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Abstract: The possibility of radiation of high-energy gamma quanta with energies of the order of
100 GeV by ultrarelativistic electrons on nuclei in strong X-ray fields with intensities up to∼1027 Wcm−2

was theoretically studied. It is shown that this effect can be realized under special experimental
conditions in the process of resonant spontaneous bremsstrahlung radiation of ultrarelativistic
electrons on nuclei in an external electromagnetic field. These special experimental conditions
determine the characteristic energy of the electrons. This characteristic energy should be significantly
less than the energy of the initial electrons. Under these conditions, spontaneous gamma quanta
are emitted in a narrow cone with energies close to the energy of the initial electrons. Moreover,
the resonant differential cross-sections of such processes can exceed the corresponding differential
cross-section without an external field by twenty orders of magnitude. The results obtained can
explain the occurrence of high-energy gamma quanta near pulsars and magnetars.

Keywords: open quantum systems; quantum electrodynamics of strong X-ray fields; ultrarelativistic
electrons; high-energy spontaneous gamma quanta; nuclei; strong X-ray fields of pulsars and
magnetars; Oleinik resonances

1. Introduction

Astroparticle physics has been attracting attention for a long time (see, for example,
articles [1–4]). At the same time, the processes of quantum electrodynamics (QED) in X-ray
fields near pulsars and magnetars are intensively studied [5,6]. We also note a fairly large
number of articles on QED processes in strong electromagnetic fields (see, for example,
articles [7–42]). It is important to emphasize that higher-order QED processes with respect
to the fine structure constant in an electromagnetic field can proceed both in a resonant and
non-resonant way. Here, the so-called Oleinik resonances may occur [7,8], due to the fact
that lower-order processes are allowed in the laser field by the fine structure constant. It is
important to note that the resonant differential cross-section can significantly exceed the
corresponding non-resonant one [19–22,26,34–36].

Resonant spontaneous bremsstrahlung (SB) radiation of ultrarelativistic electrons by
nuclei in an electromagnetic field was studied in articles [22,34,35]. In the article of [22], this
process was considered in a strong electromagnetic field of optical frequencies; however,
these articles did not study the case of strong fields of the X-ray frequency range, when
spontaneous gamma quanta are emitted with energies close to the energies of the initial
electrons. It is this, the most interesting case, that is considered in this article.
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We studied the resonance SB process for high-energy particles when the basic classical
parameter η satisfies the relation

η�
Ei, f

mc2 � 1 η =
eFo
mc2 . (1)

Here e and m are the charge and mass of the electron, F and o = c/ω are the electric
field strength and wavelength, ω is the frequency of the wave, and Ei and E f are the energy
of the initial and final electrons.

In the article of [22], it was shown that the resonant frequency of a spontaneous gamma
quantum is determined by its outgoing angle relative to the initial electron momentum
of the (for channel A, see Figure 1A) or the final electron momentum (for channel B, see
Figure 1B), as well as the quantum parameter

κη(r) =
r
rη

. (2)

Here the parameter κη(r) is numerically equal to the ratio of the number of absorbed
photons of the wave in the laser-stimulated Compton process (r ≥ 1, 2, 3 . . . ) to the charac-
teristic quantum parameter rη, which is determined by the experimental conditions and the
laser installation.

rη =

(
mc2

)2(
1 + η2

)
4(h̄ω)Ei sin2(θi/2)

. (3)

where θi is the angle between the momentum of the initial electron and the direction of
wave propagation. It can be seen from expression (3) that the value of the characteristic
parameter rη is inversely proportional to the photon energy of the wave (h̄ω) and the energy
of the initial electrons (Ei), and is also directly proportional to the intensity of the wave(
I ∼ η2

(
Wcm−2

))
. It is important to note that the value of the parameter κη(r) significantly

affects the resonant frequency of the spontaneous gamma quantum. So, for κη(r) � 1 the

resonant frequency is much less than the energy of the initial electron
(
h̄ω′

η(r)
∼ κη(r)Ei � Ei

)
.

If a parameter κη(r) ∼ 1, then the resonant frequency is of the same order with the energy of

the initial electron
(
h̄ω′

η(r)
∼ Ei

)
. If condition κη(r) � 1 is met, then the resonant frequency

will be close to the energy of the initial electron
(
h̄ω′

η(r)
→ Ei

)
. At the same time, for a fixed

value of the parameter rη, the processes with a small number of absorbed photons of the
wave (r ∼ 1) have the largest resonant cross-section. As the number of absorbed photons
of the wave increases (r� 1), the resonant cross-section decreases rapidly. It is important
to emphasize that the production of high-energy spontaneous gamma quanta is possible
only under the condition

κη(r) � 1. (4)

The fulfillment of condition (4) is possible in two areas of variation of the quantum
parameter rη (3). Thus, for rη & 1, condition (4) is fulfilled only for a large number of
absorbed photons of the wave r� 1, when the probability of these processes is significantly
less than the probability of the emission of low-energy spontaneous gamma quanta. This
case was studied in detail in [22]. On the other hand, when

rη � 1 (5)

the fulfillment of condition (4) already takes place for a small number of absorbed photons
of the wave (r ≥ 1, 2, 3 . . . ), when the probability of these processes will be the maximum.
This case was not considered.

In this paper, we study the case of radiation of narrow high-energy gamma-ray beams
under appropriate experimental conditions for a quantum parameter rη (5).
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We use the relativistic system of units: h̄ = c = 1.

Ze k ¢

2 2

iq m
*

=
2 2

iq mi *
q mq m

ipipfp fp ipipfp fp

Ze
k ¢

2 2

fq m
*

=
2 2

fq mf *
q mq m

(A) (B)

Figure 1. Resonant spontaneous bremsstrahlung of an electron in the field of a nucleus and a plane
electromagnetic wave. Reaction channels (A,B).

2. Resonant Frequency in a Strong Field

Oleinik resonances occur when an intermediate electron in the electromagnetic wave
field enters the mass shell [22,34,35]. Because of this, for channels A and B, we obtain:

q̃2
i = m2

∗ , q̃i = p̃i + rk− k′. (6)

q̃2
f = m2

∗ , q̃ f = p̃ f + k′ − rk. (7)

Here q̃i and q̃ f are the 4-quasimomenta of intermediate electrons for channels A and B,
m∗ is the effective mass of the electron in the plane wave field

p̃ j = p j + η2 m2

2
(
kp j

)k, q̃ j = q j + η2 m2

2
(
kq j

)k, j = i, f . (8)

p̃2
i, f = m2

∗ , m∗ = m
√

1 + η2, kp j = ωE j − kp j. (9)

In expressions (6)–(8) k = (ω, k) and k′ = (ω′, k′) are the 4-momenta of the external
field photon and spontaneous gamma quantum.

We studied the most interesting case of ultrarelativistic electron energies, when the
spontaneous gamma quantum and the final electron fly out in a narrow cone along the
momentum of the initial electron. In this case, the direction of the propagation of the wave
lies far from the given narrow cone of particles (if the direction of propagation of the wave
lies inside the narrow cone of particles, then the resonances disappear.

Ei, f >> m, (10)

θ′i, f = ]
(
k′, pi, f

)
<< 1, θi f = ]

(
pi, p f

)
<< 1, (11)

θ′ = ](k′, k) ∼ 1, θi, f = ]
(
k, pi, f

)
∼ 1. (12)

In this paper, we consider the energies of the initial electrons Ei . 103 GeV and also in
a wide range of photon energies of an electromagnetic wave

(
1 eV . ω . 104 eV

)
. At the

same time, we consider the intensities of the electromagnetic wave to be significantly less
than the critical intensities of the Schwinger

(
I � I∗ ∼ 1029 Wcm−2

)
.

We determine the resonant frequency
(
ω′
ηi(r)

)
of the spontaneous gamma quantum for

channel A (see Figure 1A).
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We take into account the relations (10)–(12) in the resonant condition (6). After simple
calculations, we obtain

x′
ηi(r) =

1 +
(
1 + δ′2ηi

)
κη(r)


−1

, x′
ηi(r) =

ω′
ηi(r)

Ei
. (13)

Here it is indicated:

δ′ηi =
Eiθ
′

i
m∗

=
Eiθ
′

i

m
√

1 + η2
. (14)

It can be seen from expression (13) that the resonant frequency of a spontaneous gamma
quantum is determined by the outgoing angle (ultrarelativistic parameter δ′ηi ), as well
as the quantum parameter κη(r) (2), (3). Note that the resonant radiation spectrum (13) is
essentially discrete, since each value of the number of absorbed laser photons corresponds
to its own resonant frequency of the spontaneous gamma quantum: r → ω′

ηi(r)
(13).

The resonance spectrum of spontaneous radiation in the region rη & 1
(
0 < κη(r) < ∞

)
was

studied in detail in the article [22].
Here we study the case when the quantum characteristic parameter rη satisfies

condition (5). Under these conditions, the parameter κη(r) will satisfy condition (4). As a

result, for not very large outgoing angles
(
δ′2ηi � κη(r)

)
for channel A the resonant frequency

of the spontaneous gamma quantum (13) will be close to the energy of the initial electron

x′
ηi(r) ≈ 1−

(
1 + δ′2ηi

)
κη(r)

≈ 1
(
δ′2ηi � κη(r) � 1

)
. (15)

Thus, in this case, with a small number of absorbed photons of the wave, the resonant
spontaneous gamma quanta of the maximum frequency are emitted. The condition (5) can
be rewritten for the energies of the initial electrons

Ei � E∗, E∗ =
m2

(
1 + η2

)
4ω sin2(θi/2)

. (16)

Then, for the characteristic energy E∗ when the electron beam moves towards the
electromagnetic wave (θi = π) and different frequencies and intensities of the wave, we
obtain:

E∗ = 6.5 × 1010

(
1 + η2

)
ω(eV)

eV =

0.65 GeV, if ω = 0.2 keV, I = 0.746 × 1023 Wcm−2(η = 1)
6.5 MeV, if ω = 20 keV, I = 0.746 × 1027 Wcm−2(η = 1)

. (17)

Consequently, for electron energies satisfying conditions (16), (17) resonant sponta-
neous gamma quanta will be emitted with energies close to the energies of the initial
electrons (15).

We obtain the equation for the resonant frequency ω′
η f (r)

of the spontaneous gamma
quantum in the case of channel B (see Figure 1B). Given the kinematics Equations (10)–(12),
from the expression (7) we obtain:

δ′2η f x′3
η f (r) − 2δ′2η f x′2

η f (r) +
(
1 + δ′2η f + κη(r)

)
x′
η f (r) − κη(r) = 0, x′

η f (r) =
ω′
η f (r)

Ei
. (18)

Here it is indicated

δ′η f =
Eiθ
′

f

m∗
=

Eiθ
′

f

m
√

1 + η2
. (19)
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A detailed study of Equation (18) for the case rη & 1
(
0 < κη(r) < ∞

)
was carried out

in [22]. Here, we study the case when the quantum characteristic parameter rη satisfies
condition (5). Under these conditions, the parameter κη(r) will satisfy condition (4). As a

result, for not very large outgoing angles
(
δ′2ηi � κη(r)

)
, from Equation (18), it is easy to

obtain the resonant frequency of a spontaneous gamma quantum for channel B

x′
η f (r) ≈ 1−

(
1 + δ′2

η f

)
κη(r)

≈ 1
(
δ′2η f � κη(r) � 1

)
. (20)

3. The Maximum Resonant Differential SB Cross-Sections

A general relativistic expression for a resonant differential cross-section with simulta-
neous registration of the outgoing angle and frequency of the spontaneous gamma quantum
for channels A and B was obtained in the article [22]. This expression has been studied in
detail in the range of quantum parameter values rη & 1; however, the most interesting area
of these parameter values has not been studied rη � 1 (5).

Note that the probability of a resonant differential cross-section of spontaneous
bremsstrahlung is obtained from the corresponding amplitude of the process in a standard
way. At the same time, the corresponding probability of the process is multiplied by
the concentration of nuclei ni. When a resonant differential cross-section is obtained,
the corresponding probability of the process is divided by the flux vini = |pi/Ei| · ni.
Because of this, the resonant cross-section does not depend on the concentration of nuclei
ni [43].

Taking into account the parameters of the electromagnetic wave (5) and the energies
of the initial electrons (16), as well as expressions for the resonant frequencies (15) and (20),
we obtain expressions for the maximum resonant differential cross-section for channels A
and B:

Rmax
ηi(r) =

dσmax
ηi(r)

dx′
ηi(r)

dδ′2
ηi

=
(
Z2αr2

e

)
cηiΨηi(r), (21)

Rmax
η f (r) =

dσmax
η f (r)

dx′
η f (r)

dδ′2
η f

=
(
Z2αr2

e

)
cηiΨη f (r), (22)

Here, α is the fine structure constant, Z is the charge of the nucleus, re is the classical
radius of the electron, the Ψηi(r) and Ψη f (r) functions determine the spectral-angular
distribution of the resonant SB cross-section for channels A and B:

Ψηi(r) =
κη(r)(

1 + δ′2
ηi

)
gηi(r)

K
(
uηi(r),κη(r)

)
, (23)

Ψη f (r) =

(
1 + δ′2

η f

)
κη(r)

gη f (r)K
(
uη f (r),κη(r)

)
, (24)

and cηi is the coefficient, which is determined by the parameters of the laser installation

cηi = π

 8π2Ei

αm∗K
(
rη

) 
2

≈ 3.67× 108
E2

i

m2(1 + η2)K2
(
rη

) >> 1. (25)

In expressions (23) and (24), the relativistic-invariant parameters uηi(r) and uη f (r) have
the form:

uη j(r) ≈
κη(r)(

1 + δ′2
η j

) , j = i, f . (26)
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The function K
(
rη

)
in expression (25) is determined by the resonance width (the full

probability of the Compton effect stimulated by the electromagnetic field) and has the
form [31]:

K
(
rη

)
=
∞∑

r=1

Kr
(
rη

)
, Kr

(
rη

)
=

r/rη∫
0

du

(1 + u)2 K
(
u,κη(r)

)
. (27)

K
(
u,κη(r)

)
= −4J2

r

(
γη(r)

)
+ η2

(
2 +

u2

1 + u

)(
J2
r+1 + J2

r−1 − 2J2
r

)
, (28)

γη(r) = 2r
η√

1 + η2

√
u

κη(r)

1−
u

κη(r)

, (29)

In expressions (23) and (24), functions K
(
uηi(r),κη(r)

)
and K

(
uη f (r),κη(r)

)
are obtained

from ratios (28), (29) by corresponding substitutions: u → uηi(r) and u → uη f (r) (26).
The gηi(r), gη f (r) functions determine the square of the momentum transmitted to the
nucleus, taking into account the relativistic corrections of the order m2

∗/E2
i for channels A

and B. So, for channel A, we obtain:

gηi(r) = g(0)
ηi(r)

+
1

(1 + η2)
g(1)
ηi(r)

+
1

(1 + η2)2 g(2)
ηi(r)

, (30)

g(0)
ηi(r)
≈

δ′4ηiκ
3
η(r)

6
(
1 + δ′2

ηi

)3 +
β′
η(r)

2 sin2(θi/2)

β′η(r) −
2κ2

η(r)(
1 + δ′2

ηi

)2 δ
′2
ηi

, (31)

g(1)
ηi(r)
≈

κη(r)(
1 + δ′2

ηi

)
β′η(r) + κη(r)(

1 + δ′2
ηi

)δ′2ηi

, g(2)
ηi(r)
≈

κ2
η(r)

2
(
1 + δ′2

ηi

)2 , (32)

β′
η(r) ≈ κη(r)


(
η2

1 + η2

)
1(

1 + δ′2
ηi

) − 1

. (33)

Note that for channel B, the gη f (r) functions are obtained from gηi(r) functions (30)–(33)

by replacing: δ′ηi → δ′
η f

(
1 + δ′2

η f

)
/κη(r).

It is important to emphasize that the obtained expressions (21), (22) are appropriate
for the case of a single initial electron. To derive the relations for the case of an electron flux,
one has to multiply the corresponding equations by the concentration ne.

A comparison of the resonant differential cross-sections for channels A (21), (23) and
B (22), (24) shows that channel A is dominant

Rmax
ηi(r)

Rmax
η f (r)

=
Ψηi(r)

Ψη f (r)
& κη(r) � 1. (34)

4. Results

Figures 2 and 3 show the distributions of the maximum resonant differential cross-
section for channels A (21) and B (22) from the value of the square of the outgoing angle of
the spontaneous gamma quantum with a different number of absorbed photons of the wave.



Universe 2022, 8, 218 7 of 10

0.0 0.1 0.2 0.3 0.4 0.5
10

11

12

13
14
15
16
17
18
19

a)

2
i

maxlg i rR

1

2

3

 1) r=1     3) r=3    
 2) r=2     4) r=4     

4

0.0 0.2 0.4 0.6 0.8 1.0
8

9

10

11

12

13
14
15 b)

2
f

maxlg f rR
1

2
3

 1) r=1     3) r=3    
 2) r=2     4) r=4     

4

Figure 2. The maximum resonant differential cross-section (in units of Z2αr2
e ) as functions of the

corresponding outgoing angles, plotted for the different values of absorbed wave photons. (a) Rmax
ηi(r)

(21) for channel A. (b) Rmax
η f (r)

(22) for channel B. The frequency and intensity of the electromagnetic

wave areω = 0.2 keV and I = 0.746 × 1023 Wcm−2. The energy of the initial electrons is Ei = 65 GeV.
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Figure 3. The maximum resonant differential cross-section (in units of Z2αr2
e ) as functions of the

corresponding outgoing angles, plotted for the different values of absorbed wave photons. (a) Rmax
ηi(r)

(21) for channel A. (b) Rmax
η f (r)

(22) for channel B. The frequency and intensity of the electromagnetic

wave are ω = 20 keV and I = 0.746 × 1027 Wcm−2. The energy of the initial electrons is Ei = 65 GeV.

These figures differ in the frequencies (ω = 0.2 keV; 20 keV) and intensities of the
electromagnetic wave

(
I = 0.746 × 1023 Wcm−2; 0.746 × 1027 Wcm−2

)
. Tables 1 and 2

show the values of the resonant differential cross-sections, energies and outgoing angles
of the spontaneous gamma quantum, as well as the energies of the final electron in the
maximum of the corresponding distributions, corresponding to Figures 2 and 3. It can be
seen from Figures 2 and 3 that at fixed frequency and intensity of the wave, the maximum
value of the resonant section occurs at one absorbed photon of the wave (r = 1) for the zero

outgoing angle
(
δ′2ηi = 0, δ′2

η f = 0
)

and can be of the order of magnitude 1019
÷ 1020

(
Z2αr2

e

)
.

With an increase in the number of absorbed photons of the wave, the magnitude of the
maximum resonant cross-section decreases quite quickly, while still taking large values.
At the same time, the position of the maxima in the corresponding distributions of resonant
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cross-sections shifts towards large values of the outgoing angles of the spontaneous gamma
quantum, and the energy of the spontaneous gamma quantum tends more and more to
the energy of the initial electrons (see also Tables 1 and 2). Further, note that channel B is
suppressed relative to channel A (34).

Table 1. The values of the resonant frequency and the square of the outgoing angle of the spontaneous
gamma quantum for the maximum value of the maximum resonant differential cross-section
(see Figure 2). The frequency and intensity of the electromagnetic wave are ω = 0.2 keV and
I = 0.746 × 1023 Wcm−2. The energy of the initial electrons is Ei = 65 GeV.

r δ2
ηi

Rmax
ηi(r)

ω′
ηi(r)

Eη f(r) δ2
η f

Rmax
η f(r)

ω′
η f(r)

Eη f(r)(
Z2αr2

e

)
(GeV) (GeV)

(
Z2αr2

e

)
(GeV) (GeV)

1 0 1.147 × 1019 64.35644 0.64356 0 1.107 × 1015 64.35 0.65

2 0.003 2.208 × 1015 64.67565 0.32435 0.075 4.159 × 1013 64.650625 0.349375

3 0.145 1.749 × 1014 64.75287 0.24713 0.126 4.428 × 1012 64.756055 0.243945

4 0.266 4.468 × 1013 64.79493 0.20507 0.205 8.008 × 1011 64.804155 0.195845

Table 2. The values of the resonant frequency and the square of the outgoing angle of the spontaneous
gamma quantum for the maximum value of the maximum resonant differential cross-section
(see Figure 3). The frequency and intensity of the electromagnetic wave are ω = 20 keV and
I = 0.746 × 1027 Wcm−2. The energy of the initial electrons is Ei = 65 GeV.

r δ2
ηi

Rmax
ηi(r)

ω′
ηi(r)

Eη f(r) δ2
η f

Rmax
η f(r)

ω′
η f(r)

Eη f(r)(
Z2αr2

e

)
(GeV) (GeV)

(
Z2αr2

e

)
(GeV) (GeV)

1 0 3.125 × 1020 64.9934 0.0065 0 1.172 × 1012 64.99343 0.00656

2 2 × 10−5 6.343 × 1012 64.9967 0.0032 0.01 1.534 × 1010 64.99668 0.00331

3 0.145 4.853 × 1011 64.9975 0.0024 0.028 2.806 × 108 64.99772 0.00227

4 0.266 1.239 × 1011 64.9979 0.0020 0.154 2.681 × 107 64.99811 0.00188

It is important to emphasize that a large value of the resonant differential cross-
section occurs when the resonant cross-section is integrated at the outgoing angles of the
spontaneous gamma quantum relative to the momentum of the final electron (for channel
A) or the initial electron (for channel B). As a result, a large order parameter (Ei/m∗)

2
� 1

appears in the resonant differential cross-section (21), (22), (25) (see also formulas (81)–(84) of
the article [22]). Note that this large parameter arises due to taking into account small-order
corrections in the transmitted momentum q2 [22].

The study provides a qualitative explanation of the possibility of obtaining high-energy
gamma quanta in strong X-ray fields near neutron stars and magnetars. These high-energy
gamma quanta can give production to ultrarelativistic electron–positron pairs in strong X-
ray fields. As is known, there is a problem in explaining the flux of positrons (electrons) with
energies of the order of 100 GeV near these objects [3,4,21]. It is a well-known phenomenon
that the cosmic rays contain an anomalous abundance of high-energy positrons [3]. One
might suppose that the X-ray pulsars might be the sources of these positron flows [4].
The present work allows us to give a possible explanation of these facts.
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5. Conclusions

The study of resonant spontaneous bremsstrahlung radiation during scattering of
ultrarelativistic electrons by nuclei in the field of an X-ray wave with wide frequency and
intensity intervals shows:

• Under conditions when the energies of the initial electrons significantly exceed the
characteristic energy of the process (Ei � E∗, see (16)), spontaneous gamma quanta will
be emitted with energies close to the energy of the initial electrons (see (15) and (20)).

• The emission peaks of spontaneous gamma quanta have different outgoing angles
for different numbers of absorbed photons of the wave (see Figures 2 and 3 and
Tables 1 and 2).

• The resonant differential cross-section with simultaneous registration of the outgoing
angles and the energy of the spontaneous gamma quantum significantly exceeds the
corresponding cross-section without an external electromagnetic field. This excess can
be twenty orders of magnitude for one absorbed photon of the wave.

• The resonant differential cross-section for channel A is dominant, since it exceeds
the corresponding differential cross-section for channel B by more then two orders of
magnitude.

The results obtained can be used to explain high-energy gamma-ray quanta near
neutron stars and magnetars.
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