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Abstract: The current work makes use of the geometrical configuration of the two lower-altitude
Swarm satellites (Swarm A and C), moving side by side with a longitudinal distance of 1.4◦, to
estimate a two-dimensional (2D) model of the lithospheric magnetic anomaly field over Egypt using
gradient data. The gradient in both the north–south and the east–west directions have been inverted
using the weighted damping least-squares fit technique to estimate the best model coefficients of
the 2D model. The best model coefficients have been obtained under the expansion of the Legendre
polynomial from degree n = 7 to n = 56. Results showed that the gradient of the field in the north–
south direction is always much smoother than that in the east–west direction. The noise in the
east–west direction is attributed to the different environmental conditions surrounding both satellites.
The modeled field always showed smoother variations than the observed data, even for the horizontal
components (Bx and By).

Keywords: Swarm satellites; inverse theory; lithospheric magnetic anomaly field; Legendre
polynomial; Egypt

1. Introduction

The lithosphere is the crust and the upper layer of the mantle. It consists of rocks
that can be broken into plates and causes plate tectonics [1]. These rocks are characterized
by different magnetic susceptibilities [2]. Their magnetism depends on their mineral
compositions. The magnetic field from these rocks is denoted as the lithospheric magnetic
anomaly field [3–5]. The separation of the lithospheric magnetic anomaly field requires
good-quality magnetic data because the magnetic field observed on the Earth’s surface
is an ensemble made up of different sources (the Earth’s core, lithosphere, and external
fields due to the currents of the ionosphere and the magnetosphere) [6]. The main goal
of modelling the lithospheric magnetic field is achieving a high-resolution model free of
(external) noise to map the subsurface geological structure [7,8]. To obtain a high-resolution
model, there are different approaches for separating the lithospheric magnetic field using
ground-based and space-based magnetic data [9]. These approaches are divided into
local/regional and global modelling techniques. The most common global models that
separate the lithospheric magnetic field are CHAOS [10], MF [11], and the comprehensive
model (CM) [9,12,13]. The CHAOS series is one of the most updated models. It collects data
from ground-based observatories, Ørsted, CHAMP [14], SAC-C, CryoSat-2, and Swarm
satellites [15]. CHAOS calculates the main, lithosphere, and external fields during quiet
periods. It uses a sophisticated selection criterion to reduce external noise [16]. This model
has been derived using the quietest data when the Sun is at least 10◦ below the horizon.
The spherical harmonic degrees of the CHAOS model reach 130 and 133 at the altitudes of
400 km and 300 km, respectively [11,17]. The coefficients of the CHAOS model are regularly
updated every 4 to 6 months, according to the observed data of Swarm satellite [10]. The
spherical harmonic expansion of the CHAOS model, up to degree 133, corresponds to
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a spatial resolution of 300 km [18]. The CM model is derived from data collected from
ground-based observatories and the Ørsted, SAC-C, CHAMP, and Swarm satellites. The
CM model calculates oceanic tidal magnetic sources, ionospheric quiet-time fields, and
the induction fields of both the ionosphere and the magnetosphere, in addition to internal
and external fields [9,12,13]. The lithospheric field is expanded up to spherical harmonic
degree 120, corresponding to the resolution of 333 km [13]. The magnetic anomaly field
with short-scale wavelength is not applicable to the global models because it requires a high
degree of expansion that makes the computation intensive. Therefore, regional approaches
have been used for modelling the lithospheric field, such as spherical cap harmonic analysis
(SCHA) [19], 2D models, and rectangular harmonic analysis (RHA) [20,21]. However, these
models give accurate anomaly field data in a short-scale wavelength with a lower order than
global models. There are shortcomings regarding the use of these local field models. The
first problem with the SCHA model is the difficulty in separating the internal and external
fields from each other [22] because both are expanded in terms of the potential function at
the surface of the cap. Second, in order to reach a high spatial resolution, we must use a
small cap (dense grid); subsequently, a large expansion must be implemented. Therefore
the computation is very intense and requires a long time to reach convergence [23]. Third,
the edge effect problem is considered a common issue in all local models that could be
overcome by enlarging the area under study [24]. Additionally, RHAs produce unrealistic
values when expanding non-cyclic data [25,26]. This problem could be overcome through
expanding the lithospheric field data to a polynomial [26].

The current work makes use of 8 years of magnetic data recorded by Swarm A and C to
model the lithospheric magnetic anomaly field over Egypt and its surroundings, using a 2D
model built on Legendre polynomials. Unlike [27], we use gradient magnetic data to obtain
an accurate model because gradient data is less affected by external noise [17]. The results
presented by [28] neglect the analysis of the lithospheric anomaly of the By component
because this component was very noisy, more than the Bx component. Therefore, in the
current work, we have tried to model the whole components using the gradient data from
the lower-altitude Swarm satellites. The structure of the current work is as follows: Section 2
presents the data set and the selection criteria in addition to a theoretical discussion of
the modelling techniques. Section 3 presents the results of our method in weighted and
non-weighted inverted means. Finally, Section 4 presents our conclusions.

2. Data Set and Methodology
2.1. Data Set and Selection Criterion

The Swarm mission consists of three satellites (Alpha, Bravo, and Charlie) used to
study the Earth’s geomagnetic field [28,29]. The mission was launched on 25 November
2013 to study the ionospheric current systems and model the Earth’s magnetic field [30].
Swarm A and C are flying side-by-side, separated by 1.4◦ (~150 km) at an altitude of
400 km, while Swarm B is flying at an altitude of 520 km with a higher inclination angle
than Swarm A and C [6]. Our study depends on the Swarm A and C satellites. We have
used MAGx_LR Level 1b Swarm data, which is available on the European Space Agency
(ESA) website (https://swarm-diss.eo.esa.int/ (accessed on 31 December 2021)). We have
used the quiet-time magnetic data recorded by the two lower-altitude Swarm satellites,
A and C, from January 2014 until August 2021. These data have been used to model the
lithospheric magnetic anomaly field over Egypt and its surroundings. The quiet-time
Swarm magnetic data has been selected according to the following criteria:

1) Local nighttime data (23 : 00 < Local Time (LT) < 06 : 00).
2) Kp ≤ 1.
3) The interplanetary magnetic field (IMF) within −3 ≤ Bz ≤ 4.
4) The disturbance storm time index within −20 < Dst < 20 daily values.
5) The regional data observed within [0◦–40◦ N] latitude and [0◦–40◦ E] longitudes with

observational error < 0.3 nT.

https://swarm-diss.eo.esa.int/
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The geomagnetic indices and solar wind parameters were obtained from the Omni
website (https://omniweb.gsfc.nasa.gov/form/dx4.html (accessed on 31 December 2021)).
Figure 1 illustrates the relationship between the altitude and the number of data points
within each 2 km. It shows that the maximum number of data points are collected at an
altitude of about 440 km. Therefore, we have selected observations where the satellite is
located within 440 ± 2.5 km. These altitudinal limits have also been chosen to overcome
the altitudinal variation of the lithospheric magnetic anomaly field.
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Figure 1. The number of data points with altitude, with the maximum data point concentrated at an
altitude of 440 km.

The gradient data from these satellites (Swarm A and C) have been calculated in the
north–south (N–S) and the east–west (E–W) directions. It is worth noting that, we have
first subsampled the 1 s into a 10 s time resolution. We have avoided subsampling it to 30 s
in order to overcome gaps because the resolution of our plotted maps is 1◦ × 1◦ (latxlon).
Subsequently, we have followed the same criteria set as [17] in calculating the gradient
data by confirming that the time lag between the two satellites (Swarm A and C) does not
exceed the 50 s. Therefore, any path where Swarm A and Swarm C lagged by more than
50 s was excluded from the analysis. The N–S gradient data were calculated by subtracting
two points separated by 15 s as observed by the same satellite [17]. Therefore, the amount
of N–S gradient data is twice as large as the amount of E–W gradient data.

2.2. Modeling Techniques

The lithospheric magnetic anomaly field (δb) was calculated after the subtraction of
the core (bcore) and the external (bexternal) CHAOS fields from the observed data (bobserved),
which is represented mathematically according to Equation (1):

δb = bobserved − (bcore + bexternal) (1)

where δb is a vector of the lithospheric magnetic anomaly field in the three (x, y, z) ge-
ographic coordinates according to the coordinates of the observed bobserved data. Subse-
quently, we subtracted the lithospheric magnetic anomaly field between Swarm A and
Swarm C, which represents the E–W gradient data. In addition, we subtracted the litho-

https://omniweb.gsfc.nasa.gov/form/dx4.html
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spheric magnetic anomaly field between two points separated by 15 s along the path of
the same satellite, which represents the N–S gradient data. The three vector components
of the gradient data through this work will be mathematically represented in the forms
∇Bx, ∇By, and ∇Bz. To model the gradient magnetic field data in two dimensions, we
expanded it in terms of the Legendre polynomial function (P). According to [27,31], the 2D
model can be represented mathematically according to Equation (2):

γi =
nmax

∑
n=0

n

∑
k=0

ankPk(∆θi)Pn−k(∆ϕi) (2)

where i = 1, . . . N is the index of the data points, and γ = ∑ γi is any vector of gradient
magnetic anomaly field data. Each observed point (i) has ∆θi and ∆ϕi, denoting the latitude
and longitude, respectively, where θi and ϕi are the intermediate coordinates between any
two points used for calculating the gradient data. The mathematical representation of both
∆θi and ∆ϕi is defined by Equations 3.1 and 3.2 of [31]. It is worth noting that the selection
of an intermediate location between any two points used for deriving gradient data, or
even the location of either of these points, does not change the final results. Parameter ank is
defined as the coefficients of the 2D model. These model coefficients could be represented
mathematically as vector m and are defined as m = ∑nmax

n=0 ∑n
k=0 ank. In this work, we have

used the orders of expansion of the Legendre polynomials n = 7–56. More details regarding
the determination of the limits of expansion of the Legendre polynomial are explained
within the context of the current work. Equation (2) can be written in a mathematical,
compact form using the matrix A, as shown in Equation (3):

γ = Am (3)

where A is the operator matrix of the Legendre polynomial as defined in [27].
The weighted damped least-squares fit method used to estimate the model coefficients

can be represented mathematically according to Equation (4):

ATWdγ =
(

ATWdA + α2I
)

m (4)

where Wd is the weight matrix that has diagonal elements equal to 1
σ2 , and σ is the standard

deviation of the gradient data [17]. More details regarding the calculation of the standard
deviation of the analyzed data are given in the context of the current work. Parameter α2 is
the damping parameter, and I is a unitary diagonal matrix.

The resolution matrix (R) of the weighted damped least-squares fit method is given
by Equation (5):

R = ATWdA/
(

ATWdA + α2I
)

(5)

Figure 2 illustrates the relationship between the norm of the model coefficients (mTm)
and the standard deviation of the misfit of the N–S gradient [32,33]. The misfit has been
calculated according to [17]. The black, red, blue, and green lines correspond to the trade-off
curves of∇Bx,∇By,∇Bz and∇Bt, respectively, where∇Bt is the gradient of the total litho-
spheric magnetic field. The values of the damping parameters for each trade-off curve are in
the order 10−12, 10−10, 10−9, 10−8, 10−7, 10−6, 10−5, 10−4, 10−3, 10−2, 10−1, 100, 101, 102.
We have chosen the damping parameter α2 = 10−4, which locates at the knee of the trade-off
curves [32,33].

Figure 3 shows the diagonal elements of the resolution matrix R with respect to
the parameter numbers of ∇Bt of the N–S gradient data at the best damping parameter
(10−4). It shows that the diagonal element of the resolution matrix approaches unity, which
demonstrates the great description of the model for the data. The increase of R at higher
orders could be interpreted in terms of the dominance of the noise at higher orders of
expansion [27,33].
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In order to truncate the model to a certain degree, we have studied the spectrum of
the model [Rn = (n + 1)∑n

m=0(am
n )

2] as shown in Figure 4a. It shows that the spectrum
increases from degree 0 to degree 7 and then decreases again from 7 to 60. Figure 4b is
similar to Figure 4a but on a logarithmic scale. The horizontal dashed line in Figure 4b
corresponds to the spectrum of value equal to zero at degree 56. According to [15], the initial
degrees from 0 to 7 correspond to fields from a source region other than the lithospheric
magnetic field, while the degrees from 7 to 56 correspond to the lithospheric magnetic field.
Therefore, we have expanded our data from degree 7 up to 56, and subsequently, the vector
model coefficients become of length 1625.
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3. Results and Discussions

Figure 5 shows the standard deviation of the N–S gradient ∇Bt field components.
The standard deviation data binned to regions of the surface area of 2.5 degrees. For each
binned area, the standard deviation has been calculated as shown in Figure 5 for the ∇Bt
component. It shows regions of higher standard deviation corresponding to large errors in
the data. The same calculations have been performed for the other vector field components,
∇Bx,∇By, and∇Bz, respectively. According to Equation (4), each data point located within
a specific binned region has been divided by its corresponding standard deviation. This
process has been implemented by several users to reduce the effect of outlier points [34,35].
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surface area of 2.5 degrees.

The non-gradient lithospheric magnetic field data presented by [27] is more affected
by external sources/noise. It exhibited N–S stripes in the X-component, especially at higher
altitudes. To reduce this noise, we used gradient data from a Swarm satellite [36].

Figure 6 shows the E–W gradient data calculated from Swarm A and C. Rows from top
to bottom correspond to the ∇Bx, ∇By, ∇Bz, and ∇Bt components, respectively. Columns
from left to right correspond to observed, modeled, and weighted modeled gradient data,
respectively. The observed ∇Bx and ∇By are noisier than ∇Bz and ∇Bt. The noise in the
horizontal components (∇Bx and∇By) could be attributed to external sources. In addition,
we can interpret it in terms of the sensitivity of the data sets onboard the Swarm A and
Swarm C satellites. In order to reduce this noise, we have implemented the weighted
damped least-squares technique as shown in the most right column of Figure 6. It is worth
noting that the magnetic anomaly in the By component was excluded from [27] because
the non-gradient data are strongly affected by external and lithospheric activities (e.g.,
Earthquakes, ionospheric dynamos, etc.). However, using the gradient data is a powerful
technique in removing external noise in comparison with [27], which is strongly affected
by external ionospheric and magnetospheric noise. The weighted damping least-squares
fit technique of the gradient data has the capability to emphasize a lithospheric magnetic
anomaly in a much smoother form, especially in the Bx and By components. The weighted
damped modeled data in the Bx and By components illustrated magnetic anomalies that
could not clearly be seen in the observed gradient data in most left panels. The most clearly
enhanced anomalies under the weighted damping technique are shown in the northwest
and in the middle of the map of the By component. The field strength of these regions is
enhanced under the action of the damping technique in comparison with the observed
lithospheric gradient data.

Figure 3 shows the diagonal elements of the resolution matrix R with respect to
the parameter numbers of ∇Bt of the N–S gradient data at the best damping parameter
(10−4). It shows that the diagonal element of the resolution matrix approaches unity, which
demonstrates the great description of the model for the data. The increase of R at higher
orders could be interpreted in terms of the dominance of the noise at higher orders of
expansion [27,33].
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Figure 6. The ∇Bx, ∇By, ∇Bz and ∇Bt components of E–W direction for the observed, modeled,
and weighted modeled.

Figure 7 is similar to Figure 6, but for the N–S gradient; data was observed from both
Swarm A and Swarm C. The upper, middle, and lower rows correspond to the N–S ∇Bx,
∇By, ∇Bz and ∇Bt components, respectively. Columns from left to right correspond to
the observed, modeled, and weighted modeled data, respectively. It is clearly shown that
both the ∇Bx and ∇Bz components show no significant differences between the observed
gradient data and our weighted modeled data, while both the ∇By and ∇Bt modelled
(weighted and non-weighted) components have a smoother variation than the observed
data. Additionally, Figure 7 shows that the observed N–S gradient data does not contain
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N–S strips, as appeared in the E–W ∇Bx data, which means the N–S gradient is generally
less affected by external fields in comparison with the E–W gradient data.
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In order to emphasize the capability of the gradient technique in overcoming external
noise, especially that which exists in the horizontal components (∇Bx, ∇By), we have
conducted a comparison between the gradient data in the N–S and E–W directions, as
shown in Figure 8c,d, respectively. Figure 8a,b clearly shows that the non-gradient Bx data
observed by Swarm A shows differences in comparison with the non-gradient Bx data
observed by Swarm C; in addition, both satellites have N–S strips. However, the satellites
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contain the same exact data sets; these differences could be interpreted in terms of the
difference in environmental conditions surrounding the satellites because Swarm A and
Swarm C are separated horizontally by 150 km distance in longitude. The N–S gradient
data is less affected by this problem (different environmental conditions) because we have
subtracted two points observed by the same satellite, so the mechanical and electronical
noise, in addition to the environmental conditions, is canceled through the subtraction
process. So, subtracting Swarm A and Swarm C magnetic data to obtain the E–W gradient
resulted in noisy maps, in comparison with the N–S gradient data, as is clearly shown by
comparing the images in Figure 8c,d.

Universe 2022, 8, 530 11 of 13 
 

 

observed by Swarm A shows differences in comparison with the non-gradient 𝐵𝑥  data 

observed by Swarm C; in addition, both satellites have N–S strips. However, the satellites 

contain the same exact data sets; these differences could be interpreted in terms of the 

difference in environmental conditions surrounding the satellites because Swarm A and 

Swarm C are separated horizontally by 150 km distance in longitude. The N–S gradient 

data is less affected by this problem (different environmental conditions) because we have 

subtracted two points observed by the same satellite, so the mechanical and electronical 

noise, in addition to the environmental conditions, is canceled through the subtraction 

process. So, subtracting Swarm A and Swarm C magnetic data to obtain the E–W gradient 

resulted in noisy maps, in comparison with the N–S gradient data, as is clearly shown by 

comparing the images in Figure 8c,d. 

 

Figure 8. The lithospheric magnetic anomaly field of the Bx component (a) observed by Swarm A, 

(b) observed by Swarm C, (c) gradient in the E–W direction, and d) gradient in the N–S direction. 

4. Conclusions 

The current work makes use of 8 years (from January 2014 to August 2021) of mag-

netic field data observed by two lower-altitude satellites (Swarm A and C) of the Swarm 

constellation to model the lithospheric magnetic anomaly field over Egypt and the sur-

rounding area. The data selected according to our criteria of quiet-time conditions and 

within ± 2.5 km of the altitude of 440 km have been chosen to overcome the altitudinal 

variation of the field. To make use of the geometrical configuration of the two lower-alti-

tude satellites, the gradients of the field in the N–S and the E–W directions have been 

calculated. The observed E–W gradient data, derived from the differences between Swarm 

A and C, exhibited a noisier map than did the N–S gradient data. This could be attributed 

to the different environmental conditions surrounding the two satellites (Swarm A and 

C), as the satellites are separated by ~150 km distance in longitude. 

In order to reduce the noise of the observed data, a weighted damped least-squares 

fit technique of a 2D model has been adopted. In this model, we have implemented the 

Legendre polynomial to model the gradient of the lithospheric magnetic anomaly data. 

To solve this model, we have expanded the field in terms of the Legendre polynomial 

Figure 8. The lithospheric magnetic anomaly field of the Bx component (a) observed by Swarm A,
(b) observed by Swarm C, (c) gradient in the E–W direction, and d) gradient in the N–S direction.

4. Conclusions

The current work makes use of 8 years (from January 2014 to August 2021) of mag-
netic field data observed by two lower-altitude satellites (Swarm A and C) of the Swarm
constellation to model the lithospheric magnetic anomaly field over Egypt and the sur-
rounding area. The data selected according to our criteria of quiet-time conditions and
within ±2.5 km of the altitude of 440 km have been chosen to overcome the altitudinal
variation of the field. To make use of the geometrical configuration of the two lower-altitude
satellites, the gradients of the field in the N–S and the E–W directions have been calculated.
The observed E–W gradient data, derived from the differences between Swarm A and C,
exhibited a noisier map than did the N–S gradient data. This could be attributed to the
different environmental conditions surrounding the two satellites (Swarm A and C), as the
satellites are separated by ~150 km distance in longitude.

In order to reduce the noise of the observed data, a weighted damped least-squares
fit technique of a 2D model has been adopted. In this model, we have implemented the
Legendre polynomial to model the gradient of the lithospheric magnetic anomaly data. To
solve this model, we have expanded the field in terms of the Legendre polynomial from
degree 7 to degree 56. These limits of expansion degrees have been chosen according to
the spectrum of the model at the best damping parameter. The best damping parameter at
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the knee of the trade-off curve for our solved model equals 10−4. The weighted damped
least-squares fit method of the 2D model has greatly reduced the effects of ionospheric
and magnetospheric noise sources in both the N–S gradient and E–W gradient directions.
The anomaly model derived starting from gradient data is of higher quality than the one
reported by [27], which is based on non-gradient data.
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