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Abstract: Recently, the authors have formulated and explored a novel Painlevé—Gullstrand variant
of the Lense-Thirring spacetime, which has some particularly elegant features, including unit-lapse,
intrinsically flat spatial 3-slices, and some particularly simple geodesics—the “rain” geodesics. At
the linear level in the rotation parameter, this spacetime is indistinguishable from the usual slow-
rotation expansion of Kerr. Herein, we shall show that this spacetime possesses a nontrivial Killing
tensor, implying separability of the Hamilton—Jacobi equation. Furthermore, we shall show that the
Klein-Gordon equation is also separable on this spacetime. However, while the Killing tensor has a
2-form square root, we shall see that this 2-form square root of the Killing tensor is not a Killing-Yano
tensor. Finally, the Killing-tensor-induced Carter constant is easily extracted, and now, with a fourth
constant of motion, the geodesics become (in principle) explicitly integrable.

Keywords: Painlevé-Gullstrand metrics; Lense-Thirring metric; Killing tensor; Killing—Yano tensor;
separability; Carter constant; geodesic integrability

1. Introduction

Recently, the current authors have introduced and explored a new variant of the
Lense-Thirring spacetime [1], specified by the line element

2

2
ds? = —d? +{dr+ \/27'” dty 472 d6? +sin’0 <d4> — i{dt) . (1)

The metric components are easily read off as
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This variant of the Lense-Thirring spacetime is rather useful since the metric is recast into
the Painlevé—Gullstrand form [2-5]. Writing the metric in this form gives it two very useful
properties: the first is the property of unit-lapse, characterised by ¢! = —1, and the second

is the possession of a flat spatial 3-metric, notably
gij dx' dx/ — dr? + r?(d6* + sin? 0 d¢?). (4)

A flat 3-metric allows for an almost trivial analysis of the constant-t spatial hypersur-
faces, while lapse unity permits straightforward calculation of particular geodesics of the
spacetime. Specifically, the “rain” geodesics become almost trivial to calculate [6]. At the
linear level in the rotation parameter, this spacetime is indistinguishable from the usual
slow-rotation expansion of Kerr.

We also note the advantages of using this variant of the Lense-Thirring spacetime, as
opposed to the exact Kerr solution, in some astrophysically interesting contexts. Firstly,
since there is no analogue of the Birkhoff theorem for axisymmetric spacetimes in (3 + 1)
dimensions [7-11], the Kerr solution need not (and typically will not) perfectly model
rotating horizonless astrophysical sources (such as stars, planets, etc.). This is due to the
nontrivial mass multipole moments that these objects typically possess. Instead, the Kerr
solution will model the gravitational field in the asymptotic regime, where Lense-Thirring
serves as a valid approximation to Kerr [12-29]. Secondly, the Lense-Thirring metric is
algebraically much simpler than the Kerr metric, making most calculations significantly
easier to conduct. Furthermore, the Lense-Thirring metric can be recast into Painlevé-
Gullstrand form, while the Kerr metric cannot [30-33].

Given that this variant of the Lense-Thirring metric is amenable to significantly more
tractable mathematical analysis and is a valid approximation for the gravitational fields of
rotating stars and planets in the same regime as the Kerr solution is appropriate, there is
a compelling argument to use the Painlevé—-Gullstrand form of Lense-Thirring to model
various astrophysically interesting cases [34-36].

Supplementary to this, we will show below that this spacetime possesses a nontrivial
Killing tensor, and we shall also present the 2-form square root of this Killing tensor, an
object that acts as a “would-be” Killing—Yano tensor. We discuss precisely how this object
does and does not satisfy the desiderata for being a genuine Killing—Yano tensor. We
establish why this candidate spacetime does not possess the full Killing tower (consisting
of principal tensor, Killing—Yano tensor, and Killing tensor). We also check that the Klein—
Gordon equation is separable on this variant of Lense-Thirring spacetime.

Given only three constants of motion—the energy E, angular momentum L, and
particle mass parameter €, the geodesic equations are not integrable. By finding a non-
trivial Killing tensor for the spacetime, we generate a fourth constant of the motion, a
generalization of the Carter constant C.

The existence of this additional constant of motion then implies complete separability
of the Hamilton—Jacobi equation, which makes the geodesic equations fully integrable, at
least in principle.

2. Killing Tensor

Nontrivial Killing tensors are incredibly useful mathematical objects that are present
in almost all (useful) candidate spacetimes and can be thought of as generalisations of
Killing vectors. A Killing tensor is a completely symmetric tensor of type (0,1) which
satisfies the following equation:

v(bKal...ul) =0. ®)

However, unlike Killing vectors, Killing tensors do not naturally arise from explicit sym-
metries present in the spacetime. Hence, finding nontrivial Killing tensors in a spacetime
can be difficult in the abstract. However, in two recent papers by Papadopoulos and
Kokkotas [37,38], which are in turn based on older results by Benenti and Francaviglia [39],
it has been explicitly shown that if the inverse metric of a spacetime can be written in a
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particular form, then a nontrivial (contravariant) Killing tensor of rank 2 exists and can be
easily calculated. (Here we make the distinction of requiring a nontrivial Killing tensor
since the metric itself is always a trivial Killing tensor.)

To use this method, we first coordinate-transformed our Lense-Thirring metric variant

into Boyer-Lindquist form [1]:

d 2 2
(ds?)pr = —(1 —2m/r)dt* + ﬁrm/r + rz{deﬂ +sin” @ <d4> - ﬁdt) } . (6)
Here - .2
_1_|_27m_|_4] }sfine (1) 0 _2]51;19
0 ——7 0 0
(8av)BL = 0 1=2m/r 2 0 , 7)
—2sin’6 Sirnz 0 0 | r2sin%6 ab
and ,
1 2] a
~ T=om/r 02 0 ~ Al=2m/)
0 1-22 0 0
(gab)BL = 0 0 ’ lz 0 . (8)
2 0 ro _ 47
3 (1-2m/r) 2sin?0  ro(1-2m/7)

We then applied the Papadopoulos—Kokkotas algorithm [37,38] by first inverting the
Boyer-Lindquist form of the metric (7) to obtain (8), then extracting the contravariant
Killing tensor in these coordinates, and finally converting the result back to Painlevé—

Gullstand coordinates.

After conversion back to Painlevé-Gullstand coordinates, where the line element is
again (1), the Papadopoulos—Kokkotas algorithm [37,38] yields the particularly simple

contravariant form of the Killing tensor:

o O O O

S - O O

The corresponding covariant form of the Killing tensor, K, = gac K g4, is then

0
0
0 0
0

0 ab

0

0 ©)

1

sinZ §
0 —2Jrsin?6
34 8 (10)
0 r*sin?6
ab

One can easily explicitly check that V( Ky;) = K(4p,) = 0; hence, Equation (10) does indeed

represent a Killing tensor. We can also compactly write:

2
Kgp dx® dxb = r4{d82 +sin® 0 <d¢ — %dt) }

(11)

We now adopt an orthonormal basis, using the co-tetrad and tetrad developed in reference [1].

For the co-tetrad, we take

; . 2
ey = (1,0,0,0); ez—<\/;”;1,o,o>;

r(0;0,1,0);  ef, = rsine(—

2]
1’73’ 0, 0, 1> .

(12)
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The corresponding tetrad is then
/2 2
efa == <1/_ Tmi Or 3])/ ef'ﬂ = (Ol 1/ OI 0)1
r
e = L1(0;01,0; e = —(0;0,01) (13)
9 r 7MYy 7 (P 7 Sin 6 7MYy Yy M
For the tetrad components of the Killing tensor, we find
0000
0000
. 2
Kb =710 0 1 0 (14)
0 00 1];
ab

Since this is diagonal, and since we also know from reference [1] that the orthonormal
form of the Ricci tensor R,; is diagonal, it follows that the Ricci tensor commutes with
the Killing tensor: R? 5 Kb, = K2 5 RY;. Indeed, even in a coordinate basis, it follows that
R% KP. = K% RP.. Note that the commutator [R, K], = Racg“Kyy — Kaeg®Ryp can be
viewed as a 2-form. It is also potentially useful to note that the trace of the Killing tensor is
particularly simple; K = K Qb = Kabg”b =212

If we now take the limit | — 0, then the Lense-Thirring spacetime reduces to the spher-
ically symmetric Schwarzschild spacetime. In this | — 0 limit, the nontrivial (covariant)
Killing tensor becomes

00 0 0
w0 % 0]
0 0 0 r*sin®6],
so that
K, dx® dxt — r4{d92 +sin% 0 d<p2}. (16)

Indeed, it is easily verified that this is the appropriate Killing tensor in any arbitrary
spherically symmetric spacetime, even if it is time-dependent. Furthermore, for any
arbitrary (possibly time-dependent) spherically symmetric spacetime, one can always
block-diagonalize the metric and Ricci tensors in the form

* x| 0 0
* %[0 0
Sab — 0 ol 2 0 ; Ry — (17)
2 i2
0 0| 0 r<sin“6 ab ab

Hence, the Ricci tensor will algebraically commute with the Killing tensor via matrix
multiplication: R%,K?, = K%, R?..

These observations further reinforce the fact that this variant of the Lense-Thirring
spacetime does indeed simplify to Schwarzschild spacetime in the appropriate limit. A
quick ansatz for understanding the genesis of our variant of the Lense-Thirring spacetime
is to simply take Schwarzschild spacetime and subject both the line element and Killing
tensor to the replacement (not a coordinate transformation):

dp —» <d4> - gdt) (18)

We shall soon use this Killing tensor to construct a Carter constant for our variant of the
Lense-Thirring spacetime, but we will first briefly digress to discuss Killing—Yano tensors.
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3. Two-Form Square Root of the Killing Tensor

Interestingly, it is not too difficult to find a 2-form “square root” of this Killing tensor,

in the sense of finding an antisymmetric tensor satisfying Ky, = — fac 8 fa. Explicitly,
one finds
0 0 2] O
. 0 0 0 O
fap = sin@ 270 0 A (19)
0o 0 - o],

We can also write this as

2
fap dx* Adx? = 13sin 6 {d() A (dcp - ridt) } . (20)
The contravariant components are even simpler:
00 0 O
1 00 0 O
ab __
f Crsinf |0 0 0 1 1)
00 -1 0
ab
In the orthonormal basis, one finds
00 0 O
00 0 O
f ab =" 00 0 1 (22)
0 0 -1 0],
ab

Unfortunately, while the 2-form f,;, is indeed a square root of the Killing tensor Ky, it fails
to be a Killing-Yano tensor; it is at best a “would-be” Killing—Yano tensor. Specifically,
although the vector g*f,;,.. = 0, which in form notation can be written as §f = 0, the
3-index tensor f 4, is nonzero:

3]sin6

by _
fa(pey dx*dx’dx" = P

{dr® (dt®df+df ®@dt) —dt ® (dr @ df + df @ dr)}. (23)

Unfortunately, there does not seem to be any way to further simplify this result.
It is also potentially worthwhile to note

flabse] = €tabes equivalently df =3drAdoAde. (24)

Indeed, one sees 5 df o xd xdf =3« d* (dr AdO Ad¢) =3*d(dt) =0.

Consequently, since both ddf = 0 and 6 f = 0, we see that the 2-form f is harmonic:
Af = (6d +dd) f = 0. While the 2-form f is not a Killing—Yano tensor, it certainly satisfies
other interesting properties.

The non-existence of the Killing—Yano tensor in turn implies the non-existence of
the full Killing tower. When possible to do so, one defines a principal tensor h,;, as the
foundation of the Killing tower by demanding the existence of a 2-form h such that [40]
(see discussion near page 47):

1
Valtpe = 5 | 806V “ltac = 80cVhay | - (25)

The existence of such an object is dependent upon the satisfaction of a specific integra-
bility condition, which directly implies the spacetime be of Petrov type D. However,
in reference [1], the current authors found that the Painlevé-Gullstrand form of Lense—
Thirring is Petrov type I, i.e., not algebraically special. It follows that no principal tensor
can exist for this candidate spacetime, and hence there is no associated Killing—Yano tensor.
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Similar oddities have also cropped up in other contexts. In references [41,42], those authors
found that rotating black bounce spacetimes possess a nontrivial Killing tensor, and a
2-form square root thereof, but that this 2-form square root failed to be a Killing—Yano
tensor.

One can also infer the non-existence of the Killing tower as a side effect of the fact
that the Painlevé—Gullstrand form of Lense-Thirring does not mathematically fall into
Carter’s “off shell” 2-free-function distortion of the Kerr spacetime [40] (see discussion
near page 42).

4. Separability of the Klein—-Gordon Equation

Generally, the existence of a nontrivial Killing tensor is by itself not quite enough
to guarantee separability of the Klein-Gordon equation. An explicit check needs to be
carried out. There are two ways of proceeding—either via direct calculation, or indirectly
by studying the commutativity properties of certain differential operators. We find it most
illustrating to first perform a direct calculation, and then subsequently put the discussion
into a more abstract framework.

We are interested in the behaviour of the massive or massless minimally coupled
Klein-Gordon equation (wave equation with possibly a mass term):

1
V=8
First, we note that \/—g¢ = r?sin . Second, in view of the explicit Killing symmetries in

the t and ¢ coordinates, we can immediately write ®(t, 7,0, ) — ®(r,0)e " '“ten?.
Then we are reduced to considering

aa(\/jgg“b 9 d(t,1, 9,4))) = 1*®(t,1,0,¢). (26)

Oa (r2 sinf g™ 9, [®(r, G)e*i“’tei”‘l’]) = 1% sin O D(r,0)e " wWen?, (27)

Now, going from the Painlevé-Gullstrand form of the metric to Boyer-Lindquist form
involves a coordinate change: t «— t + f(r). Under such a coordinate change, e ! +—
e~ wlt+f(N)] = g=iwf(r)e=iw! Thence, separability of the wave equation is unaffected by this
coordinate transformation. Note also that the metric determinant, \/—g = 2 sin 6, is the
same in both coordinate systems.

Consequently, without loss of generality we may work in Boyer-Lindquist form,
and for our current purposes it is advantageous to do so. The inverse metric is given by
Equation (6):

1 2] ab
~ T=2m/r 02 0 ~ Al_2m/n)
0 -2 ¢ 0
b
(8")BL = 0 ’ 1 0 (28)
2 1 _ 47
r3(1-2m/r) 0 r2sin20  r°(1-2m/r)

Then the Klein—-Gordon Equation (27) reduces to

sin @ 9, [r2(1 — 2m/7)d,®] + dg[sin 6 D]

W 4Ynw I 42 ®
1—-2m/r 13(1—2m/r) r2sin?0  r°(1—2m/r)

= 1*r?sinf . (29)
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That is,

dg[sin 6 dg® 2 —2n/r3)?
3,2 (1 — 2m/r)a,@] + 20l 0 0 @] ®+r2<W)¢

sinf sin”
_ 2,2
=urod. (30)
This is now manifestly separable:

2 > (w—2]n/r?)?
or[r (1 —2m/r) 0,®] +r T omir

dp[sin 6 dpP] n?
= — o. 1
sinf | sin?0 D

To be even more explicit about this, let us write ®(r,6) = R(r)©(), then:

Rtr) {ar (1 =2m/r) & R(r)] +1* (wl—_zgi//rff R(r) - VzrzR(r)}

1 {_ag[sin689®(9)} n?

o @(9) sin 6 sin29®(6)}' (32)

(The left-hand side depends only on r, R(r), and its derivatives; the right-hand-side de-
pends only on 6,0(0), and its derivatives.) Thus, we have explicitly verified that the
massive Klein—-Gordon equation (the wave equation) does in fact separate on our variant
of the Lense-Thirring spacetime.

A more abstract way of checking for separability of the wave equation is to consider
the commutativity properties of appropriate differential operators. Assume one has a
nontrivial Killing tensor K,;, and define the Carter differential operator K and wave
differential operator [ by:

K® =V, (K'V,®); Ob=V,(g"V,d). (33)

Then a brief (but somewhat messy) calculation yields:
K, 0] = % (Vd[R, K]? b) Vi . (34)

(See proposition 1.3 of the recent reference [43], as modified in Appendix A below. See also
the considerably older discussion presented in reference [44].)
Then a necessary and sulfficient condition for the Carter operator to commute with the
wave operator is that
V4R, K%, =0. (35)

Since, as we have already noted, [R, K] can be viewed as 2-form, the condition V4[R, K]%;, =
0 can be recast in the notation of differential forms as 5[R, K| = 0. This condition is certainly
satisfied for Ricci-flat and Einstein manifolds (such as Kerr and Kerr—de Sitter), but a
weaker (yet still sufficient) condition is the vanishing of the commutator [R, K]%, = 0, and
we have already seen that this commutator vanishes for our variant of Lense-Thirring
spacetime.! This is enough to imply separability of the wave equation on our variant of
Lense-Thirring spacetime.

5. Carter Constant and Other Conserved Quantities

Extraction of the (generalized) Carter constant is now straightforward:

a b 2 2
- k™ dx_r4[(d9) vt 2 4) ] 56

Pax dr dir dr B dA
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for any affine parameter A. Without loss of generality, we may enforce that A be future-
directed, as is conventional. Note that by construction, we have C > 0.
In addition to the Carter constant, we have three other conserved quantities:

_ dx? 2m  4]%sin? 6\ dt 2m dr 2]sin26d47_
E_gud)\<1_r_r4>d)\_\/rd)\+ ran @D

o odx* 5, d¢  2]sin?0dt
L—tpaﬁ—rmnGa— . T

g () (o 2
TS yar T\ AV aa

doN? ., . /dp 2] dt\?
<d/\) + sin 0<d)\ — r3d)\> ] .
The conserved quantities E and L arise from the time translation and azimuthal Killing
vectors, respectively given by ¢’ = (1;0,0,0) and ¢* = (0,0,0,1)". In contrast, the
conserved quantity €, with e € {0, —1} for null and timelike geodesics, respectively, arises
from the trivial Killing tensor g,y,.

Note that if € = 0, then, without loss of generality, we can rescale the affine parameter

A to set one of the constants {C,E,L} — 1. It is intuitive to set E — 1. In contrast, if
€ = —1, then A = 7 is the proper time and there is no further freedom to rescale the affine
parameter. E then has real physical meaning, and the qualitative behaviour is governed
by the sign of E? + €. Concretely: Is E < 1 (bound orbits), is E = 1 (marginal orbits), or is

E > 1 (unbound orbits)?
We can now greatly simplify these four conserved quantities by rewriting them

(38)

and

(39)

+ 12

as follows: q 2 d
_ 2. 2p(d¢ 2] dt
L =rsin 9((:1/\ 3 d}\) ; (40)
do\? 12
C=rtl) +—; 41
(d)t> sin? 6 41

2
dt\? [adr 2m dt C
€_<d) +<d)\+\/rd)\> T 42)
- 2m\ dt 2m dr 2]
—(1r)om\/rcm+rsL‘ (43)

Notice that by construction, C > L2. Furthermore, the form of the Carter constant,
Equation (41), gives a range of forbidden declination angles for any given non-zero values
of C and L.
We require that df/dA be real, and from Equation (41), this implies the following
requirement:
do? L2 L?
2 =) =C-——> in? > — . +
(Td)\> C Sirlz9_0 = sm9_c (44)
Then provided C > L2, which is automatic in view of (41), we can define 6, € [0, 7t/2]
by setting
0, = sin"'(|L|/VC) . (45)

Then the allowed range for 6 is the equatorial band

0c [9*,71 ~ 9*} . (46)
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For L? = C, we have 6 = 71/2; the motion is restricted to the equatorial plane.

For L = 0 with C > 0, the range of 6 is a priori unconstrained; 6 € [0, 7t].

For L = 0 with C = 0, the declination is fixed 8(A) = 6y, and the motion is restricted to a
constant declination conical surface.

Using Equations (40)-(43), we can (at least in principle) analytically solve for the four
unknown functions dt/dA, dr/dA, d8/dA, and d¢/dA as explicit functions of r and 6,
parameterized by the four conserved quantities C, E, L, and ¢, as well as the quantities
m and | characterizing mass and angular momentum of the central object. The resulting
formulae are quite tedious and will be reported elsewhere.

6. Conclusions

From the discussion above, we have seen that it is relatively straightforward to find
a non-trivial Killing tensor for the Painlevé—Gullstrand version of the Lense-Thirring
spacetime. We have also demonstrated separability of the Klein-Gordon equation and the
non-existence of a Killing—Yano 2-form. Once we have found the non-trivial Killing tensor,
we can easily extract the Carter constant—the fourth constant of the motion. Then the
geodesic equations become integrable, which allows us (in principle) to solve for myriads
of general geodesics.
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Appendix A. Wave Operators
In the recent reference [43] (page 9, proposition 1.3), the author demonstrated that

(K,01 = { (VCR — ;LVdeC>K"h

2
+3 (Rdcvchh — RS, V4K — {VcRdh}ch) }v”cp . (A1)

Now use the (twice contracted) Bianchi identity, in the opposite direction from what one
might expect, to temporarily make things more complicated:

V.R =2V, R%, . (A2)

Then proposition 1.3 becomes

2 2
K, 0] = { (+3vd1zdc) Ky +3 (RdCVdKCb — R% V4K, — {chd,,}de> }vbcp . (A3)
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That is,
2
K, 0]d = §{Rdcvdkcb — RV K9 — (VR%,)K + (vdec)be}vbcp . (A9

Relabelling some indices,

2
(K, 000 = S{ RISy = R VaK?e = (V4R K+ {VaRIGK, [ VID . (A5)
That is,
(K, 0)® = %Vd{Rchcb - KdCRCb}VbCD . (A6)
Finally, rewrite this as:
2
K, 0)e = 3 (Vd[R, K}db) Vi . (A7)

(See also the considerably older discussion in reference [44], using somewhat different
terminology.)

Notes

1

This tensor commutator also vanishes for Kerr-Newman spacetimes and for the black-bounce modifications of Kerr and
Kerr-Newman spacetimes studied in [41,42]. Thus, the wave equation is separable on all of these spacetimes.
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