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Abstract: The non-perturbative renormalisation of quantum gravity is investigated allowing for the
metric to be reparameterised along the RG flow, such that only the essential couplings constants are
renormalised. This allows us to identify a universality class of quantum gravity which is guaranteed
to be unitary, since the physical degrees of freedom are those of general relativity without matter
and with a vanishing cosmological constant. Considering all diffeomorphism invariant operators
with up to four derivatives, only Newton’s constant is essential at the Gaussian infrared fixed point
associated to the linearised Einstein—Hilbert action. The other inessential couplings can then be
fixed to the values they take at the Gaussian fixed point along the RG flow within this universality
class. In the ultraviolet, the corresponding beta function for Newton’s constant vanishes at the
interacting Reuter fixed point. The properties of the Reuter fixed point are stable between the
Einstein—Hilbert approximation and the approximation including all diffeomorphism invariant
four derivative terms in the flow equation. Our results suggest that Newton’s constant is the only
relevant essential coupling at the Reuter fixed point. Therefore, we conjecture that quantum Einstein
gravity, the ultraviolet completion of Einstein’s theory of general relativity in the asymptotic safety
scenario, has no free parameters in the absence of matter and in particular predicts a vanishing
cosmological constant.

Keywords: asymptotic safety; quantum gravity; renormalisation group

1. Introduction

Wilson’s exact renormalisation group (RG) [1] provides a framework to construct a
consistent quantum field theory (QFT) that describes gravity. This possibility, known as
asymptotic safety, relies on the gravitational couplings exhibiting an ultraviolet (UV) fixed
point that allows the UV cut-off to be removed while keeping physical quantities finite [2].
The theory can then be defined as a perturbation of the fixed point along a renormalisable
trajectory that leaves the UV fixed point and evolves towards the infrared (IR), where it is
identified with the renormalised theory. In this framework [3,4], the number of free dimen-
sionless parameters is one fewer than the number of relevant couplings at the fixed point,
which parameterise the UV critical surface formed from all renormalisable trajectories.

So far, the evidence suggests that there is such a fixed point, known as the Reuter fixed
point [5-9], and that it possesses three relevant couplings in pure gravity [10-21]. However,
not all couplings need to reach a fixed point for the theory to be asymptotically safe, since
one has the freedom to perform field reparameterisations which can be used to eliminate
the so-called inessential couplings from the RG equations [2]. The inessential couplings do
not appear in expressions for observables, such as cross sections and reaction rates, and,
therefore, can take different values without affecting the physics. Couplings, therefore, fall
into two classes: the essential couplings A, which enter into expressions for observables and
the inessential couplings ¢, which are scheme dependent and unphysical. Consequently,
the scaling behaviour of inessential couplings is entirely scheme dependent and they must
not be included in the set of relevant couplings [22]. It follows that a coupling that may
appear relevant could turn out to be inessential and, therefore, does not contribute to the
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counting of free parameters. Although the potential existence of inessential couplings has
been pointed out [3,4,23-25], they have been almost universally ignored in investigations
of asymptotic safety. In particular, attempts to find a suitable fixed point have required
fixed points for all gravitational couplings, included in a given approximation, instead
of incorporating field reparameterisations into the RG equations and checking which of
the couplings are inessential. Here we shall remedy this oversight by incorporating field
reparameterisations in the gravitational RG equations which allow us to eliminate the
inessential couplings from the flow equations. To do so we will utilise the essential RG
approach, which has been put forward in [26], where we only compute the flow of the
essential couplings.

Our strategy will be to adapt the minimal essential scheme devised in [26], in the
context of scalar field theories, to remove all inessential couplings in pure gravity. This can
be carried out order by order in the derivative expansion, where only terms with up to
s-derivatives of the fields are included in the effective action. At each order s the minimal
essential scheme is implemented by identifying the inessential couplings at a Gaussian
fixed point of the theory and fixing their values, such that one obtains beta functions for
the essential couplings only. An important point is that this scheme involves a specification
of the kinematical degrees of freedom, since it assumes that the degrees of freedom are
those of the Gaussian fixed point. This implies that the minimal essential scheme can break
down a finite distance from the Gaussian fixed point and, thus, cannot describe all possible
non-perturbative behaviour. However, one can then instead identify inessential couplings
at other points in theory space, which, while technically more involved, would allow the
essential RG to describe all regions of theory space.

For a scalar field there are Gaussian fixed points associated to kinetic operators
(—02)/2 for every even integer s, which involve different degrees of freedom. As such,
there is a minimal essential scheme associated to each Gaussian fixed point, that is physi-
cally distinct since they are associated with different degrees of freedom. Within a given
minimal essential scheme, the RG flow is then constrained to the physical theory space
associated to those degrees of freedom. In other words, the minimal essential scheme
restricts the RG flow to a universality class that contains the corresponding Gaussian fixed
point. Although, typically, RG studies are concerned with the universality class involving
the Gaussian fixed point for which s = 2, one can also study universality classes associated
to higher derivative theories [27,28]. When one utilises the minimal essential scheme for
s = 2, the Gaussian fixed points for higher derivative theories are excluded. Therefore, this
choice is not without physical consequences since by adopting a minimal essential scheme
we focus our attention on possible fixed points in a specific universality class rather than
attempting to find all possible fixed points.

For quantum gravity, we will consider the universality class of quantum Einstein
gravity (QEG) meaning that it is associated to the quantisation of the physical degrees of
freedom associated to Einstein’s theory of gravity. As such, in this paper by the Gaussian
fixed point (GFP) in the context of gravity we refer to the one associated to the linearised
Einstein—Hilbert action unless otherwise stated. Here we should point out that we mean
something more specific (but perhaps more deserving of the name) by QEG than the more
broad definition given, e.g., in [29]. In particular, we do not only specify the fields and
symmetries, in terms of which we parameterise the theory, but also the physical degrees
of freedom. For example, a quantisation of higher derivative gravity [30] can be carried
out by quantising the metric assuming diffeomorphism invariance, but it is a quantisation
of more degrees of freedom than Einstein’s theory. This shift of emphasis to the physical
degrees of freedom and the physical essential couplings will bring our investigation of
asymptotic safety closer to the original formulation [2] by S. Weinberg: a move which has
been strongly encouraged recently [31].

To set the stage, in the Section 2 we give a short review of the essential RG technique,
which generalises the usual approach to the exact (aka the non-perturbative functional)
RG (see [32-38] for reviews) for the effective average action (EAA) by allowing for field to
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be reparameterised along the RG flow. In Section 3 we revisit S. Weinberg’s formulation
of asymptotic safety which emphasises the manner in which essential couplings enter
expressions for observables. In Section 4 we derive the generalised flow equation for
quantum gravity that takes into account the freedom to reparameterise the quantum metric
along the RG flow. Indeed, the flow equation will contain a new ingredient: the RG kernel.
This quantity encodes the description about how the fields are reparameterised along
the flow. Then, we write down a systematic derivative expansion of the diffeomorphism
invariant part of the EAA and the covariant RG kernel. In particular, we expand the
EAA to fourth order in derivatives and the RG kernel to second order. In Section 5, we
analyse the GFP properties: in particular, from this analysis we determine that the vacuum
energy is inessential. The advantage of studying the GFP consists of the fact that it is a
free fixed point and the results can be obtained without relying on approximations. After
having found the inessential couplings at the GFP, in Section 6 we discuss the properties
of the universality class that contains the GFP and all the trajectories that have the same
essential couplings. In such a subspace of the theory space, the propagator evaluated on
conformally flat spacetime possesses the same form as the one at the GFP. Up to order
four in the derivative expansion (apart from the topological Gauss—Bonnet term) only
Newton’s constant is essential in this universality class. In particular, any fixed point on
these trajectories has the degrees of freedom of the GFP. In Section 7, we study the RG
flow of QEG in the minimal essential scheme at orders two and four of the derivative
expansion. Our investigation confirms the existence of the Reuter fixed point: this implies
that higher derivative terms coming from the operators /detg R? and ,/det g RyyR™
are inessential in the universality class of the GFP. Moreover, this means that, contrary
to the expectations based on perturbative renormalisability, the existence of the Reuter
fixed point in the minimal essential scheme suggests that a possible UV-completion of the
gravitational theory does not require additional degrees of freedom. In Section 8 we draw
our conclusions and discuss the outlook for future investigations of quantum gravity using
the essential RG. The derivation of RG equations in the minimal essential scheme for QEG
at fourth order in the derivative expansion for a generic dimension and a generic regulator
cut-off are presented in Appendix A.1.

2. Essentials of the Essential Renormalisation Group

In this section we review the essential RG approach [26] using the case of a single
scalar field to avoid overloading notation and technicalities. The generalisation for gravity
will be developed in the rest of the paper starting in Section 4.

Ultimately in QFT we are interested in expectation values of observables

0 =(0): N/ ) O] 5111, (1)

where N1 = [(dg) e 5Itl and O[] = O is an observable expressed as functional of the
fields . The essential RG is a method to eventually compute (1) that makes use of the
generalised exact RG equation for the EAA, which depends on the RG scale k. The EAA
obtains a dependence on the RG scale k from two sources. First, the EAA depends on k due
to the presence of a momentum-dependent IR cut-off

Rk(xl,xz) = sz(A/kz)é(Xl,XQ)

d 1 1
- (gn;;d R(p?/R2) etPuli=a), @)
which implements the coarse-graining procedure, cutting off low momentum modes in the
functional integral (3) that defines the EAA. This is achieved by choosing the dimensionless
function R(p?/k?) such that it vanishes in the limit p?/k* — oo, while for p?/k? — 0 it has
a non-zero limit R(0) > 0, ensuring the suppression of IR modes. This realises Wilson's
picture of the RG which integrates out UV modes successively as k is lowered. The second
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source of k dependence comes from the liberty to perform field reparameterisations along
the flow parameterised by a k-dependent diffeomorphism ¢ [§] of configuration space
which we integrate over in (1). This is achieved by considering a generating functional for
correlation functions of the k-dependent fields ¢ [£] rather than the k-independent fields
X. Explicitly this functional is the generalised EAA action I'x[¢] defined by the functional
integro-differential equation

e Tklo] . /(dX) e*S[X]Jr(fIA’k[X]*tP)'%TkW]*%(@k[?ﬁ]*¢)'7€k'(¢k[7€]*¢) , G)
from which it follows that
¢ = <¢k>¢,kr 4)
where
< ok : = e lP] / —S[R]+( ¢k[)(] ‘/’) 3¢ W]_%(‘/A’k[?e]_q))Rk(‘/Sk[?e}_qb)@[)e] (5)

is the ¢ and k dependent expectation value. In the limit k — 0 the cut-off vanishes and
EAA reduces to the one-part irreducible effective action I'[¢p] = T'y[¢] for the field ¢y. In the
opposing limit k — oo the EAA reduces to the bare action written in terms of the fields ¢eo.
Let us note that we could additionally make a change of integration variables in the RHS
of (3) which keeps I't[¢] invariant provided we make this change everywhere including in
the measure. Here we are keeping the integration variables { and the bare action S[%] k-
independent, such that the k-dependence comes only from the regulator and the composite
fields ¢ [£]. Since we are ultimately interested in computing observables (5) at vanishing
regulator and on the equations of motion for I'y[¢] we will recover (1) independently of the
regulator and the parameterisation ¢ [{]. For more details we refer the reader to [26].

In general, I'y[¢] will depend on all couplings compatible with the symmetries of
the theory. Incorporating k-dependent field reparameterisations into the EAA formalism
has first been considered in [39] to describe bound states. In the essential RG, the utility
of ¢x[X] is that we may choose to reparameterise the field to fix the values of inessential
couplings which, by definition, are simply those couplings that depend on the form of
P[] Since observables (1) are invariant under a change in ¢ [£], they do not depend on
the inessential couplings. Any scheme which fixes or otherwise specifies the flow of all
inessential couplings is an essential scheme. Thus, in an essential scheme we only compute
the flow of essential couplings A4(k), i.e., those which ultimately enter into observables (1).

The generalised flow equation satisfied by I'y[¢] is given by [35]

é 1 6
2 )rilol = 316l (3 + 2. wilel) R, ©

where t := log(k/ko), with kg some physical reference scale, under the trace appearing in
the RHS

(at + ¥i[g] -

Gilg) == (T[] + Ry) ! @)

is the IR regularised propagator, with F,(f) [¢] denoting the hessian of the EAA with respect
to the field ¢(x), and

Filp] := (0:dx[X]) gk 8
is the RG kernel which takes into account the k-dependent field reparameterisations. The
flow Equation (6) reduces to the standard flow for the EAA [40,41] when ¥, = 0 and

can be understood as the counterpart to the generalised flow for the Wilsonian effective
action [22].
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By choosing ¥ [¢] we can specify the flow of inessential couplings ¢, which by their
definition are those for which [26]

SHTlo] ~TeGulgl - ale) Ry, ©)
for some quasi-local field ®[¢]. Equation (9) follows from the definition of an inessential
coupling and, therefore, allows them to be identified. The operator appearing on the RHS
of (9) is the redundant operator conjugate to the inessential coupling . The first term
in the RHS of (9) is tree-level and is simply proportional to the equation of motion for
I't[¢] and survives in the limit k — 0. The second term instead vanishes as when the
regulator vanishes as k — 0. Within perturbation theory, in the vicinity of a Gaussian fixed
point the second term will be sub-leading, since it is loop correction being proportional
to Planck’s constant 7. In general, there will be an inessential coupling associated to
every linearly independent quasi-local field ®;[¢] which generates an independent field
reparameterisation. Although the possible field reparameterisations ®[¢] are themselves
independent of the position in theory space, it is important to stress that the redundant
operator depends on the EAA T';[¢] and, thus, the identification of inessential couplings
will depend on the form of the EAA. Thus, couplings which may be inessential at one fixed
point can be essential at others. As an example at the GFP

zaagrkm — T[®] = D¢

roPlg] = 5 [ dxg(-2)g, (10)

the coefficient of { of the kinetic term is inessential. This can be understood since on
the equations of motion 9°¢ = 0 the kinetic term vanishes. Changing the value of {
corresponds to moving along a line of equivalent fixed points. However, if we consider the
fourth order GFP

TGFP4g] — g [atxo(-p, (11)

the operator % / d?x ¢(—9?)¢ is not redundant since it does not vanish on the equations
of motion (3%2)2¢ = 0 for (11). Here we also see the connection between inessential
couplings and the number of degrees of freedom. For the fourth order theory we have two
propagating degrees of freedom which are massless at the fixed point (11). By adding the
term with two derivatives, the action becomes

Tilgl = & [ aleg(-a%)(~3 + mP)g, 12)
where m? is an essential coupling being identified as a mass for one of the degrees of
freedom. Let us also note that at the GFP (10) the higher order term [ d?x ¢p(—02)%¢ is
redundant since it vanishes on the equations of motion 9%¢ = 0. This reflects the fact that
by starting with only one propagating degree of freedom we cannot gain more degrees of
freedom along the RG flow.

Since the terms involving ¥¢[¢] in (6) have the form of a redundant operator, the
liberty to choose ¥y [¢] is precisely the liberty to specify the flow of all inessential couplings.
Thus, for each inessential coupling we specify an RG condition, understood as a constraint
on the form of I'; [¢] along the RG flow, then we solve the flow equation under this condition
for the beta functions of the essential couplings and gamma functions which parametrise
¥, [¢]. Different essential schemes correspond to different sets of RG conditions for the
inessential couplings. From a geometric point of view, we can think of reparameterisations
as local frame transformations on configuration space that are analogous to gauge transfor-
mations [26,42]. RG conditions are, therefore, analogous to gauge fixing conditions which
fix a particular frame, as with gauge conditions we typically want to find RG conditions
that minimise the complexity of a given observable.
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Since the form of the redundant operators (9) depend on I';[¢] in practice the simplest
scheme to implement is the minimal essential scheme which sets all inessential couplings
at the GFP (10) to zero (apart from the coefficient of the kinetic term which is canonically
normalised). One can show that this is achieved by setting all terms in the I';[¢], which can
be brought into the form [ d?x ® 9%¢ by an integration by parts, to zero. In other words,
in the minimal essential scheme we put to zero any term in I';[¢] that vanishes when we
apply the equations of motion at the GFP apart from the canonically normalised kinetic
term (10) itself. Thus, while at order 92 in a derivative expansion, T can assume the form

= [ {uie)+ 30 0,09.0) | +00, 13)

in the minimal essential scheme, the EAA reduces to
1
fo= [ alx {U(o) + 5 @up3u) + 06" |, 19

which involves only one function, namely the effective potential Vi (¢). In order to solve
the flow equation up to order 92 in the essential RG, the RG kernel must have the form

¥y (x) = Fe(¢) + 0(0%). (15)

Although typically we would have a non-linear dependence on z;(¢) in the flow equation
coming from the propagator Gy, in the minimal essential scheme this dependence is absent.
Thus, by adopting the minimal essential scheme we trade a non-linear dependence on
zx(¢) in the flow equation for a linear dependence of Fy(¢). More generally, in the minimal
essential scheme the Gi[¢] evaluated at any constant value of the field ¢(x) = ¢ has

the form )

=P+ R+ V()]

where V// () is the second derivative of the potential.

The simplified form of the propagator (16), which continues to hold at any order of
the derivative expansion, produces simplifications in practical calculations, and maintains
a form that manifestly contains only physical degrees of freedom which are present at the
GFP (10). This implies, for example, the absence of ghosts and tachyons, and it constraints
our theory to stay in the subspace of the theory space where the degrees of freedom are
the same of the GFP. As we will see, these features can also be guaranteed for the graviton
propagator. What cannot be guaranteed is that there also exists other fixed points apart
from the GFP in this subspace. Thus, by adopting the minimal essential scheme, we limit
our search for additional fixed points by constraining the propagating degrees of freedom.

Gkl¢] (16)

3. Weinberg’s Formulation of Asymptotic Safety

Having reviewed the essential RG, let us now discuss the criteria of asymptotic
safety as formulated by Weinberg [2] and how it is realised by solving the flow equation
for the EAA within an essential scheme. The criteria necessitate that we have a UV-
complete QFT where there is no UV cut-off, which is achieved if the theory lies on an
RG trajectory that originates from a UV fixed point. However, as has been emphasised
recently [31], Weinberg’s formulation is more precise since it is concentrated on the absence
of unphysical UV divergences in physical quantities, such as reaction rates, rather than
on the behaviour of correlation functions of fields ¢. This is important since correlation
functions depend on inessential couplings {,. In a scheme where we do not specify the
values of inessential couplings but compute their flow, we are at the very least making
our life harder unnecessarily. In the worst-case, an inessential coupling may not reach a
fixed point and thus in such a scheme asymptotic safety could be obscured. In an essential
scheme, we only compute the flow of the essential couplings and, thus, avoid these matters.
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The divergences, which are absent in asymptotic safety, are those we expect to appear
if we only have an effective theory that involves an artificial UV cut-off Ayy, characterising
our ignorance of physics on small distances ¢ < 1/Ayy. An effective theory will break
down as energies approach the cut-off scale and we will, therefore, encounter unphysical
divergences. In an asymptotically safe theory, such divergences should be absent since
we have sent Ayy — 0. Indeed, the form of the flow Equation (6) assumes that the limit
Apyy — o has been taken and would take a modified form if an independent UV cut-off
were introduced [41,43]. Asymptotic safety requires that as we take some characteristic
energy scale E — oo observables (such as reaction rates) scale as

O ~EP, (17)

where D is the dimension of O. This means in particular that dimensionless quantities
will not diverge even when we take E — co and, thus, at high energies the theory is scale
invariant. Note that asymptotic safety is a rather generic requirement that we impose to be
“reasonably sure” that there are no divergences in physical quantities related to the theory
breaking down at a finite energy scale. On the one hand, asymptotic safety does not rule
out all divergent behaviour, since unobservable correlation functions can diverge at finite
energies even if the theory is well defined at all energies. On the other hand, asymptotic
safety does not guarantee that a theory is physically acceptable since, for example, there
can be asymptotically safe theories that are not unitary [44], the simple example being a
free theory with four derivatives.

If we were handed the full quantum effective action I' and computed observables
from it directly, the coupling constants entering the expression for an observable would be

the essential couplings /\shys' = A4(0) evaluated at k = 0. One may then wonder what the
link is to a fixed point of the exact RG obtained in the opposing limit k — oco. In particular
one may worry that observables can depend on additional energy scales E;; in addition to
the scale E which we take to infinity. To understand the connection, note that if we supply
an initial condition for the flow at a scale k = y, the flow equation supplies a function

ARRYS — APMYS (3, (1), 1), (18)

since by integrating the flow for a given initial condition we will obtain A, when we arrive
to k = 0. Therefore, we can write any observable which depends on energy scales E and

{E,} and the physical couplings APMYS 35 a function
O =0O(E,Aa(y), 1, En), (19)

where O(E, A,( u), #, Ey) is independent of u by construction meaning. On the other hand,
dimensional analysis means that we can also write

O = uPOE/p, Aa(p), En/ 1), (20)

where A, (4) = p~%A,(u) are the dimensionless couplings and d, is the mass dimension
of the coupling A,. Generically, the functions for the dimensionless observables O will
be finite for finite values of its arguments, while if one argument were to diverge then
generically we expect O to become singular. Now, since O is independent of 1, we can set
u = E, such that

O =EPO1,A,(E),E./E). (21)

Then, it is clear that the limit E — oo only gxists if the limit limy, ;0 A (u) exists. If a subset
of the dimensionless essential couplings A, (E) diverges at some finite E = Agyy, then we
expect the observable to be singular at this point. However, if all the couplings A, (1)
remain finite for 1 — oo, such that they reach a UV fixed point limy Aa (u) = A}, then

lim © = EPO(1,1%,0), (22)

E—oc0
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which is exactly the requirement of asymptotic safety. An important point is that, since the
RHS of (20) is independent of y, if we would send E;, to infinity instead of E we could then
identify y = E, and reach the conclusion that O ~ E2 as E, — co.

Crucially, it is only the essential couplings that need to attain a UV fixed point. Indeed,
inessential couplings {,, are simply not present in physical observables (19) and, therefore,
their behaviour is not restricted a priori. All of these remarks apply to asymptotically
safe theories in general, in the remainder of this paper we will develop the formalism to
investigate asymptotic safety in quantum gravity within an essential scheme.

4. Generalised Flow Equation and Essential Schemes for Quantum Gravity

In this section, we will derive the generalised flow equation for quantum gravity from
which we use to apply the essential RG method in order to investigate asymptotic safety.
This construction generalises the formalism introduced in [5] by allowing for the field
redefinitions at the heart of the essential RG. For quantum gravity the EAA is denoted
T'k[f; 8], where f = {guv,c¥,¢,} denotes the set of mean fields, g, is the (mean) metric,
and c" and ¢;, are the (mean) anti-commuting ghost and anti-ghost. In addition to the mean
fields, I'¢[f; g] also depends on an auxiliary background metric g, in order to conserve
background covariance. The EAA for gravity is defined analogously to the case of the
scalar field (3) through the functional integral

e Tklf8l — /(dX) e—S[X;S_]e(fkm*f)'%rk[f;g}e—%(fk[X]—f)'Rk[g]'(fk[X]—f) , (23)

where § are a set of fields which parameterise the fields fi[{] = { SuvilR], R lR], EuklR]}

such that the latter defines a k-dependent diffeomorphism of the conf1gurat10n space
to itself. Formally, since the configuration space involves the ghost fields, it is a super-
manifold. The background field dependence enters in two places. First, the action S[%; §|

includes gauge fixing and ghost terms and secondly the cut-off R;[$] depends on covariant
derivatives and a tensor structure which are built from the background metric. Similarly to
the case of the scalar field, it follows from (23) that

=1k (24)
where the expectation value of any functional of the fields O[] is defined by

(O) f = elHlf4] / AR Tl f 8l o= (Rl =N Relg (AR -H A5] . (25)

The generalised flow equation for I'y[f; g] is given by

(atwk[f;g-] f) df:8 = STrgk[fg}(atH 5 [fg])-vzk[gm 26)

where f = (f) are the mean fields and Gy[f, §] denotes the propagator

5 5 !
Gelf: 8] == ((sffk[f 8l 57 + Rkl ]) , 27)

with signifying that the derivative acts to the left. The - implies a continuous matrix mul-
tiplication including sum over all field components and integration over spacetime. The
STr denotes a supertrace in the same sense with a minus sign inserted for anti- commuting
fields. For gravity the RG kernel now has component for each field ¥y = {‘PW, A SR
such that ¥, = (9¢ fk) k- By setting ¥ = 0 we obtain the flow equation for gravity derived
in [5], however in this case we would have to also compute the flow of inessential cou-
plings. Using the background field method [45], one is ultimately interested in identifying
§uv = guv and setting ¢ = 0 = ¢,. It is, therefore, convenient to write the action as
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Tilg ¢, 6 8] = Tilg) + Tilg, c. 6 8l (28)
where

Ti[g] = Tk[g,0,0; 8] = T%[g,0,0;¢] =0 (29)

is a diffeomorphism invariant action and T [g, ¢, ¢; §] contains terms which depend on the
ghosts and the two metrics separately, including the ghost and gauge fixing terms. The
diffeomorphism invariant action has the derivative expansion

d Pk 1 2 v 6
/d x\/detg{&T 16nGkR+akR + bRy R*Y 4 ¢ E + O(9 )} (30)

Here Gy and py are the running Newton’s constant and vacuum energy, respectively, and
ay, by and ¢, multiply the O(9*) terms with E = I{w,l,tﬁliﬁ“’“/g — 4R,y R™ + R2. Tt will also
be useful to define the cosmological constant as

Ak = kak, (31)

since it is this combination that appears in the canonically normalised propagator. In four
dimensions the integral [ d*x,/detgE is a topological invariant, so c; will not enter into
any derivative of I';[¢] and, as such, ¢, does not appear in any beta function [21,46].

At anon-trivial fixed point required by asymptotic safety, the RG flow of dimensionless
couplings in units of k will become independent of k. As such, it is convenient to define the
dimensionless couplings

G(t) ==k"2Gy, p(t):=k "o, A(t):=G(t)p(t), (32)

where we will omit to make the t-dependence of the dimensionless couplings explicit in
the following.

Here we shall use the commonly used background field approximation where
yg, ¢, & g] is approximated by a BRST invariant action consisting of the background
covariant gauge fixing and ghost terms. In particular, we shall take

Tilg ¢ 63l = /ddx\/detg(F SuwF!' +¢,QF "), (33)
where, to simplify calculations, we adopt background covariant harmonic gauge
FH = ﬁ (g‘ﬂ)\g—vp — 1gVﬂg‘P/\) vi/g)\p , (34)
Ki 2

and ki denotes the dimensionful coupling

K = /321Gy, . (35)

The ghosts operator is then given by
2 1 -
oy = L' = \g (g’”‘gv” - 28-1/]45;{7/\) Vv(gpav)\ca + g)\avpca) . (36)

In the background field approximation, we will choose ¥ = 0 = ‘I’il, while we choose
the RG kernel for the metric to be given by

T‘fw [g] = Yg&uv + YRR uv + YRicciRyv + 0(84) , (37)

where y; with i = {g, R, Ricci} are the ‘gamma functions” which, along with the beta
functions, will be determined as functions of the couplings that appear in Ti[g]. Each
gamma function allows us to impose a renormalisation condition which fixes the flow of
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an inessential coupling. Thus, retaining three gamma functions allows us to impose three
renormalisation conditions which are constraints on the form of I'y[g] that we impose along
the RG flow. We note that 7, is dimensionless while g and 7g;c.; have mass dimension
—2, thus we define dimensionless gamma functions yr := K2y and FRricei := kK*YRicci- As
with the derivative expansion for a scalar field, if we work at order 9° in the derivative
expansion, we include all terms of order 0°~2 in the RG kernel (37).

In our approximation the flow for the diffeomorphism invariant action T[g] is
given by

_ 1 . _
(at +¥5 - ;g) T = 5T G (at +2- (fg*{fﬁ) RE —Tr G- RYE, (38)
where
gfc o— ;_ (39)
K Koo Dgn + RE’
1
G = , (40)
52T, 88
ﬁ"’Kgg'Agf"i_Rk
Agp and Agf denote the differential operators
Agnv=—8IV2—RFy, (Mg = VVig™ — z5§§vmv” , (41)

and
1 2
Kig™ = 5 5 Vdetg (g +gPg" — gg), Kl = \g@ S (42)
k

We then choose the regulators to be of the form
R}Eg [8] = KggRi(A), Ri[g] = KeeRi(8), (43)

where A = —¢"'V,,V, is the Laplacian.
The redundant operators for T [g] are given by

5 - )
T[®8] := ®3~§I’k—Trgfg-@<bg-R§g, (44)

where ®$ are symmetric covariant tensors composed of the metric, curvature tensors and
their covariant derivatives, e.g., <I>§V = guv, Rguv, Ryv-

The minimal essential scheme for quantum gravity, which we will further elaborate
on in Sections 5 and 6, closely follows the perturbative scheme put forward in [47,48]. The
scheme puts to zero any term that vanishes when the vacuum Einstein equations

Ry =0 (45)

apply apart from the Einstein—Hilbert term itself. The reasoning is that the fixed point
where G = 0 and A = 0 is the analog of the GFP for a scalar field theory. This means
that can we set to zero both g, = 0 and b, = 0, while leaving c; non-zero since this
term is topological in d = 4. As with the GFP (10) in the scalar field theory the fact that
any operator that vanishes on the equations of motion (45) can be removed by a field
redefinition is a property of the fixed point where G = 0 and A = 0. A higher derivative
Gaussian fixed point, more analogous to the fourth order fixed point (11), is achieved by
instead writing

_1+w

126
34 -

1
a = by = 1’ Ck o (46)
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and sending A — 0. At this fixed point the degrees of freedom are those of Stelle’s higher
derivative gravity rather than Einstein gravity. Furthermore, since the equations of motion
for higher derivative gravity do not imply (45) the couplings a; and by (or equivalently A
and w) are essential at the higher derivative Gaussian fixed point.

Here we concentrate on Einstein gravity where a; and by, are inessential in the vicinity
of the GFP where G = 0 and A = 0. Thus, after setting a; = 0 and by = 0 and neglecting all
terms with more than four derivatives in I';, while retaining 7, Yr, and Ygic; we expand
the Equation (26) to order 9* to obtain five flow equations from the independent tensor
structures present in (30) using off-diagonal heat kernel techniques [49]. The evaluation of
the traces and the resulting flow equations are presented in Appendix A.1. The equations
are presented for arbitrary cut-off function Ri(A) and in arbitrary dimension d neglecting
terms proportional ci in the traces: this is justified in d = 4 since in this case the corre-
sponding invariant is topological. For the remainder of the paper we will take d = 4. For
explicit calculations, we will use the Litim cut-off function

Ri(8) = (k* = 8)0(K* - A), (47)
where O(x) is the Heaviside theta function.

5. The Vacuum Energy Is Inessential

Having set a; and by to zero, we can solve the equations for yg and YR, given
in (A23) and (A24). What is less clear is which renormalisation condition we should apply
to freeze the inessential coupling associated to 7, that must be some combination of Gy
and pi. As has been pointed out in [23], to find a non-trivial fixed point in gravity must
actually require G to have a fixed point. Indeed, by rescaling the metric, or, in other words,
choosing a system of units, one cannot set Gy = 1 and k = 1 simultaneously. This is still
the case even with 7, present since one does not find a non-trivial fixed point for A if
we try to fix the condition that Gy = Gp. The reason is that the beta function for A still
depends on k?Gy which diverges as k — 0. However, one still has the freedom to apply
one RG condition afforded by the presence of ;. What is evident is that the dimensionless
inessential coupling will still need a fixed point value. Thus, we should instead fix a
dimensionless coupling to one value along the RG flow. However, one finds that doing so
can prevent the GFP from being present itself. For example if we set G = 1 or A = 1, the
GFP, which in dimensionless variables is at G = 0 and A = 0, cannot be attained. This is a
consequence of the fact that with a specific renormalisation condition we cannot explore
all universality classes contained in the theory space. In particular, since we will consider
trajectories inside the subspace of theory space which contains the GFP, we will take into
account the values of G and A at the GFP. Therefore, to determine which dimensionless
coupling we should fix, we analyse the GFP to understand which particular combination
G and A is inessential. However, we should understand this limit as the approach to a free
theory on flat spacetime where I'y[¢] reduces to the linearised Einstein—Hilbert action. To
see this limit properly we have to decompose the metric as'

gpn/ =g + Kk(f)yv ’ (48)

where gy, is a flat metric. We call ¢, the graviton field since it is a fluctuation around a
flat metric gy, allowing one to define asymptotic states as free gravitons. In the parameter-
isation (48), it becomes clear that xy is the coupling constant that measures the strength of
self interactions of the graviton. The GFP corresponds to the theory where x; = 0. As we
shall show later yr and <yg;.; are both proportional to K,%. Taking a derivative of (48) with
respect to ¢, we obtain

1 " o
atgyv = EUNKk(P]/n/ + Kkat(Pyv + O(K%) ’ (49)
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where 77y := 9;log Gy. The factor of «kj ensures that the field ¢, is canonically normalised.
The expectation value of at(f)w is, therefore, given by

N 1 1
¥ = @ (k) = ¥ = SN +O0), (50)

where ¢,y = (¢uv), and inserting the expression for ¥¢ we obtain

1
¥l = Tonieguw — 5pPu + O (k) (51)
where y
Mg :=1N—2Y¢, Vshift ‘= ;?f (52)

are the anomalous dimension of the graviton field and the gamma function related to a
shift of the graviton field by a constant. Imposing that ygs; is finite when x; = 0, we
deduce that y¢ = 0 at the GFP. Defining

Kpp = iiKgg, R = R, (53)
the flow Equation (26) can be rewritten as

(at|¢+‘i’k acp)r —fTrg <3t+2 (s(i;r»w)'nfq’Trgf“atRfﬁ (54)

where the canonically normalised regularised propagator is

1
ey (55)

Gi? =
PP
o¢54> + Kpg - Mgt + Ry

Inserting g,y = guv + K¢y into Ty [g] and then expanding in xy, we find that at the GFP
the EAA has the form

TE = 20+ Koolol - (Alg] — dgle]) - ¢+ K [ dx/detapcre, (60

where we anticipate that for x; = 0 the vacuum energy is oy = k*fgrp and ggpp denotes the
dimensionless fixed point value for the vacuum energy, which we will determine shorty.
Inserting (56) into the LHS of (54) we obtain

(at(pw )rch—k4 [ d*x/detgpar - 300 Kla] - (Ala] — Bygla]) - ¢, 7)

k 54)
while on the RHS we have, using that 7, = 0,

311¢Rk(Z) + atRk(Z)
1672(Ri(z) + 2)

%Trg;f"b (at+2 (;;‘{"P) R Tr G0y RE = K / dzz . (58)

which is independent of ¢, and, as such, we find that 775 = 0 at the GFP which together
with ¢ = 0 implies 7y = 0. We then see that the GFP value of the dimensionless vacuum

energy is
, OtRi( )

Using the Litim cut-off we obtain the value

1

ﬁGFP = 877'[ . (60)
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We conclude that the GFP is characterised uniquely by G = 0, 7y = 0, vy = 0 and a scheme
dependent value for the dimensionless vacuum energy g = pgrp. The fact that 7y = 0
means that we arrive at the GFP in dimensionless variables when G, — Gy is a constant,
such that G vanishes as G ~ k2Gy in the limit k — 0. Thus the GFP is an IR fixed point
for G.

Two remarks are in order concerning the vacuum energy. First, let us note that we
could also choose a more general cut-off scheme allowing for different cut-off functions
for the ghosts and gravitons in such a manner that ggpp would vanish [50]. At the exact
level no physics should depend on the choice of cut-off so the value of pgrp should be
of no significance. Secondly, we note that it may seem we could satisfy the flow with
px = k*pcrp + po allowing for a non zero cosmological constant, since py is a constant
of integration that will not appear in (57). However, only with pp = 0 do we have a
fixed point.

Now, away from the GFP, 7, needs not be equal to zero, so we can now write the
linearised ansatz for 4 around the GFP as

.1 =
'yg—w1<p—8n)+w2G+..., (61)

where w; and w, are free parameters which we are free to choose and the dots are non-
linear terms in the expansion around the GFP. Expanding the beta functions for G and p
we obtain

0:G=2G+..., (62)
= (5= —4) i)+ (2 B e (63)
37 8 3t 2472

and, thus, we see that the linearised flow of G around the GFP is scheme independent, while
the linearised flow of g is scheme dependent. Since scheme dependence is the hallmark of
an inessential coupling, we can conclude that Newton’s coupling G is an essential coupling
in the vicinity of the GFP, while g is inessential. We are free to specify the flow for g instead
of computing it and we can freely choose the corresponding scaling dimension rather
than assuming it should have dimension 4. In fact, we can even make the vacuum energy,
which canonically is the most relevant coupling, an irrelevant coupling simply by choosing
wy > 127, Let us stress that these are exact statements since we are at the GFP and terms
at order 9° arise at two loops.

A remarkable consequence of the vacuum energy being inessential is that we may
simply choose that p;_y = 0 and, thus, the vanishing of the vacuum energy is achieved by
a renormalisation condition. Thus, at least in pure gravity, there is no fine tuning problem
related to the cosmological constant once we apply this condition. However, this condition
dictates the vanishing of the cosmological constant and by imposing it we are restricting
which theories we can have access to. This suggests that there is a universality class of
quantum gravity where the cosmological constant is zero. This universality class possesses
the IR GFP where Gy is a constant and pg = 0. Although there may be other universality
classes where the cosmological constant is non-zero, here we will explore this one to see if
there is also a non-trivial fixed point that can be used to define the interacting QFT.

Before ending this section, let us stress two points regarding the interpretation of cou-
plings in gravity and the possible (imperfect) analogies we can make with couplings in, e.g.,
¢*-theory. First, despite appearances, Gy is not the inverse wave-function renormalisation,
but a coupling, more analogous to the interaction coupling A in ¢*-theory. In particular,
while the wave-function renormalisation is an inessential coupling in ¢*-theory, Gy is an
essential coupling like A. Secondly, again despite appearances, Ay = p; Gy is not a mass
squared. A more clear interpretation of the vacuum energy comes if we choose to parame-
terise the metric, such that p;+/det g is linear in the field o which parameterises conformal

2
fluctuations [51]. This can be achieved by setting g, = (1 + %) Tg, )L(eh)A v, Where hﬁ =0,
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such that p\/detg = px/detg(1+ ) is linear in ¢. The fact that p; couples also to the
purely vacuum term is what is crucial for py to be inessential. Thus py, rather than being
analogous to a mass in a scalar theory which is essential, can better be interpreted as a
constant source which couples linearly to the field in the broken phase of diffeomorphisms.

6. Minimal Essential Scheme for Quantum Einstein Gravity

Since the vacuum energy is inessential coupling at the GFP, we can fix it by a renor-
malisation condition. In particular, we can pick a condition which ensures that we are in
the universality class which possesses the GFP and removes the vacuum energy from the
set of couplings we must compute the flow of. We will adopt the simplest RG condition of
this type which sets

p(t) =k *or = pcrp (64)

for all scales k = koe!. The RG condition (64) identifies the vacuum energy with cut-off scale
px = k*pgrp. Having applied (64), then the dimensionless product T := p G,% is given by

T = parpG(t)? (65)

and, therefore, the flow of G(t) completely determines the flow of 7. In classical general
relativity, in the absence of matter, T; is the only meaningful coupling since one can rescale
the metric. This can be seen explicitly from the flow equation by observing that, when the
RHS is neglected, the beta function for 7 is independent of vy,. More generally, when k = 0
it is evident that only dimensionless ratios couplings can be essential since a rescaling of
the metric will change the values of dimensionful couplings. As such, 19 is the physical
cosmological constant in Planck units which can be considered as an observable, which
vanishes in the universality class we are considering.

Let us stress, however, that although py will vanish at k = 0, its presence in the action
is still needed to consistently solve the flow equation for non-zero k. If we would simply
neglect the flow of py entirely, then Gy would appear to be inessential since we could
instead use 7, to dictate the flow of Gy instead.

In addition to (64), we specify an infinite set of renormalisation conditions which
exclude all terms that are dependent on the Ricci curvature Ry, from the ansatz from I',
apart from the Einstein—Hilbert action and the topological Gauss—Bonnet term. This defines
the minimal essential scheme for quantum gravity. At second order in curvature, the most
general diffeomorphism invariant action can be written as

Tilg] = / dxy/ detg{ gj’; - 16;@( R + RWR (B)R + RuyWricci (A)RM + ¢tE + O(R3, A)} (66)
and, hence, in the minimal essential scheme we set Wg(A) = 0 = Wgjeir(A). Since,
furthermore, all the higher terms depend only on the Weyl curvature C,,,,5, the propagator
evaluated on any conformally flat spacetime, i.e., those where Cy,,py = 0, is just that of
classical general relativity [48]. Consequently, the regularised propagator evaluated on a
conformally flat background takes the form

1
= E PG R T O (67)
This ensures that the theory at k = 0 describes massless gravitons only.

Here, we shall only consider pure gravity. However, in [47], general arguments for
spin0,1/2,1,3/2, and 2 fields suggest that terms which would modify the propagator by
introducing new poles are redundant in the vicinity of the GFP. For example if we consider
a scalar tensor theory

_ 1 1 1
Ty[g 9]l = — 167Gy /d4xv detg[_l&tGkR + E(VV‘PVH‘P) + V(@) |, (68)
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then we can still use both the equations of motion for the metric and the scalar to remove
inessential couplings. Out of all terms with up to four derivatives, the only additional
terms which do not vanish when the equations of motion apply are

/ dx /det gWi () (V,up V)% + / dix\/detgCy(¢)E, (69)

neither of which enter the propagator evaluated on a conformally flat spacetime and for
constant values of ¢.

The fact that we can remove the terms which lead to extra poles in the propagator
along the RG flow indicates that the poles encountered in other schemes are spurious [52].
Let us stress however that nothing is wrong with using a scheme where the form factors
do not vanish, such that the propagator at k = 0 with pg = 0 has the form

Go = Kgg - .

88 Z(A)A + O(R;lvp?\) ’ (70)

where Z(A) is a wave function renormalisation factor related to the form factors Wy ,(A)
and Wg;ci k(A), which have been computed in various approximations in [18,53-57] and the
physical implications for scattering amplitudes have been discussed in [58-61]. (In principle
there can be another independent wave function renormalisation related to the scalar degree
of freedom that is introduced in theories such as f(R) gravity. For simplicity, we discuss the
case where there is only one wave function renormalisation which implies a linear relation
between Wg x(A) and Wrgje k(A)). There are two cases, either Z introduces new poles into
the propagator, or it does not. In the latter case, we can remove Z by a reparameterisation
since it must be an entire function, and thus it is just a momentum-dependent wave
function renormalisation. In this case, we will find the same physics as in the minimal
essential scheme, namely, although the field redefinition would modify the vertices of the
theory, the propagator would return to the minimal form (67). The case where Z is not an
entire function corresponds to a universality class not accessible to the minimal essential
scheme for pure gravity. In particular, it would include particles other than the massless
graviton. Thus, on one hand, the minimal essential scheme for quantum gravity, like its
counterpart of scalar field theories [26], does put a restriction on what physics we can
access by following the corresponding RG flow. On the other hand, this is a feature of the
scheme, and not a bug, since the restricted theory space has a physical meaning, describing
the interactions of gravitons which are fluctuation around a flat spacetime. Moreover, there
is no reason why these fluctuations can not be strongly interacting, in particular G can
become of order unity.

It may of course be that this universality class, which only includes a massless graviton,
does not contain a suitable UV fixed point and that one would need more degrees of
freedom to describe a consistent theory of quantum gravity. For example, it could be
the case that one would need the extra degrees of freedom which are present in higher
derivative gravity and are needed to make the theory perturbatively renormalisable, or
that one would need to add an /det ¢R? which includes an extra scalar degree of freedom
in addition to the graviton. Here we will test the hypothesises that these extra degrees of
freedom are not necessary for non-perturbative renormalisability.

7. The Reuter Fixed Point in the Derivative Expansion

To test the aforementioned hypothesis, the minimal essential scheme can be carried
out at each order in the derivative expansion. Here we will study the RG flow at order 92,
where the action is the Einstein-Hilbert action with (64), and at order 0* where the action
takes the form

= [ 4 spcrp 1 6
Tulg] f/d x«/detg{k o~ Tewg, R o +00 )}, 71)
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with the only order 8* term being the topological one. At order 9*> we set yg and Ygicci
to zero, along with all higher-order terms in ¥}, and expand the flow equation for (71) to
order 92 solving for

7o =75(G), 3G =Bs(G), (72)

which are functions of G alone. At order d* we include all order 9* tensor structures in the
flow equations but solve for yr and 7gjc.; instead of the running of the higher derivative
couplings a; and by, which are set to zero. Thus, at order 9* the minimal essential flow is
characterised by five dimensionless functions of G, namely

Yo =74(G), %G =pBs(G), (73)
YR =Tr(G), FRicei = TRicei(G), 0tk = Be(G). (74)

Let us stress that calculation is vastly simpler than the calculation where higher derivative
couplings a; and by do not vanish [21,46] and that the final form of the beta and gamma
functions only depend on one coupling rather than four in the standard scheme.

As afirst check we can analysis the behaviour around the GFP at Gy = 0 to see how the
universal one-loop divergencies are accounted for. In particular, the one-loop divergencies
encountered in dimensional regularisation in our chosen gauge with A = 0 are given by
three terms

1 1 1 7 53
Ty = —— d%x\/dete| —R%+ R, ,R* + “=E| . 75
div d—4(4n)2/ * e5”[60 TR #)

Upon replacing ﬁ — log(k/kp) and taking a derivative with respect to k the same three
terms will appear in the flow equation on the RHS of Equations (A23)-(A25), respectively.
However, the terms that would renormalise a; and by are, instead, absorbed into yr and
YRicci» While ¢ will still be renormalised. Indeed, expanding in G we find that

11 7
YR = —307Gk +0(G}), TRicei = mGk +0(G}), Be=

1 53
(4n)2E+O(Gk)' (76)

which precisely account for the divergences (75).

The non-perturbative beta functions B~ (G) at orders 9* and 9* are plotted in Figure 1
and are seen to closely agree for G in the plotted region. At both orders there exists a UV
fixed point where

G=G, =06538 at 0(d?), (77)
G=0G,=06275 at 0(d%), (78)
which we can identify as the Reuter fixed point [5,6]. The Reuter fixed point splits the

phase diagram of quantum gravity into a weakly coupled and strongly coupled regions for
0 < G < G, and G > G,, respectively. The critical exponent at the Reuter fixed point

B¢, ~
0=—-——5(G 79
e (Gx) (79)
is given by
0=23129 at O(9?), (80)
0=23709 at O(a%), (81)

which can be compared to the canonical scaling dimension of 8¢an = 2 which is obtained at
one-loop, and, therefore, receives a small correction. This suggests that the Reuter fixed
point is weakly non-perturbative [16,62].
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Figure 1. The beta function for Newton’s constant in the Einstein-Hilbert approximation (dashed
line) and the order 0* approximation (solid line).

The gamma function ¢ (G), plotted in Figure 2 at orders 9° and 9*, also appears stable
between the two approximations and is approximately linear in weakly coupled phase. At
the Reuter fixed point 7, takes the values

75 =—11605 at O(d%), (82)
75 =—1.1062 at O(d"). (83)

The stability between the orders can be understood by looking at the gamma functions
r(G) and YRici(G), which are zero at order 9%, and remain small at order 9* in the region
0 < G < G, as can be seen in Figures 3 and 4. At the Reuter fixed point g and g take
the values

7k =—0.10079 at O(d%), (84)
Yiiee: =0.24150  at O(9%). (85)

Thus, we observe a remarkable stability as the order of the approximation is increased. At
order 9* we also find the beta function of c; which is plotted in Figure 5.

Let us stress that the values of the gamma functions are not universal quantities and
will depend on the RG scheme. We note that at G ~ 3 the beta functions [BG(G) calculated
at orders 92 and 9* begin to differ substantially. This indicates that the derivative expansion
may not converge in the strong coupling phase G > G,. However, since we undoubtedly
live in a weakly coupled phase, this should have few phenomenological consequences.

Finally, we note that at the Reuter fixed point the redundant operators (44) are given

by
Tlgu] = / dx/det g (—0.0079673 k* — 0.028948K* R (86)

at order 9%, and by
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Tlgw] = / d¥x/det g(70.0079428k4 — 0.030241k2 R (87)

—0.0028418 R? + 0.0048354 RyyR* —0.00072986 E) ,

TIRguw] = / dxy/detg (—0.0016664 k® — 0.0073873k* R — 0.029686 k> RZ) , (88)
TRuw] = / d’xy/det g(70.0016664 k® — 0.00055327k* R (89)

—0.016115k* R* 4 0.033644 k> R,y R + 0.00041544 k> E) ,

at order 9*. It is straightforward to show that these operators (86) and (87) are linearly
independent of the terms in the Reuter fixed point action and form a complete basis at
orders 92 and 9*, respectively. This confirms that the RG conditions which we choose to fix
the inessential couplings at the GFP continue to fix the values of the inessential couplings
at the interacting Reuter fixed point.

0.0

—0.5]

T

~1.0}

~15/]

_2_0 I 1 L L L 1 L L L 1 L L L 1 n n n 1 ]
0.0 0.2 0.4 0.6 0.8

G

Figure 2. The gamma function -, in the Einstein-Hilbert approximation (dashed line) and the order
ot approximation (solid line).
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Figure 3. The gamma function 4y in the order 9* approximation.
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Figure 4. The gamma function §g,.; in the order 3* approximation.
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Figure 5. The beta function . = dcy in the order 9* approximation.

8. Discussion and Outlook

We have investigated the non-perturbative renormalisability of gravity [2] taking care
to disregard the running of inessential couplings for the first time. The consequences of
doing so are profound: not only are calculations much simpler in the minimal essential
scheme, but we also reveal that only Newton’s constant is essential and relevant in our
approximation.

Although this conclusion could change by including higher-order terms, this seems
unlikely since all higher-order terms are canonically irrelevant and, thus, the quantum
correction to their scaling dimensions would have to be large. Additionally, the stability
of the fixed point going from order 92 to order 9* indicates that our approximations do
not miss another relevant coupling. Moreover, the Goroff-Sagnotti term, which is the only
9° term that is independent of the Ricci curvature, has been found to be irrelevant at the
Reuter fixed point [63]. As a result we expect that the qualitative picture obtained here at
order s = 4 will not change as we go to higher orders. Ultimately, this can be confirmed
by systematically increasing the order of the derivative expansion. This program will be
technically simpler within the minimal essential scheme since there will be less terms in
the EAA than in the standard approach [46], which does not remove redundant operators.
Furthermore, it has been argued that additional poles in the propagator can prevent the
convergence of the derivative expansion in quantum gravity [57]. However, in the minimal
essential scheme we can avoid such poles and thus we expect to see convergence of the
derivative expansion as is observed for scalar field theories [64].
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Apart from strengthening the evidence in favour of the existence of the Reuter fixed
point, we can also give a straightforward argument in favour of the theory being unitary,
since the terms that contain four derivatives are redundant. This property will be true of all
higher derivatives if the fixed point can be found in the minimal essential scheme, which
assumes their absence from the beginning. Consequently, the minimal essential scheme
provides a frame work to address some of the open problems for the asymptotic safety
program [31,65] which concern the form of the propagator. We should stress that by using
the minimal essential scheme we can dictate which physical degrees of freedom we are
attempting to renormalise, and, thus, ensure that we are dealing with a unitary theory,
rather than searching in a space of theories littered with non-unitary ones. In calculations
that retain terms outside of those in the minimal essential scheme, we expect to find many
fixed points which lie in different universality classes. Indeed, studies that include many
powers of the Riemann curvature have found fixed points with as many as four relevant
directions [66].

Perhaps most profoundly, we have identified the vacuum energy as inessential cou-
pling which agrees with other arguments [67]. The fact that it is true at the GFP makes this
a property of perturbative quantum gravity. One can show that the contributions propor-
tional to w; and w, in the linearised beta function (63) come from the terms proportional to
Y in the RHS of the flow Equation (26) and terms proportional to ggpp from the LHS of the
flow equation. Reinstating powers of Planck’s constant i, one sees that both contributions
vanish when i = 0. This means that the inessential nature of the vacuum energy is a
quantum effect. Indeed, in a scheme where pgpp = 0 the classical term in the redundant
operator would vanish at the GFP, but the contributions due to ¥y in the RHS of the flow
equation mean py is anyway inessential. The elementary understanding of this effect is that
a rescaling of field § — (¢ produces an infinite factor ~ ], Q2 in the functional measure
which when regularised will renormalise the vacuum energy [50]. In the flow equation
for the EAA, this manifests in the term proportional to ‘¢ in the RHS of the flow equation.
Thus, simply by renormalising the quantum metric field, we can adjust the renormalisation
of the vacuum energy. Since, in the universality class we have investigated the vacuum,
energy is inessential both at the GFP and the Reuter fixed point, no physical meaning can
be attributed to its flow. However, there can be other universality classes, both for pure
gravity and for gravity coupled to matter, where the cosmological constant is essential and
its flow has physical consequences [68-70].

Since there is only one relevant essential coupling at the Reuter fixed point, it would
appear that the vanishing of the cosmological constant in Planck units 19 = AxGy|r— at
k = 0 must be a prediction of the Reuter fixed point. Thus, if a different scheme would find
a non-vanishing 7y it would be a contradiction that could only be explained as an artefact
of an approximation. To investigate this, one can refrain from fixing the renormalisation of
0, as in the minimal essential scheme, but instead only assume *y vanishes at G = 0. Then,
expanding 9;7; around G = 0 while keeping T, one finds at order 92 that

14GTk

2
3 +0(G%), (90)

atTk = —

which implies that 1y could take a non-zero value. Studying the full beta functions with
¢ = 0 one finds trajectories leaving the Reuter fixed point and ending at any value
Ty < 0, contradicting the minimal essential scheme. However, going to order 9* one finds
instead that

32812
30207 — 770

which only vanishes at 7 = 0 and thus no contradiction with the minimal essential scheme
can occur. Thus, the vanishing of the observable 1y appears to be a robust prediction of the
Reuter fixed point.

Here we have only treated pure gravity and thus to properly address the cosmo-
logical constant problem we should understand the situation when matter is coupled to

0T = — +0(G?), (91)
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gravity [71]. Indeed, arguably there was never a cosmological constant problem in pure
gravity since if we adopt dimensional regularisation only terms proportional to py would
renormalise p; and we can simply set o, = 0. What will remain true even in the presence of
matter is that there is an inessential coupling related to a rescaling of the spacetime metric.
This might shed new light on the cosmological constant problem [72].

This work can be extended in several directions. A crucial test is to make sure that the
qualitative picture is stable when the form of the cut-off function is modified. Moreover, to
obtain the best numerical estimate of the critical exponent 8, the principle of minimal sensi-
tivity (PMS) can be applied by studying the dependence of 0 on unphysical parameters,
such as those which enter a class of cut-off functions or the values of inessential couplings,
such as the vacuum energy. The PMS selects the value of 6 where this dependence is
minimal (for a recent application of the PMS to the critical exponents of the Ising model
see [64]). Furthermore, the dependence on the parameterisation of the metric tensor and
the choice of gauge [73-76] can also be investigated within the minimal essential scheme.
In the background field approximation, we neglect the running of these parameters, while
a proper treatment of these parameters should identify them with inessential couplings
since they cannot enter expressions for observables. Thus, going beyond the background
field approximation, the minimal essential scheme should include extra gamma functions
in order to impose renormalisation conditions for each unphysical parameter. As an alter-
native, one can use diffeomorphism and parameterisation invariant exact renormalisation
equations, such as those based on the geometrical effective action [77,78] or the background
independent exact renormalisation group [79].

The finding that there appears to be only one relevant essential coupling in QEG is
an encouraging sign for attempts to make contact with other methods which can be used
to investigate asymptotic safety. In particular, it would be very interesting if perturbative
methods based on expansions around two dimensions [50,80,81] could also calculate the
critical exponent 6 by performing a two-loop calculation in the minimal essential scheme.
Additionally, the value of 6 can be computed in lattice and tensor model approaches to
quantum gravity [82-85].
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Appendix A. Calculation at Quartic Order in Minimal Essential Scheme

In this appendix, we derive the flow equations in minimal essential scheme, i.e., the
scheme with renormalisation conditions that fix to zero the coefficients of y/det ¢ R> and
/detg RWRP“’ . Therefore, in such scheme the ansatz for EAA at quartic order is simply

_ 1
T[] = /ddx\/detg{g; - 16nGkR+ckE}, (A1)

where py = g—’; and E = RymﬁRP‘V"‘ﬁ — 4R, RM + R% |
The RG kernel for the quantum metric is given by (37), and so the LHS of (26) is
equal to
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d d—2 1 (YRicei + dR)
J d Pr _ YRicci TR )Pk

(YRicei + (d = 2)YR) 2 | VRicci d—4
- R R,, R* _ E5. A2
327Gy AT R G mt Y (A2)

The RHS of (26) contains two traces, one coming from the graviton contribution and one
from the ghosts contribution and in the following subsections we calculate them, denoting
the gravity trace as Ty, and ghost trace as Tg.

As a final remark, note that in the calculations reported below we neglect terms
proportional ¢y in the traces: this is justified in d = 4 since, in this case, the corresponding
invariant is topological and so these contributions in RHS of (26) vanish in d = 4.

Appendix A.1. Calculation of Gravity Trace

In this subsection we calculate the graviton contribution to the quantum part of the
flow Equation (26): in particular, we insert the regulator in such a way that A — P, =
A+ Ry (A), we calculate the Hessian, we expand the argument of the trace to quadratic order
in curvature and finally we evaluate the trace using off-diagonal heat kernel techniques [49].
We then choose the regulator to be given by

REE = KgoRi (D), (A3)
where
Kig™ = le% Vdetg(ghg P + gPg" — g, (Ad)
and the following relation holds
9tKge = —1NKgg, (A5)

with #7y = 0:Gy/ Gg. The Hessian in the gravity sector is

@+Kgg-Agf+R§g:Kgg.(Pk+uo+u1), (A6)
where
Uo = —20,Gk, (A7)
(U)o = %R (Oh0% + 0308 — 8" gap ) + 8" Rup + RMgu — 2601 Ry) — 2R, "),

_ % Sup (RF‘V _ % ng> , (A8)
and the indices in the round brackets are symmetrised. Then the gravitational trace is
given by

T = 3Tt (0 MIR®) + 25 ¥ Ri()) (A9)
2 P(A) + U+ Uy bg

= %Tr {gk(A) — Ge(A)?Uy + gk(A)SU%}
x{ (0 = IN)RK(B) +2(VI'V (V) + Wo + Wi)Ri (A) },

where we have written
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6(8) = 5y T (A10)
(;;‘I’g V+W =V, Vy+Wo+ W, (A11)
Vot = 'YRiccz( 50p0g"P + 8f,g"oh) - %g””ééff %) ) + 7RG (887 8'8), (A12)
(Wo)ao™® = 748005 (A13)
(W)oo™® = Svrice (0RE) ~ R® (P ) + 7 (Ro{56E) — gpoR?¥) (A14)

Defining Ry := (3¢ — ]n)Ri(A) , Tgq is composed by nine traces, which read

1 : 1 . 1 .
{ETr GiRi(A); —5Tr GULRK(A); STr GRUER(A);
Tr GiWRy(A); —Tr GEU;WRy(A); Tr GEUTWR(A);
Tr G VIV (, Vi Ri(A) ; =Tr GEULVI'V (V) Re(A); Tr GEUR VIV (,V ) Ri(A) } :
Defining
o 1 i n—1
QW) = £y /O dzz" W (), (A15)
below we report the evaluation of these traces

1
(471)

d d d d .

1 did+1 d? —29d — 60 .
+@ ( ( 2 ) (2R2 RVVRW) + zRyva/ﬂRymﬁ) Qd/zfz [gkRk] } ’

1 .
. ETrgkRk( )= d/ZZZQd/z n |Gk Ri ] trAy,

1
 (4n)

d d— . d(d — )
- _2(471)d/2/ddxv detg{ ( 5 )RQd/Z[glng} + ( 3 U g2 Qi/2-1 [glng}}/

1 .
e 5T Gelh Re(A) = @22 ZQd/Z n [QkRk} trth Ay

1 . 1
. ETrgi:’ll%Rk( ) = (47r)d/22ZQd/2 n[QkRk]trulAn
d /
W/d X detg

R? + =" T 2Ry R 4 3R, R } Qu/2 [QERk} ,

d®—5d>+8d+4 , d*>—8d+4
2(d —2) d—2
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o TrGiWRi(A) = (47-[1>d/2 ZQd/z_n[gkRk]trWAn
dld+1 dld+1
= W;thiﬂ/ddx\/@{ ( i )Qd/Z[gkRk] ( 1—; )RQd/zfl[gkRk]

1 /dd+1 d* —29d — 60

+ dm/ddx\/detg

d+2 1
X (YRicei +2(d — 1)'7R)(T+) {R Qa/2[GkRi] + ng Qa/2-1[9kRi] } ,

o —TrGAUWR(A) = 4 1)MZQM n[gkRk]trmWA
-~ [ e D0y + N 0y 070
- M/d%@{ ((dil)’m‘cci + (d(d2 b_ Z_;)'VR)RZ
+< (d —|—2) @+2 +2<Z ;L)’YR)RWRW n BVYILQLiCCiRW“ﬁRymﬁ}Qd/Z {Q%Rk} ;
o TrGIUWR(A) = (4711),1/2 ;Qd/Z—n [ngk} trlf WA,
= (42%/ d?x\/detg

a3 —5d2+84+4 A2 —8d+4
(s R T R gk [OER

1 1
o TrGiVIV(,Vy)Rk(A) = amiz ;Qd/Z—&—l—n [GkRy] <—2W” wAn + V””An_lw)
d R
= W /ddx@{d( —d) (47Ricci + 712) (Qd/2+1 [GrR] + 6Qd/2[gkRk])

1 d 5

+180{d(1 - d) <47Ricci + ’)/R) <2R2 - R],H/RHV)
—d® +31d% — 120

+ ( 1 YRicei +d(1 — d)’YR) Rym/sR’mﬁ}Qd/z—l [GkRy] }

1

d R
+ (4m)172 /ddx@{ (1—4d) <4'7’Ricci +’YR) 3 Qa/2[GkRi]
3d

+{7chc1 ( (d—|—4)Rny’W +

21 5 RuapRIP )

1-d)/d 5
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o —TrGULVIV(, V) Ri(A) =

1 1
= —W Z(—Ztrl,hV” HA” + U1VP‘VAH_1W> Qi/241-n [Q%Rk}
n
1 d —d®+3d> —4d +8

X <R Qa/241 {Q%Rk} + %2 Qa2 [Q%RkD

1 I s
_W/dx detg

X {—24(;_2) ((d3 — 5d% 4 6d + 4)YRicci + 4(d — 3)(d — 4),),1{) R2

(d—4)
6(d —2)

((d- D)YRicei + Z’YR)R;WRHV}Q,;I/Q {Q%Rk} ,
and, finally,

o TrGRUTVIV(,V, Ri(A) =

1 1
= Gy D Qurzi | GR] (—Ztru%w whn+ u%VWAMW)
n

1

= fw/ddx\/detg

N 4748 2 _ . _ a2 2
x{ @—2) {(d 7d° + 204 — 28d + 24)yRicei +4(d — 1) (d — 4) ’YR]R

1
T |~ (e — 122 4364 — 40) yricei + 4(d — 1)(d — 4)%yr| Ry R

d
+3 (1 - 2) ’YRicciRymﬁR”Wﬁ}Qd/zﬂ [Qka} :

Appendix A.2. Calculation of Ghost Trace

In this subsection, we calculate the ghosts contribution to the quantum part of the flow
Equation (26): like in the previous subsection, we insert the regulator in such a way that
A — Py = A+ Ry(A), we calculate the Hessian, we expand the argument of the trace to
quadratic order in curvature and finally we evaluate the trace. We then choose the regulator
to be given by

RE = KeeRe (D), (A16)
where
Kt = V2 etz (a17)
and the following relation holds
3iKee = —%NKC-C. (A18)

Since the Hessian in the ghost sector is
Kee - Agh + RiS = Ko - (P — Ricei), (A19)

the ghost trace is given by
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1 .1 . a1 1
Tee = _Tr<Pk + chczp—% + Ricci P,E’) (9¢Ry — E’?NRk) — (A20)
— 1 d (3eRy — 3nRe) | | d (3:Ry — 2nnRy)
_—W/d x@{de/Z[Pk +6RQd/271 T
1 (/5d_, (0:Ry — l’?NRk)
+@ <2R - dRvaW + (d - 15)RﬂvzxﬁRymﬁ> Qd/272 +
+R (at_%qN)Rk 4 1p (af_%”N>Rk
Qa2 P2 ¢ Qa/2-1 P2
v (af - %UN)Rk
+R;41/Ry Qd/z T .
k

Appendix A.3. Beta and Gamma Functions

In this subsection, we put all the contributions inside the flow equation together and
we write down the beta functions for py, G, and ¢, and the equations for the gamma func-
tions Yric; and yr. In order to express everything in the curvature basis (RZ, RyuyRM, E),
we have expressed the Riemann tensor square as RW,,([;R?”""/3 = E + 4R,y R" — R? in the
equations contained in Appendixes A.1 and A.2. From the coefficient of /det g, we can
find the beta function of pi by solving

d
<at i 27g> f%kf - (A21)
1 dd+1) (1 ,
= (47r)d/2{ ( : ) <2Qd/2 [GkRi ] +7de/2[gkRk])
-1 9t — 31N ) Ry
+% <47Rim' + ’YR> Qa/241[GkRk] —d Qa2 {(;)] } _
k

Note that (A21) can be also understood as an equation for ,: in fact, it is possible to fix the
value of gy tuning 7,. As we discussed in Section 5, this procedure corresponds to impose
a renormalisation condition that fix the value of the vacuum energy.

From the coefficient of |/det g R, we can find the beta function of G

- <at + a ; Z’Yg) 16711Gk + (YRicei + d')’R)% = (A22)
= (4711)”1/2 { d(dlj; D) GQd/Zl [GkRe] +75Qa/2-1 [gkRk])

—w (;Qd/z {Q%Rk} +75Qu/2 {Q%Rk} )

+41—8 (e — 30 +14d +24) Yricei + 4(7d 434 = 10) 7 ) Qu/2[GRe]

1/ —d®+3d>—4d+8
+3 ( 1 YRicei — (d —4)(d — 1)’YR) Qa/2+1 {Q%Rk}

(af—%’m)Rk] —Qup [W] }

Py P?

d
—de/zq
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The coefficient of /det g R? is

327‘[G ('Ychcz + (d 2)71?) (A23)
1 d>+21d+40 /1 .
= iz { 10 (2 Qua/2-2[GkRi] + ’Yde/z—z[gkRk]>
dd—-1) /1 .
_4 12 ) <Qd/21 [g;%Rk} +7¢Qa/2-1 [Q%RkD
—5d% +2d+16

2(d—2) < Qi/2 {gk Rk} +7¢Qa/2 {gkRk]>

1
+5e0 (@ — 1d(d +16)YRicei +12(d —1)(7d +12)7R)Qa/2-1[GkRe]
(d* — 7d® + 32d% — 76d + 56) YRicci + 4(7d° — 27d* + 28d + 16) yg 2%
; 48(d —2) Qa2 {gk "}
d(d® —7d% +14d — 4)YRicei +4(d —1)(d — 4)* yr
+ ( ;(d iczz) ) ) Qd/Z-l—l |:g]§Rkj|
d + 10 ()R] 4 (2 — 3w R
o0 Qdr2-2 I g Qa1 |
and the coefficient of \/detg R,y R*" is
20
1

d2 — 394 — 80
= d/Z{( ) < Qa/2-2[GkRi] + 1gQu/2- z[gkRk]>

(47) 120
+dZJ;,4dZZO( Qas2 {gkRk} +7¢Qu/2 {QkRkD

+@ ( (d3 454 +104d + 80) VRicei +4 <d2 —5d + 4) 'YR) Qua/2-1[9kR]

5d? — 46d + 68)YRicei — 20(d — 4)y

d® —12d + 8) YRicei — 4(d —4)*(d — 1)y
+( ) R4(d—2§ )7(d—1) R Qujaas [g,ka}

(af—i’m)Rk] - Qup2 {MW)RI{] }

d20

——Qi/2-2 B P

Note that (A23) and (A24) are the equations for the gamma functions yr;..; and ygr, which
are the parameters of the RG kernel that fix to zero the value of the couplings associated to

the operators /detg R? and ,/detg Ry RM.
Finally, from the coefficient of /det g E we can find the beta function of cj
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d—4
(at + 2’)’g> Cx = (A25)

1 d2—29d —60 (1 .
T (4n)irz { 360 <2Qd/22 [GiRe] + Vde/zz[QkRk]>

+3<;Qm [g’ng} T 75Qur2 [gl?RkD - %sz {gﬁRk}

@2 = 31d = 30) Yice + 4(d — 1)) Qu/2-1[G¢Rs]

(
_1
)')’RicciQd/ZJrl [gERk} B (dl%SSS)Qd/Zi2 (at;ZN)Rk

Note

1

We stress that this decomposition is independent of the split g,y = guv + hyw, which is purely technical.
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