qg values (including the recommended ones) from the
2016 Atomic Mass Evaluation [41] supplemented with the atomic mass model HFB-24 [14].
We have taken excitation energies from the Nuclear Data section of the International Atomic
Energy Agency website® following the Gamow-Teller selection rules, namely that the parity
of the final state is the same as that of the initial state, whereas the total angular momentum
J can either remain unchanged or vary by %7 (excluding transitions from | = 0 to | = 0).

The threshold density and pressure for the onset of each electron capture, as well
as the amount of heat deposited, can be calculated for any magnetic field strength from
the analytical formulas presented in Section 4 using the parameters indicated in Table 4
for ground-state to ground-state transitions, in Table 5 for ground-state to excited state
transitions, and in Table 6 for transitions involving light elements that could have been
accreted from the interstellar medium. Full numerical results are freely available in [45].
Table 4. Values of the nuclear parameters 'yf and Q(© (considering ground-state to ground-state
transitions) from which the threshold density and pressure for the onset of electron captures, as well
as the heat released can be calculated. The symbol (x) is used to distinguish reactions for which
theoretical atomic masses were needed.

'),f Reaction Q(o) (MeV)
8.232 56Fe — %0Cr — 2¢~ + 2v, 2.069
18.867 5Cr — 50Ti — 2e™ + 21, 2.295
29.313 56Ti — %0Ca — 2¢™ 4 2v, 3.514
43.710 %Ca — % Ar — 2™ + 2v, (x) 2.045
11.415 62Nji — %2Fe — 2¢™ + 21, 2.776
21.262 02Fe — 62Cr — 2¢~ + 2v, 2.725
31.174 62Cr — O2Ti — 2e™ + 21, 2.442

41.470 02T — 62Ca — 2e~ + 2v, (%) 2.490
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Table 4. Cont.

:),f Reaction Q(o) (MeV)
15.299 64Ni — %4Fe — 2¢™ + 2v, 2.484
24.445 64Fe — ®4Cr — 2¢ + 21, 2.471
34.581 4Cr — ®4Ti — 2e~ + 21, 1.865
19.782 66Ni — °Fe — 2¢~ + 2v, 3.257
27.062 66Fe — 0Cr — 2¢~ + 2v, 1.287
38.397 66Cr — O0Ti — 2¢™ + 2v, (%) 3.540
15.938 86Ky — 86Ge — 2¢~ + 2, 2.504
23.585 86Ge 5 86Ge — 2¢™ + 2v, 1.979
30.980 8Ge — 86Zn — 2e™ + 2v, (%) 2.310
38.926 867Zn — 8ONi — 2~ + 2v, (%) 2.320
20.754 84Ge — 84Ge — 2¢~ 4 2v, 2.389
28.517 84Ge — 847Zn — 2¢~ + 2v, 1.903
36.362 847Zn — B4Ni — 2e™ + 2v, (%) 2.390
25.431 82Ge — 827Zn — 2e™ +2v, 1.868
34.256 827Zn — 82Ni — 2e™ + 2v, (%) 2.154
44.640 82Ni — 82Fe — 2¢™ +2v, (%) 2.080
31.233 807n — 80Ni — 2¢~ + 2, 1.879
39.435 78Ni — 78Fe — 2e~ + 2v, (%) 2.070
41.842 124Mo — 1247y — 2= + 2v, (%) 2.920
42.722 1227y — 122Gy — 2™ + 2v, (%) 0.790
11.397 888Gy — 88Kr — 2e™ + 20, 2.395
18.564 88Ky — 88Se — 2¢~ + 2, 2.144
26.761 85e — 8Ge — 207 + 21, 2.582
34.601 8Ge — 8Zn —2e™ +2v, (x) 2.740
36.695 126Ru — 126Mo — 2¢™ + 2v, (%) 1.860
34.444 128pd — 128Ru — 2¢~ + 2v, (%) 2.290
28.662 1326 — 182Cd — 2¢~ + 21, 1.987
33.237 132Cd — 132Pd — 2¢~ + 2v, (%) 2.863
38.084 132pd — 132Ru — 2~ + 2v, (%) 2.940

Table 5. Same as in Table 4 but considering ground-state to excited state transitions (for which the
excitation energy is experimentally known and Eexc > 0).

,yf Reaction 90 (MeV)
8.448 56Fe — %0Cr — 2¢~ + 2v, 2.290
12.405 62Njj — %2Fe — 2¢™ + 2v, 3.788
20.726 86Ky — 86Ge — 2¢~ + 2, 7.397
31.260 82Ge — 827n —2e= + 21, 7.825
15.764 88Gr — 88Kr — 2~ +2v, 6.858
22.290 88Ky — 88Se — 2¢™ + 2, 5.951
31.010 1826 — 182Cd — 2¢~ + 21, 4.387

Table 6. Same as in Tables 4 but considering reactions involving carbon and oxygen.

,),f Reaction 00 (MeV)

21.393 160 — 16C — 20~ + 21, 2411
27.163 12C 5 12Be — 2¢= + 20, 1.661
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To assess the reliability of our analytical treatment, we have numerically solved the
exact threshold conditions u(A, Z,n,) = u(A,Z —1,n,) and P(Z,n,) = P(Z —1,n,) =
P(Z — 2,ne) without any approximation, i.e., using Equations (5) and (8), to determine
the exact values for the threshold pressure Pg and baryon number density 715. The heat
deposited is then calculated as Q = (A, Z,n,) — u(A,Z — 2,n,). We have compared
these exact results with the approximate analytical formulas. As an example, we focus
on the electron capture by *°Fe, considering the ground-state to ground-state transition.
As shown in Figure 3, the quantum oscillations of the threshold density are correctly
reproduced. The errors are found to be the largest for specific values of the magnetic
field strength corresponding to exact fillings of Landau—Rabi levels and amount to a few
percents, but drop by about an order of magnitude in the strongly quantizing regime, as
shown in Figure 4. As previously discussed in Section 2.2, the expansion in the weakly
quantizing regime is more reliable for the pressure than for the density. Indeed, the overall
errors on the threshold pressure are significantly smaller, as can be observed in Figure 5.
In the strongly quantizing regime, the errors on Pg are of the same order as those on 7ig
and are displayed in Figure 6. The heat released, plotted in Figures 7 and 8, also exhibits
quantum oscillations, though the amplitude is very small. To a first approximation, the heat
is therefore essentially given by that in the absence of magnetic fields, as anticipated.
The analytical formula for Q is found to be even more precise than formulas for the density
and pressure. To check that these error estimates are not specific to the reaction considered,
we have also analyzed the electron capture by 122Zr, which is present in much deeper layers
of the outer crust for all the magnetic field strengths. As can be observed in Figures 9-14,
the analytical formulas remain very precise in this other case. We have examined other
reactions and reached similar conclusions.

x10°

wfvme\/\/A

=

2 I:

o

0 [ A~ /~ [
L —— ,/

0 5 10 15 20 25 30 35

B/Brel

Figure 3. Top panel: Exact threshold density (in cgs units) for the onset of electron captures by °Fe

6pp/pp (%)

as a function of the magnetic field strength B, = B/ B, up to the onset of the strongly quantizing
regime. Bottom panel: Relative error (in %) of the approximate analytical expression.
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Figure 4. Same as Figure 3 in the strongly quantizing regime.
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Figure 5. Top panel: Exact threshold pressure (in cgs units) for the onset of electron captures by >°Fe
as a function of the magnetic field strength B, = B/ B, up to the onset of the strongly quantizing
regime. Bottom panel: Relative error (in %) of the approximate analytical expression.



Universe 2022, 8, 328 17 of 23

xlO'ZS' .
o -
= /
O
(- 4 //
= e
e e
Qa | /
] S S
0 500 1000 1500 2000
S —
D? ! //
= 0.04f
a :/
'e} s

0 500 1000 1500 2000
B/Brel
Figure 6. Same as Figure 5 in the strongly quantizing regime.
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Figure 7. Top panel: Exact heat released per nucleon from electron captures by *°Fe as a function of
the magnetic field strength B, = B/ B, up to the onset of the strongly quantizing regime. Bottom
panel: Relative error (in %) of the approximate analytical expression.

69/Q




Universe 2022, 8, 328

18 of 23

x10~2
3.730f /
_ 3725} /
Q 3.720F //
~ 3.715}
N /
Q) 3.710} /
3.705¢} /
0 500 1000 1500 2000
0)—0.002
\ r \
@ | \
W -0.004f
0 500 1000 1500 2000
B/Brel
Figure 8. Same as Figure 7 in the strongly quantizing regime.
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Figure 9. Top panel: Exact threshold density (in cgs units) for the onset of electron captures by 122Zr
as a function of the magnetic field strength B, = B/ B, up to the onset of the strongly quantizing

regime. Bottom panel: Relative error (in %) of the approximate analytical expression.
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Figure 10. Same as Figure 9 in the strongly quantizing regime.
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Figure 11. Top panel: Exact threshold pressure (in cgs units) for the onset of electron captures
by 122Zr as a function of the magnetic field strength B, = B/B, up to the onset of the strongly
quantizing regime. Bottom panel: Relative error (in %) of the approximate analytical expression.
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Figure 12. Same as Figure 11 in the strongly quantizing regime.
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Figure 13. Top panel: Exact heat released per nucleon from electron captures by '??Zr as a function
of the magnetic field strength B, = B/ By up to the onset of the strongly quantizing regime. Bottom
panel: Relative error (in %) of the approximate analytical expression.
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Figure 14. Same as Figure 13 in the strongly quantizing regime.

6. Conclusions

We have derived accurate analytical formulas (with typical errors below 1%) for
calculating the threshold density 75 and pressure Pg for the onset of electron captures by
nuclei in the shallow layers of magnetar crusts, as well as the maximum amount of heat
released Q taking into account the Landau—Rabi quantization of electron motion induced by
the magnetic field. We have also obtained formulas for determining the initial constitution
of the outer crust. These formulas are applicable over the whole range of magnetic fields
encountered in neutron stars, from the weakly quantizing regime to the most extreme
situation in which the electrons all lie in the lowest Landau-Rabi level.

Using experimental nuclear data supplemented with predictions from the atomic mass
model HFB-24, we have calculated all the necessary nuclear parameters to calculate the
shallow heating for any given magnetic field considering both ground-state to ground-
state and ground-state to excited-state transitions. Full numerical results can be found
in [45]. Together with the results for the equation of state and superfluid properties
published in [15-18,43], they provide consistent microscopic inputs for modelling the
magneto-thermal evolution of neutron stars.
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