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Abstract: We introduce a qubit-based version of the quantum switch, consisting of a variation of
the Fermi problem. Two qubits start in a superposition state in which one qubit is excited and the
other is in the ground state. However, it is not defined which is the excited qubit. Then, after some
time, if a photon is detected, we know that it must have experienced an emission by one atom and
then an absorption and re-emission by the other one, but the ordering of the emission events by both
qubits is undefined. While it is tempting to refer to this scenario as one with indefinite causality or a
superposition of causal orders, we show that there is still a precise notion of causality: the probability
of excitation of each atom is totally independent of the other one when the times are short enough to
prevent photon exchange.
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1. Introduction

The notion of causality in quantum physics seems to have experienced a revisitation
during the last few years due to new theoretical and experimental results revolving around
the “quantum switch” [1-9]. A quantum switch is an interferometric setup where the
optical path of a photon depends on the state of a control qubit. If the qubit is in state zero,
Sl;edcgtfeosr the photon will follow a path which includes undergoing two linear-optical operations

A and B, while if the state is one, the path includes the operations in the opposite order:
first B and then A. Now, if the control qubit is in a superposition state of zero and one,
then the path is undefined, and so is the order of the operations A and B. This is typically
referred to as “indefinite causal order” or “superposition of causal orders”. However, it has
been noted [10] that a more accurate phrasing would be that the order is entangled with
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In this work, we propose a modification of this model which transforms the Fermi
problem into a qubit-based version of the quantum switch. The atoms are connected to
a beam splitter, through which we inject a single photon. Then, we still have one atom
excited and the other in the ground state, but it is undefined whether the excited atom is A
or B. The atoms can emit and exchange photons. Under these conditions, if after some time
a photon is detected, we do not know whether the atom has been emitted by A, absorbed by
B and then re-emitted, or first emitted by B, then absorbed by A and re-emitted. Therefore,
the ordering of the emission events is undefined and we have an analogue of the quantum
switch. Note that A and B play the role of the local laboratories of Alice and Bob, which
perform the quantum switch superoperation by exchanging the photon. The detected
photon would play the role of the control qubit in the standard quantum switch. However,
we will show that there is a precise notion of causality in this setup: the probabilities of
excitation of the atoms do not depend on the other atom when they are outside the light
cone of the other.

2. Model and Results

For simplicity, we focus on a 1D setup with two qubits, A and B, interacting with a
quantum bosonic field. The qubits are defined by two states |e) and |g) with energy gap O
(7 = 1). They interact locally with a one-dimensional field, E(x),

E(x)=1i /dk\/ka e**a + Hee.. (1)

This field would be a a 1D version of the electric field, mimicking the standard “d times
E” coupling in quantum optics. As usual, it is defined by a continuum of Fock operators
[ak, af,] = Sy, and wy = c|k|, where c is the speed of light. N is a normalization constant
which would depend on the particular setup.

We consider the standard Hamiltonian, H = Hy + Hj, with the free part

1
Hy = EQ(Uﬁ +05) + Y wiatay, )
k
and the interaction between them
H[IdAU'IJf‘E(XA)-l-dBO'gE(XB). 3)

Here, x 4 and xp are the fixed positions of the atoms, and d 4, dp are dipole moments.

The atoms do not interact directly, but they can emit and absorb photons, and therefore
they can also exchange them. If the initial state contains a definite excited atom and the
other is in the ground state—for instance, the state is |e4 ¢p 0)—we have the classic Fermi
model formulation (Figure 1a,b). In this 1D setup, it can be shown [21] that the system
behaves causally, meaning that the probability of excitation of atom B is independent of
atom A for t < r/c, v = xp — x4 being the distance between the qubits. Note that this
probability can be different from zero for t < r/c, but this is not a causality problem as long
as it is not dependent on qubit A and therefore cannot be used to transmit information. The
probability of excitation of the initially unexcited qubit only becomes sensitive to the other
qubit for t > r/c.
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Figure 1. (a) Qubit A is initially in the excited state, while qubit B is initially in the ground state.
A photon is emitted by qubit A and absorbed by qubit B, which then emits a photon and goes back to
the ground state. (b) Qubit B is initially in the excited state, while qubit A is initially in the ground
state. Qubit B emits a photon which is absorbed by qubit A and then qubit A emits a photon and
relaxes back to the ground state. (c) The initial state is a superposition of the initial states in scenarios

(a,b). Therefore, we know that a photon must be emitted, absorbed and re-emitted, but the ordering
of the emissions is not defined.

Now, let us consider that the atoms are connected to a 50-50 beam-splitter through
which a single photon is injected. Then, if the qubits start in the ground state, after absorbing
a photon, they are initialized in the state:

|@-—J§umg3m—rmA@o», )

in which one atom is excited, although we do not know whether it is atom A or B, and no
photons are present (Figure 1c). Then, after a sufficiently long time, if a photon is detected
we know that it has been emitted by one atom, absorbed by the other and re-emitted.
However, it is undefined whether it was first emitted by A, absorbed by B and re-emitted,
or first emitted by B, absorbed by A and re-emitted. In this sense, we have built up a
variant of the quantum switch: there are two events in the past of the photon—the two
photo-emissions—whose temporal ordering is completely undefined. The detection of
the photon plays the role of the quantum degree of freedom in the quantum switch: if
photons are ignored, the qubit system would be in a statistical mixture of both possibilities,
not a truly quantum superposition. If the time is not long enough to completely rule out
the possibility of just a single emission, the source of the detected photon would still be
indistinguishable, and this would merely add new terms to the superposition without
changing the conclusions below.

The aim of this work is to show that despite this indefiniteness in the temporal
ordering, sometimes referred to as indefinite causality or superposition of causal orders,
there is a well-defined notion of causality in this system. To this end, we are interested in
the dynamics of the probability of excitation P, 4, P,p of atoms A and B. In the Heisenberg
picture, they would be given by:

Pei = (9| Pi (D) |¢) ®)
where P% (t) is the projector over the excited state of atom i

Pl = les){ei] = oo ©)

1
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in the Heisenberg picture. The Heisenberg equations are
Pi(t) = —i[Pf(t), H] = —d; o} (t)E(x;, 1), )
which give rise to
Pi(t) — Pi(0) = —d; /Ot dat'c! (Y )E(x;, ). ®)
In this case, we state that the initial probabilities of excitation are
PA0) = PP(0) = 1/2. ©)

Therefore, putting together Equations (5) and (8), we state that the probabilities of
excitation would be given by:

Pu= 3 —d [ (9lo! () ECx V)ly) (10)
e 5 1 0 i v '

Let us now analyze E(x;, t). We start with the Heisenberg equations of the operators
+
ar and aj:

a(t) = —ila(t), H]
= —iwgag(t) — v/ Nwg Zdiefikxiaf(t)
af(t) = —ilaf(t), H]
= iwkak(t)—\/kaZdieikxiaf(t). (11)

Integrating these equations, we get:
‘ ‘ 4 t o
a(t) = e "“a(0) — /Newge kY dje~ ki / dt' o (¢)e' !
- 0
1
. . . t o
af(t) = e“af(0) — \/Nawge Zd,-elkx"/ dt' o (t)e "kt (12)
; 0
1
Now, inserting them in Equation (1), the total field evaluated at x in the Heisenberg
picture is decomposed
E(x,t) = Eo(x,t) + Ea(x, 1) + Ep(x, ) (13)

into the homogenous part of the field

Eo(x,t) =i / dk +/Neog =g 4 He. (14)

and the back action of A and B onto the field
El-(x, l’) = —idiN X

ot "00 . . /
[l ey [ et i e )
Jo J—o0

We now have to evaluate the field both in x4 and xp. Let us start with x 4. Clearly, the
field is decomposed into three parts:

E(xa,t) = Eo(xa,t) + Ea(xa, t) + Ep(xa,t). (16)
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Naturally, Eg(x 4, ) cannot depend on atom B in any way. We should focus on Eg(x4, t)
which carries an explicit dependence on atom B. We have:

EB(XA,t) = —idBN X
[ sy [ aettaso-ient-Oaar 4 e
0 —o0
= dB N x
4 / Lo () / " emikrion (=) gy 4 He (17)
dt 0 B —00 h

Considering that wy = c|k|, we state that the first integral is:

/°° o—ikr—iw (=) g L H.c. — /°° p—ik(re (=) g 4
0

/0 e*ik(rfc (tft’))dk + /oo eik(}'+c (tft/))dk +
—o00 0

/0 eik(r—c (t_t/))dk. (18)
Performing the change of variables k' = —k in the second and third integrals, this can

be rearranged as:

/w o ikr—iwe (=) gk 1 e — /°° ke (=) g 4

—00

/oo eik(rfc (tft/))dk. (19)

The first integral is zero, since ' cannot be larger than t, by construction, while the
second gives rise to a Dirac delta:
/ K=< (=D gk = 2716 (ct' — (ct — 1)) = Zﬂ(s(t’ —(t— f)). (20)
—0 c c
Plugging this result in Equation (17), we finally conclude that the B-dependent part of
the field evaluated at x4 is:

2mdg N d r r
Ep(xa,t) = CB E”ﬁ(t— E)Q(t_ E)’ (21)

where the Heavyside step function makes explicit the fact that Eg(x4,t) is 0 for t < r/c.
We now turn to the A-dependent part of the field at x4, which from Equation (15), and
following the same techniques as before, leads to:

2nda N d
Ealxat) = === 20k(D). (22)

This can be different from zero for t > 0. However, since ¢ conmutes with the
interaction hamiltonian, the commutator

[H,0%] = iQc) (23)

does not involve atom B (see Equation (24) below), and neither do the commutators
[H,[H,o%]], [H,[H,[H, c}]]], etc. Therefore, the time-dependent operator ¢ (t) cannot be
dependent on atom B in any way.

Putting everything together, we have shown that the time-dependent field evaluated
atxy, E(x4,t) isnot dependent on atom B for ¢t < r/c. There are B-independent parts that
can be different from zero at any time, but the B-dependent parts are only non-zero for
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t > r/c. Recalling Equation (10), we see that we still have to analyze the behavior of Jz (t).
Again, the commutator

[H,o%] = —iQ0c} +2id a5 E(x) (24)

does not contain any observable relation with atom B, and the same holds for all the
commutators involved in the dynamics of (Ti,‘.

Therefore, we conclude that the probability of excitation of atom A P, 4 is completely
independent of atom B for t < r/c. From Equation (10), we see that there will be three
different terms P, 49, P,44 and P, 4p related to Eg, E4 and Ep respectively. The first two can
be different from zero at any time ¢ > 0, but are completely independent of atom B. The
last one is only non-vanishing for t > r/c.

In order to get more specific results, we can plug our exact results from Equations (21)
and (22) into Equation (10) and retain only the leading terms in the commutator expansion
of ¢4 (') and ¢ (#'). Recalling Equations (23) and (24), we have:

() = oy +oQr) (25)
o (t’ - 2) = of- Q(t’ - g)ag + O((Qt’)z).

Then, up to order d% and Q) t, we have:

2td4dgNQY [t
Poap = AT [ (ylolohly)
_ 2mdadpNQ r r
_ 2adaNO T )
2md3NQ ot
Pean = +./o dt' (ploy oy |)

2nd§NQt_
C

Interestingly, the first term only appears due to the fact that we are considering an
initial superposition |1), since it comes from

(plojogly) =1, 27)

which would be zero if we replace |i) with |e4 g 0) or |g4 ep 0), as in the original Fermi
problem. Thus, our modification of the Fermi setup in order to build a quantum switch
does change the excitation probabilities of the atoms, but does not change the fact that they
behave causally.

While all the analysis above refers to atom A, it also holds for atom B. Again, using
Equations (13)—(15) to evaluate the field at xp, we find that the A-dependent part of the
field at xp is:

Ea(xp,t) = —idy N X
t 00 . ) ,
L) [ apetnma-ient-Oaar + He, 8)

and it is straightforward to see that all the analysis above follows along the same lines.
Therefore, we have shown that the probabilities of excitation of both atoms are insensitive
to the presence of the other atom until they enter the light cone of the other, as required
by relativistic causality. These results apply in principle to any setup with two qubits
interacting with a 1D bosonic quantum field—e.g., a superconducting-circuit setup such
as in [21]—and could presumably be extended to 3D setups using similar Fermi-problem
techniques [19,20].
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3. Summary and Conclusions

In summary, we have illustrated the relation between two notions that could seem to be
in contradiction at first sight: on the one hand, the strong principle of causality underlying
quantum theory, and on the other hand, the recent developments around quantum switch
devices, which seem to challenge causality with concepts such as superposition of causal
orders or indefinite causality. To this end, we have revisited a paradigmatic model of
causality at the quantum level—the two-atom Fermi problem—and modified it in order
to introduce a new version of the standard interferometric quantum switch, where the
temporal ordering of two events—in this case, two photo-emissions by the atoms—is not
defined. We show that despite this indefiniteness in the ordering, the basic principle of
causality survives, since the probabilities of excitation of both atoms behave in a causal way,
as in the original Fermi problem. This suggests the necessity of careful distinctions [10,22,23]
between temporal ordering—which can be quantum-controlled and therefore indefinite—
and causal order, which is always well defined in standard quantum setups such as
experimental quantum switches [4-9]. While modifications or extensions of quantum theory
could lead to new causal structures that could be relevant in quantum gravity [2,24,25],
standard quantum mechanics does possess an standard causal structure.
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