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Abstract: Quantum chromodynamics (QCD) is the theory of strong interactions of quarks and gluons
collectively called partons, the basic constituents of all nuclear matter. Its non-abelian character
manifests in nature in the form of two remarkable properties: color confinement and asymptotic
freedom. At high energies, perturbation theory can result in the growth and dominance of very gluon
densities at small-x. If left uncontrolled, this growth can result in gluons eternally growing violating
a number of mathematical bounds. The resolution to this problem lies by balancing gluon emissions
by recombinating gluons at high energies : phenomena of gluon saturation. High energy nuclear and
particle physics experiments have spent the past decades quantifying the structure of protons and
nuclei in terms of their fundamental constituents confirming predicted extraordinary behavior of
matter at extreme density and pressure conditions. In the process they have also measured seemingly
unexpected phenomena. We will give a state of the art review of the underlying theoretical and
experimental tools and measurements pertinent to gluon saturation physics. We will argue for
the need of high energy electron-proton/ion colliders such as the proposed EIC (USA) and LHeC
(Europe) to consolidate our knowledge of QCD knowledge in the small x kinematic domains.

Keywords: gluon saturation; color glass condensate; QCD

1. Introduction

Quantum chromodynamics (QCD) is the theory of strong interactions of quarks and
gluons collectively called partons, the basic constituents of all nuclear matter. Its non-
abelian character manifests in nature in the form of two remarkable properties: color
confinement and asymptotic freedom [1–3]. Confinement forbids the existence of quarks
and gluons in free form or separated by long distances, allowing only colorless bound
states such as mesons and baryons. Asymptotic freedom, on the other hand, states that
at short distances, quarks and gluons interact weakly due to smallness of the coupling
constant αs at asymptotically high energies. The latter property formed the theoretical basis
behind the parton model [4–6], allowing the use of perturbation theory while leading to the
successful description of a plethora of experimental results from fixed target experiments
to high energy colliders. A multi-decade endeavor to quantify the structure of hadrons was
launched with the introduction of the universal parton distribution functions (PDFs) which
obey the DGLAP (Dokshitzer–Gribov–Lipatov–Altarelli–Parisi) renormalization group
equation [7–10]. These PDFs describe the parton densities as functions of the longitudinal
momentum fraction x. Beyond this one-dimensional picture, transverse momentum de-
pendent (TMD) PDFs have been introduced to characterize the three-momenta of partons
inside hadrons [11–13]. More recently, the complementary generalized parton distributions
(GPDs) have been defined by furnishing PDFs with the two-dimensional transverse spatial
distribution of partons resulting in a tomographic picture of hadrons and nuclei [14–16].
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At high energies (or small x), gluon densities grow quickly resulting in a large parton
occupation number. This growth is expected to be controlled by nonlinear QCD effects
at sufficiently small-x [17,18]. An appropriate description of the fundamental degrees of
freedom of hadrons and nuclei in this regime is in terms of classical strong gluon fields,
replacing the usual partonic description. A description of this high density regime is given
by the Color Glass Condensate (CGC), a semi-classical effective field theory (EFT) for
small-x gluons [19–23].

High-energy nuclear and particle physics experiments have spent the past decades
quantifying the structure of protons and nuclei in terms of their fundamental constituents
confirming extraordinary behaviour of matter at extreme density and pressure conditions.
In the process they have also measured seemingly unexpected phenomena which will need
a new generation of theoretical efforts as well as pertinent collider experiments. These last
decades have also resulted on number of gluon saturation theoretical reviews which have
paved the foundation for the current document [24–28].

This paper is organized as follows. Having given a brief introduction, we then proceed
to Section 2, which describes the principal underlying theoretical tools for the description
of a gluon saturated state. Section 3 gives a selected overview of experimental signatures to
date, while Section 4 discusses future facilities pertinent for the discovery and quantification
of gluon saturation. Section 5 gives an outlook for our field followed by Acknowledgments
to the people and institutions that made this manuscript possible.

2. Color Glass Condensate Effective Field Theory

This section will serve as a description to the underlying principles behind the Color
Glass Condensate (CGC) as the effective field theory for saturated gluons. We will discuss
the separation of degrees of freedom into sources and fields and the computation of
observables in the CGC in Section 2.1. Light-like Wilson lines and their correlators in the
context of high-energy scattering will follow in Section 2.2, which will include a discussion
on the dipole correlator and the saturation scale. Section 2.3 will provide some examples
of high energy processes in the CGC and discuss basic features of saturation. We briefly
discuss the elements of small-x quantum evolution in Section 2.4, where we introduce the
Balitsky–Kovchegov equation and the JIMWLK evolution for the evolution of the sources.
We note that a detailed exposition of the subject can be found in the reviews [24,25] as well
as the text book in [26].

2.1. Separation of Degrees of Freedom: Sources and Fields

The CGC is an effective field theory for high energy QCD [19–23]. For a hadron moving
in the plus light-cone direction with large momentum P+ probed at the scale x0P+, with
x0 � 1, the CGC separates the partonic content of hadrons according to their longitudinal
momentum k+ = xP+, where x refers to the longitudinal momentum fraction of the parton
probed in the nucleus/nucleon. Partons carrying large longitudinal momentum fraction
x & x0 (large-x partons) are treated as static and localized color sources ρ. Heisenberg’s
uncertainty principle justifies this view: the degree of localization of partons ∆z− is much
smaller than the longitudinal resolution 1/(x0P+) of the probe:

∆z− ∼ 1
k+

=
1

xP+
� 1

x0P+
. (1)

Similarly, the time scale ∆z+ for the evolution of these large-x partons is much larger
than the time scale of the probe τ ∼ 2x0P+

k2
⊥

, where k⊥ is the transverse momentum of the

produced quark:

∆z+ ∼ 1
k−

=
2k+

k2
⊥

=
2xP+

k2
⊥
� 2x0P+

k2
⊥

. (2)
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From the point of view of a probe, large-x partons are localized in the longitudinal direction
z− and frozen in light-cone time z+. Their color charge distribution is non-perturbative and
will be dictated by a gauge-invariant weight functional Wx0 [ρ] as will be discussed hereafter.

For a hadron/nucleus moving close to the light-cone in the plus direction, these
sources generate a current independent of the light-cone time z+:

Jµ,a(z) = δµ+ρa(z−, z⊥) , (3)

where the support of ρ along the minus light-cone direction is small.
The partons possessing a small momentum fraction x . x0 are treated as a delocalized

dynamical field Aµ,a(z) (small-x partons). This classical treatment of Aµ,a
cl (z) is justified by

noting that the occupation number of small-x partons is large 〈Acl Acl〉 ∼ 1/αs.
Sources and fields are related by the Yang–Mills equations [Dµ, Fµν] = Jν, where

Dµ = ∂µ − igAµ. The independence of z+ of the current in Equation (3) is consistent with
the conservation equation

[
Dµ, Jµ

]
= 0 when working in an appropriate gauge (A− = 0).

For this choice of gauge condition, the classical gauge field adopts a simple solution:

Aµ,a
cl (z) = δµ+αa(z−, z⊥) , (4)

where αa(z−, z⊥) satisfies the two-dimensional Poisson equation ∇2
⊥αa = −ρa.

As a consequence of the separation of degrees of freedom described above (see
Figure 1), the expectation value of any observable O is computed in the CGC in a two-
step process:

1. Compute the quantum expectation value/path integral O[ρ] = 〈O〉ρ in the presence
of sources ρ drawn from Wx0 [ρ].

2. Average over all possible configurations given by an appropriate gauge invariant
weight functional Wx0 [ρ].

This procedure is summarized in the following expression:

〈O〉x0
=
∫
[Dρ]Wx0 [ρ]O[ρ] . (5)

For observables that involve longitudinal momentum fraction x close to x0, the path integral
〈O〉ρ is dominated by the classical solution in Equation (4). When the observable is probed
at significantly smaller values of x � x0 one must account for quantum evolution. We will
return to this point in Section 2.4.
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Figure 1. In the CGC, EFT partons are organized as color sources or fields according to their
longitudinal momentum fraction x relative to the characteristic momentum fraction of the probe x0.
Sources are stochastic and their distribution is characterized by a gauge invariant weight functional
Wx0 [ρ] (represented in blue). The gauge field is a solution to Yang–Mills equations in the presence of
the sources (represented in red).

The most widely used choice for the weight function is the McLerran–Venugopalan
(MV) model [19,20]. For a sufficiently large nucleus, the MV model invokes the central
limit theorem, thus constructing a distribution following Gaussian statistics (for a detailed
exposition see [29]):
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Wx0 [ρ] = N exp
{
−1

2

∫
dx−d2x⊥

ρa(x−, x⊥)ρa(x−, x⊥)
λx0(x−)

}
. (6)

The function λx0(x−) is related to the transverse color charge density distribution inside
the nucleus. An energetic probe will interact coherently with the partons encountered
along its longitudinal trajectory. Considering the contribution from the valence quarks
only one finds the quantity

µ2 =
∫

dx−λx0(x−) =
2πg2 A

R2
A
∼ A1/3 , (7)

where A is the nuclear mass number, RA ∼ A1/3 is the nuclear radius, and g is the strong
coupling constant. This new quantity µ2 is closely related to the saturation scale Q2

s as we
will see in the next section where we introduce the high-energy correlators.

2.2. High Energy Scattering: Light-like Wilson Lines and Correlators

The interaction of a highly energetic color charged particle with large k− momentum,
and small k+ = k2

⊥/(2k−), with the classical field Acl created by a nucleus is more easily
described in mixed space (k−, x⊥), where x⊥ is conjugate to k⊥. In the eikonal approxi-
mation the scattering rotates the color state of the particle while keeping the longitudinal
momentum k−, transverse coordinates x⊥, and any additional quantum numbers (e.g.,
polarization or helicities) unchanged. The effect of the rotation is encoded in the light-like
Wilson lines which for quark and gluon read

Vij(x⊥) = P
(

ig
∫ ∞

−∞
A+,c

cl (z−, x⊥)tc
ij dz−

)
, (8)

Uab(x⊥) = P
(

ig
∫ ∞

−∞
A+,c

cl (z−, x⊥)Tc
ab dz−

)
, (9)

respectively, where tc and Tc are generators of SU(3) in the fundamental and adjoint
representations respectively. Here, P denotes path ordered exponential, (i, j) and (a, b) are
color indices, and x⊥ is the transverse location at which the color charged particle interacts
with the background-field Acl (Figure 2).
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Figure 2. The interaction of a quark with the background field of the nucleus is encoded in a light-like
Wilson line which re-sums multiple eikonal scatterings.

Light-like Wilson lines re-sum multiple interactions (gA+
cl )

n with the background field.
These are the fundamental degrees of freedom in high energy QCD scattering. Production
cross sections are expressed as convolutions of Wilson line correlators with perturbatively
calculable and process-dependent impact factors, as we will see in Section 2.3.

The simplest and most important of such correlators is the two-point correlator
or dipole:

S(2)
x0 (x⊥, y⊥) =

1
Nc

〈
Tr
[
V(x⊥)V†(y⊥)

]〉
x0

, (10)
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where Nc = 3 is the number of colors. This correlator represents the scattering amplitude of
a quark anti-quark dipole interacting with the background field of a nucleus at transverse
locations x⊥ and y⊥. It is the building block of many processes in high energy QCD such
as the total Deep Inelastic Scattering (DIS) cross section at small-x.

In the MV model the dipole correlator only depends on the dipole separation
r⊥ = |x⊥ − y⊥| and takes the form

S(2)
x0 (r⊥) = exp

{
−1

4
αsCFµ2r2

⊥ log
(

1
Λr⊥

+ e
)}

, (11)

where µ2 was introduced in Equation (7). αs is the fine structure constant, CF = (N2
c −

1)/(2Nc) is the Casimir in the fundamental representation, and Λ is an infrared cut-off.
For small separations r⊥, the dipole correlator behaves as a color neutral object,

and thus the scattering amplitude is close to unity (i.e., the scattering matrix S ≈ 1, no
scattering), this is known as color transparency. Mathematically, this follows from the
unitarity of the Wilson lines. On the other hand, at large distances r⊥ the dipole correlator
vanishes as the Wilson lines decorrelate as expected from the black-disk limit.

The transition between these two regimes is delineated by defining the saturation
scale Q2

s as

Q2
s =

2
r2
⊥,s

, where S(2)
x0 (r⊥,s) = exp(−c) , (12)

where the constant c is typically chosen to be 1/2. The inverse of the saturation scale
provides a measure of the correlation length of the Wilson line pair.

By examining Equation (11), it follows that the saturation scale is proportional to the
color charge density Q2

s ∼ µ2 ∼ A1/3; thus, growing with larger nuclei, this is also refered
to as the nuclear oomph factor. In Section 2.4, we will argue that the saturation scale also
grows with decreasing values of x (or equivalently with increasing energies). This results
in the relation

Q2
s ∼

A1/3

xλ
, (13)

where λ ≈ 0.3 and it arises from estimates of the energy dependence of the saturation
momentum from DIS and nucleus–nucleus (A-A) scattering experiments [30]. In Figure 3,
we plot the dipole amplitude D(r⊥) = 1− S(r⊥) with two different values of the saturation
scale, which can be interpreted as examining different nuclei species, or a nucleus at two
different energies1. As expected the larger saturation scale leads to a more rapid transition
to the strong scattering regime, where eventually the dipole amplitude approaches unity.
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Figure 3. Dipole amplitude D(r⊥) = 1− S(2)(r⊥) in the MV model (see Equation (11)) with two
different values of the saturation scale Q2

s defined in Equation (12) displaying the transition between
weak and strong scattering regimes.
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More complex correlators of light-like Wilson lines appear in less inclusive processes and
in the small-x evolution equations. Two notable examples are the double dipole correlator:

S(2,2)
x0 (x⊥, y⊥; y′⊥, x′⊥) =

1
N2

c

〈
Tr
[
V(x⊥)V†(y⊥)

]
Tr
[
V(y′⊥)V

†(x′⊥)
]〉

x0
, (14)

and the quadrupole correlator

S(4)
x0 (x⊥, y⊥; y′⊥, x′⊥) =

1
Nc

〈
Tr
[
V(x⊥)V†(y⊥)V(y′⊥)V

†(x′⊥)
]〉

x0
. (15)

As in the dipole case, these correlators implicitly contain the saturation scale Q2
s . Note

that this could be explicitly realized in the MV model, where the Gaussian approximation
allows expressing any n-point Wilson line correlator as a nonlinear function of the dipole.
Other correlators involving Wilson lines in the adjoint representation U(z⊥) appear in the
scattering/production of gluons.

In the next section, we will see the manifestations of these correlators of light-like
Wilson lines in concrete high energy processes in QCD.

2.3. From DIS to Proton–Nucleus (pA) Collisions

As discussed in the previous section, high-energy scattering processes in the CGC are
expressed in terms of correlators of light-like Wilson lines with impact factors that can be
systematically computed in perturbation theory. In this section, we provide a few examples.

The total DIS cross section, at small-x, for a virtual photon scattering off a nucleus (see
Figure 4) can be expressed with the help of the optical theorem as [31]:

σ
γ∗A
λ (x, Q2) = 2

∫
d2r⊥d2b⊥

∫ 1

0
dz
∣∣∣Ψγ∗

λ (r⊥, Q2, z)
∣∣∣
2[

1− S(2)
x

(
b⊥ +

r⊥
2

, b⊥ −
r⊥
2

)]
, (16)

where Q2 = −q2 and λ are the virtuality and polarization of the photon, respectively. Here,
Ψγ∗

λ (r⊥, Q2, z) is the light-cone wave function of the splitting of the virtual photon into a
quark–anti-quark pair, which only depends on the dipole separation r⊥ = x⊥ − y⊥ and it
can be calculated from perturbation theory. The longitudinal momentum fraction of the
quark relative to that of the photon is denoted as z and that of the anti-quark is 1− z by
momentum conservation. The dipole correlator arises from the interaction of the quark
and anti-quark with the background field of the nucleus. In addition to the dependence on
the dipole vector r⊥, the dipole correlator can generally depend on the impact parameter
vector defined as b⊥ = 1

2 (x⊥ + y⊥).
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Figure 4. Feynman diagram for the forward scattering amplitudeMγ∗A→γ∗A of virtual photon–
nucleus collision. The amplitude contains two light-like Wilson lines, which appear from the
interaction of the quark anti-quark pair with the nucleus. This amplitude is related to the total DIS
cross section by virtue of the optical theorem σγ∗A = 2Im(Mγ∗A→γ∗A). In the high-energy limit, the
forward amplitude is purely imaginary.
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The longitudinal momentum fraction x is given by Bjorken x = Q2/W2, where W is
the center of mass energy per nucleon of the virtual photon–nucleus system.

In order to access the saturated regime, one has to probe dipole sizes r⊥ ∼ 1/Qs

(see Figure 3). The light-cone wave functions Ψγ∗
λ rapidly suppress dipoles with sizes

r2
⊥ & 1/Q2 (more precisely r2

⊥ & 1/
[
z(1− z)Q2]). These two observations imply that

saturation effects in DIS at small-x are more visible at lower values of photon virtuality
Λ2

QCD � Q2 . Q2
s . At high virtualities, one probes the weak scattering regime where

gluon saturation has not yet set in.
Another process which features the dipole correlator is the forward quark production

in proton-nucleus scattering (Figure 5), which can be studied via forward jet or hadron
production. Within the hybrid factorization approach, the differential cross section reads [31]

dσpA→qX

dηd2k⊥
=

1
(2π)2 xpq(xp)CxA(k⊥) , (17)

where k⊥ and η are the transverse momentum and rapidity of the produced quark, xpq(xp)
is the quark distribution in the proton for a collinear quark with longitudinal momentum
fraction xp. In this case, the dipole correlator appears from a light-like Wilson line V(x⊥)
in the amplitude and another one V†(y⊥) in the complex conjugate amplitude. Here, xA
refers to the longitudinal momentum fraction of the gluon probed in the dense nucleus.

<latexit sha1_base64="EI1/IKNWiWuSH9Jyf1Zl7edXppU="></latexit>

(

<latexit sha1_base64="EI1/IKNWiWuSH9Jyf1Zl7edXppU="></latexit>

(

<latexit sha1_base64="MFgeiSaMpSG03ccZvPaddm3SHrE=">AAACL3icbVDLSgNBEJz1GeMzehG8LAbBU9gVRY+iF48JGBWyS5id7SRD5sXMbCQs+wVe9UP8GvEiXv0LZ2MOxtjQUFR109WVKEaNDYJ3b2FxaXlltbJWXd/Y3Nreqe3eGZlpAm0imdQPCTbAqIC2pZbBg9KAecLgPhlel/r9CLShUtzasYKY476gPUqwdVRLdXfqQSOYlD8Pwimoo2k1uzVvP0olyTgISxg2phMGysY51pYSBkU1ygwoTIa4Dx0HBeZg4nzitPCPHJP6PaldC+tP2N8bOebGjHniJjm2A/NXK8n/tE5mexdxToXKLAjyc6iXMd9Kv3zbT6kGYtnYAUw0dV59MsAaE+vCmbli3FMDSItqNRLwSCTnWKR5NHLrRSeM8yiRLC09SpbXw6KbRwq0Kty8yzL8m9w8uDtphGeNoHVav7yaplpBB+gQHaMQnaNLdIOaqI0IAvSEntGL9+q9eR/e58/ogjfd2UMz5X19AyvHqNE=</latexit>p
<latexit sha1_base64="1L++Evct2ACDBdLAN6CblCLXcOI="></latexit>q <latexit sha1_base64="1L++Evct2ACDBdLAN6CblCLXcOI="></latexit>q

<latexit sha1_base64="4yl6bEo9VkhRkL69bhSqR1r0ZOE=">AAACL3icbVDLSsNAFJ3UV41v3QhugkFwVRJRdCm6cVnBPqAJZTK5tYPzCDMTpYR8gVv9EL9G3Ihb/8JJ7cK2XrhwOOde7rknyRjVJgg+nNrC4tLySn3VXVvf2Nza3tlta5krAi0imVTdBGtgVEDLUMOgmynAPGHQSR6uK73zCEpTKe7MKIOY43tBB5RgY6nbbn/bDxrBuLx5EE6AjybV7O84+1EqSc5BGMKw1r0wyExcYGUoYVC6Ua4hw+QB30PPQoE56LgYOy29I8uk3kAq28J4Y/bvRoG51iOe2EmOzVDPahX5n9bLzeAiLqjIcgOC/B4a5Mwz0qve9lKqgBg2sgATRa1XjwyxwsTYcKauaPvUENLSdSMBT0RyjkVaRI92veyFcRElkqWVR8kKPyz7RZSByko7b7MMZ5ObB+2TRnjWCG5P/curSap1dIAO0TEK0Tm6RDeoiVqIIEDP6AW9Om/Ou/PpfP2O1pzJzh6aKuf7BwC/qLk=</latexit>

X

<latexit sha1_base64="4yl6bEo9VkhRkL69bhSqR1r0ZOE=">AAACL3icbVDLSsNAFJ3UV41v3QhugkFwVRJRdCm6cVnBPqAJZTK5tYPzCDMTpYR8gVv9EL9G3Ihb/8JJ7cK2XrhwOOde7rknyRjVJgg+nNrC4tLySn3VXVvf2Nza3tlta5krAi0imVTdBGtgVEDLUMOgmynAPGHQSR6uK73zCEpTKe7MKIOY43tBB5RgY6nbbn/bDxrBuLx5EE6AjybV7O84+1EqSc5BGMKw1r0wyExcYGUoYVC6Ua4hw+QB30PPQoE56LgYOy29I8uk3kAq28J4Y/bvRoG51iOe2EmOzVDPahX5n9bLzeAiLqjIcgOC/B4a5Mwz0qve9lKqgBg2sgATRa1XjwyxwsTYcKauaPvUENLSdSMBT0RyjkVaRI92veyFcRElkqWVR8kKPyz7RZSByko7b7MMZ5ObB+2TRnjWCG5P/curSap1dIAO0TEK0Tm6RDeoiVqIIEDP6AW9Om/Ou/PpfP2O1pzJzh6aKuf7BwC/qLk=</latexit>

X

<latexit sha1_base64="4duxUhczPULKHzZlFmJTmMJPx7E="></latexit>

MpA!q+X

<latexit sha1_base64="aKRtpnPCYWJ2pdvV0m8mk4z1k94="></latexit>

A

Figure 5. Feynman diagram for the amplitudeMpA→q+X for quark production in proton-nucleus
collisions. A light-like Wilson line appears in the amplitude; thus, the cross section will feature a
dipole correlator.

The function CxA(k⊥) is the Fourier transform of the dipole amplitude:

CxA(k⊥) =
∫

d2x⊥d2y⊥e−ik⊥ ·(x⊥−y⊥)S(2)
xA (x⊥, y⊥) (18)

This function determines the transverse momentum kick acquired by a collinear quark as it
multiple-scatters from the nucleus. In Figure 6, we plot the function C(k⊥) corresponding
to the dipoles shown in Figure 3, where we normalized by an overall factor of the transverse
area as the MV model is translationally invariant. We observe a clear difference in the
behavior of C(k⊥) between the small and large k⊥ regions. In the perturbative limit it
behaves as a power law

Cx(k⊥) ∼
Q2

s (x)
k4
⊥

, k⊥ & Qs (19)

whereas in the saturated regime it approaches a constant

Cx(k⊥) ∼
1

Q2
s (x)

, k⊥ . Qs (20)

In Figure 3, we see that as the saturation scale is increased, the distribution Cx(k⊥) is
pushed to larger values of k⊥. This is one of the consequences of saturation: as the energy
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of the collision is increased, the saturation scale Qs grows and radiated gluons at small-x
are pushed to larger values of k⊥ as the phase space k⊥ . Qs is overoccupied.

The function k⊥Cx(k⊥), where the additional factor of k⊥ arises from the phase space,
determines the transverse momentum acquired by the quark as it multiply scatters from
the nucleus. It can be verified that this function peaks around k⊥ ∼ Qs. While it is possible
to parametrize Cx(k⊥) as a function of both k⊥ and x; however, in the CGC usually its
Fourier conjugate, the dipole correlator is constrained by HERA data.

10-2 10-1 100 101 102
10-10

10-8

10-6

10-4

10-2

100

102

Figure 6. Fourier transform of the dipole correlator as a function of k⊥ for two different values of the
saturation scale. A transition between saturation and perturbative regime is observed near k⊥ ∼ Qs.
The x dependence of the distribution is effectively accounted by the saturation scale. In a more
careful treatment, the functional shape of the distribution also depends on x.

Appearing both in DIS and proton–nucleus collisions, the dipole correlator is a uni-
versal building block in high-energy collisions. Evidently, its manifestation is different
for each process, thus one can constrain different features of this object from independent
measurements either by studying the (x, Q2) dependence in DIS or the (η, k⊥) distribution
of quark jet production in proton-nucleus collisions.

We provide one more example of a high energy process, the production of a dijet or
a dihadron pair in DIS as shown in Figure 7. In the CGC for general small-x kinematics,
this process depends on the quadrupole correlator in a non-trivial way. However, in the
limit where the dijets or dihadrons are back-to-back in transverse space, it is possible to
establish a TMD factorization [32]. The corresponding Wilson line correlator is given by
the small-x Weizsäcker–Williams (WW) gluon TMD xGWW(x, k⊥), where the transverse
momentum k⊥ refers to the imbalance of the dijet/dihadron system. The differential cross
section reads [32]:

dσ
γ∗A→qq̄+X
λ

dz1dz2d2k⊥d2P⊥
= δ(1− z1 − z2)Hij,λ

γ∗g→qq̄(Q
2, P⊥, z)xGij

WW(x, k⊥) , (21)

with Hij,λ
γ∗g→qq̄ a perturbatively calculable factor, z1,2 are the longitudinal momentum frac-

tion of the jets/hadrons relative to the virtual photon and P⊥ denotes the mean transverse
momenta of the jets/hadrons.
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Figure 7. Feynman diagram for the amplitudeMγ∗A→qq̄+X for the quark–anti-quark dijet production
in virtual photon-nucleus collisions. The amplitude contains the production of two light-like Wilson
lines; thus, the amplitude will feature a quadrupole (and dipole) correlator.

The WW gluon TMD is computed from a correlator of light-like Wilson lines and its
derivatives:

xGij
WW(x, k⊥) =

4
(2π)3

∫
d2b⊥d2b′⊥e−ik⊥ ·(b⊥−b′⊥)

〈
Tr
[

Ai(b⊥)Aj(b′⊥)
]〉

x
, (22)

where Ai(b⊥) = i
g V(b⊥)∂iV†(b⊥) is the transverse gauge field in the light-cone gauge

A+ = 0.
Unlike the Fourier transform of the dipole correlator, this distribution has a probability

density interpretation. In Figure 8, we plot the WW gluon TMD for two different values of
the saturation scale. As expected, we observe a transition in the behavior of this function
near k⊥ ∼ Qs. In the perturbative limit, this distribution has the following power law tail

xGii(x, k⊥) ∼
Q2

s (x)
k2
⊥

, k⊥ & Qs , (23)

and a slow logarithmic growth in the saturated regime:

xGii(x, k⊥) ∼ log

(
Q2

s (x)
k2
⊥

)
, k⊥ & Qs . (24)

The transverse momentum imbalance of produced dihadrons/dijets which originated from
the virtual photon (with zero transverse momentum, i.e., in the Breit frame) is dictated by
the WW gluon TMD distribution. The comparison of the azimuthal angle distribution of
dijets/dihadrons near the back-to-back configuration is one of the promising observables
for the search of saturation as we will review in the later sections.

It is worth pointing out that it might be possible to directly parametrize the WW gluon
distribution xGii(x, k⊥) as a function of x and k⊥. In the CGC, and within the Gaussian
approximation, the WW gluon distribution object is typically constructed from the dipole
correlator which is constrained by HERA data.
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Figure 8. WW gluon TMD distribution as a function of k⊥ for two different values of the saturation
scale. A transition between saturation and perturbative regime is observed near k⊥ ∼ Qs. The x
dependence of the distribution is effectively accounted by the saturation scale. In a more careful
treatment, the functional shape of the distribution also depends on x.

2.4. Quantum Evolution

We close this section on the CGC EFT by very briefly reviewing the crucial aspect of
quantum evolution and the renormalization group equations at small-x. Thus, far we have
focused on observables and light-like Wilson line correlators computed using the classical
solutions to the Yang–Mills equations for color sources drawn from the MV model. This
procedure is appropriate when the observables of interest are probed at a longitudinal
momentum fraction x close to x0 at which the weight functional is constructed (for MV
x0 ≈ 0.01). However, quantum fluctuations around the classical solution are enhanced by
terms proportional to αs log(x0/x). These terms can be of order 1 for sufficiently small x,
and thus require re-summation. Physically, these contributions arise from gluon emissions
in the interval [x, x0].

At large Nc, the re-summation of these terms results in the Balitsky–Kovchegov (BK)
equation for the small-x evolution of the dipole correlator [33,34] (diagrams shown in
Figure 9):

dS(2)
x (r⊥)

d log(1/x)
=
∫

d2r′⊥
r2
⊥

r′2⊥(r⊥ − r′⊥)
2

[
S(2)

x (r′⊥)S
(2)
x (|r⊥ − r′⊥|)− S(2)

x (r⊥)
]

. (25)

The terms quadratic in S(2) arise from the real emission diagrams in which the gluon
crosses the shock-wave, while those linear in S(2) appear from virtual contributions. The
BK equation reduces to the Balitsky–Fadin–Kuraev–Lipatov (BFKL) equation [35–37] in
the weak scattering regime Dx(r⊥) = 1− S(2)(r⊥)� 1 .

Figure 9. A subset of Feynman diagrams for the quantum evolution of the dipole correlator. Upper
diagrams correspond to real gluon emission, while lower diagrams correspond to virtual contributions.
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Remarkably, an alternative way to re-sum large logarithmic contributions is by the
evolution of the weight-functional from the scale x0 to x following the equation:

dWx[ρ]

d log(1/x)
= −HJIMWLKWx[ρ] (26)

whereHJIMWLK is the Jalilian-Marian–Iancu–McLerran–Weigert–Leonidov–Kovner (JIMWLK)
Hamiltonian [38–43]. Physically, this procedure corresponds to absorbing the quantum
fluctuations in the interval [x0 − dx, x0] into stochastic fluctuations of the color sources
by redefinition of the sources ρ (Figure 10). Iterating this process through a self-similar
Wilsonian renormalization group (RG) procedure results in Equation (26). This procedure
is equivalent to an infinite hierarchy (known as the B-JIMWLK hierarchy) of nonlinear
coupled equations dictating the evolution of n-point Wilson line correlators [33,38–44].
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Figure 10. Schematic representation of the quantum evolution of the weight-functional. Quantum
fluctuations in the interval [x1, x0] (shown in yellow) are absorbed into stochastic fluctuations of the
color sources by redefinition of the weight functional Wx0 [ρ]→Wx1 [ρ] (compare with Figure 1). The
choice of the scale separating small-x and large-x partons is thus arbitrary and different choices are
related by the JIMWLK renormalization group equations. The long right bracket represents how large-
x partons and fluctuations are considered as sources after properly evolving of weight functional.

We end this section by illustrating the effect of small-x JIMWLK evolution equations
on the dipole amplitude. The quantum evolution effectively increases the color charge
density as more partons are introduced as sources. This in turn implies an increase in the
saturation scale which for fixed dipole size r⊥ drives the dipole amplitude closer to one
(strong scattering). The small-x evolution of the dipole amplitude and the corresponding
evolution of the saturation scale are illustrated in Figure 11. It is worth mentioning that the
small-x evolution also changes the functional shape of the dipole; thus, it is not sufficient
to simply parametrize the saturation scale.
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Figure 11. (Left) Dipole amplitude Dx(r⊥) small-x evolution drives a more rapid transition to the
strong scattering regime. (Right) Small-x evolution of the saturation scale Q2

s normalized by the
saturation scale at x0.
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3. Experimental Signatures to Date

Having introduced the underlying theoretical principles and techniques that address
a gluon-saturated state, we now move on to an interpretation of experimental signatures
at colliders from HERA to the LHC. While our list is not meant to be exhaustive, it does
provide a summary of the published results which are the pillars to Sections 4 and 5. The
results described in this section have been tied to a number of phenomena including gluon
saturation; throughout this document we will caution against competing mechanisms that
can also explain the measurements without invoking saturation. As many of the competing
mechanisms are process dependent, we will address them case by case depending on the
observable under consideration.

This section is organized as follows: First, we will introduce structure functions and
their historic relevance followed by diffraction and semi-inclusive measurements. We
apologize for the omission or superficial description of some the work of the scientists in
our field for the sake of maintaining this manuscript of reasonable length.

3.1. Structure Functions

One of the major achievements of the deep inelastic scattering experiments at HERA
is the determination of the structure functions F2 and FL of the proton [45], which can be
determined from the total DIS cross sections:

F2(x, Q2) =
Q2

4παem

[
σ

γ∗A
T (x, Q2) + σ

γ∗A
L (x, Q2)

]
, (27)

FL(x, Q2) =
Q2

4παem
σ

γ∗A
L (x, Q2) . (28)

From these objects, it is possible to extract the PDFs. PDFs are universal parton densities
containing long-distance structure of hadrons and are independent of the colliding system
(the same in DIS and proton-proton (pp)). In the collinear framework, PDFs known at
an initial scale Q0 are evolved according to the DGLAP renormalization group equations
to a different scale Q. At high energies, or equivalently small x, DGLAP evolution must
be supplemented with BFKL dynamics which re-sums αs log(1/x) [35–37]. Compelling
evidence of BFKL dynamics has been suggested in a recent analysis of HERA data with
small-x re-summation [46,47]. Yet at even higher energies (or smaller x), the rapid rise
of gluon densities cannot grow unchecked as it would violate unitarity, in other words
probability conservation. It is expected that at high gluon densities, the nonlinear dynamics
of QCD can result in the competing effect of gluon recombination taming growth of
gluon distributions.

Comparisons to New Muon Collaboration data (Figure 12) and comprehensive analy-
ses of the proton structure functions from HERA data have been performed in the saturation
framework. The first comparisons to HERA data were performed over 20 years ago in [48]
using the Golec–Biernat–Wusthoff (GBW) model, which assumed a simple parametrization
of the dipole amplitude Dx(r⊥) = 1− exp(− 1

4 r2
⊥Q2

s (x)). We point out that an additional
parameter σ0/2 that effectively accounts for the transverse area is required as this model
does not capture impact parameter dependence. Even so, the GBW model had a reasonable
agreement with data2 and led to the observation that the total DIS cross section can be
described by a single variable τ = Q2/Q2

s (x). This phenomena is known as geometric
scaling [49].
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Figure 12. Predictions for shadowing compared to data from the New Muon Collaboration. Center:
predictions for Right: Predictions for Q2 = 5 GeV2 as a function of x. Figure from the work in [50].

Models that do incorporate the impact parameter b⊥ dependence have been intro-
duced, e.g., the IPsat model [51] and the the bCGC model [52]. Roughly speaking, these
models incorporate the b⊥ dependence of the saturation scale Q2

s (b⊥) ∼ Tp(b⊥) by intro-
ducing the thickness function Tp(b⊥) which parametrizes the gluon density inside the
proton. The impact parameter dependence is typically constrained by exclusive processes
such as vector meson production, comparisons of these models with HERA data can be
found in [53,54]. A drawback of these frameworks is the lack of a rigorous treatment
of small-x evolution since it would require to incorporate significant contributions from
confining physics. Some attempts to tackle this problem can be found in [55,56].

One of the most comprehensive studies of structure functions in the saturation frame-
work was performed in [57]. These studies used the running coupling BK equation supple-
mented with suitable initial conditions and accounted for contributions of heavy quarks.
This is one of the first attempts at a rigorous description of HERA data using modern
theoretical tools of the saturation framework. More recently studies have built upon this
work incorporating collinear re-summations in the BK equation [58–60].

We conclude the discussion by highlighting that the state-of-the-art was achieved
in [61]. In this work, the authors compared HERA data to the predictions of the CGC at
next-to-leading order (NLO) including impact factor and small-x evolution equations. Their
comparisons for the reduced cross section (Equation (29)) and the longitudinal structure
function are shown in Figure 13. As compared to the CGC leading order fits, the authors
find that the evolution speed is naturally reduced by the NLO corrections without the
need to introduce a large factor in the running coupling. It is worth mentioning that this
study only included light-quark contribution as the computation for the impact factor for
massive quark contributions is ongoing [62]. For completeness we include the reduced
cross section form which is given by

σr(x, y, Q2) = F2(x, Q2)− y2

1 + (1− y)2 FL(x, Q2) , (29)

where y is inelasticity of the collision.
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Figure 13. Comparison of the CGC at NLO compared to HERA data. (Left) Reduced cross section at
small-x. (Right) FL structure function. Figure from the work in [61].

Competing Mechanisms in Structure Functions

While structure functions extracted from HERA and the NMC data have been influen-
tial, some aspects relevant to gluon saturation need to be confronted. A main feature to
address is the impact of the nonlinear phenomena of saturation for the description of the
structure functions. This difficulty finds its roots in the large non-perturbative contribu-
tions to the determination of structure function at low to moderate Q2. More specifically,
structure functions F2 and FL in the dipole picture can have a significant contribution from
non-perturbatively large dipoles. This has been demonstrated in [63,64], where the authors
study the contribution to F2 and FL from large dipoles as shown in Figure 14. Large dipole
contributions arise from the so-called aligned jet configuration where either the quark or
anti-quark carries most of the longitudinal momentum (z → 0, 1). This configuration
is more important for F2 than FL due to the different structure of the light-cone wave
function between transversely and longitudinally polarized photons. Figure 14 shows that
it is necessary to go to very large virtualities to suppress non-perturbatively large dipoles
(r⊥ & 1.0 GeV); however, at large Q2 one expects less sensitivity to gluon saturation. This
problem is ameliorated when studying charm structure functions as the mass of the quarks
serve as an infrared cut-off.
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Figure 14. Contribution to the structure functions F2 (left) and FL (right) from dipole sizes smaller
than rmax at different photon virtualities. FL sensitivity to large dipoles is reduced compared to F2

due to the different structure of light-cone wave functions between longitudinally and transversely
polarized photons. Figure from the work in [63].

Another difficulty in unambiguously determining the need of nonlinear/gluon satu-
ration effects in the description of HERA data structure functions is due to the parameter
freedom allowed in the fits. To illustrate this flexibility, the authors of [63] fitted structure
functions using the IPsat model and its linearized version (IPnonsat) which is expected
to exclude gluon saturation dynamics. When independently fitted, both models result in
almost indistinguishable results across a large phase space in (x, Q2), (see Figure 15). This
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suggests that nonlinear effects are not visible in the proton structure functions at HERA
alone. It might be possible to reduce the freedom of these models by applying them to
other physical processes. In Section 4, we will briefly discuss the improved potential
to discover gluon saturation in the study of nuclear structure functions at future DIS
collider experiments.
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Figure 15. IPsat and IPnonsat (linearized IPsat) independent fits to inclusive reduced cross section
HERA data. Both fits result in almost indistinguishable results, hindering the extraction of a signal of
gluon saturation at HERA. Figure from [63].

3.2. Diffractive Reactions

Diffractive observables are characterized by a rapidity gap (the absence of particles
produced in a given rapidity window) which originates from a color neutral exchange be-
tween the two colliding systems. As gluons carry color, this exchange requires at least two
gluons which must be in the color singlet state. Consequently, diffractive measurements
are sensitive to the “square” of the the gluon distribution (at lowest order in perturbation
theory). Compared to inclusive measurements, this enhanced sensitivity to the gluon dis-
tribution makes diffractive observables excellent candidates for gluon saturation searches
at small-x. In this section, we will mostly focus on diffractive production in the collision of
a photon (virtual or real) with a proton or nucleus. This can be realized in deep inelastic
scattering (DIS) and ultra-peripheral collisions (UPCs).

Diffractive DIS observables have been extensively studied at HERA. The first hints
of saturation were observed in the analysis of inclusive and diffractive cross sections
using the GBW model in [48,65]. The authors found that in the saturation framework the
ratio of diffractive to inclusive events was almost constant with only a mild logarithmic
dependence on the virtuality Q2 and Bjorken-x. The results from these saturation models
compared well to data, especially after they were furnished with DGLAP evolution [66].
More refined studies for the description of the diffractive structure functions [67] using the
IPsat and bCGC model were carried out in [68].

The exclusive production of vector particles (photons and vector mesons) are also
powerful tools to study the gluon content of protons and nuclei. In addition to the energy
and virtuality dependence of their production cross sections, the momentum transfer
squared t dependence, and the dependence on the mass MV of the produced vector particle
give more detailed insight into the gluon structure of nuclei at high energies. One can
distinguish two cases: (i) coherent events in which the target (proton/nucleus) remains
intact, and (ii) incoherent events in which the target (proton/nucleus) breaks up.
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Coherent events are dominant at low t . 1/R2, where R is the size of the target, and
they are sensitive to the average color density profile of the target. Both spectra and energy
dependence for coherent vector meson production were compared to HERA data within
a GBW model incorporating impact parameter dependence in [69] and later using the
bCGC and IPsat models [52–54,70] (see Figure 16). The impact parameter dependence
of the dipole models is crucial as it is responsible for the cross section not vanishing at
non-zero momentum transfers. This dependence is typically modeled and the parameters
are part of the fit. More complex studies using JIMWLK evolution have shown that the
impact parameter dependence of the average color charge density evolves with energy: the
gradients of color charge become smoother and the overall size of the profile grows [71].

Exclusive vector meson production can also occur in ultraperipheral nucleus–nucleus
collisions, where either of the nuclei acts as a source of Weizsäcker–Williams real photons,
which then interact with the other nucleus. These processes have been studied at RHIC
and the LHC with the saturation models providing a good description of the data [72,73].
Recently, the energy evolution has been studied comparing models that incorporate either
BFKL (linear) or BK (nonlinear) evolution [74]. The authors argue the onset of gluon
saturation as they find the need for non-linear evolution to describe the vector meson
photo-production data from HERA, RHIC, and LHC.
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Figure 16. J/ψ exclusive electroproduction data from HERA compared to saturation models (bCGC
and IPsat). (Left) energy dependence. (Right) |t| spectra. Figure from the work in [54].

One of the consequences of saturation is a steeper t-distribution compared to one
obtained from the form factor or Fourier transform of the density profile [75]. This has
recently received some attention [76] in light of the very precise ALICE measurements
of J/ψ photo-production at very low t [77] as shown in Figure 17. Note that even after
saturation is included as in the model in [78], the spectrum is not steep enough to reproduce
the lowest t bin.



Universe 2021, 7, 312 17 of 45

0 0.002 0.004 0.006 0.008 0.01 0.012

1

10

)
2

 G
e
V

2
c

| 
(m

b
 

t
/d

|
P

b
γ

σ
d

 = 5.02 TeV
NN

s   ψ Pb+Pb+J/→ALICE Pb+Pb 

STARlight (Pb form factor)

LTA (nuclear shadowing)

bBK (gluon saturation)

, |y|<0.8ψ  ALICE coherent J/

  Experimental uncorrelated syst. + stat.

  Experimental correlated syst.

Pb model uncertaintyγ  UPC to 

0 0.002 0.004 0.006 0.008 0.01 0.012

)2
c 2| (GeVt|

1

1.5

2

M
o
d
e
l 
/ 
D

a
ta

STARlight / Data

LTA / Data

bBK / Data

Figure 17. Photo−production of J/ψ at very low values of t compared to Starlight data [75], leading
twist approach (LTA) [79], and b-BK saturation model [78]. Figure from the work in [77].

In contrast to coherent production, incoherent events dominate at large values of t
and the spectrum is sensitive to event-by-event fluctuations [80–83]. In [84,85], the authors
found that in order to reproduce the data from HERA, it is necessary to incorporate sub-
nucleonic fluctuations in terms of hotspots of color charge density (Figure 18. These
studies have been extended to UPCs at RHIC in [86] where the effect of fluctuations also
significantly increases the distribution at large t. Furthermore, they have also been explored
for LHC energies in [87,88] where a model for the energy dependence of the number of
hotspots has been introduced. For a comprehensive review on the subject of proton and
nuclear shape fluctuations see in [89]).
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It might also be possible to single out saturation effects by studying azimuthal correla-
tions in the diffractive production of dihadron or dijets. This subject has been investigated
recently for DIS and UPCs in [90–95].
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Competing Mechanisms and Systematic Uncertainties

A significant source of theoretical uncertainty in the production of vector mesons
arises from the description of their light-cone wave function and the model for the dipole
amplitude. Different parametrizations for these objects have been recently compared when
studying rapidity distributions [96] where the authors find large systematics uncertainties.
Recent developments on relativistic corrections to vector meson light-cone wave-functions
can be found in [97].

As previously noted, the free parameters in the dipole models are typically chosen
to reproduce HERA data, models are then used for predictions at RHIC and the LHC.
However, saturation effects at HERA might be weak, as we argued in our discussion of
the structure functions. The authors of [63] find a similar description of HERA data when
comparing fits with IPsat and IPnonsat, signaling that gluon saturation effects are weak,
thus arguing for the need of nuclear DIS.

We close this section by mentioning that other compelling frameworks such as the
leading twist approach [98] based on QCD factorization theorems and nuclear shadowing
can provide a good description of coherent vector meson photo-production [79,99–101]
and diffractive dijet photo-production [102].

3.3. Semi-Inclusive Reactions

Semi-inclusive measurements defined where one or more particles are tagged, provide
more detailed information about the dynamics of gluons than fully inclusive measurements
such as structure functions. Experimental signatures of gluon saturation are expected to be
imprinted in the transverse momentum and rapidity distributions of particles produced in
hadronic collisions [103].

3.3.1. Single Inclusive Production

Single inclusive particle production has been extensively studied in the saturation
framework. The first ideas can be traced back to over 20 years ago, where inclusive
forward gluon production [104–106] and inclusive forward quark production [107] in
proton–nucleus where studied in the hybrid formalism. In this framework, incoming
partons inside the proton are treated within the DGLAP collinear approximation and
subsequently scatter eikonally off the strong field produced by the nucleus via correlators of
light-like Wilson lines (see Section 2.3). These studies opened up the possibility to access the
saturated gluon regime with semi-inclusive measurements in the collisions of a small dilute
nucleus with a larger saturated nucleus. The conceptions soon capitalized in [108,109],
where the authors argued that the high p⊥ suppression observed in BRAHMS [110] at
forward rapidities in d-Au collisions was a signature of the onset of gluon saturation.

To characterize the suppression observed in these experiments, one defines the nuclear
modification factor:

RA1 A2 =
1

Ncoll

dσA1 A2→hX

d2 p⊥dη

/dσpp→hX

d2 p⊥dη
, (30)

where Ncoll is the number of binary collisions. This ratio is expected to be unity if nuclear
collisions were a simple incoherent superposition of collisions with individual nucleons,
while deviations from unity indicate coherent effects at play.

In the MV model, the presence of saturated gluons with typical momentum k⊥ ∼ Qs
induce a broadening of the transverse momentum distribution of the produced particles.
More specifically, the nuclear modification factor is suppressed for k⊥ . Qs and enhanced
for k⊥ & Qs. This enhancement is also called the Cronin peak [111]. Indeed, in [109] the
authors explicitly show that not integrated gluon distributions (at small-x there are two
kinds: the dipole and the Weizsäcker–Williams type) obtained from the MV model satisfy
a sum rule3:
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∫
d2 p⊥φA

MV(p⊥) = A
∫

d2 p⊥φ
p
MV(p⊥) . (31)

where φ
p
MV(p⊥) and φA

MV(p⊥) are the unintegrated gluon distributions for the proton and
nucleus, respectively.

The authors also find by analytic arguments, that after sufficient quantum small-x
evolution, the sum rule in Equation (31) is turned into an inequality: the p⊥ integrated
distribution is suppressed for larger nuclei. These analytic arguments were confirmed
in [112] by evaluation of the corresponding unintegrated gluon distribution using numeri-
cal solutions of the BK equation. A quantitative comparison with RHIC data was carried
out in [113] (see Figure 19).

p
T
 (GeV)

R
d
+
A
u

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 1 2 3 4 5 6

p
T
 (GeV)

R
d
+
A
u

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 1 2 3 4 5 6

Figure 19. BRAHMS data on the nuclear modification factor RdAu of charged particles at midrapidity
and forward rapidity (data from [110]) compared with the saturation based results in [113]. The
midrapidity p⊥ distribution is characterized by a Cronin peak, while at forward rapidities this peak
is washed away.

Note that in this work the authors shifted the nuclear saturation scale Q2
s → Q2

s +
κ2 A1/3 with κ ∼ 1.0 GeV to describe the data, where they argued it was due to non-
perturbative low energy rescattering which is absent in the saturation framework. Nuclear
suppression due to gluon saturation has also been studied at the LHC in [114–118], e.g.,
D-meson production measurements [117] at the ALICE experiment [119] which was well
described by CGC predictions. Notwithstanding, further studies are necessary as these
data can also be well described without saturation see, e.g., in [120].

Another opportunity to study gluon saturation is enabled by prompt or direct photon
production in proton–nucleus collisions [121–128]. Direct photons are differentiated from
virtual or fragmentation photons as real photons originating from the electromagnetic
vertex. High-energy direct photons are a particularly interesting probe as they do not
suffer from non-perturbative fragmentation. Experimentally on the other hand they are
challenging to identify. Photons are neutral final state particles which often rely on energy
depositions in calorimeters or material conversions as part of the identification strategy.
Their relative cross sections are much smaller as compared to single hadron production
which can be a competing background via photon decays. This difference in cross sections
is due to an additional factor of the electromagnetic structure constant αem. General and
beam-related backgrounds, as will be discussed in the last Section 5, may also inundate and
overlap in the detectors, which can make a precise identification difficult in particular at
moderate to high (or very low) p⊥ depending on the resolution limits of the detectors used.
LHC results from the ALICE experiment have been measured [129] at large x and mid-
rapidity. While there is little indication that the ALICE x range/rapidity probed is ideal for a
clean gluon saturation signal, sensitivity is anticipated, mainly, a suppression in the nuclear
modification factor in pA collisions is expected featuring a Cronin peak at midrapidity and
its disappearance at forward rapidities. As the photon is colorless it is expected that its
distribution will be less influenced by final state interactions. There are number of active
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efforts at the LHC to measure similar photon observables at forward rapidity as well as
with mid- and forward rapidity correlations to investigate gluon saturation effects [130,131]
with dedicated calorimetry.

We wrap up the single inclusive discussion with quarkonia production. Quarkonium
or hidden charm in proton and heavy ion collisions also provides valuable opportunities
to study gluon saturation at high scattering energies. One of the advantages of quarkonia
in terms of pQCD calculations is that the charm quark mass is larger than the typical QCD
scale of ΛQCD, making pQCD calculations meaningful via factorization. On the other hand,
the evolution into a bound state is intrinsically non-perturbative due to the size of the qq̄
system and the inverse of the binding energy not being small enough.

A key consequence of the saturation scale defined as: Q2
sat ∼ A1/3x−0.3 with A the

mass number, is that the same scale for heavy nuclei in heavy ion colliders is compara-
ble with heavy quark mass. We borrow from a relevant formalism for quarkonia given
in [132,133] for the arguments hereafter. In the case of pA collisions and in the nucleus
(A) rest frame, the interaction time when proton scatters off the nucleus is character-
ized τint ∼ RA. In a heavy ion collision, a heavy quark pair (qq̄) is produced over the
time τP ∼ Eg

(2mq)2 , where mq is the quark mass and Eg is the energy of the parent gluon

(Eg = xpEp). The gluon will ultimately split into the qq̄ pair. Momentum conservation
for partonic scattering dictates that τP ∼ 1

2xA MN
, with xa representing the longitudinal

momentum fraction of target nucleus carried by the incident gluons and MA being the
mass of the nucleon. This latter indicates that in a proton going direction or forward rapidity
the qq̄ has a longer production time (τP) than τint owing to the Lorentz time dilation and the
coherent interaction of the proton with the nucleus. As the biding energy of quarkonium is
smaller than its mass mq [133,134], quarkonium production is thus shorter than its forma-
tion time, τF � τP � τint. This tells us that the dynamics of the qq̄ bound state formation
can be thus decoupled with cold nuclear effects thanks to its formation occurring well
outside the target nucleus. A body of theoretical work exists which has compared low pT
quarkonia production at LHC at forward rapidity using Color Evaporation Models (CEM),
Color Singlet Models (CSM), and Non Relativistic QCD coupled with gluon saturation
(NRQCD + CGC).

In the NRQCD + CGC approach, both the Color Singlet and Color Octet states of
the cc̄ pairs are considered. The relative contribution of the states is parametrized using
a finite set of universal long distance matrix elements (LDME), fitted to a subset of the
data (e.g., Tevatron). Non-relativistic QCD is used to factorize the short-distance scale
(annihilation), set by the heavy quark mass M, from the longer-distance scales (production).
The short distance scales are expressed in terms of non-perturbative matrix elements of
4-fermion operators in non-relativistic QCD, with coefficients that can be computed using
perturbation theory in the coupling constant αs. The matrix elements are organized into a
hierarchy according to their scaling with v, the typical velocity of the heavy quark [135]
making the heavy quark’s velocity (v) and αs the two key parameters which are employed
to describe quarkonium production. Figure 20 illustrates a comprehensive comparison of
J/ψ and ψ

′
production at all center of energies that the LHC has collided protons and at

forward rapidity. These results are all well described by a number of independent CGC
coupled with NRQCD calculations [136–138].
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Figure 20. J/ψ and ψ(2S) at five center of mass energies from the ALICE experiment compared to summed CGC-NRQCD
and FONLL calculations [139].

Figures 21 and 22 complete the global picture with experimental data at the lower
center of mass energies available at RHIC as well as more central rapidities both at the LHC
and RHIC. It is noted that CGC + NRQCD and CEM and their respective charmonium
factorization approaches have been subject of many comparisons over the last two decades,
one such comparison is documented in reference [140].
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Figure 21. J/ψ Production cross sections as a function of p⊥ in pp collisions at
√

s = 510 and
500 GeV measured through the µ+µ− (blue stars) and e+e− decay channels (red circles). From the
STAR experiment [141]. The lower panels of the figure quantify the results to different predictions,
including CGC via ratios.

Figure 22. The ψ
′

(top curve) and J/ψ (other four curves) differential cross section as a function of
pT . Figure from the work in [137].
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3.3.2. Competing Mechanisms in Single Inclusive Production

We begin by cautioning that the behavior of the nuclear modification factor shown
in Figure 19 can also be described by other mechanisms: the data at mid-rapidity can be
reproduced well within the leading twist approach using nuclear PDFs [142] and within
Glauber-like multiple scattering [143]. At forward rapidities, it has been argued in [144]
that the disappearance of the Cronin peak follows from energy–momentum conservation4.
Accordingly, the searches of saturation at RHIC using single hadron production need to
be supplemented by similar studies at the LHC, where the kinematic coverage in rapidity
and transverse momentum is substantially larger and might allow for the distinction of
these mechanisms and gluon saturation. For the quarkonia measurements, as it is the case
for all results presented here, caution must be exercised as number of other effects may be
at play and can also account for the experimental observations, this include and not are
limited to collective effects (CE) and Multiple Parton Interactions (MPI). For an interesting
review on the subject of small systems and Cold Nuclear Matter effects, such as MPI and
CE, see in [145].

3.3.3. Double Inclusive Production

We now move on to the study of inclusive two-particle particle production in proton–
nucleus or deuteron–nucleus collisions. For this process, it is very natural to study az-
imuthal angle correlations, which involve measuring the ∆φ of particle pairs in an event.
Typically, one observes two peaks in the distribution: a near side peak (∆φ ∼ 0) dominated
by fragmentation of the leading jet, and an away side peak (∆φ ∼ π) produced by 2→ 2
back-to-back scatterings. It has been suggested that the emergence of gluon saturation
might be studied in modifications to the away side peak by comparing pp to p(d)-p(A)
collisions as we will see shortly.

RHIC has measured a depletion of the back-to-back peak in the production of forward
dihadrons in d-Au collisions when compared to the same distributions from pp collisions.
This effect was predicted in the CGC formalism [146] as a consequence of multiple scattering
on the dense nucleus and the quantum evolution. If the two particles originate from the
same parton, the collinear framework dictates that their transverse momenta must be
(almost) back-to-back following momentum conservation. On the other hand, in the
saturation framework (within the hybrid factorization) the scattered partons acquire a
momentum imbalance from the dense nucleus with characteristic momentum scale Qs. As
the saturation scale Qs grows with nuclear species, one expects a systematic enhancement
of the suppression when the collision involves larger nuclei, higher energies or when the
particles are produced at more forward rapidities.

The first comparison of dihadron correlations at RHIC to the result of a CGC calcu-
lation was made in [147], while the important inelastic contribution (quadrupole) was
included in [148]. Both studies only considered the quark initiated channel (from deuteron),
which is expected to be dominant at RHIC energies5. In addition, there is an angle indepen-
dent contribution (pedestal) arising from double parton scattering [149] that must be taken
into account. Results show that gluon saturation qualitatively reproduces the systematics
of suppression (see Figure 23). We note that a more modern experimental work from RHIC
using pAl and pAu collisions has been recently presented in [150] where a forthcoming
publication is expected.
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Figure 23. Azimuthal correlation for π0 production compared to PHENIX data [151]. (Top) Proton–
proton collision. (Bottom) Central deuteron–gold collisions. Figures from the works in [148,152].
More modern version of this work both experimentally [150] and theoretically exist with forthcoming
publications.

An important theoretical advancement was made in [32] where the authors established
the connection between the CGC formalism and the TMD framework. These findings sig-
nificantly simplified the theoretical computations allowing to include other channels (e.g.,
gluon initiated) and to incorporate higher order contributions. In the back-to-back limit,
the most important NLO contribution is the Sudakov factor derived in [153] which leads to
a suppression of the back-to-back peak. In recent years, theoretical comparisons have been
made using the TMD approximation: including both quark and gluon channels and rcBK
evolution [154] and including Sudakov re-summation within the GBW model [155].

Similar studies have been carried out for dijet production at the LHC. Despite the
fact that Sudakov re-summation plays a dominant role (due to the higher p⊥ required
for insufficient jet reconstruction compared to hadron measurements), the results show
that it is possible to distinguish this effect from gluon saturation. The first studies were
performed without Sudakov in [156,157] and with Sudakov re-summation in [158]. More
recently, these results have been supplemented with kinematic power corrections within
the so-called Improved TMD (ITMD) framework [159,160] extending the agreement with
data to large non back-to-back configurations [161] (see also for UPC studies [162]).

Finally, we point out that a similar depletion of the back-to-back peak was pro-
posed in photon–hadron, photon–pion, and photon–jet correlations at RHIC and the
LHC [124,163–166]. It would be interesting to update these studies to include Sudakov
re-summation which is known to impact azimuthal correlations near the back-to-back
peak [153].
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3.3.4. Competing Mechanisms in Double Inclusive Production

As discussed above, a common challenge to uncover gluon saturation in these observ-
ables is to assess the impact of Sudakov re-summation. Sudakov double logarithms can
appear in these processes as a result of the incomplete cancellation between real and virtual
contributions [153,167] and are enhanced when the transverse momentum of the produced
particles/jets is large. As a consequence, the searches for saturation are restricted to low to
moderate transverse momentum phase space, where the Sudakov does not overwhelm the
effects of gluon saturation but where jet reconstruction or effects of hadronization might
obscure signals of saturation.

Other key physics mechanisms which have been used to explain the dihadron sup-
pression observed at PHENIX and STAR are energy loss in the medium, final state radiation
and coherent power corrections [168,169].

3.4. High Multiplicity and Small Systems

We conclude with a brief note of recent observables that have been highlighted in small
systems and high-energy collisions (pA, pp). These observables entail the classification of
some of the results discussed through this document, into high activity or high multiplicity
environment classes. High activity has been recently used as a proxy to what is more
commonly known and used in heavy ion collisions as centrality. Centrality has been tradi-
tionally used for describing and classifying the heavy ion collision system size according to
their impact parameter where the colliding nuclei are viewed as hard spheres with radius R.
In pp collisions this description is not as clear since until recently, the primary models used
to describe centrality assumed the proton a point-like particle. In pA collisions it has addi-
tionally raised biases due to detector geometry and triggering effects potentially present in
the experiments [170–172]. Nevertheless, a plethora of experimental results are currently
available and a comprehensive paper that compared a number of cold nuclear matter effects
to LHC data in small systems was published in [173] (See Figure 24). In this report among
other subjects, the multiplicity distributions of charged identified/unidentified hadrons in
pp collisions at 7 TeV center of mas energies [174,175] were compared to the IP-Glasma
model [176,177]. These comparisons showed an important milestone: the reproduction of
overall mass ordering trends in data over the whole multiplicity range. Recent quarkonia
high multiplicity measurements from the ALICE experiment [178–181] have also been com-
pared recently to a CGC approach by E. Levin, I. Schmidt and M. Siddikov [182] in which
quarkonia data from p-p collisions and at forward rapidity is successfully described by the
CGC framework as shown in Figure 25.

Figure 24. Cont.
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Figure 24. IP-Glasma predictions for 7 TeV center of mass energies pp collisions for the multiplicity
dependence of (top) unidentified charged hadrons, (center and bottom) identified hadrons. Figures
from the works in [173,177].

Figure 25. Multiplicity dependence of J/ψ in
√

13 center of mass energies pp collisions at the
ALICE experiment. Left figure corresponds to ALICE data in the forward region [178,181]. Theory
comparisons from the work in [182].

A Final Note on Competing Mechanisms

Single inclusive probes pose a number of challenges for evidencing gluon saturation.
A concern that is raised with the mid-rapidity ∼0 region is the competing Glauber like
mechanisms [143] in addition to the energy scale which may be be less sensitive in
the equivalent x range. Energy conservation plays a non-negligible role which may be
manifested in terms of energy loss mainly via radiation and hadronization effects. In
addition as many of these results are produced at low pT where the bulk of particle
production is soft, in other words the mean free path of the particles in the medium is very
small and the phenomena can be explained with hydrodynamic evolution.
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4. A New Generation of High Energy DIS Colliders

In 2020, the Department of Energy (DOE) granted approval for the Electron–Ion
Collider (EIC) to be built in the USA [183] marking the beginning of a new chapter for
high-energy nuclear physics (HENP). The EIC is a key international facility that will collide
electrons and protons/ions (e-p/A) at high energy with unprecedented luminosity. Among
its rich physics program, the potential discovery of gluon saturation is one of the key
missions of the EIC [184–187]. The prospect for the discovery for gluon saturation is
facilitated thanks to its ability to collide electrons with large ions, where the saturation scale
is enhanced Q2

s ∼ A1/3 as compared to the electron-proton collisions at HERA. Another
future project of interest to our field is the Large Hadron electron Collider (LHeC). The
LHeC is an ongoing accelerator study which would upgrade the existing LHC storage ring
colliding an intense electron beam with a proton or ion beam from the High Luminosity-
Large Hadron Collider (HL-LHC) [188,189]. Among its rich and diverse physics capabilities,
it would also present an opportunity to study gluon saturation in ep collisions while
probing Bjorken-x values as low as 10−6.

The experimental discovery of gluon saturation will require comprehensive analyses
at future colliders. By the same token quantifying its characteristics will need an in-
depth energy, Q2 and mass number dependence scan on a number of quantities. Critical
measurements that can help us in the discovery of a gluon saturated state can be classified
once again into three main groups: structure functions, exclusive reactions, and semi-
inclusive reactions. Below we will discuss the expected manifestations of gluon saturation
for each of these processes while keeping an open tab to other mechanisms that could
shroud its attributes.

4.1. Structure Functions

In Section 3.1, we discussed the searches of gluon saturation in proton structure
functions at HERA. Major obstacles for its clean extraction are (i) the contribution from
non-perturbatively large dipoles at low to moderate virtualities Q2 and (ii) the non-
perturbatively small size of the momentum saturation scale Q2

s accessed in measurements
at HERA.

While the expected top center of mass energy of the future EIC is lower than that
at HERA, the possibility to collide electrons with large nuclei results in accessing larger
values of the saturation scale as compared to electron–proton collisions. A comparison of
the saturation scales accessible at HERA and the EIC was done in [186]. The enhancement
in the saturation scale is known as nuclear oomph factor, and it is a result of the coherent
interaction of the probe with partons along its path of propagation. Larger saturation scales
at the EIC are expected to manifest as more pronounced differences between the saturation
framework and the leading twist formalism when computing the structure functions. In
Figure 26, we see the effects of gluon saturation, embodied in higher twist corrections,
on the structure function FL. As expected, the largest difference is observed in the small
(x, Q2) corner.
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Figure 26. Relative difference between longitudinal structure function FL obtained from the sat-
uration framework to that of the leading twist formalism for proton (left) and Gold (right) [190].
Figure from [185].
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To more explicitly analyze the impacts of gluon saturation on the structure functions
at the EIC, the authors of [191] generated pseudodata for electron–gold collisions, using
the running-coupling Balitsky–Kovchegov evolution equation, and found tension between
the compatibility of these saturated pseudodata with extrapolations of the existing nuclear
PDFs (see Figure 27). While this tension might result in a signature of gluon saturation, it
remains possible that refittings of nPDFs could accommodate for these differences as nPDFs
are not well constrained in the low x regime. We have confidence that the high statistics
of the EIC combined with forthcoming precise theoretical computations will distinguish
both scenarios.

Figure 27. Comparison of the structure function F2 obtained from the rcBK solutions to those from
extrapolated nuclear PDFs. Figure from [191].

Complementary to the EIC, the LHeC will reach very low values of x, providing
potential to discriminate linear DGLAP evolution from the nonlinear QCD evolution
via BK/JIMWLK equations. In a recent preliminary study that can be found in [188],
the authors generate pseudo data for the reduced cross section using two models: (i) a
DGLAP based model and (ii) a saturation (GBW) based model. Subsequently, they fit
each pseudodata set using a DGLAP calculation. As expected, the fit is excellent for the
DGLAP-generated pseudodata, while significant tension is observed when the DGLAP fit
is applied to the pseudodata based on the saturation model. This is quantified by studying
the pull:

P(x, Q2) =
Fdat(x, Q2)−Ffit(x, Q2)

δexpF (x, Q2)
, (32)

where Ffit is the central value of the result of the fit for the observable F , Fdat corresponds
to the pseudodata generated by model (i) or (ii), and δexpF represented the experimental
uncertainty. Their results are shown in Figure 28, where the magnitude of the pull is close
to 0 for the DGLAP pseudodata, and significantly larger than 0 for the GBW (saturation)
pseudodata. This tension suggests that if gluon saturation is present at LHeC, a DGLAP fit
will not be able to conceal it.
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Figure 28. Pull (defined in Equation (32)) between pseudodata for reduced cross section and the fit
based on DGLAP. The pseudodata has been generated either by DGLAP or by the GBW saturation
model. Figure from [188].

4.2. Diffractive Measurements

Building upon the observables discussed in Section 3.2, we briefly discuss the potential
for diffractive measurements at future colliders.

The ability to collide electrons with different nuclei opens up the possibility to study
the nuclear modification factor for the production of diffractive events. Computations
within the saturation framework result in the enhancement of nuclear diffractive structure
functions when the invariant mass of the final state MX is small, which is dominated by the
dipole Fock state. On the other hand, at large invariant masses the dominant state is that
of a tripole (qq̄ + gluon) which is absorbed more strongly in a denser target, resulting in a
suppression of the nuclear structure function [68]. Another prediction of saturation models
is that the number of diffractive events relative to all events is larger for nuclei than for
protons, which can be quantified by a double ratio [68] as shown in Figure 29. The leading
twist formalism on the other hand predicts a slight suppression of diffractive events.

Another possibility is the study of coherent vector meson electroproduction off nuclei.
As in proton DIS, the spectrum of the exclusively produced particle in nuclear DIS provides
a tomographic picture of the color charge density profile of the nuclear target. Predictions
from the saturation framework are shown in Figure 30 based on the calculations in [192,193].
This figure shows that saturation results in spectra which deviate from the form factor
(Fourier transform of the nuclear density profile). These deviations grow with energy
and when the produced vector mesons are less massive6. To quantify saturation effects
it is also necessary to compare these results to predictions obtained from competing
mechanisms such as the leading twist nuclear shadowing framework, where deviations
from the form factor are also expected due to multiple scattering [98]. Furthermore,
theoretical control over the uncertainties for the light-cone wave functions is necessary
to distinguish saturation from non-saturation models. On the experimental side, enough
statistics are necessary to resolve the peaks and dips of the spectra; particularly in the
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region in which the cross section might be overwhelmed by incoherent (break-up of target)
events or general beam-induced backgrounds as it will be discussed in Section 5.

Figure 29. Ratio of diffractive to inclusive DIS cross section in eA normalized to pA (double ratio).
Comparison between saturation predictions and the leading twist approach. Figure from the work
in [185].
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Figure 30. Transverse momentum spectra for the diffractive coherent production of vector mesons
in electron-gold ion collisions. (Left) J/ψ production. (Right) ρ production. The figures show the
comparison between models with and without saturation. Figure from the work in [185].

Incoherent production is also interesting as one expects sensitivity to subnucleonic
fluctuations of various kinds. At the EIC, in addition to incoherent events in heavy nucleus
DIS, we will also be able to study DIS off light-nuclei and study the interplay of short range
correlations and gluon saturation [194–196].

Finally, we note that performing these measurements require detection on the forward
or backward region in a center of mass instrumentation design. Due to this a number of
non-trivial experimental challenges are present that need to be considered for a statisti-
cally significant and minimally biased measurement. These challenges include control of
machine related backgrounds such as synchrotron radiation and beam–gas interactions,
magnetic field strengths, Interaction Region (IR) designs, and up-to-date adequate particle
detection technologies including designs which includes beam-line detectors capable to
discern final state hadrons essential for identifying exclusive DIS events.
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4.3. Semi-Inclusive Measurements

In this section, we revisit some of the observables discussed in Section 3.3 in the
context of Semi-Inclusive Deep Inelastic (SIDIS) measurements. SIDIS at colliders offer
several advantages over proton–proton and proton–nucleus collisions:

(i) The kinematics of the electromagnetic probe (the virtual photon exchanged between
the electron and the ion) can be fully reconstructed by measuring the scattered electron; this
is in contrast to pp/pA collisions, where the probes are quarks or gluons whose kinematics
cannot be retrieved but require convolutions with parton distribution functions

(ii) The number of mechanisms is less in electron–nucleus collisions as compared to
proton–nucleus collisions, as in the former the probe is a virtual photon where in the latter
one can have both quarks and gluons.

(iii) The virtuality Q2 of the exchanged photon can be used as a knob to scan between
the nonlinear saturated and linear QCD regimes.

We begin by discussing forward dihadron azimuthal correlations in ep, eA collisions.
Motivated by the studies in pp and dAu collisions at RHIC and the LHC (c.f. Section 3.3.3),
this process has received considerable attention in recent years and it is considered a
promising channel for gluon saturation searches at the EIC (see also in [197] for photon–
hadron azimuthal correlations).

The away-side peak in the azimuthal angle distribution of dihadron production is
expected to be suppressed in nuclear DIS compared to proton DIS due to the momentum
imbalance imparted by the saturated gluon inside the nucleus. At small-x, and in the
TMD approximation, this process involves only the Weizsäcker–Williams (WW) gluon
distribution [32] given that the dominant partonic channel is virtual photon–gluon fusion7.
An advantage over proton–nucleus collisions is the absence of the pedestal arising from
double parton scattering.

The first feasibility study for this process at the EIC has been carried out in [199]
employing a GBW model to compute the WW gluon TMD and including the Sudakov
factor [153,167]. Their results for the correlation function (dihadron production normalized
by single hadron production) are shown in the right panel of Figure 31 showing a clear
depletion of the back-to-back peak, while the left panel shows the nuclear dependence of
the suppression.
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Figure 31. (Left) Dihadron correlation function in electron collisions with different nuclei showing a
depletion of the back-to-back peak. (Right) Comparison of the correlation function with and without
saturation. The gray band is a result of varying the saturation scale. Figure from the work in [185].

To better interpret future results, it would be necessary to update the predictions in
Figure 31 to include a more realistic WW gluon distribution, e.g., obtained from the solution
to the rcBK equation. Initial steps in this direction have been recently taken in [200] where
the authors employ a model capturing rcBK evolution and also included kinematic power
corrections [201–203]. It is also necessary to further investigate competing mechanisms
which may deplete the away side peak due the momentum broadening; these can include
cold nuclear matter energy loss and coherent power corrections as proposed in [169].



Universe 2021, 7, 312 32 of 45

As for other observables that can be measured in DIS, recently, new signatures of gluon
saturation have been proposed by studying single inclusive particle production [204,205].
These measurements are analogous to those at RHIC and the LHC, where the nuclear
modification factor ReA develops a Cronin-like peak at mid rapidity which is then sup-
pressed by saturation (See Figure 32). Preliminary studies in [205] show very characteristic
features of the transverse momentum distribution when studied at different rapidities and
different virtualities and in DIS. The authors propose that this observable can be studied
at perturbative virtualities Q2 & 1 GeV2 and that sensitivity to the saturated regime is
enhanced for hadrons that carry a large longitudinal momentum fraction z.
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Figure 32. Nuclear modification factor for single semi-inclusive hadron production displaying a
Cronin peak and its disappearance. (Left) Dependence on the virtuality. (Right) Dependence on
rapidity of the produced particle. In this figures Q̄2 = z(1 − z)Q2, where z is the longitudinal
momentum fraction of the hadron relative to the virtual photon, and is chosen to be close to unity.
Figure from the work in [205].

5. Discussion and Concluding Remarks
5.1. Theoretical Advances

In this document we have presented various observables that may pave the road for the
discovery of gluon saturation at existing and future collider experiments. However, there
are still significant sources of theoretical uncertainties that could complicate a systematic
extraction from current and ensuing measurements if left unchecked. The CGC framework
has entered a new era of theoretical developments which aim to push the precision of the
saturation framework to the standards of collinear pQCD. In this section, we briefly review
recent advances in the field which align to a discovery direction.

Most of the observables presented have been calculated in the CGC at leading order
(LO) in the impact factor and with leading logarithmic (LL) small-x evolution equations
with running coupling corrections for the BK [206–208] and for the JIMWLK [209]. Active
efforts by the CGC theoretical community are being conducted to promote these observ-
ables to higher loop order accuracy. This requires the determination of the next-to-leading
order (NLO) impact factors, and the numerical implementation of the next-to-leading
logarithmic (NLL) small-x evolution equations. The NLL small-x evolution equations
have been derived in [210] for BK and in [211–214] for JIMWLK. Only the former has been
implemented numerically in [215], where it was found that evolution is unstable for initial
conditions of phenomenological interest. This issue of instability was resolved in [216–218]
by re-summation of (anti-)collinear logarithms, with a numerical implementation realized
in [219]. While a numerical implementation of the full NLL JIMWLK equation is not yet
available, numerical codes exist [220,221] based on the collinearly improved JIMWLK
equation proposed in [222].

To achieve precise computations of physical processes, one also needs high-order
computations of the corresponding impact factors. Significant progress has been made in
this direction for a variety of processes at NLO in the CGC, which include DIS structure
functions [61,62,223–229], exclusive dijet [230–232] and exclusive vector meson [233] in eA,
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inclusive di-jet + photon in in eA [234], single inclusive particle production in pA [235–238],
partial results for inclusive dijet production in pA [239], and most recently inclusive dijet
production in eA [240]. Numerical results with NLO impact factor and NLL small-x re-
summation have been obtained only for the structure functions [61], and single inclusive
particle production in pA [241–244] which compared well to data. We anticipate that in the
next few years, more of these computations will be coupled to numerical routines and will
provide precise quantitative results for the size of the NLO impact factors.

Another significant source of theoretical uncertainty lies in existing models used for
the initial conditions of the small-x evolution equations. The MV model [19,20] is the most
widely used framework to compute the initial conditions for the existing computations
in the literature. This is in view of their simple numerical implementation relying on the
Gaussian statistics of its color charge correlators [245,246]. Despite the fact that the MV
model was conceived for the description of very large nuclei, it has been employed as
the initial condition for protons and it has enjoyed great success in the phenomenological
studies of HERA data (see also the variants MVγ [57] and MVe [116]). It remains to be seen
if it provides a good description of less inclusive observables where non-Gaussian effects
might play a larger role [247–249]. A recent alternative approach for the initial conditions
has been taken in [250–253] where the authors follow a perturbative approach to find the
two-point, three-point, and four-point function of color charge correlators inside the proton
from the light-cone wave-functions of its valence quarks.

High-energy Wilson line correlators are more naturally written in coordinate space,
due to the diagonal nature of the scattering matrix in the eikonal approximation. This
includes setting up their initial conditions as well as performing their small-x evolution in
coordinate space. However, most observables require their Fourier transform or convolu-
tions to momentum space, making the relation between initial conditions and observables
less transparent. Fortunately, in some special limits, it is possible to establish a clean factor-
ization of the perturbatively calculable impact factors and the non-perturbative high-energy
correlators, which will make the connection of high-energy correlators and their initial
conditions more explicit. The paradigmatic example is the work in [32] which established
the connection between quadrupole and dipole operators to the WW gluon TMD and
the dipole gluon TMD in the so-called correlation limit. In the context of two-particle
production, this relation is physically realized in the near back-to-back production. This
is an active area of research which has resulted in the development of improved TMD
framework [159,160,198] and the CGC/TMD equivalence [201,254,255]. For comprehensive
numerical studies both in pA and eA we refer the reader to the works in [203,256].

A further assumption of the saturation/CGC framework is the eikonal approxima-
tion, which is strictly valid at asymptotically high energies. Relaxing this assumption
is necessary to access the physics of polarized measurements [257–266]. Efforts are also
being carried out to study the effect of sub-eikonal contributions to various unpolarized
observables [267–272] with emphasis in non-trivial azimuthal correlations. These contribu-
tions might be relevant for precise EIC and RHIC phenomenology where the energies are
much less compared to LHC or LHeC.

Powerful techniques such as the glasma graph approximation [273–277] suited for
collisions where both hadrons/nuclei are treated as dilute objects are being extended to
account for asymmetric dilute-dense scenarios [278–281]. On the other hand, it remains
challenging to make progress in analytically understanding nuclear collisions where the
saturation scales of both colliding objects are large, and one must resort to complex numer-
ical evaluations of the full Yang–Mills evolution [282–285]. Efforts to quantify the effect of
saturation corrections to the dilute projectile on multi-particle production have been made
in [286] by comparing the dilute-dense approximation to the full Yang–Mills simulation. In
addition, recent analytical work in [287–290] accounting for the effect of multiple scattering
and saturation in the field of the proton has been carried out. It is imperative to assess the
impact of these contributions in multiparticle production and azimuthal correlations at the
RHIC and the LHC .
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5.2. Experimental Requirements

The last twenty years have resulted in many experimental results which may have
sensitivity to gluon saturation. Nonetheless, to this date we cannot unequivocally state
that we have confirmed a gluon-saturated state. One prerequisite for the next generation of
pertinent experimental publications is the need to measure a diverse number of observables.
As mentioned throughout this document, the capability to compare results at a number of
center of mass energies (energy, Q2 scan) as well as several atomic masses (A) is essential
to obtain a clean physics picture at current and future colliders. Discovery of a gluon-
saturated state dictates better quantification of (i) competing mechanisms, (ii) regimes of
validity, and (iii) transitions from dilute and dense gluon states to a truly gluon saturated
state. Appropriate detectors equipping finer kinematic areas (small-x) are needed to discern
a set of measurements sensitive to gluon saturation with better precision. All of these are
vital requirements for the future experimental endeavors described in Section 4.

We highlight that the use of electron beams in the foreseeable future introduces a
number of several machine induced backgrounds [291] that need to be accounted for
to ensure successful data-taking and data analyses campaigns. Past and current exper-
iments [292–294] have demonstrated that beam-related backgrounds can shut down an
accelerator, forcing detectors to reduce bunch-crossing frequency and overall data rate to
counteract beam–background interactions. Misidentification and tracking efficiency biases
using standard trigger, Monte Carlo, and background rejection techniques can cripple even
the cleanest theoretical probe. The lessons learned from past and present experiments
need to be carefully carried over to future experiments. As of today there are a number
of key experimental regions at the EIC and likely the LHeC which are susceptible to high
backgrounds [187]. Additionally, many of the physics signatures we have outlined demand
(i) reconstruction of full DIS events (ii) detection of small cross sections very close to the
collider beam pipe or in regions that may be bombarded by parasitic particles (iii) scan of
kinematic regions (e.g., η, y, φ). Besides assuring we have the most up-to-date technologies
and coverage to deal with the collision and data taking rates, it is imperative that we evolve
our particle detection techniques to cope with a new generation of diverse measurements.
In the last decade, analyses of large data from high-energy nuclear experiments have
been rapidly evolving to Artificial Intelligence techniques. Collider experiments located at
the European Organization for Nuclear Research (CERN) have begun a massive effort to
introduce and develop AI techniques in all of their physics experiments. The USA’s De-
partment of Energy (DOE) and other national science organizations (NSF, APS) have made
interdisciplinary AI research, including at future colliders, a key effort that will support the
nation’s long-term economic and national security [295], it is becoming clear that the next
standard in high energy nuclear physics computing will be based on AI [296–298]. Some
of the techniques which AI could help in the long-term to unambiguously measure gluon
saturation can include the following.

1. Accurate description of physics- and machine-induced backgrounds. This requires an
effort of open-sourced, cross-collaboration simulation packages that include theory,
phenomenology studies as well as up-to-date machine background knowledge. Two
principal machine backgrounds that we can learn from past experiments are syn-
chrotron radiation and beam–gas interactions. Synchrotron radiation occurs when the
trajectory of a charged particle is bent, synchrotron photons are emitted tangential to
the particle’s path. More concretely, these backgrounds can affect tracking detectors
and calorimeters by depositing energy leading to detector hits. Ultimately this can
also lead to a large number of ghost tracks and large detector occupancy effects.
Beam–gas interactions on the other hand occur when proton or ion beam particles
collide with residual gas. Ion beam interactions with gas cause beam particle losses
and halo, which can reach the detectors. Addition of these backgrounds in future
simulations is needed for detector design or AI-based data training techniques; as
such these should be included in the next generation of DIS experiments [296].
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2. Improved jet tagging capabilities which can disentangle jets that come from quarks,
gluons, gluon-dense vs. saturated gluon signatures. Jet tagging refers to the recon-
struction of streams of particles coming from the collision or displaced vertices with
the flexibility of a loose event selection requirement. The classification of jets depends
on the kinematic variables such as transverse momentum (p⊥), pseudorapidity (rapid-
ity) η(y), azimuthal angle φ, number of tracks, and energy (E). We remind the reader
that jets can be contaminated by many soft processes that are not correlated to the
jet. We often rely on classification/regression tasks which give us an approximation
of the background. A potential AI application which should build upon existing
experiments and further developed could be to extract and study list of features using
kinematic variables from simulations. The list of features could be used to form jet
images or graphs in η − φ plane which will be used as an input of various AI-related
algorithms to classify jet events from background events [299].

3. Precisely identify particles: open and hidden charm mesons, direct photons, electrons
all while minimizing biases. While standard cut and slice techniques have done a
excellent job when the detectors are adequate and production cross sections are large,
many rare resonances or small cross sections have suffered from these same methods
and have yet reached statistical significance. While machine learning techniques
are currently implemented for identification of rare particles in certain physics cases
of nuclear experiments at accelerators, AI is at its infancy and has not replaced or
considerably complemented standard particle identification methods at high-energy
nuclear experiments. Applying Machine Learning algorithms can give advantages in
the signal to background ratios as strict cuts and slices on the variables are minimized
or eliminated altogether. This, however, requires a dedicated computing effort to go
beyond the standard ML methods used so far.

In this document, we have outlined a number of existing challenges, potential solu-
tions, as well as the high gains/rewards in unambiguously identifying a gluon-saturated
state. These can be summarized into being able to disentangle the features that character-
ize a truly saturated state from ones that may indicate the presence of competing effects
or a gluon density which may be large but not necessarily saturated. This challenge is
particularly well suited for a new generation of tools and techniques at the theory and
experimental level. It is also well suited for a new generation of cross-experiment and
cross-field collaborations.
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Notes
1 This is an oversimplified view point, as the small-x evolution will not only change the value of Qs but also the functional form

of the dipole. In the most general case, the saturation scale will also depend on the impact parameter b⊥ as more color charge
densities are expected in the center of the nucleus than in its periphery, modulo fluctuations.

2 Unfortunately, the GBW model fails to describe other observables such as single hadron inclusive spectra in pA due to its
exponential tail, rather than the expected power law behavior.

3 The factor of A in Equation (31) arises from an A2/3 overall area, and A1/3 from the scaling of the saturation momentum.
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4 Note that the partons in the dilute projectile (in this case the deuteron) involved in the forward production carry large momentum
fraction x close to the kinematic limit x ∼ 1.

5 At the LHC one has to include the gluon initiated channels as well.
6 More massive vector mesons probe shorter distances where saturation effects are suppressed.
7 In electron–nucleus collisions there are no initial state interactions in the gauge links, in the language of TMDs, as the exchange

photon is colorless. This is in contrast to proton–nucleus collisions, where the collinear quark or gluon to the proton carry color
and thus initial interactions in the gauge links are present [12,32,198].
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