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2
Abstract: This work contains a brief and elementary exposition of the foundations of Poisson and
symplectic geometries, with an emphasis on applications for Hamiltonian systems with second-class
constraints. In particular, we clarify the geometric meaning of the Dirac bracket on a symplectic
manifold and provide a proof of the Jacobi identity on a Poisson manifold. A number of applications
of the Dirac bracket are described: applications for proof of the compatibility of a system consisting
of differential and algebraic equations, as well as applications for the problem of the reduction of a
Hamiltonian system with known integrals of motion.
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1. Introduction

In modern classical mechanics, equations of motion for most mechanical and field
models can be obtained as extreme conditions for a suitably chosen variational problem.
If we restrict ourselves to mechanical models, the resulting system of Euler-Lagrange
equations in the general case contains differential second-order and first-order equations, as
well as algebraic equations. The structure of this system becomes more transparent after the
transition to the Hamiltonian formalism, which studies the equivalent system of equations,
with the latter no longer containing second-order equations. For the Euler-Lagrange system
consisting only of second-order equations, the transition to the Hamiltonian formalism was
already formulated at the dawn of the birth of classical mechanics. For the systems of a
general form, the Hamiltonization procedure was developed by Dirac, and is known now as
the Dirac formalism for constrained systems [1-4]. In the Dirac formalism, the Hamiltonian
systems naturally fall into three classes, depending on the structure of algebraic equations
presented in the system. According to the terminology adopted in [3], they are called the
non-singular, singular non-degenerate, and singular degenerate theories.

The study of these Hamiltonian systems gave rise to a number of remarkable math-
ematical constructions. They are precisely the subject of investigation of Poisson and
symplectic geometries [5-13]. In particular, the geometry behind a singular non-degenerate
theory could be summarized by the diagram (136), that clarifies the geometric meaning of
the famous Dirac bracket. This will be explored in Section 7.2 to study the structure of a
singular non-degenerate dynamical system. The geometric methods are widely used in
current literature, in particular, for the study of massive spinning particles and bodies in
external fields as well as in the analysis of propagation of light in dispersive media and in
gravitational fields [14—42].

In the rest of this section, we briefly describe the non-singular and singular non-

degenerate theories'.

1.1. Non-Singular Theories

Non-singular theories are mechanical systems that in the Hamiltonian formulation can
be described using only first-order differential equations (called Hamiltonian equations)

0H o0H
, L ), — ———
4" = ape’ Pa 1)

9q*’

where H(g, p) is a given function and §* = %q”. The variables g°(T) describe the position of
the system, while p,(7) are related to the velocities, and in simple cases are just proportional
to them. The equations show that the function H(g, p), called the Hamiltonian, encodes
all the information about the dynamics of the mechanical system. The equations can be
written in a more compact form if we introduce an operation assigning a new function to
every pair of functions A(g, p) and B(q, p), denoted {A, B} p, as follows:
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This is called the canonical Poisson bracket of A and B. Then, the Hamiltonian equations
acquire the form

Zi = {Zi/ H}P/ (3)

where 7z = (9°, pp), i =1,2,...,2n. The equations determine the integral lines z'(1) of the
vector field {z/, H} on R?", created by function H. For smooth vector fields, the Cauchy
problem, that is, Equation (1) with the initial conditions z/(1) = zi), has unique solution in
a vicinity of any point zi, € R?". The formal solution to these equations in terms of power
series is as follows [4]

. : {8 H(z) )} p2 .
ZZ(T,Z{J)ZE 0 0 Paz’éza‘ (4)

The functions z/(, z{)) depend on 2# arbitrary constants z{), and hence represent a general
solution to the system (3).

In the Lagrangian formalism, an analogue of this formula is not known. So, Equation (4)
can be considered as the first example, showing the usefulness of the transition from the
Lagrangian to the Hamiltonian description.

1.2. Singular Non-Degenerate Theories

Consider the system consisting of differential and algebraic equations
i ={Z,H}p,  ®(z')=0, v=1,2,...,2p < 2n, (5)

where H(z') and ®%(z') are given functions. It is supposed that ®*(z') are functionally
independent functions” (constraints), so the equations ®*(z') = 0 determine 2n — 2p-
dimensional surface N. The system is called the singular non-degenerate theory if the
following two conditions are satisfied. The first condition is

det{®*, ®F}p

oo (6)

hence the name “non-degenerate system”. In the Dirac formalism, functions with the
property (6) are called second-class constraints. The second condition is that the functions
{®*, H}p(z') vanish on the surface N

{@", H}plga_g =0. )

The two conditions guarantee the existence of solutions to the system (5). To discuss this
point, we adopt the following.

Definition 1. The system (5) is called self-consistent if a solution of the system passes through any
point of the surface N.

For a self-consistent system, its formal solution can be written as in (4), and it is
sufficient to take the integration constants z{, on the surface of constraints.

Let us discuss the self-consistency of the system. Given a point of the surface N, there
is a unique solution of the first from Equation (5) that passes through this point. It will be a
solution of the whole system if it entirely lies on the surface:

i ={z,H}p and ®%(z'(0)) =0, implies ®*(z'(1))=0 forall T. 8)

This is a strong requirement, and Equations (6) and (7) turn out to be the sufficient condi-
tions for its fulfillment. In a physical context, the proof with use of special coordinates of
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R?" was done in [3]. A more simple proof with use of the Dirac bracket will be presented
in Section 7.2.

An example of a self-consistent system as in (5) will be considered in Section 7 (see
Affirmation 30).

Here, we discuss the necessity of the condition (7).

Affirmation 1. Consider the system (5) with functionally independent functions ®*.
Then, {®", H}pl,i(;) = 0 for any solution z'(7), if any. That is, the algebraic equations
{®*, H}p = 0 are consequences of the system.

Proof. Let the system admit the solution z'(7). Then, ®*(z'(7)) = 0 for all T, which implies
®*(z!(1)) = 0. On other hand, we obtain

e I
aZi Zi(T) aZi z(

0= =

7 (o Hye| ) = (@ ooy ©)
In other words, {®*, H}p = 0 for any solution z/(7). O

Affirmation 2. If the system (5) with functionally independent functions ®* is self-
consistent, the conditions (7) hold.

Proof. Let z} be any point of the surface ®* = 0. Due to the self-consistency, there is a
solution z'(7) that passes through this point, z'(0) = z. As the equation{®*,H}p = 0isa
consequence of the system, we have {®%, H}p(z/ (1)) = 0, in particular {®%, H}p(z/(0)) =
{®%, H}p(z)) = 0, that is, it vanishes at all points of the surface N. [

Consider the system (5), and now suppose that some of the functions {®*, H}p do not
vanish identically on the surface N. As we saw above, this means that the system is not
self-consistent. Then, we can search for a sub-surface of N where the system could be self-
consistent. The procedure is as follows. We separate the functionally independent functions
among {®*, H}p, say ¢l w2 . wk Asthe equations ¥¥ = 0 are consequences of the
system (5), we add them to the system, obtaining an equivalent system of equations. If the
set %, ¥* is composed of functionally independent functions, we repeat the procedure,
analyzing the functions {¥?, H}, and so on. As the number of functionally independent
functions cannot be more than 21, the procedure will end at some step. If, in addition to
this, the resulting set of functions satisfies the condition (6), we arrive at the self-consistent
system of equations 7/ = {z/, H}p, ®*(z) =0, ¥ =0,....

It remains to discuss what happens if at some stage, the extended system of algebraic
equations consists of functionally dependent functions. Without loss of generality, we as-
sume that the extended system is 2= {zi, H}p, ®* =0,¥ = {®!,H} =0. By construction,
it is equivalent to the original system and the function ¥(z') does not vanish identically on
N, and the functions &, ¥ are functionally dependent. As ®* are functionally independent,
we present the equations ®*(z') = 0 in the form z* = f%(z"), and substitute them into the
expression for ¥ (z'), obtaining the system ' = {z/, H}p, 2% — f*(z¥) = 0, ¥(z?, f*(z")) =0,
which is equivalent to (5). The same is true for the function ¥ (2%, f*(z%)) # 0. On the other
hand, it does not depend on pad (otherwise we could write it in the form z! = l[)(zz, 23,.. D,
then the functions z% — f%(z%), z! — (22,23, .. .) are functionally independent). So, the only
possibility is ¥ = ¢ = const # 0. This means that the system (5) contains the equation
¢ = 0, where ¢ # 0. Hence, the system is contradictory and has no solutions at all.

It should be noted that the outlined procedure for obtaining a self-consistent system
lies at the corner of the Dirac method [1,2].

Because all trajectories of the system (5) lie on the surface ®*(z') = 0 with coordinates,
say z, a number of questions naturally arise. Can equations for independent variables z”
be written in the form of a Hamiltonian system such as the first equation from (5)? What
are the Hamiltonian H(z?) and the bracket {, }y in these equations, and how they should
be constructed? Is the new bracket a kind of restriction on the original one to N? The
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answers to these questions will be given in Section 7. In particular, we will show that the
new bracket is a restriction of the Dirac bracket to N and not a restriction of the original
bracket.

2. Poisson Manifold
2.1. Smooth Manifolds

In this subsection, we fix our notation and recall some basic notions of the theory of
differentiable manifolds that will be useful in what follows.

Notation. Latin indices from the middle of alphabet are used to represent coordinates
zk of a manifold M, and run from 0 to n. If coordinates are divided on two groups, we
write y¥ = (y*,y?), that is, Greek indices from the beginning of alphabet are used to
represent one group, while Latin indices from the beginning of alphabet represent another
group. Notation such as U;(z/) means that we work with the functions U;(z!,22,...,z"),
where i = 1,2,...,n. Notation such as 9;A(z")] Ko () indicates that in the expression

(0A(zX)/9z'), the symbols zF should be replaced on the functions f*(y/). We often denote
the inverse matrix w~! as @. We use the standard convention of summing over repeated
indices. Because we are working in local coordinates, all statements should be understood
locally, that is, they are true in some vicinity of the point in question.

Definition 2. Vector space V.= {V,U, ...} is called the Lie algebra if on V is defined the bilinear
mapping [,] : V x V — V (called the Lie bracket), with the properties

v, 0] = —[U, V] (antisymmetric), (10)
[V, [, W]) + [T, [W, V]] + [W, [V, T]] = [V, [0, W]] +cycle = 0 (Jacobi identity). (11)

Due to the bilinearity, all properties of the Lie bracket are encoded in the Lie brackets of basic vectors
T': [V, U] = V;U,[T*, T']. Because [T, T!] = W € V, we can expand W on the basis T', obtaining

[T, 9] = cil, T*, (12)

where the numbers c'ly. are called the structure constants of the algebra in the basis T'. The conditions
(10) and (11) are satisfied if the structure constants obey (Exercise)

L — ey + cycle(i, j,k) = 0. (13)

Example 1. For the three-dimensional vector space with elements V = viTi, i=1,2,3, let us
define [T, TV] = €/*T, where e'i* is the Levi-Chivita symbol with €'?> = 1. It can be verified that
the set 'l = €'% has the properties (13), so the vector space turns into a Lie algebra. It is called the
Lie algebra of three-dimensional group of rotations (see Section 1.2 in [4] for details).

Let M, = {z,y,...} be an n-dimensional manifold, and Fyy = {A, B, ...} be a space of
scalar functions on M, that is, the mappings A : M, — R. Let 7! be local coordinates on M,,, that
is, we have an isomorphism z € M, — z/(z) € R™. If z’* is another coordinate system, we have the
relations

' = ¢'(d), =9, P =2 (14)
Let, in the coordinates z' and 7', the mapping A be represented by the functions A(z') : R" — R
and A'(Z'") : R" — R. They are related by

A'(Z") = A() = A(¢/(z")). (15)

2= @l (')

We call (15) the transformation law of a scalar function in the passage from z' to z". In a certain

abuse of terminology, we often say “scalar function A(z')” instead of that “the function A(z') is
representative of a scalar function A : M, — R in the coordinates z*”
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Example 2. Scalar function of a coordinate. Given a coordinate system z', define the scalar function
Al z — z1, where z! is the first coordinate of the point z in the system z'. In the coordinates z,
the mapping is represented by the followmg function: Al(z 22,...,2") = z!. In the coordinates
= ¢/(2)), it is represented by A" (z"1,22,...,2") = z |Z]ﬁqp](Z iy = ¢l (z1,22,...,2M).

We often write z'/(z/) instead of ¢'(2)), Z(2") instead of @/(z"), and use the notation
2" = 2% In the latter case, i' and i, when they appear in the same expression are considered as two
dzﬁferent indexes. For instance, in these notatzons the scalar function of z* -coordinate in the system
2" = 2 (2)) is represented by the function z*(z").

Exercise 1. Observe that (14) implies that derivatives of the transition functions ¢ and ¢
form the inverse matrices
g agk oz’ azk

5k 3 d';  or, in short notation 3F 57 =0 (16)

e

Given the curve z/(1) € M, with z/(0) = z}, the numbers V' = 2/(0) are called com-
ponents (coordinates) of tangent vector to the curve at the point z{). If Vi’ are components

of the tangent vector in the coordinates 2", we have the relation V' = % V. The set of
)

tangent vectors at zg is an 7 -dimensional vector space denoted Ty, (2¢).
We say that we have a vector field V(z) on M, if in each coordinate system z/ the set
of functions V'(z/) is defined with the transformation law

7
2 Vi)

v (Zj,) oz

(17)

z—z(z')

The space of all vector fields on M, is denoted Ty, . In the tensor analysis, V(2) is called
the contravariant vector field.

We say that we have a covariant vector field U(z) on M, if in each coordinate system
2J the set of functions U;(2/) is defined with the transformation law

—U;(zF . (18)
oz! ( )z—>z(z’)

Gradient of a scalar function A is an example of the covariant vector field. Its components
are U; = 9;A.

Exercise 2. Let A(z') = 1[(z")2 + (22)% + (2%)?] represent a scalar function in the
coordinates z'. Then, in the coordinates z*, defined by (14), it is represented by A’ (') =

) !

(o' (7 ))2 + (¢%(2"))? + (@(2"))?]. Gradients of these functions are U; = z* and Uy =
@ (z ) a(”/( ) . Confirm that the two gradients are related by observing Equation (18).

Similarly to this, contravariant tensor of the second rank is a quantity with the trans-
formation law

ozt 9z
9zt 9z

i 5l

w'! (zk/) = — Wl (z™) , (19)

z—z(z')
and so on.

Exercise 3. Contraction of w with covariant vector field grad A gives a quantity with the
components V' = w"9;A. Confirm that V is a contravariant vector field.
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~ The integral line of the vector field Vi(zF) on My, is a solution z/(T) to the system

dzl;(;) = Vi(z*(1)). We assume that Vi(z¥) is a smooth field, so a unique integral line V
passes through each point of the manifold.

Submanifold of M. The k-dimensional submanifold Nj, € M, is often defined as a

constant-level surface of a set of functionally independent scalar functions ®*(z)

NE={zeM,, & () =c*, a =1,2,...n —k}, (20)

where c* are given numbers.

We recall that the scalar functions ®*(z), « = 1,2,...,n — k are called functionally
independent if, for their representatives ®*(z') in the coordinates z', we have rank (9;%) =
n — k. This implies that covariant vectors V(,) with coordinates V(,); = 0;®" are linearly
independent. The equations ®*(z') = c* for the functionally independent functions can
be resolved: z* = f*(z%),a = 1,2,...,k. So, the coordinates z! are naturally divided on
two groups, (z%,z%),and z%,a = 1,2,...,k, which can be taken as local coordinates of the
submanifold Ni. Below, we always assume that the coordinates have been grouped in this
way, and det % # 0.

If we have only one function ®(z), we assume that it has a non-vanishing gradient,
rank (0;®) = 1.

Taking ¢* = 0 in (20), we have the surface of level zero

Ny ={zeM,, ®*(Z) =0, a =1,2,...n —k}. (1)

Let us introduce the notions that will be useful in discussing the Frobenius theorem
(see Appendix A.3). ' '
For the curve z'(1) C Ny C M, with z/(0) = zj, the tangent vector

Vi(zg) = dz;(TO) € Twm(zo) is called a tangent vector to Ny at zg. The set of all tangent
vectors at z is a k-dimensional vector space denoted as Ty(zp). For any such vector, the
equality Vi9;®%(zp) = 0 holds’.

The vector field V' (z) on M, is tangent to Ny if any integral curve of V’(z) crossing Ny
lies entirely in Ni: ®*(z(0)) = 0 implies ®*(z*(7)) = 0 for any 7. The vector field V/(z)
on M, touches the surface Ny if V9;®%|,, = 0 for any zg € N; the tangent field touches the
surface. The converse is not true.

Foliation of M,,. The set {N¢, ¢ € R"} of the submanifolds (20) is called a foliation

of M,,, while Ni are called leaves of the foliation. Notice that submanifolds with different ¢

do not intercept, and any* z € M, lies in one of Ng.

There are coordinates, naturally adapted with the foliation: zF — y* = (y#,y*), with
the transition functions y* = z%, y* = ®%*(zP, z%). In these coordinates the submanifolds Ni
appear similar to hyperplanes:

Ng = {yi eM,, y* ="}, (22)

and y* = z" can be taken as local coordinates of N¢. The useful identity is

A(Z'(y)))

o= AUy (23)

The Lie bracket (commutator) of vector fields is the bilinear operation [, ] : Ty, x
T, — Tw,, that with each pair of vector fields V and U of Ty, associates the vector field
[V, U] of Ty, according to the rule

[V, U] = vio,u' — Wa,V'. (24)
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The quantity [V, U] is indeed a vector field, which can be verified by direct computation.
We have [V, U} = VI'9;(Z:U") - (V & U) = & (ViU — (V & U)) = & [V, T,
in agreement with Equation (17). The Lie bracket has the properties (10) and (11) and turns
the space of vector fields into infinite-dimensional Lie algebra.

Each vector field determines a linear mapping V : Fy;, — Fyy, on the space of scalar
functions according to the rule

V:A—V(A) =VigA. (25)

Notice that V(A) = 0 for all A implies V! = 0. Then, the Lie bracket can be considered as a
commutator of two differential operators

[V, U](A) = V(U(A)) - U(V(A)). (26)

Using this formula, it is easy to confirm the Jacobi identity for the Lie bracket (24) by direct
computation (11).

2.2. The Mapping of Manifolds and Induced Mappings of Tensor Fields

Given two manifolds Ny = {x7}, M, = {z'}, consider the functions z' = ¢/(x“). They
determine the mapping

¢ Ny = M, X" =zt = ¢l (x") = 2 (x%). (27)

If ¢ is an injective function rank % = k, the image of the mapping is a k-dimensional
submanifold of M,: Ny = {z' € M,,, z* — f%(z") = 0}, where the equalities z* = f*(z°)
are obtained excluding x* from the equations z' = ¢(x?). In some cases [6], the manifold
N can be identified with this submanifold of M.

Conversely, let Ny C M. Then, the parametric equations z* = f*(z") of the submani-
fold (21) can be considered as determining the mapping of embedding

n:Ne={2"} = M, = {z}, 2¥ =7 =(2%2"), where z*= f*(z). (28)

Using the mapping (27), some geometric objects from one manifold can be transferred to
another. We start from the spaces of covariant and contravariant tensors at the points xy and
zo = ¢(xo). Take, for definiteness, the second-rank tensors. Given Uj;(zo), we can construct
the induced tensor U, (xp)

Tﬁﬁ}'z) — Tl(x?'Z), Uij(zo) — Ugp(x0) = Uij(z0). ®)

Given V% (x,), we can construct the induced tensor U’/ (z,)

92! (x0) 32/ (x0)

(2,0) (2,0) b ij _ b
TN — TM , Ve (xo) — VY (Zo) = oy EY & (XO). (30)
For the case of the vector, the notion of induced mapping,
; 9z! (x
Vi(z0) = aiaO) V¥ (xop), (31)

is consistent with the notion of a tangent vector: if V* = % is a tangent vector to the curve

x*(7), then V?, given by (31), is a tangent vector to the image z' (x*(7))

Vi(a(r) = L2((x). (32)
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Concerning the fields on the manifolds, ¢ naturally induces the mappings of scalar
functions and covariant tensor fields. For the functions, the induced mapping

¢* : Fym, — P, A(Z)) = A(x") = A(Z' (7)), (33)
is just the composition A = A o ¢. For the covariant tensor fields, we have

; 9z' 97/ ;
oo Ty 5 TP, Uy(') = U (x") = 7 5. Wi (2 (). (34)

Notice that the contravariant tensor fields cannot be transferred to another manifold
(submanifold) in this manner. As we will see in the next section, the Poisson structure
on M, is determined mainly by the second-rank contravariant tensor. Hence, it can not
be directly transferred to a submanifold. This is found to be possible in a special case of
Casimir submanifolds (see Section 4.2) and leads to the Dirac bracket (see Section 6.2).
Note also that if two contravariant fields on the manifolds M, and Ny are given, we can
of course compare them using the mapping (27) (see Equation (67) below as an example).

2.3. Poisson Manifold

Let a bilinear mapping on the space of functions [ be defined as {, } : Fyy x Fpy —
Iy (called the Poisson bracket), with the properties

{A,B} = —{B,A} (antisymmetric), (35)
{A,{B,C}} +cycle=0 (Jacobi identity), (36)
{A,BC} ={A,B}C+{A,C}B  (Leibnitz rule). (37)

When Iy is equipped with the Poisson bracket, the manifold M, is called the Poisson
manifold. Comparing (35) and (36) with (10) and (11), we see that the infinite-dimensional
vector space [y is equipped with the structure of a Lie algebra.

Exercise 4. Show that constant functions, A(z) = ¢ for any z, have vanishing brackets
(commute) with all other functions.
One of the ways to define the Poisson structure on M, is as follows.

Affirmation 3. Let w'/(z) be the contravariant tensor of second rank on M,,. The mapping
{A,B} = 9;A w' 3;B, (38)
determines the Poisson bracket if the tensor w obeys the properties

w'l = —lt (antisymmetric), 39)
wipa,,wfk + cycle(i, j, k) = 0. (40)

In particular, each numeric antisymmetric matrix determines a Poisson bracket. We call w
the Poisson tensor.

Proof. First, we note that (39) implies (35). Second, the mapping (38), being a combination
of derivatives, is bilinear and automatically obeys the Leibnitz rule. To complete the proof,
we need to show that (40) is equivalent to (36). Using (40), by direct calculation we obtain

{A,{B,C}} +cycle(A,B,C) = aiAajBakaipapwjk + cycle(A,B,C)+
w'Pw*d,[9;A9;BdC] + cycle(A, B,C) (41)

By direct calculation, we can show also that in the first term on the right-hand side, the
cycle(A, B,C) is equivalent to cycle(i, j, k). So, we write the previous equality as

{A,{B,C}} +cycle(A, B,C) = 9;Ad;Bo;,C {wi”apwjk + cycle(i, j, k)} +
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w'Pw*d,[9;Ad;BoyC + 9; A B0;C + 9 A9; B9, C]. (42)

The second line in this equality vanishes identically due to the symmetry properties of this
term. Indeed, we write the first term of the line as follows:

w'Pw9,[9;A9;BoC] = w'w9,0;[Ad;B3C]—
w'Pw*d, [ Ad;9;BOC + Ad;B2;0xC] = wPw*d,[Ad(9;B0;C — [i ++ j])]. (43)

We write the two remaining terms of the line as

w'P w9, [9;A0;BI;C + 9 Ad;BI;C] = wPwd, [, A(9;B0;C — [i ++ j])] =
wPw9,0,[A(9;B0;C — [i ++ j])] — wPw™d, [ Ak (3;B3;C — [i < fl)]. (44)

The last terms in (43) and (44) cancel each othgr out, 'wh'ile the first term in (44) is zero,
being the trace of the product of symmetric D7 = wlpw]kapak and antisymmetric E;; =
A(9;B9;C — [i «» j]) quantities. Thus, we have obtained the identity

w'P w9, [9;A9;BOyC + 9;Ad;B0;C + 9 Ad;B0,C] = 0. (45)

Taking this into account in (42), we see the equivalence of the conditions (36) and (40). O

Affirmation 4. Let the bracket (38) obey the Jacobi identity in the coordinates z'. Then, the
Jacobi identity is satisfied in all other coordinates.

This is an immediate consequence of tensor character of involved quantities. Indeed,
the bracket {A, B} = 0;Aw'/ d;B is a contraction of three tensors and as such, is a scalar
function under diffeomorphisms. Then, the same is true for {A, { B, C}}. Let us denote the
left-hand side of the Jacobi identity as D(z). Then, the Jacobi identity is the coordinate-
independent statement that the scalar function D(z) identically vanishes for all z € M,.
This can also be verified by direct computation (see Appendix A). As a consequence, the
left-hand side of Equation (40) is a tensor of the third rank’.

For the scalar functions of coordinates (see Example 2), the Poisson bracket (38) reads

{2} = w'. (46)

In classical mechanics, these equalities are known as fundamental brackets of the coordi-
nates. Observe that the identity (40) can be written as follows: {z/, {2/, 2} + cycle(i, j, k) =
0.

The bracket (38) is called non-degenerate if det w # 0, and degenerate when det w = 0.
Examples will be presented below: (59) is non-degenerate while (63) is degenerate. The
structure of the matrix w depends on its rank, and becomes clear in the so-called canonical
coordinates specified by the following theorem:

Generalized Darboux theorem. Let rank w = 2k at the point z! € M,,. Then, there are local
coordinates z/' = (25/,2“,), a=1,2...,2k, g =1,2,...,p = n — 2k such that w in some
vicinity of z! has the form:

. Opxp 0 0
w'l = 0 Oksck Tixk |- (47)

0 —Tpr Okxk

or

W' = ( 1 0 >, WPl = w'P =0, where i=12...,n (48)
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A proof is given in Appendix A.2. We recall that determinant of any odd-dimensional
antisymmetric matrix vanishes; this implies that rank w is necessary an even number, as it
is written above. Let us further denote z% = (4%, 4% -..,4%, p1, P2, - -, Px)- Then, in terms of
fundamental brackets, the equalities (48) can be written as follows:

=", {44} =0, {papy}=0  {Z,ZF}=0 (49)

3. Hamiltonian Dynamical Systems on a Poisson Manifold
3.1. Hamiltonian Vector Fields

Using the Poisson structure (38), with each function H(z') € Fy; we can associate the
contravariant vector field Xy; = w'9;H = {z', H} € Tyy. That is, we have the mapping

w:Fy =Ty, w:H-—[wH)] = wijajH, we also denote  w(H) = Xy € Ty. (50)
Xy is called the Hamiltonian vector field of the function H. Then,
¢ ={7,H} = w0;H, (51)

are called Hamiltonian equations and the scalar function H is called the Hamiltonian.
Solutions z/ () of the equations are called integral lines of the vector field {z/, H} created
by H on M,,. We assume that X H is a smooth vector field, so the Cauchy problem for (51)
has a unique solution in a vicinity of any point of Ml,,. Xj; at each point is tangent vector to
the integral line that passes through this point.

Let z(7) be integral line of X 4 and B be scalar function. Then, we can write

L B(H(r)) = {B, A} 0. 52)

T
Using this equality, and the fact that integral lines pass through each point of M, it is
easy to prove the three affirmations presented below. They will be repeatedly used (and
sometimes rephrased, see Section 5) in our subsequent considerations.

Affirmation 5. The integral line of X entirely lies on one of the surfaces H(zK) = ¢ = const.
In classical mechanics, it is simply the law of energy conservation.

Denote X(j) as the Hamiltonian vector field associated with scalar function of the

coordinate z/. Tts components are ij) = wikasz = Wil Hence, the Poisson matrix can be
considered® to be composed of the columns X;,

=

w = (}?(1),5&(2),,}((”)) (53)

According to Affirmation 5, the integral lines of the vector )_f(j) lie on the hyperplanes
zl = const.

Affirmation 6. Given the scalar functions H and Q*, « = 1,2,...,n — k, the following two
conditions are equivalent:

(A) Integral lines of Xy lie in the submanifolds Ng ={zeM,, Q=" H=c}

(B) All Q% commute with H: {Q* H} = 0, for all z € M.

In classical mechanics, the quantities Q* are called the first integrals (or the conserved
charges) of the system.

Affirmation 7. Let A%, « = 1,2,...,n — k be functionally independent scalar functions, and
denote 17(“) as the Hamiltonian field of A*. The following two conditions are then
equivalent:

(A) Integral lines of each 17( p) lie in the submanifolds N,C: ={zeM,, A*=c"}.
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(B) { A%, AP} = 0 on M.

3.2. Lie Bracket and Poisson Bracket

Consider the spaces of scalar functions and of vector fields on M,,, which are the
infinite-dimensional Lie algebras: Fyy = {A,B,..., {, } and Ty ={V, U,..., [, | }

Affirmation 8. The mapping (50) respects the Lie products of Fy; and Tyy:
w({A,B}) = —[w(A),w(B)], or, equivalently X{A,B} = —[Xa, Xp]. (54)

According to the last equality, the Hamiltonian vector fields form a subalgebra of the Lie
algebra Tyy.

Proof. Using the vector notation (25), we can present the Poisson bracket as follows:
{A, B} = —X4(B). (55)
The equality (54) is the Jacobi identity (37), rewritten in the vector notations. Indeed,

— —

{{A,B},C} ={A{B,C}} —{B{A,C}}, or X(45(C)=Xa(Xs(C)) — Xp(Xa(C)), (56)

for all C, which is just (54). O

We also note that in the vector notation, the Jacobi identity (40) states that Hamiltonian
fields of coordinates form the closed algebra

-

. oo
X X)) = ey )P Xy, (57)

with the structure functions ¢ ;) ;) ®) = —9pwt.
Exercise 5. Show that {Q, H} = const implies [XQ, Xul =0.

3.3. Two Basic Examples of Poisson Structures

1. Consider the space R2"  denote its coordinates z! = (ql,qz,. e g P P2, ) =

(9%, pp),a,b=1,2,...,n,and take the matrix composed from four n x n blocks as follows:
ij —

=5 0) &

In all other coordinate systems ', we define components of the matrix W'l according to
Equation (19). Then, w is the contravariant tensor of second rank, which (in the system z)
determines the Poisson structure on R?" according to Equation (38):

0A 0B 0B JdA

{A,B}p = 37 9pa 907 apa” and fundamental brackets are:  {q°, pp}p = 6%. (59)

As w is the numeric matrix, the condition (40) is satisfied in the coordinate system (4%, py ).
According to Affirmation 4, it is then satisfied in all other coordinates. Given the Hamilto-
nian function H, the Hamiltonian equations acquire the following form:

. oH , oH
q" =A{q" Hip =5~ pa={pa Hip=—372. (60)
P
It is known (see Section 2.9 in [4]) that they follow from the variational problem for the
functional

Su (@' (D) pa(0) > B Su= [ delpad’ ~ HGpy)) (61)

1
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{¢°(a.p),9"(@,p)}p = c"cg(q,p), or {9°(q,p).¢"(a,p)}p = {2",2"}1p

In classical mechanics, R?" equipped with the coordinates (g7, py,) is called the phase space,
the bracket (59) is called the canonical Poisson bracket, and the functional Sy is called the
Hamiltonian action.

2. Given the manifold M,,, let cli k be structure constants of an 7 -dimensional Lie algebra.
We define w'/(z) = c'i;zF. Then, the equalities (13) imply (39) and (40), so the tensor w?
determines a Poisson structure on M. The corresponding bracket

{A,B}p = al-AcijkzkajB, fundamental brackets: {z/,2/};p = ¢/ 2F, (62)

is called the Lie-Poisson bracket. In particular, the Lie algebra of rotations determines the
Lie-Poisson bracket on R?

Wl = elikzk, (63)

Let B! be coordinates of a constant vector B € R3. Taking H = z'B' as the Hamiltonian, we
obtain the Hamiltonian equations (called the equations of precession)

= €e*BizK, or 2=Bxgz, (64)

where B x z is the usual vector product in R3. For any solution z(e), the end of this vector
lies in a plane perpendicular to B and describes a circle around B with an angular velocity
equal to the magnitude |B| of this vector. A compass needle in the earth’s magnetic field
moves just according to this law.

3.4. Poisson Mapping and Poisson Submanifold

Here, we discuss the mappings which are compatible with Poisson brackets of the
involved manifolds. Intuitively, such a mapping turns the bracket of one manifold into
the bracket of another. As an instructive example, we first consider the manifolds with the
brackets (58) and (62). Introduce the mapping

PR M, (4% pp) = 2" = ¢°(q,p) = —eppq”. (65)

Computing the canonical Poisson bracket (59) of the functions ¢*(g, p), we obtain a remark-
able relation between the two brackets (Exercise):

, or 66
z=¢(q,p) (66)

8i¢”wij8]-<pb = w™(2°) , where w™(z°) = %" (67)

z=¢(q,p)

The relation (67) shows that Poisson structures w'/ and w™ are related by the tensor-like
law (19). The relations (66) show that the Poisson brackets of the special functions ¢* on
R2" are the same as fundamental Lie-Poisson brackets (62) of the manifold R”. We can
make these relations hold for an arbitrary scalar functions by using the induced mapping
between the functions A(z") of M" and A(g°, p) of R?"

¢ A(Z") = Alg" py) = 97 (A) (g, p) = A9" (4, P))- (68)
This implies the following relation between the Poisson and Lie-Poisson brackets (Exercise):
{p7(A),0"(B)}p = ¢"({A, B}rp). (69)

Formalizing this example, we arrive at the notion of a Poisson mapping.
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Definition 3. Consider the Poisson manifolds Ny = {x*, {,}n} and M, = {z', {, }}. The
mapping (27) is called a Poisson mapping if the induced mapping (33) preserves the Poisson brackets

{¢7(A),¢"(B)}n = ¢"({A, Blwm). (70)

This allows us to compare the Poisson brackets of Ml and N. Given two functions A and B of M
and their images A and B, we can compare the bracket { A, B} with the image of scalar function
{A, B}y, that is, with ¢* ({ A, B}wp). If they coincide, we have the mapping (29) that respects the
Poisson structures of the manifolds. The mapping (65) is an example of a Poisson mapping of the
canonical Poisson manifold on the Lie-Poisson manifold.

Poisson submanifold of the Poisson manifold. Let the Poisson manifold N; be a
submanifold of the Poisson manufold M, determined by the functionally independent set
of scalar functions ®F(z') of M,

Ny = {z e M; @P(z') =0}. (71)

Solving ®F(z) = 0, we obtain the parametric equations zP = fP(z%), and take z* as the
local coordinates of N. Any scalar function A(z') on M), is defined, in particular, at the

points of Ny, and hence, we can consider the restriction of A(z') on Ny
n*:Fy — Fr, A(ZP,2%) — A(z") = A(FP(2%),2%), (72)

The Poisson manifold Ny is called the Poisson submanifold of M, if the mapping #* turn
the bracket of M into the bracket of N:

n"({A Bim) = {4 B}n. (73)

{A(P,27), B(P, 2") }us = (A(FP("),2%), B(fF(="), 2") b 74)

2B B ()

Various examples of Poisson mappings and Poisson submanifolds will appear in the
analysis of dynamical systems in Section 5.2. Notice that #* determined by (72) is the
mapping induced by the embedding mapping (28).

4. Degenerate Poisson Manifold

The affirmations discussed above are equally valid for non-degenerate and degenerate
manifolds. Now, we consider some characteristic properties of a Poisson manifold with
a degenerate Poisson bracket. Non-degenerate Poisson manifolds will be discussed in
Section 6.

4.1. Casimir Functions

A Poisson manifold with a degenerate bracket has the following property: in the
space [y, there is a set of functionally independent functions that have null brackets
(commute) with all functions of Fyy. They are called the Casimir functions. This allows for
the construction of a remarkable foliation of the manifold with the leaves determined by
the Casimir functions.

Affirmation 9. Let Kﬂ, B=1,2,...,p,are p functionally independent Casimir functions of
a Poisson manifold M,. Then, w is degenerated, and rank w < n — p.

Proof. Kﬁ commutes with any function, in particular, we can write {zi, Kﬁ} =0, or
w'l djKg = 0. The latter equation means that w admits at least p independent null-vectors
V(ﬁ), sorankw <n—p. O
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Affirmation 10. Consider a Poisson manifold with rank w = n — p. Then, there are exactly
p functionally independent Casimir functions:

{z,Kg} =0, or Xy, =0, i=12,...,n, p=12,...,p. (75)

Proof. First, let us consider the particular case of a 2n + 1 -dimensional Poisson manifold
with a rank w = 2n. According to the Darboux theorem, there are canonical coordi-
nates z' such that one of them commutes with all others, e.g., if z!' commutes with all
coordinates, {z,2z!'} = w'? = 0. Let us define a scalar function such that at the point
z € My, 41, its value coincides with the value of the first coordinate of this point in the
canonical system: K(z) = z!'. In the canonical coordinates, this function is represented by
K’ (zll, 22, ,Z(Z”H),) = z!". Then, according to Equations (15) and (14), it is represented
by K(z') = 2 (2},2%,...,22""1) in the original coordinates. Let us confirm that K(z) is a
Casimir function. Using the transformation laws (15), (18) and (19), we obtain

azk 9K'(2/)
2 (z) aZ] aZk/ z’(z)
oz!

=21 V=0 (76)
aZl Z’(Z)

Z'/]'/ aZ]

‘ .. oz!
i — 1y . = —
{z',K(2)} = w(2)9jK(2) 07 |.1(s) oz

azi l‘/j/ azll
— W -
oz oz/'

Let us return to the general case with rank w = n — p. According to Equation (49), in the
Darboux coordinates the functions of z# are Casimir functions. As the complete set of

Z(2)

functionally independent Casimir functions, we can take the coordinates 2P themselves.
More than p functionally independent Casimir functions would exist, in contradiction with
Affirmation 9. O

Consider the foliation with the leaves determined by the Casimir functions, N&_ p=
{z e M, Kﬁ(zi) = cg}. Then, Equation (75) has the following remarkable interpretation:
for any function A € Fy,, the Hamiltonian vector field X, = w'/ d;A is tangent to the
hypgrsurfaces NE_ ps that i§, its integrgl lines 1ie in NC _ p- Indeed, let z/(T) bean integral line
of X',. We obtain: %Kﬁ(zl(r)) = X;‘aiK/g(zl)‘Z(T) = {Kﬁ’A}’z(T) = 0. Then, Kg(z'(1)) =

cp = const, that is, 7/ (1) lies on one of the surfaces, so X4 € Ty.
Exercise 6. Observe that K = z'z is the Casimir function of (63).

4.2. Induced Bracket on the Casimir Submanifold
Consider the degenerate Poisson manifold M, = {z’; {A, B} = 9;Aw/ 0;B, rank w =
n—p }, and let Kg (z') be a subset of Casimir functions (we can take either all functionally

independent Casimirs, § = 1,2,..., p, or some part of them). Consider the submanifold
determined by Ky

N={z' € M,, Kg(z')=0}. (77)

For brevity, we call N the Casimir submanifold. We will show that the Poisson bracket on
M, can be used to construct a natural Poisson bracket {, }y on N.

Induced bracket in special coordinates. As the functions Kg(z') are functionally
independent, we can take the coordinate system where they turn into a part of coordinates,
say 2 = (2P = Kg,z%). On the surface N, we have 7P = 0, so 27 are the coordinates of N.
The Poisson tensor @'/ = {2!,2/} of M, in these coordinates has the following special form:
{z%,2b} = w (2P, 2°), {2P, 2"} = {Kﬁ,fi} = 0, for any i. Because @'/ obeys (39) and (40) for
any value of the coordinates zf, we obtain w*(0,2z¢) = —@"*(0,z¢) and
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w”r’(zﬁ,zf)apw“(zﬁ,f) +cycle(a,b,c) =0, or {Z%, {Zb,ic}} +cycle(a,b,c) =0, (78)
where the index p runs over both  and a subsets. However, observing that

{29, {2, 2} } = {#, @™ (2P, )} =
{2°,2P1op" (2P, 25) + {2°, 270,00 (2P, 2) = w™ (2P, 2) 040 (2P, 2°), (79)

we can write the first equality in (78) as follows:
w™ (2P, 59)9,0w" (2P, 2°) + cycle(a,b,c) = 0. (80)
As it is true for any value of the coordinates 2P, we can take 2P = 0. Then,
@"(0,2°)9,@"(0,2°) + cycle(a, b,c) = 0. (81)
Let us define a matrix with elements
@™ (%) = @™(0,2°), (82)

in the coordinates z°. In any other coordinate system on N, say 27, we define the ele-

ments @' according to rule (19). Then, @ is a tensor of N. According to our computa-

tions, it obeys Equations (39) and (40), and thus determines a Poisson bracket { A, B}y =
9;A(£9)@" (2)9;B(£°) on N.

Induced bracket in the original coordinates. Let us solve the same problem in the
original coordinates, divided in two subsets, 7l = (z%,z"), such that det % # 0. Notice
that in this case, the Equation (75) reads

w™9,Kp + wd,Kg = 0. (83)

Denoting d.Kg = K,g, this allows us to restore the whole w'(z) from the known block
w?(Z*) as follows:

w””‘ = —wahabK’)’(Kil)Mxl wa'B = _w“bahK')’(Kil)WS' (84)

Geometric interpretation of these relations will be discussed in Section 7.3.
It is instructive to obtain the induced bracket in the original coordinates in a manner
independent of the calculations made in the previous subsection.

Affirmation 11. Let Kg(z%,z") be Casimir functions, and z* = f%(z’) is a solution to the
equations Kg (z%,z") = 0. Then,

(a) z* — f%(z") are Casimir functions;
(b) The Poisson tensor of M, satisfies the identity

W™ = w9y f*. (85)

Proof. (a) Contracting the expression {z/,z% — f*} = @™ — w9, f* with 9. Kp and using
(83), we obtain W™ 9,Kg — w"9,f*duKpg = —wm(aaKﬁ + agf"‘a,xKﬁ)
= —w"9,Kg(f* z") = 0as Kg(f* z") = 0. As 9,Kp is an invertible matrix, the equal-
ity {z',z* — f*}9,Kg = 0 implies {z',z* — f*} = 0.

(b) Let K, be Casimir functions. According to Item (a), z* — f*(z%) are also Casimir
functions. Then, {z/,z% — f*} = 0 or W™ = w9, f*. O

Affirmation 12. For any function B(z') and the Casimir functions z# — ff(z?), there is
the identity
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OPIB|y_ ey = O FPEDABE ), 0
where p = (1,2,...,n), whilea = (1,2,...,n — p). Note the geometric interpretation of
this equality; if two functions B and B’ of Fyyy coincide on N, their Hamiltonian vector fields
also coincide on N: B|y = B'|y implies Xg|y = Xp/|n-

Proof. Let us write

w'P9,B = w'"9,B

+ w'PogB (87)

P=fP (=) P=fP(z) P=fP(z)

Using the identity (85), we have wilgaﬁB = widadfﬁ(zc)aﬁB(zC,z/g) = Wt
[adB(zC,fﬁ(zc)) — 94B(z°, zP) ’zﬁ:fﬁ(zc)] . Using this expression for the term wiﬁalgB in (87),
we arrive at the desired identity (86). O

We are ready to construct the induced Poisson structure. We take z as the local
coordinates of N, and using the w -block of w, introduce the antisymmetric matrix

@"(z°) = w™(fF(2°),2°). (88)

Let us confirm that @ obeys the condition (40). We write the condition (40), satisfied for
w'. We take the indices i, j, k to equal to a, b, c, and substitute P = f/3 (z°). This gives us
the identity

wapapwhc

P fb(z0) + cycle(a,b,c) = 0. (89)

Using the identity (86), we immediately obtain
W™ (P(2°),2°)030" (FP(2°),2°) + cycle(a,b,c) =0, (90)
which is simply the Jacobi identity for the tensor . Thus the bracket
{A(z"),B(z")} = 9,A@"9,B, (91)

defined on N, obeys the Jacobi identity. In any other coordinate system on N, say 27, we
define the components Pl according to rule (19):
@™V = 9,279,z @ - (92)
z4(z%)
Then @ is a tensor of N, while the expression (91) is a scalar function, as it should be for the
Poisson bracket.

Let us confirm that the obtained bracket does not depend on the coordinates of M,
chosen for its construction. Let z' = ¢’ (zj/) be transition functions between two coordinate
systems. For a point of N, this implies the following relation between its local coordinates
2% and 27"

!/

2% = ¢ (f¥ (z%),2%). (93)

Using these functions in the expression (92), we obtain the components @ (z7') of the
tensor @™ (z%) in the coordinates z% . On the other hand, using the Poisson tensor 'l in
coordinates z”, we could construct the matrix @ (¥ (27,27 ) according to rule (88). The
task is to show that @ coincides with @7’

As the functions &' (fF'(z%), 2% ) are components of the tensor w''/’ of M, we use the

transformation law (19), and write
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P (fﬁ/(z“/),z“/) = " (zﬁ/,z”/) . akz“/wk”apzb/

(94)

Zi(zl") N

In the last expression, we have a quantity D(z'), and need to replace the coordinates z' by
the transition functions z/(z'') taken at the point of N. Equivalently, we can first restrict D
on N, replacing zP on f#(z), and then replace z* on its expression (93) through coordinates
27 Creating this and then using the identity (86), we obtain

@™ (fF(27),27) = o2 ()W (292" (2')

b (z“/)

2B fP (21)

aaz”/ (z*3 (z%), z“)w“b (zﬂ (z%), za)abzb/ (zﬁ (z%),2%) (95)

2(z")
Comparing this expression with (92), we arrive at the desired result: @ = .

Exercise 7. Confirm that the Poisson manifold N is the Poisson submanifold of M in the
sense of definition (73).

Consider the Poisson manifold M, with rank w¥ = n — p, and let the submanifold (77)
be determined by a complete set of p functionally independent Casimir functions. Then, the
induced Poisson structure is non-degenerate: det @ # 0. To demonstrate this, suppose an
opposite, det @% = 0, and let z' be the canonical coordinates of M. Then, @ is a numeric
degenerate matrix, so it has a numeric null vector, @™ ¢y = 0. As a consequence, the
function A(z') = z%c, commutes with all coordinates (49) and hence is a Casimir function
of M. It depends only on the variables z*, so it is functionally independent of the Casimir
functions z# — fP(z%) = 0. This is in contradiction with the condition rank w’ = n — p, so
det@™ +# 0.

Let us resume the obtained results. Let M be a Poisson manifold with a degenerate
Poisson bracket w. Then, on the submanifold N € M determined by any set of functionally
independent Casimir functions, there exists the Poisson bracket & such that the Poisson
manifold N turns into the Poisson submanifold of M. In the original coordinates, divided
on two groups according to the structure of Casimir functions (77), z! = (zf,z%), elements
of the matrix @ coincide with fundamental brackets of coordinates z* restricted on N:

(Dub — {Z”, Zh}M

Bor B (96)
4.3. Restriction of Hamiltonian Dynamics to the Casimir Submanifold

The degeneracy of a Poisson structure implies that integral lines of any Hamiltonian
system on this manifold have special properties: any solution started in a Casimir sub-
manifold lies entirely within it. So, the dynamics can be consistently restricted on the
submanifold, and the resulting equations are still Hamiltonian. To discuss these properties,
we will need the notion of an invariant submanifold.

Definition 4. The submanifold N € M, is called an invariant submanifold of the Hamiltonian H
if any trajectory of (51) that starts in N, entirely lies in N

Z(0)eN, — Z(1)eN forany T (97)
The observation made in Section 4.1 now can be rephrased as follows.

Affirmation 13. A Casimir submanifold of M, = {z/, {, }} is invariant submanifold of any
Hamiltonian H € Fyy.

Affirmation 14. Solutions to the Hamiltonian equations z' = w? d;H that belong to the
Casimir submanifold (77), obey the Hamiltonian equations
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2 = @9, H (2, f(2°)), (98)

where z? are the local coordinates and the Poisson tensor @? of N is the restriction of w?
on N

(Dub — wuh<zc/fzx (ZC)). (99)

Proof. According to Affirmation 13, we can add the algebraic equations z# = ff(z) to
the system (51), thus obtaining consistent equations with solutions living on N. In the
equations for 27, we substitute zf = f#(z%), and using the identity (86), we obtain the
closed system (98) and (99) for determining z”. Then, the equations for z# can be omitted
from the system. The Jacobi identity for @ has been confirmed above. O

5. Integrals of Motion of a Hamiltonian System
5.1. Basic Notions

Let z(7) be a solution to the Hamiltonian Equation (51). For any function Q(z) we have
Q(z(1)) = {Q(z),H(2)} |Z(T). In other words, functions Q(z(7)) follow the Hamiltonian
dynamics together with z(7). The function Q(z) (with a non-vanishing gradient) is called
the integral of motion if it preserves its value along the trajectories of (51): Q(z(7)) = const,
or Q(z(t)) = 0. Note that the value of Q(z(7)) can vary from one trajectory to another.

Affirmation 15. Q(z) is an integral of motion of the system (51) if and only if its bracket
with H vanishes

{Q H} =0. (100)

Because {H, H} = 0, the Hamiltonian itself is an example of the integral of motion. So,
any Hamiltonian system admits at least one integral of motion. The Casimir functions obey
Equation (100) for any H, so they represent the integrals of motion of any Hamiltonian
system on a given manifold. As a consequence, a Hamiltonian system on the manifold M,
with rank w = n — p has at least p + 1 integrals of motion.

Exercise 8. (a) Confirm Affirmation 15. (hint: take into account that the integral lines

of (51) cover all of the manifold).

(b) Observe that if Q; and Q are integrals of motion, then ¢1 Q1 +¢2Q>, f(Q1) and {Q1, Q2 }
are integrals of motion as well. The integral of motion {Qj, Q>} may be functionally
independent of Q7 and Q.

The integrals of motion Q, can be used to construct the surfaces of the level in M.
Considering the Hamiltonian equations on the surfaces, it can be found that it is possible to
reduce the number of differential equations that we need to solve. This method, called the
reduction procedure, is based on the following affirmations.

Affirmation 16. Let Q,(z), « = 1,2,..., p be functionally independent integrals of motion
of H. Then, Ne = {z € M;, Qu(z) = ca = const} is an n — p-dimensional invariant
submanifold of H.

Indeed, given a solution with z(0) € N, thatis Q,(z(0)) = ca, we have Q. (z(7)) =
Qu(z(0)) = cq for any 7; therefore, the trajectory z(7) entirely lies in N¢. The manifolds
N¢ and N4 with ¢ # d do not intercept. As such, the Poisson manifold M, is covered by
p -parametric foliation of the invariant submanifolds Nc.

As the Casimir function is an integral of motion of any Hamiltonian, Affirmation 16
implies, once again, the geometric interpretation of Equation (75): the integral lines of all
Hamiltonian vector fields of M, lie on the surfaces of Casimir functions.
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Affirmation 17. Let the Hamiltonian system
i = {Z,H}, (101)

admit p functionally independent integrals of motion Q,(z) = c,. We present them in the
form z* = f* (zb ,Ca). Then, the system of n differential Equation (101) is equivalent to
the system

2 = (2P H} = hP(z°, 2%), 2% = (20, cp), (102)
composed of n — p differential and p algebraic equations.

Proof. Adding the consequences z* = f%(z?,c,) to Equation (101), we write the resulting
equivalent system as follows

% = {z%, H}, b= {zb,H}, ¥ = f"‘(zh,c,x). (103)

To prove the equivalence of (102) and (103), we need to show that the equation z* = {z*, H}
is a consequence of the system (102). Let z%(7), z° () be a solution to (102). Computing the

derivative of the identity z*(7) = f*(z"(7), cy), we have (1) = 9, f*(2?, ca) b =

z—2z(T)

0 (20, ca) {28, H} ) {f* H}.opzr) = {2 H},o2(r)- In the last step, we used
(100). Hence, the equation z* = {z*, H} is satisfied by any solution to the system (102). [
Example 3. Using the reduction procedure, any two-dimensional Hamiltonian system can be
completely integrated, that is, solving the differential equations is reduced to the evaluation of an
integral. Indeed, consider the system x = {x, H(x,y)} = h(x,y), y = {y, H(x,y) }. We assume
that grad H # 0 (otherwise H = const and the system is immediately integrated). Let y = f(x, c)
be a solution to the equation H(x,y) = c. As H is an integral of motion, we use Affirmation 17
to present the original system in the equivalent form: x = h(x,y), y = f(x,c). Replacing y on
f(x,¢) in the differential equation, the latter can be immediately integrated. The general solution
x(t,c,d),y(t,c,d) in an implicit form is as follows:

: dx
Y =T+d, = f(x). (104)
I exice) ¥ =10
There is a kind of multi-dimensional generalization of this example, see Affirmation A2 in Appendix A.2.

5.2. Hamiltonian Reduction to an Invariant Submanifold

As we saw above, when a dynamical system admits an invariant submanifold, its
dynamics can be consistently restricted to the submanifold. Then, it is natural to ask
whether the resulting equations form a Hamiltonian system. For instance, according
to Affirmation 16, we can add the algebraic equations” Qu(z) = 0 to the Hamiltonian
system (101), thus obtaining consistent equations with solutions living on the invariant
submanifold N = {z € M,;, Qx(z) = 0}. Using Affirmation 17, we exclude z* and obtain
differential equations on the manifold N with the local coordinates z°

(105)

They have no pre-existing knowledge the ambient space M,,. Hence, we ask if the resulting
equations represent a Hamiltonian system on N. That is, we look for the Hamiltonian
equations

2P = wh(2%)9,H(z°), (106)

that could be equivalent to (105).
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Let us list some known cases of the Hamiltonian reduction.

1. Reduction of non-singular theory (3) to the surface of the constant Hamiltonian
gives a Hamiltonian system with a time-dependent Hamiltonian. The method is known as
the Maupertuis principle (see [4] for details).

2. Hamiltonian reduction to the surface of Casimir functions (see Affirmation 14).
The particular example is a Hamiltonian system with a Dirac bracket (see Equation (154)
below).

3. Hamiltonian reduction of non-singular theory to the surface of first integrals ®*
with the property det{®*, ®F} + 0 (see Equation (162) below).

4. Singular non-degenerate theories (5)—(7) are equivalent to the theory of Item 2, see
Affirmations 28 and 30 below. Hence, it admits the Hamiltonian reduction to the surface of
constraints.

5. According to the Gitman-Tyutin theorem, the singular degenerate theory admits
Hamiltonian reduction to the surface of all constraints (see [3] for details).

6. Symplectic Manifold and Dirac Bracket
6.1. Basic Notions

As we saw in Section 2.3, a Poisson manifold can be defined by choosing a contravari-
ant tensor with the properties (39) and (40). Here, we discuss another way, which works for
the construction of non-degenerate Poisson structures on even-dimensional manifolds. Let
M, be defined as the covariant tensor @;; (zk) on the even-dimensional manifold (called
the symplectic form) with the properties

Wjj = —wj; (antisymmetric), (107)
det@w #0 (non-degenerate), (108)
;i + cycle =0 (closed). (109)

M, equipped with a symplectic form is called the symplectic manifold.

We recall that the determinant of any odd-dimensional matrix vanishes, so (108)
implies that we work on the even-dimensional manifold. Some properties of a symplectic
form are in order.

Affirmation 18. The inverse matrix w'/ of the matrix @;; obeys the properties (39) and (40).
So, it determines the Poisson structure (38) on My,. In other words, any locally symplectic
manifold is a Poisson manifold.

Exercise 9. Prove that (109) implies (40).

Conversely, take a Poisson manifold with the non-degenerated bracket, detw # 0
and let @ be its inverse. Contracting the condition (40) with @;,;@;,;@,x, we immediately
obtain (109).

Affirmation 19. The Poisson manifold with a non-degenerate bracket is a symplectic
manifold.

Darboux Theorem. In the vicinity of any point, there are coordinates y* where w (z*)
acquires the form

W' (k) = ( _01 (1) ), then d)fj(yk) = < (1) _01 > (110)

Proof is given in Appendix A.2.

Poincare Lemma. In a vicinity of any point, the symplectic form @ can be presented
through some covariant vector field a; as follows:

(IJZ‘]' = a,'a]‘ — a]'al'. (111)
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In the language of differential forms, this is formulated as follows: the closed form is a lo-
cally exact form. Conversely, the tensor @, constructed given a; according to Equation (111),
obeys the condition (109).

Proof. According to the Darboux theorem, there are coordinates yi = (xl, coo pl, e P
where @;; acquires the canonical form (110). Let us identically rewrite it as follows:

(IJI/»j = aia;. — dja;, where a; (yk) = %(—pl, ...,—p",x',...,x"). Returning to the original co-
ordinates, we write a;(zF) = %a; (y(2)), where ai(y(z)) = T(=pr(h), ..., —p"(2F), 2 (H),
..., x"(z¥)). This contravariant vector field satisfies the desired property: djaj — dja; =
WW
9zl 9zi - mm T Mijt

The field a; can equally be obtained by direct integrations:

a = — ! i/a?,-j(zk)dzj. (112)
j=1

n—1%=

O

Due to the Poincare lemma, it is easy to construct examples of closed and non-constant
form @. Then, the tensor w will automatically obey a rather complicated Equation (40).
Note also that in the Darboux coordinates yk, the Poisson bracket acquires the canonical
form (59).

Because any symplectic manifold is simultaneously a Poisson manifold, it has all the
properties discussed in Section 3. In particular, we have the mapping

w:Fy— Ty, w:A— Xy =[w(A)] =94, (113)
and the basic relation between the Lie and Poisson brackets
w({A, B}) = —[w(A),w(B)], or equivalently Xi,p = —[Xa, X5]. (114)

The symplectic form can be used to determine the mapping @ : Ty x Ty — Fyy as
follows

@: XY= oXY)=a;X'Y, then @& X)=0. (115)

Il
I

Then, the Poisson bracket can be considered to be a composition® of the mappings (115)
and (113)

{A,B} = —@(w(A),w(B)) = —@ (X4, Xp). (116)

Exercise 10. (a) Prove that {Q,H} = ¢ = const if and only if [XQ, Xy] = 0. (b) Con-
firm (116).

By analogy with Riemannian geometry, on the symplectic manifold there is the natural
possibility of raising and lowering the indices of tensor quantities. It is achieved with the
use of the symplectic tensor and its inverse. For instance, the mapping U; = @;; Vi and
its inversion Vi = w'/ Uj establish an isomrphism between the spaces of covariant and
contravariant vector fields.

Affirmation 20. V' is a Hamiltonian vector field if and only if U; = @;j Vi obeys the
condition

;U; —;U; = 0. (117)

Proof. The equation 9;A = @;j Vi = U; for determining of A implies (117) as a necessary
condition. Conversely, when (117) is satisfied, the function
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_1¢ kN g
A= nj[%/u](z Y, (118)

generates the field V': Vi = '/ JjA. O
As an application of the developed formalism, we mention the following.

Affirmation 21. Consider the Poisson manifold M, with the non-degenerated Poisson
structure detw # 0. Let @ be the corresponding symplectic form and 4; be the
contravariant vector field defined in (111). Then, the Hamiltonian Equation (51) follows
from the variational problem

Sy = /dr[ai(z)zi — H(z)}. (119)

Exercise 11. Prove affirmation®.

6.2. Restriction of Symplectic Structure to a Submanifold and Dirac Bracket

We recall that the mapping of manifolds N = {x*} — M, = {z'} given by x* —
zi(x” ) induces the mapping ’]I‘I(\?ﬂ’m) — TI(\? ™) of covariant tensor fields (see (34)). Let
M, = {zF, @ijj (z)} be a symplectic manifold and Ny be a submanifold determined by the
functions dD“(zk) = 0 (see (21)), and n and k are even numbers. Consider the embedding
Ny — M, given by x? — z' = (f*(x?),x%). Then, the induced mapping

5 ozt 97 _
Ogap(x°) = wﬁwij(fa(xc)/xc)/ (120)

is called a restriction of the symplectic form (Z)i]-(zk) on Ny. If @¢ obeys the properties (108)
and (109), Ny turns into a symplectic manifold. The inverse matrix then determines a
Poisson bracket on Ny. Here, we discuss the necessary and sufficient conditions under
which this occurs. We will need the following matrix identity.

Affirmation 22. Consider an invertible antisymmetric matrix

A= ( ¢ lg ), and its inverse A~ ! = <

T p ) (121)

«
—B
Then the matrix + is invertible if and only if a is invertible. In addition, we have

vt =c+bTa"1p, (122)

at=a+ py gl (123)

Proof. Equations (122) and (123) immediately follow from the identity AA™1 =1, written
in terms of the blocks. [

Affirmation 23. The matrix (120) obeys the properties (108) and (109) if and only if
det{®*, &P} = det A* £0, on N, (124)
Proof. Consider the problem in the coordinates of M,
v =5y, Yt =P e, =2 a=1,2...,k (125)

adapted with the functions ®* (see Section 2.1). Denote w (z¥) the Poisson tensor of M.
Using the transformation law (19), we obtain the following expressions for w'/ and its

inverse @, i



Universe 2022, 8, 536

24 of 43

i gy _ [ A% PPY {@0, 20}
w ](]/k) = ( {Z”,q)/g} {Z”,Zb} )

~r kY d’;/g(]/k) d}(’xb(yk) 126
zi(yf)’ wz;(]/) ( Cfiélg(]/k) @;b(yk) - (126)

For the latter use, we make the following observation. The symplectic matrix @, j (v, y*)
obeys the identity (109). In particular, we have d,@;,(y*, y*) + cycle = 0 for any fixed y*.
Considering @, (y*,y*) as a function of y*, and applying Affirmation 18, we conclude that
its inverse, say w?, obeys the identity w®d,w% + cycle(a,b,c) = 0. Using Affirmation 22
for the matrices (126), the explicit form of the inverse matrix is

WP y) = ({2927 - (29,0} Dyp{@F, 2} (127)

Zi(yl)

Let us return to the proof. In the adapted coordinates, the embedding Ny — M), is
given by x* — y' = (y*,y”), where y* = 0 and y* = x“. The Equation (120) reads

Ogap(x") = ‘D;b (}/“/]/a)|y"‘:0,y”—>x“/ (128)

that is, the restriction of ch’»j(yk) on N reduces to the setting y* = 0 in a, b-block of the

matrix d)l’»j(yk). We need to confirm that @&y is a non-degenerate and closed form. The
symplectic matrix d)l{]. (y*,y") obeys the identity (109). In particular, we have 9,@;_(y*, y*) +
cycle = 0 for any fixed y*. Taking y* = 0, we conclude that & is closed. Further, using
Affirmation 22 for the matrices (126), we conclude that the matrix @y is invertible if and

only if det{®*, &P} £ 0. O

As the restriction (120) determines a symplectic structure on Ny, its inverse gives a
Poisson bracket. Its explicit expression in terms of the original bracket can be obtained
using the representation (128) for @g,,. Using Affirmation 22 for the matrices (126) and
Equation (23), we can write for the inverse of @¢,;, the expression

WP (x) = ({202} — {2, 0} Ap{ 0P, 2"} )

(129)

Zi (yf) ym :(),ya —sxa

= ({2 — {7, 0"} Ao {@F 2"

(130)

28 f2(2) | o _yya

Thus, we obtained the' ‘following result.
Affirmation 24. Let w” = {z', 2/} be a non-degenerate Poisson tensor and ®* be function-
ally independent functions with det{®*, ®F} # 0. Then, the matrix

wit(z) = ({2%,2") — {z", @*} D p{@F,2})

, 131
Zh=fn (ZC) ( )

where z% = f*(z°) are parametric equations of the surface ®* = 0, obeys the Jacobi identity
and determines a non-degenerate Poisson bracket on Ny

{A, B} py) = 9. Awf’9,B. (132)

There is a bracket on M, that induces'” the bracket (132) on Ny according to Equa-
tion (88). The equality (131) prompts us to consider

{A,B}p = {A, B} — {A, &} A 5{PF, B} =
3A [{z",zf} — {7, @*}Aaﬁ{cpﬁ,zf}} 9,B=aA ) 3B. (133)

This is the famous Dirac bracket [1,2]. The tensor w'. (zk ) obeys the Jacobi identity (see
below), and hence turns M, into the Poisson manifold (M, {, }p). The bracket (132) can
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be fqund to be the restriction of (133) to Ni. To see this, we first note that for any function
A(z"), Equation (133) implies

{A,®"}p =0, (134)

so ®* are Casimir functions of the Dirac bracket. As we saw in Section 4, this implies that

all Hamiltonian fields Vf;] = wgajA are tangent to the surfaces ®* = c*, and we can restrict
the Dirac tensor wg on the submanifold Ny according to Equation (88). This gives the
Poisson bracket (132) on N; and turns it into a Poisson submanifold of the Poisson manifold

(Mn/ {/ }D)
It remains to prove the Jacobi identity for the Dirac bracket.

Affirmation 25. Consider the Poisson manifold M, = {z/, w'(z*)} with a non-degenerate
tensor w. Let ®*(z") be functionally independent functions which obey the condition (124).
Then, the Dirac tensor wl[]) (zk), specified in (133), satisfy the identity (40). Hence, the Dirac
bracket (133) satisfies the Jacobi identity: {A, {B,C}p}p + cycle (A,B,C) = 0.

Proof. Consider the problem in the coordinates (125) adapted with the functions ®*. Using
Equations (19) and (134), we obtain the Dirac tensor in these coordinates

y 0 0
wp () = ( 0 wib(z) " ) (135)
2y

where w% (zF) is an a, b-block of the Dirac tensor wg (z") in original coordinates. Then,

W (ZF) » is just the expression written in (127). The desired Jacobi identity wg’“anwgk +
z\y

cycle = 0 will be fulfilled if the matrix (127) obeys the identity wd,w¥ + cycle = 0.
However, this was confirmed above (see the discussion below of Equation (126)). O

The results of this subsection can be summarized in the form of diagram (136), which
relates geometrical structures on the manifold M, (top line), and on its submanifold Ny
(bottom line):

(Dij — (Uij — (1)% ~ {, }D
1 1

gy — —— — 0P ~{}pmw

(136)

The Dirac bracket appears in the upper right corner of the rectangle, and provides the
closure of our diagram.

Discussion of the Dirac bracket in the coordinate-free language can be found
in [13,43-47].

6.3. Dirac’s Derivation of the Dirac Bracket

Dirac arrived at his bracket in the analysis of a variational problem for singular
non-degenerate theories such as (5). Consider the variational problem

s = [ delpad® = Hola", pe) + A*@a(q", pu)), (137)

for the set of independent dynamical variables z' (1) = (¢°, pp),i = (1,2,...,2n),and A*(7),
a=(1,2,...,2p < 2n). Hy, and @, are given functions where ®, obeys the condition (124).
Variation of the action with respect to z' and A* gives the equations of motion'!

i ={z, Ho} + A\*{Z', ®,}, ®, =0, (138)
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where {, } is the canonical Poisson bracket on Ryy. Let z/(t), A(1) be a solution of the system.
Computing the derivative of the identity ®,(z'(7)) = 0, we obtain the algebraic equations

{®a, Ho} + {®a, Pp}AF = 0. (139)

that must be satisfied for all solutions, that is, they are the consequences of the sys-
tem. According to this equation, all variables AP are determined algebraically: Af =
—A/S"‘{CD,X, Hy}, where A is the inverse matrix of A. Adding the consequences to the
system, we obtain the equivalent form

2 = {2, Ho} — {2, @a} A% {@p, Ho} = | — {2, @} A {@p, 2T} [0 Hy,  (140)
®, =0, A =_APD,, Hpy}, (141)

where the sectors z' and AP turn out to be separated. The expression that appeared on the
right-hand side of (140) suggests the introduction of the new bracket on Mj,

{ArB}D = {A,B} - {A, d)a}A"‘ﬁ{CDﬁ,B}, (142)

which is simply the Dirac bracket. Then, Equation (140) represents a Hamiltonian system
with the Dirac bracket

' ={z',Hy}p, (143)
with the Hamiltonian being Hy.

7. Poisson Manifold and Dirac Bracket
7.1. Jacobi Identity for the Dirac Bracket

While our discussion of the Dirac bracket in the previous section was based on a sym-
plectic manifold, the prescription (133) can equally be used to generate a bracket {A, B}p
starting from a given degenerate Poisson bracket { A, B}. We show that { A, B} p still sat-
isfies the Jacobi identity. To prove this, we will need the following auxiliary statement.

Affirmation 26. Consider the Poisson manifold

My = {xK = (&%, %), w! (xK), rank w = n}. Let K¥(x!), & = 1,2,...,m be functionally
independent Casimir functions and o* (xI ),a=1,2,...,p < nbe functionally
independent functions which obey the condition (124). Then,

(A) The m + p functions K¥, ®F are functionally independent.

(B) In the coordinates

2l = (2%,2), where z* =K*x!), Z =4, (144)
9Pt

i 9z!
considered as functions of z' are functionally independent.

the functions ®*(z%,z') obey the condition rank = p. In other words, ®* that are

Proof. (A) In the coordinates (144), our functions are z* and ®*(z%,z'). We will show that
functional dependence of the set implies that the matrix {®*, ®F} is degenerate. Then,
nondegeneracy implies functional independence of the set—the desired result.

Consider (m + p) x (m + n) matrix

a(z%, (2%, 7)) Lnxm 0
J=——F5 7= ot ¢ |- (145)
a(zﬂé, ZZ) azﬁ ozt

If ZE‘,@“(ZJ‘,Zi) are functionally dependent, we have rank ] <m+p, then some linear
combination of rows of the matrix | vanishes: cz6%; + ca% = 0 for all I. This equation,
together with explicit expression (145) for |, implies
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_ =0, C#O. (146)

2p 1j 0 0
I Ky — w : w _ mxm .
wile) = ( WP i ) ( 0 wl(x¥)ly ) 4

we obtain {®*, &P} = 9,0%w’ ifajCI)ﬁ. Then, (146) implies the degeneracy of the matrix
{@%, ®P}cg = 0.
(B) Item (A) implies that rank | = m + p. Then, from the explicit form (145) for ] it

follows that rank %2~ = p. O
oz!

Affirmation 27. The Dirac bracket (133) constructed on the base of a degenerate Poisson
bracket { A, B} satisfies the Jacobi identity.

Proof. We use the notation specified in Affirmation 26. The original Poisson tensor in the
coordinates (144) is written in Equation (147). According to Affirmation 10, its block '/
is a non-degenerate matrix. w'!/(zK) satisfies the Jacobi identity, that due to the special
form (147) of this tensor reduces to the expression

w’i”%w/jk + cycle = 0. (148)

Using the prescription (133), we use w'!/ (zK) to write the Dirac tensor

0 0 i ) . _
wg](ZK) = ( moxm Wi ), where wp = @'l — w””and)"‘AMgakCDﬁ. (149)
D

The Jacobi identity for wg] (zK) will be satisfied if

wﬁ”%wgk + cycle = 0. (150)
Note that z* enters into the expressions (148)—(150) as the parameters. In particular, the
derivative az% falls out of all these expressions. According to item (B) of Affirmation 26, the
functions ®*(zP, z'), considered as functions of z/, are functionally independent. Taking
this into account, we can apply Affirmation 25 to the matrices specified by (148) and (149)
and conclude that (150) holds. [

7.2. Some Applications of the Dirac Bracket

With a given scalar function A, we associate the function
Ag=A—{AD}IA PP, (151)

The two functions coincide on the surface ®* = 0. There is a remarkable relation be-
tween the Dirac bracket of the original functions and the Poisson bracket of the deformed
functions,

{A,B}p = {A4,Bg} +O(d%), (152)

which means that the two brackets also coincide on the surface. This property can be
reformulated in terms of vector fields as follows. Given a scalar function A, integral lines
of the Hamiltonian field Vi = w'i djA, that cross the surface ®* = 0 lie entirely on it.

Below, we use the Dirac bracket to analyze some Hamiltonian systems consisting of
both dynamical and algebraic equations.
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1. Consider the Hamiltonian system z' = {z/, H}p on the Poisson manifold (M, {, } p).
As {®*, H}p = 0, the functions ®* are integrals of motion of the system. According
to Affirmation 16, all the submanifolds Ni = {z € M,, ®%(z) = ¢} are invariant

submanifolds, that is, any trajectory that starts on NI‘: lies entirely on it. In particular,
we have:

Affirmation 28. The equations
s ={z,H}p, d*=0, (153)
form a self-consistent system in the sense of Definition 1.1.

Furthermore, according to Affirmation 17, these equations are equivalent to the system
¢ — f¥(z") = 0,20 = {z!,H(z)}p
and (88). This gives

. We replace z* on f*(z") using Equations (86)

2 f(2t)

2 =f2"), 2 ={LHG)}pw), (154)

where H(z%) = H(z%,z%(z")), and {, }p(v) is the bracket (131) on N induced by the Dirac
bracket. This shows that the variables z obey the Hamiltonian equations on the submani-
fold N.

2. Let us rewrite the system (153) in terms of the original bracket as follows: i =
{2/, H — &% A g {®F, H}} + ®{z', A ,5{DF, H}}, ®* = 0, or, equivalently

2 ={,H— "N p{®F, H}}, " =0. (155)

Note that the functions ®* are not the Casimir functions of the original bracket. As the
systems (155) and (153) are equivalent, we obtained an example of a self-consistent theory
of the type of (5).

Affirmation 29. Given a Poisson manifold (M, {, }), let H be a given function and let ®*
be a set of functionally independent functions that obey the condition
det{®*, ®F}| . = det A*F £ 0. Then, the equations

i ={7,H}, =0 (156)
with the Hamiltonian H = H — ®*A5{®F, H} form a self-consistent system.

3. Affirmation 30. The singular non-degenerate theory defined by Equation (5) with
the properties (6) and (7) is self-consistent and is equivalent to (153).

Proof. Using (6), we rewrite the system (5) in the equivalent form as follows:
Zi = {Zir H}D + {Zir CD‘X}AtXﬁ{(D'Br H}/ ®, =0. (157)

Take any point of the submanifold ®* = 0. According to Affirmation 28, there is a
solution z'(7) of (153) that passes through this point. Due to the condition (7), we have
{®F, H} |zi( 0= 0. Then, the direct substitution of z*(7) into (157) shows that it is a solution

of this system. [

4. Example of Hamiltonian reduction. Let the Hamiltonian system z/ = '/ JiH (29
with detw # 0 admit the first integrals CID"‘(zk ),«=1,2,...,n —k with the properties

{®*,H} =0,  det{®",®F} = A% #£0. (158)
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Then, the dynamics can be consistently restricted on any one of invariant surfaces Ni =

{zk € M,, ®* = ¢*}. Without a loss of generality, we consider a reduction on Ng. Then,
®* = 0 implies z* = f*(z?), while the independent variables obey the equations

2" = w;H . (159)
o0 — le ( Z”)
We do the substitution indicated in this equation and show that the result is a Hamiltonian
system. Consider the problem in the adapted coordinates (125). Then, ®* = 0 turns into
y* = 0, while instead of (159) we have

, (160)

- /aja‘H — /Ilba H/
w w
Yy i a0 b =0

_|_ wlﬂﬁaﬁ H/
y*=0

where the explicit form of w’ is given by (126), and H'(y') = H(z*(y')). The equa-
tion {®*, H} = 0 in the coordinates y* gives 0 = {y*, H'} = w"9,H’ + A%9ozH’ or
dgH' = —Ag,w"1"9,H'. Using this expression in (160) we obtain

7= {22 - {0 9P A, (0P, 2t} o, HIZ) (161)

2 |ya—g

Now, note that A(z!(y/)) |ya:0 = A(f*(2"),2%)|,a_,u, 50 the equations of motion read as

2 = W (), )9, H(F(2"), 2°), (162)

where W (f*(z%)z") is the (a,b) -block of the Dirac tensor (see (131)). According to Af-
firmation 24, it obeys the Jacobi identity, so the Equation (162) represents a Hamiltonian
system, which is equivalent to (159).

7.3. Poisson Manifold with Prescribed Casimir Functions

Let K%(zP, z?) with det % # 0 scalar functions in local coordinates z' = (zP,z") of
the manifold M,, where § =1,2,...,p,b =1,2,...,n — p. Without loss of generality, we
assume that n — p is an even number: n — p = 2k. The task is to construct a Poisson bracket
on M, that has K, as the Casimir functions. One possible solution of this task can be found
by using a coordinate system where the functions K, turn into a part of coordinates.

Introduce the following coordinates on M,

d =gl (') = (K*(z'),2%). (163)
. i/ .
Construct the matrix a with elements ai]/ = aazzj - = aigofl. Its inverse is denoted as 4 = a~ 1.

In the local coordinates z/ /, define the bracket

0t Sy 0 0
A,BY=0,AW. 9.B W (25 = pxp ., 164
{ 4 } 1 0 i 0 (Z ) O (UO(Z]) ’ (6)

where wy is a 2k x 2k matrix with the elements wglb, (2,2 satisfying the identity (40)

with respect to z¢. From this matrix we can take any known Poisson structure wf’)/b/ (') on
the submanifold K* (zﬁ, Zb ) = 0. For instance, we could take it in the canonical form

11,0 0 1
0 —Lixk Ok (165)

According to Equation (19), in the original coordinates, z/, the bracket reads

{A,B} = 0A0aB, i = [aTWp(K* (), 2)a] 7. (166)



Universe 2022, 8, 536

30 of 43

Then, Affirmation 4 guarantees that it satisfies the Jacobi identity. Hence, it turns M, into a
Poisson manifold.

Affirmation 31. K* are Casimir functions of the bracket (166).
Proof. Consider, for instance, {A,K'} = aiA(aTwoa)ifa]-Kl. Compute the term:
(Wo)9;K! = (Wot)Ta; = Wil = Wil =0. O

In summary, the set of functionally independent functions K*(z') can be found to be
the set of Casimir functions of the Poisson manifold with the bracket (166).

Denoting 0,KP = b,P, 9,KP = c,P, the Poisson structure (166) can be written in the
following form:

_ < (b HTwoeb™  (wpeb™1)T ) (167)

—woch™1 wy

Blocks of this matrix can be compared with Equation (84). We can restrict the bracket (166)
on the Casimir submanifold, obtaining the bracket (see Equation (88))

{A("),B(z")} = ,A0"8,B, @™ = wff (F(="),2"). (168)

In particular, if wy in Equation (164) was originally chosen to be independent of the
coordinates z%, we have @® = wgh. The Casimir submanifold with the bracket (168) is the
Poisson submanifold of M, (166) in the sense of the definition (73).

Example 4. Consider M and the function K(z!,22,2%) with ;K # 0. Then,

27K 0 0 . 1 00
= @K 10|, a=o | 2K 10| (169)
»BK 0 1 LA\ K 0 1
Taking
0 0 0
w=[|0 0 1], (170)
0 -1 0

we obtain the Poisson structure on M that has K(z) as the Casimir function

, 0 93K —3K . .
w=a Wi= | K 0 1 , or W= ——€kyK. (171)
P\ Rk -1 0 4

If V; and U; are contravariant vectors, the quantity g aelfkakK V; Uj is a scalar function under

the dzﬁeomorphzsms (14). So, W' of Equation (171) is a second-rank covarzunt tensor, as it should
be. Restriction of the bracket (171) on the Casimir submanifold K = 0 gives the canonical Poisson
bracket: {z%,2%} = 1.

Example 5. SO(3) Lie~Poisson bracket. Choosing K = £[(z!)? + (2%)% + (2%)?] — 1 (see Exam-

ple 2) in the expressions of previous example, we obtain the diffeomorphism covariant form of the
Lie—Poisson bracket:

o 1 .
{Z',2} = mel]kzk. (172)
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8. Conclusions

In this short survey, we presented an elementary exposition of the methods of Poisson
and symplectic geometry with an emphasis on the construction, geometric meaning, and
applications of the Dirac bracket. We have traced the role played by the Dirac bracket in
the problem of reducing the Poisson structure of a manifold to the submanifold as defined
by scalar functions which form the set of second-class constraints. Then, the Dirac bracket
was applied to the study of the Hamiltonian system (5) with second-class constraints (6).
Let us briefly describe these results.

Let M, = {z¥, w"(z¥)} be a non-degenerate Poisson manifold and let N,,, = {x*} be a
submanifold determined by the equations ®*(z¥) = 0, and 1 and m are even numbers. Let
z% = f*(z") be the solution to these equations. They determine the embedding N,, — M,
given by x* — z! = (f*(x%), x*). The non-degenerate contravariant tensor w cannot be
directly used to induce the Poisson structure on the submanifold. However, we can do this
with the help of the symplectic form @;; corresponding to the Poisson tensor w'l. In the case
of the submanifold determined by the second-class constraints, det{®", CIDﬁ} p| B0 # 0,
the induced mapping (120) determines the symplectic form @g,;(x“) on N,,,. The explicit
form of inverse of this matrix is given by Equation (131) and determines a non-degenerate
Poisson bracket {A, B} py) = 8uAcu?b 9B on N,;,. This solves the reduction problem.

Next, we may wonder about constructing a degenerate Poisson bracket on M, that
directly induces the bracket on N, with use the Casimir functions (see Equation (88)).
The explicit form (131) of the Poisson tensor w?b(xc) immediately prompts the Dirac
bracket (133) as a solution of this task. The described construction can be resumed in the
form of diagram (136). The Dirac bracket appears in the upper right corner of the rectangle,
and provides the closure of the diagram.

Consider now the Hamiltonian system (5)—(7) on M, and the following Hamiltonian
system on Ny,

i = {2 H")}pay,  HE") = H(f(x"),2"). (173)

Using the Dirac bracket, we demonstrated in Section 7.2 that the two systems are equivalent.
This implies that the system (5) with second-class constraints (6) and (7) is self-consistent,
and its restriction on Ny, is a Hamiltonian system.
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Appendix A

Appendix A.1. Jacobi Identity

Affirmation A1l. Let the bracket (38) obey the Jacobi identity in the coordinates z'. Then,
the Jacobi identity is satisfied in any other coordinates.

Proof. We need to show that the validity of the identity (36) for the bracket (38) with w' (2)
implies its validity for the bracket with w'T" defined in (19).

Given the functions A(z), B(z), C(z), let us consider the auxiliary functions A(z) =
A(Z/(z)) and so on. As the Jacobi identity is satisfied in the coordinates z, we can write

%A(Z (2))wP (2)d, [ajB(z'(z))wik(z)akC(z'(z))} +cycle(A, B,C) = 0. (A1)

Computing the derivatives, we present this identity as follows:
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oz¢

i o
ai/A|Z,(Z)%w1p(z)ap [8 1B ai +cycle(A,B,C) = 0.

wC
z(2")

Using the identity 9, [D(z’)|zl(z)} = %gi,,'ap,D(z’) 2(2)

2(2)

, We obtain

' =0, (A2)

7 (2)

[Bi/A(z’)wi/p (2')0y {aj/B(z’)wﬂk’(z’)ak/C(z’)} + cycle(A, B, C)]

which is simply the Jacobi identity for the bracket {A(z'), B(z')} = 9; Aw'/ (' )0yB. O

Appendix A.2. Darboux Theorem

Lemma A1. (On the rectification of a vector field). Let V' (z/) be vector field, non-vanishing at the
point zg € M. Then, there are coordinates'” y' such that Vi(y/) = (1,0,...,0) at all points y/ in
some vicinity of zg. The coordinate 'yl has a simple geometric meaning: its integral lines are just

the integral lines of V: Vi(y/) = %’/ where y' (1) = (y! = 1,y* = C*), and C?,...,C" are fixed
numbers.

Proof. Without loss of generality, we take zg = (0,0,...,0), V1(zg) #0,and V1(z) # 0in
some vicinity of zg. Write the equations for integral lines as

= Vi), (A3
and solve them with the following initial conditions on the hyperplane z! = 0:
2H0) =0, Z2(0)=v? ..., 2'(0)=y", where v?...,y" are fixed numbers.(A4)
Denote by

Zi(T) = fi(T,yz,...,y”), (A5)

that the integral line at T = 0 passes through the point (0,42, ...,y"). This determines the
non-degenerate mapping

f: (T,y2,...,y”) — zi:fi(r,yz,...,y”). (A6)

The nondegeneracy follows from (A4) and (A6) as follows:

o(z!,...,2") Vizg) 0 ..., 0 1
SRS Al B ’ = . A7
det TeararlR det( Ve (z) 5, > Vi(z0) #0 (A7)
So, we can take the set
vl=1,v% ..., ", (A8)

as new coordinates of M, and then the transition functions are given by Equation (A6).
For the latter use, we note that

2
7 aya

022

0z2 5
= V=(20), W

@20

=0, a«a=3,4,...,n. (A9)

20 20

According to (A5), integral line of the field V in the new system is v/ (1) = (y' =1,y =
C?%), that is, it coincides with the coordinate line of yl, then Vi(yf ) = % =(1,0,...,0). O
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Lemma A2. Let M, = {z¥, (")} bea Poisson manifold with rank w(zy) # 0. Then, thereis a
pair of scalar functions, say q € Fyp and p € Fyy, with the property {q, p} = 1. Their Hamiltonian
fields V; and U, are linearly independent and have a vanishing Lie bracket, [V;, U,| = 0.

Proof. Without loss of generality we take w!? # 0. As the function g(z'), we take the scalar
function of the coordinate z?, its representative in the system z' is q(z') = z2. Then, its
Hamiltonian field is

, ) ,
v, (zF) = wlkﬂzz = w? = (w'%,0,w*,...,w"). (A10)
z

In particular, Vq1 = w2 # 0. We rectify this field according to Lemma A1l. Then, its

components in the system yj are'?

Vi(y') = (1,0,...,0). (A11)

The representative of the function g in the system y/ is q(y/) = z2(y/), so its bracket with
any other function reads

{a)) B} = Vi) o5 = B, (A12)
q ayz ayl

Taking as the function p the scalar function of the coordinate y': p(1/) = y', we obtain the
desired pair of functions:

{z%(y)),y'} =1, or, ininitial coordinates, {z%y'(z/)} = 1. (A13)

In the coordinate system i/, the Hamiltonian fields of these functions are

Viy)) = (1,0,...,0),  Uy(y)= w’ik%yl =" = (0,0, W™, ..., 0"™). (A14)
Y

From their manifest form, they are linearly independent. Additionally, as the Hamiltonian
field of a constant vanishes, we have [Vg, Up] = =Wy, » = —W; =0. O

Lemma A3. (On the existence of a pair of canonical coordinates). Let M, = {zF, w'(z¥)}
be Poisson manifold with rank w(zy) # 0. Then there are coordinates q, p, &3, ..., & with the
properties

{g.p} =™ =1, {gY=d™=0, {pi}=w*=0, (A15)

(&, &P} = WP (&), thatis «w™P donot depend on gq,p. (A16)

In addition, Jacobi identity for w' and Equations (A15) and (A16) imply the Jacobi identity for
WP W'"09pw'T + cycle = 0.

Proof. (A) We take q(z') = 22, and rectify the vector field V,; using the Lemma Al. In the
process, we obtain the coordinates yi, the components of the field ti (yf )=(1,0,...,0) in
these coordinates, and the scalar function p(y/) = y* which obeys

{g.p}=1 (A17)

(B) Let U]ig (y/) be components of Hamiltonian vector field of the function p in the coordi-
nates /. According to Lemma B2, Vq and Clp are commuting fields, then
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oo i d
0= [V, Up) = V= U, — Uy

Toyf P Paiykvl -

i
= Wf implies U, = Uy,(y%,...,y"), (A18)
that is, l_ip does not depend on g and p. Consider the integral lines of the field Up. Taking
into account that U}, (y/) = 0, we have

dy' 1
i 0, then y = C = const, (A19)

d a
= U,y (). (A20)

For definiteness, we assume LI%(ZQ) # 0. We apply Lemma B2 to the field Uj (y?), with

a,b =2,3,...,n, that is, we solve Equation (A20) with initial conditions on the surface
2

y-=0

y0)=0, y0) =8 ..., y(0)=¢" (A21)
Denote the solution of the problem as
y'(A) =g"(A,8,...,8", a=23,...,n (A22)

These equations are invertible, as (A20)-(A22) imply (here w, f = 3,4, ...,n)

A, y") 3yt (A = 0)
det ﬁ = U2 (zo) det yT = U(z0) det1 = U3(z9) #£0. (A23)

We denote the inverse formulas as follows:

A=30A.y"), =8y, L =), (A24)

and introduce the new coordinates

(yl,yz,y?’,...,y”) — (yl,)\(y”),g”‘(y”)), a=2,3,...n, a«a=3,4,...,n, (A25)

with the transition functions (A24). Integral lines of the fields U and V in the new coor-
dinates are (C,A,&3,...¢&") and (y' = 7,8(y% ..., ¥"),§*(y?,...,y"). Along the integral
lines of U, only the second coordinate A changes. Along the integral lines of V changes
the first coordinate, yl = 7, while A and ¢%, being functions of yZ,. ..,y", remain con-
stants. Therefore, in these coordinates, both fields are straightened: V,; =(1,0,0,...,0),
u;, = (0,1,0,...,0).

(O) The Poisson brackets of g and p with scalar functions of the coordinates ¢*, & =
3,4,...,n vanish

@ =vE) =% =0, (et = =5 =0 (A2e)
’ 1 ot ’ ’ P oA '
So, the functions g p, and ¢* obey the Equation (A15).
(D) The last step is to introduce the mapping
WAy = =2 p=y, & =3y (A27)

Its invertibility follows from the direct computation
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922 222 2%
E)yl ayz e ayn
. o ot o'
dg,p,C°,...,c" oyl oy> 7 ay"
det (? ng 3 S r)z = det y y
a(y /y /]/ /"'/y ) Z0 aéa a(;m; a(;m;
oyl a2 P
20
0 1 0 0
1 0 0 0
— det| - - =1 (A28)
0o % 1
Y

In the computation, we used the Equations (A9), (A10), (A24), and (A23). In particular:
02| _ ofA(ryty")
ayl Z0 o at
system on M[,. As we saw above, the coordinates obey the desired property (A15). To
confirm (A16), we use {g,*} = 0 in the Jacobi identity, obtaining

L= qu| 0 = w?? = 0. Therefore, we can take q,p,¢" as a coordinate
0

{g.{c", Py} = —{e (P, q}} —{eF. {9, &%} =0, or ai,{é“,éﬁ}ZO- (A29)

As such, {¢%, &P} = w'*f does not depend on p. The similar computation of {p, {¢%, &1}
implies, that w"*f does not depend on g. [

If rank w'*F(&7) # 0, the manifold M, , = {&7, «'*F(&7)}, in turn, satisfies the
conditions of Lemma B3.
Generalized Darboux Theorem. Let M, = {z¥, w"(z")} be a Poisson manifold with
rank w = 2k at the point 26 € M,,. Then, there are local coordinates where w has the form:

Opxp O 0
w' = 0 Okxk Iikxk |,  PpP=n-—2k, (A30)
0 —lpxk Okxk

at all points in some vicinity of 26.

Proof. The proof is carried out by induction on the pairs of canonical coordinates con-
structed in Lemma B3. After k steps, we obtain the coordinates ¢*, qb P e=12,...,n=2k,
b,c =1,2,...,k in which the tensor w has the block-diagonal form

w'B 0 0
W' = 0 Ok Tk |# (A31)
0 —Lpxk Orxk

and WP = {&*,P}. From the rank condition and from the manifest form (A31) of the
matrix «’, we have 2k = rank w' = rank w"P + 2k, or rank w'*f = 0. This implies that
WP =0forallaand B. O

Affirmation A2. Let Q(z') be the first integral of the Hamiltonian system z' = «/ d;H with

a non-degenerate tensor w’. Then, solution of this system of  equations reduces to the
solution of a Hamiltonian system composed by n — 2 equations.

Proof. Introduce the coordinates z': z/! = 21,22 = Q(2!),z”® = 2%,...,2" = 2", thus

turning Q into the second coordinate of the new system. Applying Lemmas B2 and B3, we
construct the coordinates g, p, ¢* with g = Q. The Poisson tensor in these coordinates has
the form
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o= -10 0 . (A32)

Consider our Hamiltonian equations in these coordinates. The equation § = d,H' together
with g = ¢; = const implies that H' does not depend on p: H = H'(g,¢”). Then, on the
surface q = ¢ = const, the original system is equivalent to

p=—0;H(q,¢") yqzcz, (A33)

& = w"PpH (c2,&7),  a=34,...,n (A34)

The n — 2 Hamiltonian equations (A34) can be solved separately from (A33), let
¢*(t,c2,...,cn) be their general solution. Using these functions in Equation (A33), the
latter is solved by direct integration: p = — [ dt9,H'(q,&7)| O

q:CZ/gzg(TrCZ/"'rC'T) )

It should be noted that the range of applicability of this affirmation in applications is
rather restricted. Indeed, to find manifest form of the Equation (A34), we need to rectify
two vector fields. For this, it is necessary to solve the system of equations as in the original
system twice.

Appendix A.3. Frobenius Theorem

The equation 0, X (x,y,z) = 0 has two functionally independent solutions: X; = y and
Xy = z. The Frobenius theorem can be thought as a generalization of this result to the case
of the system of first-order partial differential equations A (z¥)9;X(z*) = 0. The theorem
can also be reformulated in a purely geometric language (see the end of this section).
We will need some properties of vector fields and their integral lines on a smooth
manifold M, = {z/, i = 1,2,...,n}. We recall that the integral line of the vector field V'’ (z¥)
dz' (1)

on M, is a solution z'(7) to = = Vi(z¥(7)). As before, we assume that through each

point of the manifold passes unique integral line of V. By {N¢, ¢ € R" "}, we denote a
foliation of M, (see Section 2.1), with the leaves

NE = {2 € M,,, F¥(2) = c*}. (A35)

Affirmation A3. Let V(zX) be a vector field on M, and F(z*) be a scalar function with a
non-vanishing gradient. The following two conditions are equivalent:

(A) V touches the surfaces F(zK) = ¢ = const: V'9;F = 0 at each point z* € M,,.

(B) Vis tamgent“l to the surfaces F (zk) = ¢ = const, that is, the integral lines of V lie on the
surfaces.

Proof. Let z°(7) be an integral line of V. Then, the Affirmation follows immediately from
the equality

—F((1)) = V(9P () o (A36)
O]

Evidently, the same is true for a set of vector fields:

Affirmation A4. Let A;(z),..., A (z") be vector fields on M, linearly independent at
each point z € M, and let {NE, ce R”*k} be a foliation of M,,. The following two
conditions are equivalent:

(A) The vectors A, touch Ni at each point Zk € M,: AzaiF“ = 0 at each point z € M,.
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(B) The vectors A'a are tangent to N¢, that is, each integral line of each Aa lies in one of the
submanifolds N¢ (hence, A, (ZF) forms a basis of T (Z)).

Lemma A4. There is a set of k linearly independent vector fields Uy, (z*) on M, with the follow-
ing properties.
(A) For any z* € M, the vectors U, (z¥) touch the submanifold Ny that passes through this point:

Ui9;F* = 0. (A37)

At each point, they form a basis of tangent space to the submanifold.
(B) Integral lines of U, that pass through z* € M, lye in Ny, that passes through this point.
(O) U, are commuting fields

[U,, U] = 0. (A38)

Proof. Introduce the coordinates, adapted with the foliation: zK — y¥ = (y*,y*), with the
transition functions y* = z%, y* = F‘X(zlg,zb ). In these coordinates, the sumanifolds Ny
appear as hyperplanes:

NE = {y € M, y* = "}, (A39)

and y* can be taken as local coordinates of Nf:. Consider the vector fields fla on M,;, which in
the system y* have the following components: U (y¥) = ,'. Their integral lines are simply
lines of the coordinates y” of the submanifolds N,E;. Evidently, the fields obey conditions
(A)—(C) of the Lemma. Their explicit form in the original coordinates is as follows:

B(z¢ Y
= b, uf) = (cz#’, YD)

Ui () = [gjumk)] (A40)

7
ymmzb,z%)

where fF(z°,y7) is a solution to the system FP(fP,z¢) = y7. As (A37) and (A38) are
covariant equations, the fields (A40) satisfy them in the original coordinates k. O

y(z)

Lemma A5. An invertible linear combination of vector fields with closed algebra also form a
closed algebra:

if V= blU,, detb #0, and (U, U] = cp’Ue, then [Vo, V] = vap°Ve. (A41)
Proof. This follows from direct calculation, which also implies
Yo' = badbbecdgff)fc + Vaj(ajbbf)i’fc — (a4 D), (A42)
where b is inverse for b. [

Lemma A6. Let Ay, ..., Ay is a set of linearly independent vector fields on M, with a closed
algebra of commutators

[Aa, Ap)' = cp” () Al (A43)

Then, there is a set of linearly independent fields V,, which are linear combinations of A, and have
the vanishing commutators

V., V] = 0. (A44)
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Proof. The components A, = (a,%,b,P) of linearly independent fields form k x n matrix
with rank equal k. Without a loss of generality, we assume det azb %0, and let .’ be the
inverse matrix. We show that V, = ﬁabzsz are the desired fields.

The expressions (A43) with components i = ¢ can be solved with respect to c ;% as
follows: [A,, Ap)¢ = cpplayf implies ¢ = [Ag, Ap)?d . Using this equality, we exclude
cqp° from the expressions (A43) with i = 8, obtaining [Aq, Ap)P = [As, Ap)?d;°bP. In more
detail, this reads

Aabl — (a5 b) = A (38,1, bcP — (a > b) =
Aaiai(abdﬁdcbcﬁ) — Aaiabdai(ﬁdcbcﬁ) — (Ll <~ b) =
Adobl — Agiay9;(8,°bF) — (a 5 b), (A45)

which implies A,'a,79;(d;°b.f) — (a <+ b) = 0. Contraction of this equality with ﬁe“ﬁfb
gives the following relation between components of the fields with closed commutator
algebra:

3,°A0;(8,°b,P) — (a <> b) = 0. (A46)

Now, the fields V, = 4,° A, with the components Vui‘: (V,b, V,B) = (Jab, a,°bcP) satisfy
the conditions of the Lemma. Indeed, [V, V;| = V,'9;0; — (a <+ b) = 0, and [V, Vb]ﬁ =
V,10;(d, bsP) — (a <> b) = 0 due to (A46). O

Given the vector field V/(zX), let us denote ¢’(t,z)) as the unique solution to the
problem
dz!

== Vi (1)), Z'(0) = zb. (A47)

For any fixed value of 7, the integral lines goi('c, z), z € M, determine the transformation
¢r: M, = M, 7z — ¢i(1,7"). (A48)

Sometimes we will also use the coordinate-free notation ¢ (z) for the integral line ¢’ (T, z¥).
The composition of two transformations has the property

P70 Ps = Pris. (A49)

Indeed, ¢'(7, ¢/(s,z")) and ¢/ (T + s,2") as functions of T obey the problem (A47) with
zl = ¢/(s,z"). Because the problem has a unique solution, they coincide. So, the set of
transformations { ¢, T € R} is a one-parametric Lie group with the group product being
the composition law (A49).

Let ¢ and ¢, be the one-parametric groups created by the linearly independent
fields V'(z) and U’ (zF). There is a remarkable relation between the commutativity of the
transformations and that of the vector fields.

Lemma A7. The following two conditions are equivalent: (A) g1 o P (z5) = P o @ (") for all
7, Aand Z5. B) [V (z),U(z)] = 0 for all z.

Proof. (A) — (B). Expanding the Taylor series, we obtain [¢r o ¥y (zF) — 1, 0 ¢ (2F)]' =
@' (T, I (A,2) — ¢ (A, ¢ (1,25)) = [V(2), U(z)]'TA 4+ O (1) + O*(A) + O3(1,A). Because
the left-hand side vanishes for any T and A, we conclude [V (z), U(z)] = 0.

(B) — (A). Consider the fields V and U in the coordinates yk of the Lemma Al. Then,

V(y*) = (1,0,...,0) and its integral line through the point y* is

o (T, ) = W+ T2 0. (A50)
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Additionally, the condition (B) reads 0 = [V, U] = a ou

on y!. Consider ¢, o ¢+(zF) and @ o ¥, (zF) in the system y* as functions of A. Using (A50),
we can write

|, that i is, the field U does not depend

YA @ (T y0) = (9, ¢, .., "), then (0, ¢/(T,v")) = ¢/(T,¥F) =
W'+t A ), (A51)

P'(T ¢ (LY) = (' +7, 9% ..., ¢"), then ¢'(T,9/(0,y)) =

W+ ). (A52)
By construction, ¢’ (A1) satisfy the equation
i .
% =Uu'(x?,x3,...,x"). (A53)

As the right-hand side of this equation does not depend on x!, the function ¢(A) also
satisfies this equation. In addition, ¢'(A) and ¢'(A) satisfy the same initial conditions (see
(A51) and (A52)). Hence, they coincide. O

Any set of coordinate lines, say the lines of the coordinates 2122, .., zk, can be used

to construct a set of commuting vector fields. They are the tangent fields to the coordinate
lines. The following Lemma is an inversion of this statement. It also generalizes the Lemma
Al to the case of several fields.

Lemma A8. (On rectification of the commuting vector fields). Let Vi, Vs, ..., Vy be linearly
independent and commuting vector fields in vicinity of zg € Mi,: [V,, V] = 0. Then:
There are coordinates y' = (y°,y*), &« = k+1,...,n, where the fields V, are tangent to the
coordinate lines y*: Vai(yj) = 5,2, a=1,2,...,k

Notice the immediate consequences of the Lemma: through each point z1 € M, passes a surface
Ny such that Vy(z), Va(2), ..., Vi(z) form a basis of the tangent spaces Ty (z) at any point z € N.
The integral lines of the fields V, that cross Ny lie entirely in Ny. Evidently, in the coordinates y¥,
these surfaces are given by the equations y* = c¢* = const.

Proof. Without a loss of generality, we assume that the point zyp has null coordinates.
Selecting the approprlate n — k vectors among the basic vectors of coordinate lines, say &,
with coordinates e, = 8., « = k+1,...,n, we complete the vectors V,(zg) up to a basis of
Tw(zo0). Then, determinant of the matrlx composed from components of the basic vectors
is not equal to zero at z

det(Vl,...,Vk,€k+1,...,gn)|20:0 # 0. (A54)

Denote ¢, the one-parametric group (A48) created by the field V,. Consider the
mapping h : O(0) € R" — M, defined according to rule

z=h(t,.. .yl Y ) = gr 0. 00(0,...,0,yF, Ly, (A55)

Derivatives of this function at the point 7, = y* = Oare %

0: %q)l—a(ol-"/o,o,...,o)

T,=0

= V,(0) and = (0,...,0,0,...,1,...,0) = &.

ay*
a(z! zz, z")
Then det e, o |
ping (A55) is invertible, and we can take y' = (7, y*) as a coordinate system on M,,. The
transition functions are given by Equation (A55).

= £40,...,0,0,...,y%,...,0)

z4=0

= det(\71,. LV, €i1,---,6n)|0 # 0, see (A54). So, the map-
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Consider the integral line ¢s,(z) of the field 17 through some point z. According
to Lemma A7, the commutativity of the fields implies the commutativity of their one-
parametric groups, so we have

$5,(2) = @5, 091 0. Pr, .. 0 9 (0, ") = Py O Pryts, -+ 0 P (0,Y7) =
h(t, .., Ta+5Sa, -, T, Y*). (A56)

This shows that integral lines of V, are the coordinate lines of the y? -coordinate of the new
system. Hence, the integral lines lie in the submanifolds Ny = {y* € Ml,,, y* = ¢* = const}.

To find the equations of these surfaces in the original coordinates, denote I as the
inverse mapping of (A55). Let the point z; have the coordinates i, ..., T, ¢c*1,.. . ¢" in the
system y'. Then, the submanifold is Ny = {z € M,,, h*(z') = ¢*}. O

Frobenius Theorem. Let AL (zX), a = 1,2,...k be a set of functions with rank A = k. The
system of first-order partial differential equations

AL (ZM9;x(ZF) =0, (A57)

has 1 — k functionally independent solutions if and only if the vectors A, form a set with
closed algebra

- —

[Aa(2"), Ap(2)] = cap (") Aa(2"). (A58)
Proof. Let the functions F* (zk ),a =1,2,...,n— k represent the solutions:
Al ()9, F*(ZF) = 0. (A59)

Consider the foliation {N¢, ¢ € R"~} determined by F* according to Equation (A35), and
let U, (z¥) be vector fields described in Lemma A4.
Denoting z! () integral lines of A, (z¥), we have %F“ (zL (1)) = AL(ZF)o;F*(F)

2(7)

0 according to (A59). Then, F¥(z,(T)) = ¢ = const, that is, the integral lines of A,(z") lie in
NIC:’ and A, (zF) are tangent vectors to this submanifold at each point. Then, we can present
them through the basic vectors ljlb: Au = babl_ib of Lemma A4. According to Lemma A4,
[ljla, Clh] = 0. According to Lemma A5, this implies (A58).

Let (A58) be satisfied. Assuming A% = (a,%,b,P) with deta # 0 (see Lemma A6),
we write the system (A57) in the equivalent form: ﬁabAi(zk )9;X(zF) = Vi(z9)9;X(2F) =
0. According to Lemma A6, we have [Va, Vb] = 0. According to Lemma A8, there are
coordinates y* where Vi (y¥) = §,/. In these coordinates, our system acquires the form
%X’ (yP,y?) = 0. The functions FP(yP,y’) = yP give n — k functionally independent
solutions. [

Frobenius theorem, geometric formulation. Let A;(z¥),..., A(z") be linearly indepen-
dent vector fields on M,,. The following two conditions are equivalent:
(A) The fields A, form the closed algebra:

[Aa(2"), Ap(2)] = cap (2) Ac(2). (A60)

(B) There is a foliation {N¢, & € R"*} of M, such that the fields A,(z*) touch the leaf
Nli (see Equation (A35) ) at each point z € M, (hence, A, form a basis of TNi(zk) (see
Affirmation A4)).

Proof. (B) — (A). Consider zg € M, and let zy € N¢, where N¢ is one of submanifolds
specified in (B). Let z/(7) be the integral line of the field [A,, A]!, which at T = 0 passes
through zy. We obtain:
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AP (5i(2)) = [y, Ay]i0;F®

- =0, (A61)

2 (1)

= [Ad(Ay(F) ~ (a 2 1))

Z(1)

as A, (F%) = AiaiF“ = 0. The equality (A61) implies that the integral line of the field
[A4, Ap)' through zg lies entirely in N¢, so the vector [A’E,A'b]i(zo) is tangent to NE(zo).
Hence, it can be presented through the basic vectors A,, which gives the desired re-
sult (A60).

(A) — (B). Let (A60) be satisfied. Using Lemma A6, we construct k linearly in-
dependent and commuting fields V,. According to Lemma A8, there are coordinates yk
where Vi(y¥) = 8,'. Consider the foliation {N¢, ¢ € R" ¥} where N{ = {zF € M, y* =
c® = const}. By construction, V; € T and forms a basis of Ty at each point ZF € My,
According to Lemma A6, the linearly independent vectors A are linear combinations of V,
so they also form a basis of Ty at each point ZFeM, O

Notes

1

10
11

13
14

Singular degenerate theories usually arise if we work within a manifestly covariant formalism, when basic variables of the theory
transform linearly under the action of the Poincare group. Their descriptions can be found in [1-4].

We recall that the functional independence of functions ®* guarantees that the system (5) can be resolved with respect to 2p
variables z* among z/, then z% = f*(z") are parametric equations of the surface ®* = 0.

In three-dimensional Euclidean space, this equality has simple geometric meaning: vector grad F(x,y,z) in R3 is orthogonal to
the surfaces of level F(x,y,z) = c of the scalar function F(x, y, z).

Recall that all our assertions hold locally.

This is a non-trivial affirmation, as Bpwfk is not a covariant object.

Notice that it is an example of coordinate-dependent statement.

Without loss of generality, we have taken c, = 0.

In the coordinate-free formulation of the Poisson geometry, the equality @(w(A), w(B)) = —{A, B} is taken as the definition of
the symplectic form @.

While formal variation of (119) leads to (51), the following point should be taken into account. Formulating a variational problem,
we fix two points in phase space and then look for an extremal trajectory between them. The first-order system (51) has a unique
solution for the given initial “position”: z(77) = z}. This implies that the position at a future instant 7, is uniquely determined
by the initial position of the system. So, if we look for the extremal trajectory between two arbitrary chosen points z'(1;) = 2}
and 7' (1) = zj, the variational problem (119) generally will not have a solution.

With this respect, see the comment at the end of Section 2.2.

It is instructive to compare the systems (138) and (102). The constraints ®, = 0 should not be confused with the first integrals.
Indeed, first integrals represent the first-order differential equations which are consequences of a special form of the original
equations, c,;[2' — {z/, H}] = %Qa (z) = 0, whereas constraints are the algebraic equations. As a consequence, solutions of
the systems (138) and (102) have very different properties. Solutions of the system (102) pass through any point of R, while all
solutions of (138) live on the submanifold ®, = 0.

In this section, we use the notation V(z/) and V'(y/) instead of V/ and V' to denote components of the vector V in different
coordinate systems.

Compare this discussion with that near Equation (53).

See the definition of a vector field tangent to a submanifold on page 7.
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