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Abstract: The aim of this paper is to provide the geometrical structure of a gravitational field that
includes the addition of dark matter in the framework of a Riemannian and a Riemann-Sasaki
spacetime. By means of the classical Riemannian geometric methods we arrive at modified geodesic
equations, tidal forces, and Einstein and Raychaudhuri equations to account for extra dark gravity.
We further examine an application of this approach in cosmology. Moreover, a possible extension
of this model on the tangent bundle is studied in order to examine the behavior of dark matter in a
unified geometric model of gravity with more degrees of freedom. Particular emphasis shall be laid
on the problem of the geodesic motion under the influence of dark matter.

Keywords: riemannian geometry; Sasaki metric; dark matter; geodesics; deviation of geodesics;
Einstein equations; Raychaudhuri equations

1. Introduction

Recent advances in the theoretical and observational field of cosmology have shown the
significance of the existence of dark matter and dark energy [1-25]. There is considerable evidence
that most of the mass in the universe is neither in the luminous matter in galaxies, nor in the radiation
detected so far. Mass can be detected by its gravitational influence even if it cannot be seen directly [26].
Evidence for the existence of dark matter comes for example from the study of gravitational lensing,
cosmic microwave background radiation (CMB) or the rotational curves of spiral galaxies [27,28].

According to observational results, dark matter plays a dominant role in the field of evolution
and acceleration of the universe. There are many pieces of evidence that the visible matter and
detectable radiation comprise only a small fraction of the mass in the universe, perhaps as little as
a few percent [26]. Therefore the study of dark matter is central for cosmology. A geometric model
for gravity with dark matter based on a spacetime manifold endowed with a Riemannian metric is
necessary, because of the existence of contributions to gravity, curvature, tidal forces etc. due to dark
matter whose gravitational interaction could be described using a Riemmanian geometric framework
similar to that of ordinary matter as shall be assumed throughout this work.

These contributions can be observed in the velocities of nearby trajectories (geodesics) of particles
(or clusters thereof, e.g., planets), in the orbital motions of member galaxies in galaxy clusters or in
the relative change of velocity of the deviation vector which shall now be altered to account for the
existence of extra “dark” gravity. The above mentioned combined with observational data give rise to
a question regarding whether or not one accepts the assumption that test bodies move on geodesics
of a given inertial metric of the base spacetime [29,30]; in other words, whether or not the geodesics
remain the same during the evolution of the universe with the addition of dark matter.
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In a more general geometric framework, the tangent bundle of a spacetime manifold, can extend
the limits of a “unified” gravitational field in more than four dimensions. The development of the
metric geometry of tangent bundles first began with the introduction of the natural Sasaki metric,
in the fundamental paper of Sasaki published in 1958 [31], which we shall assume for a further
geometric model with dark matter. This choice proves crucial as the tangent bundle allows for a
gravitational field with more degrees of freedom. Dark matter could cause extra gravitational influence
on all scales, which can be illustrated well in extra dimensions [32-36]. A geometric frame that
potentially materializes this concept is, therefore, that of Sasaki, where the underlying metric structure
is Riemannian.

This work is organized as follows: in Section 2, we examine the gravitational field with the
addition of extra dark gravity in a Riemannian spacetime setting. In particular, in Section 2.1 we
provide the geodesic equations and their deviation, in Section 2.2 we study the Einstein equations
and in Section 2.3 the Raychaudhuri equation. In addition, in Section 2.4 we derive the Friedmann
equations and the continuity equation as an application using the F(R) gravity model for dark matter.
In Section 3, we extend our study of the dark and ordinary gravitational field on the tangent bundle of
a Sasaki spacetime. In Section 3.1 we derive the equations of geodesic deviation on the Sasaki tangent
bundle, and in Section 3.2 we provide the foundations for an extension of dark gravity on the tangent
bundle. Finally, in Section 4 we summarize the results of this work and in Appendix A we present
some further geometric results.

2. Dark Gravity in the Riemannian Spacetime

Let us consider a (pseudo-)Riemannian 4-dimensional spacetime M containing both matter and
dark matter equipped with a metric g. For the purposes of our study, an additive relation for the
metric tensor is assumed, such that the contributions to the metric of ordinary and dark matter can be
viewed separately.

Let

ds® = gij(x)dxidxj (1)

be the metric of this 4-dimensional spacetime, where we assume that the unified metric

(O)ij(x) +g(D)i]‘(x) ()

8 z‘j(x) =8
where g(o) if (x) is the sectoral metric of ordinary matter and g(D) i (x) that of dark matter!.

Due to the geometry of the space that has been chosen, we have to use the unified metric tensor, g; ir
for such operations as raising, lowering and contracting indices of tensors. Since, in our study, we deal
with tensors related to ordinary or dark matter’s spacetime, we shall attempt to relate such concepts
within the framework of the unified geometric space. From a physical perspective, a unified framework
of gravity which includes the gravitational interaction of ordinary and dark matter is necessary in
order to describe the gravitational effects of the large scale universe structures (e.g., to explain the
rotation of galaxies or the motions of clusters).

2.1. Geodesics and Tidal Forces

First, we find that the Chistoffel symbols of first kind are:

1 For all three metric tensors a metric signature (—,+,+,+) shall be assumed in their respective space.
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where,
(0) o} (0)
ik 2\ oxk ox/ oxi
(D) D (D)
o 1 9%y gy 98k 5)
gk 2\ oxk ox/ oxi

are the Christoffel symbols of first kind of a space occupied exclusively by ordinary or dark matter,
respectively?.
The geodesics will then be given by the well-known equation, which needs to be modified to
account for the existence of dark matter as
d>xt (0)i (D)i o dxd dxk
ﬁﬁ’(lﬂ jk+1’ jk+7jk)ﬁﬁ_o (6)

since the Christoffel symbols of second kind shall have the following form:

r)/ijk = ]_"(O)ijk + r(D)i]'k + ,)/l]k (7)
where t is an affine parameter and
(0) (0) (0)
r(o)i. — lg(o)il ag Ij + ag Ik ag jk (8)
k2 oxk ox/ ox!
(D) (D) (D)
@i _ lg(D)il 9y ag )y 98 i ©)
k2 oxk 9xi ox!
are the Christoffel symbols of ordinary and dark matter’s metric contribution, respectively, and
, ‘ o) .
'Yljk = ’Yljk - (F( )ljk + F(D)ljk) (10)

is the interaction part of the Christoffel symbols since it could be shown that 'yi].k represents
the interaction between the ordinary and dark matter gravitational potentials and their
respective intensities®.

In view of relation (6), one can see that for a test particle m; moving along geodesics in the
spacetime of our model the following relation holds:

d>xt (o) dxl dx* (D) s\ dd dxk
mi< T +T fkdtdt> = —m; (T ik —l—’)/]-k)dtdt = F(D> (11)

Seemingly, the left-hand side of Equation (11) does not give a geodesic in the Riemannian sense
since the right-hand side does not vanish unless we consider dark matter to be absent. The dark
gravitational field and its interaction with ordinary matter influences the geodesics in a dominant way
and give rise to a dark pseudo-force field F iD which can be interpreted as a gravitational source for
inertial force fields of interaction by an observer who does not take into account the existence of dark
matter in his considerations. The addition of dark matter also influences the curvature tensor of the
unified space, R, ;, which assumes the form shown in the following relation:

2 (0)

\ ijk and P ijk do not function as Christoffel symbols for the unified space (M, g).

One must be careful that I'
These 7/ ik symbols could be explicitly calculated using [37].
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O D
Ry = R )abcd +R! )ubcd + pea (12)

where,

.o aron o L(0) : ()
(0) bed = S bd = bc + F(O) cer(o> i — r(o) deF(O) he (13)

is ordinary matter’s Riemann tensor,

R

D)a
de

r(D)e

(D)a (D)a
Do pg O he g0 pOe gl

bed — T gxc oxd be (14)

is dark matter’s curvature tensor and,

Y% 9% | (0 (D) (D)a  -(0) ©)
"hed = 3pe ~ 5pd T1 el T T T Y 15)
D)a O)e D)e
+r( ) e[c’yed]b + ’Yue[cr( : d]b + ’)/ae[cr( ) db + ’yae[c’yed]h

is the interaction part of the Riemann tensor*-.

Similarly, the equation of geodesic deviation needs to be modified, as well. It will then take the

following form:
0)

61 (8W?) = =R, + RP", vy viweve (16)

where,
JWw“ (
Wt = T
O 3t + (

Vi =9;x!, W = 95x and xi(t) is a two-parameter geodesic family with t being the affine parameter

0)

D
abc+r( )ﬂbc_’_,)/abc)wbvc (17)

and s the selector parameter [26].

In view of relations (12) and (16), the extra terms of the product of the Christoffel symbols of
ordinary and dark matter represent the coupling of the intensities of their respective gravitational
fields, i.e., an interaction which has been instigated by 7 ik and propagated by the curvature tensor in
the deviation of geodesics. This shows that the interaction between ordinary and dark matter has been
incorporated in the geometry of the spacetime due to curvature being an intrisic geometric property
of space. Thus, the interaction of the gravitational field intensities is now being manifested in the
Deviation Equation (16) and therefore in the tidal forces. This means that the geodesics we understand
are deviated by the unified curvature including both dark and ordinary matter, instead of the geodesic
motion in the ordinary spacetime as we have already noticed in rel. (11).

2.2. Einstein Equations

We shall now present the Riemann curvature tensor in its covariant form since it shall prove
useful later on. By lowering the upper index in Equation (12)® we get:

0)

D
Rabcd = R( abed + R( )abcd + Qabed (18)

where,
o o) Ole
R )abcd = g( )MR( )bcd (19)

is ordinary matter’s covariant Riemann tensor,

The lower-indices [cd] denote an antisymmetrization (similarly, indices between parentheses shall denote symmetrization).
One must be careful that for the unified space (M, g) there is but one curvature tensor; the unified R”, ;.
For such operations we must always use the unified metric.

5
6
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(D) _ (D) p(D)e
R pea =8 aeR ey (20)
is dark matter’s covariant curvature tensor and,
D (0] O D
Qabed = g( )IIGR( )Bde + g( >’15R( )Ede + guerebcd (21)

is the interaction part of the tensor.
By virtue of Equation (18), we can now find the Ricci curvature:

(0] D
Rab = R( )ab + R( )ab + gub (22)
where, o) -
O _ (0)dp(O
R ab g( )e R cadb (23)
is ordinary matter’s Ricci curvature tensor,
(D) _ (D)dp(D)
R ab — g( )e R cadb (24)
is dark matter’s Ricci curvature tensor and,
(@] D
gah - Rub - (R( )ub + R( )ab) (25)

is the interaction part of the Ricci tensor.
Using the form of the Ricci tensor given in Equation (22), we can find the Ricci scalar:

R=R© 4+ RP) 45 (26)
where,
RO — g(O)ub R(O)ah 27)
is ordinary matter’s Ricci scalar,
R(D) — g(D)abR(D)ah (28)
is dark matter’s Ricci scalar and,
x =R — (RO + R(D)) (29)

is the interaction part of the Ricci scalar.
The actions of the sectoral ordinary and dark matter gravitational fields and matter are,
respectively:

1
= iy -1(9)) _o(0) 44
So /<1671R +£MO) g\ d*x (30)
and .
_ D 4
SD—/(WR( )—l—EMD)\/—g(D)d x (31)

(0) ©)
ij

ijr Mo and Mp are the ordinary and dark matter masses, respectively’. It must be

where Ly, and Ly, describe the sectoral ordinary and dark matter fields, g and

(D)

= detg
¢P) = detg

7 We will refrain from using specific Lagrangians neither for the ordinary nor for the dark matter sector due to the existence

of a plethora of potential Lagrangians for ordinary matter and a possible need for a complicated Lagrangian in order to
effectively reproduce the dark sector phenomenology [38].
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noted that with the addition of dark matter to our model, one must consider the action of the unified
gravitational field and of the total matter®, which shall be

1
S—/<167TR+£M> V—gd*x (32)

where L), describes the unified matter fields, g = det 8ij and the total matter is M = Mo + Mp.
By varying this action and by following the standard procedure of deriving the field equations we
obtain the following unified Einstein equations:

1
Rap + A8ap — 5R8ap = 87Ty (33)
where A is the cosmological constant and T, is the unified energy-momentum tensor.

Using Equations (2), (22) and (26) in (33), we obtain the Einstein equation in the following modified
form given below?:

o) o) 1 o) D D 1 D
(R( )ah + Ag( )ub - ER(O)g( )ab) + (R( )ab + Ag( )ab - ER(D)g( )ab) (34)
1 D @)
+ E (Zgab — K8y — R(O)g( )ab - R(D)g( )ab) = SnGTah
where,
1
RO+ 88— 3RO = 8rGT ), (35)
1
RO, +ag™, - SRP™) = snGT?), (36)
and
Zgab — K& — R(O)g(D)ab - R(D)g(O)ab = 167TGTab (37)

(0)

One can clearly observe that Equation (35) is the Einstein equation for ordinary matter, with T © b
being the energy-momentum tensor of ordinary matter. The corresponding relation for dark matter
is also true as can be seen from Equation (36), where T(D)ab plays the role of dark matter’s
energy-momentum tensor.

On the other hand, Equation (37) is a relation containing terms that hint towards gravitational
interaction between ordinary and dark matter. The tensorial object 7,; acts as the interaction part of

the unified energy-momentum tensor since

a

T, =179 +1° 47, (38)

As we shall see, the Einstein Equations (34) yield interesting results pertaining to the gravitational
interaction of dark and ordinary matter. By taking the trace of Equation (34) we obtain the
following result:

k = 4A — 87T — R(©) — R(P) (39)

where T is the trace of the unified energy-momentum tensor.

2.3. Raychaudhuri Equation

The Raychaudhuri equation which constitutes an extension of the geodesic deviation equation,
plays a significant role in relativity theory and cosmology due to its connection with singularities [39—42].

One can clearly see that S # Sp + Sp.

9  Weassumec = 1.
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It governs the behavior and evolution of a family of test particles moving in world lines with given
certain variables (6, 7, w), where 0 measures the rate of change of the cross-sectional area enclosing
a family of geodesics'’, the shear ¢ measures anisotropy, and w shows a rotation. The form of the
equation depends on the geometry of the spacetime; if a geodesic motion of a family of test particles
converges, the expansion 6 is negative, and diverges when 6 is positive.

We shall henceforth consider that both ordinary and dark matter can be considered as perfect
fluids, each individually and together as a unified matter perfect fluid comprising the sum of ordinary
and dark matter perfect fluids [43—45]. The stress-energy tensor for the perfect fluid distribution of the
unified matter (ordinary and dark) with pressure p and energy density p falling under its own gravity
with 4-velocity u? is then known to be:

T,y = (0 + p)uatiy + pgap (40)

However, the unified fluid is composed of two-perfect fluids [46,47] the stress-energy tensor and
shall therefore assume the following form [48,49]:

(D)

T,y = (09 + pONuf®ul® 1 pOg . + (o) + pP)uPu® 1 pPlg (41)

where p(©), p(P) is the pressure of the ordinary and dark matter fluids with energy density p(©) and

p(P) and 4-velocity uﬁ({o) and ugD), respectively.

Using our assumption (2) Equation (41) becomes:

Ty = (09 + p Ol + p @@ + (o) 4 p)uug? w)
+pPg™, +p @™, +pPgO
One can therefore see that for a perfect fluid and in accordance with Equation (38)
T(O)ab = (p© ) 0) 4 p(©) g( )ab 43)
T, = (o P(D NP u? + pPg?) (44)
=p! )g(D)ub +p® )gm)ﬂ, (45)

We further define the following four operators acting on a vector, e.g., u? (or similarly on a tensor)

of (M, g), as follows:
ou’ p(0)a
a
u ‘ k= ﬁ +u F bk (46)
is the covariant derivative with respect to the ordinary matter subspace, in other words, the covariant
derivative of a space comprised of purely ordinary matter!!.

Similarly,
ou (D)
is the covariant derivative w.r.t. the dark matter subspace'?.
ou*
ua\k - W - Mb’)/abk (48)

10" The same apply to any curves in general.
1 This is true only if the vector (or tensor) acted upon belongs to the space with metric g
12 This is true only if the vector (or tensor) acted upon belongs to the space with metric g

0).
D).
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will be an operation that resembles a covariant derivative but uses the interaction symbols, 7, C13.

Finally, the unified space covariant derivative is given by'4:

_ou”
kT oxk

a

u Ty = o — (49)

Using this covariant derivative in the rest system of a perfect matter fluid (40) the conservation of
the energy-momentum tensor is considered

™, =0 (50)

Assuming that the velocity u corresponding to the total matter fluid (ordinary and dark) is given
by u = u©) 4 4(D) the Raychaudhuri equations shall be [39]:

. 1
b= —2(c% - w?) — g92 — Ryuu® +u", (51)

where 202 = T o 202 = wﬂhw“b.
The vorticity tensor, w,_, = Upgp) — gty 18 given by

o
Wy = w' )ab + w(D)ab — Wy (52)
where
©) _ 00 ,(0) (0)
@ e TH Ty TR " ) (53)
(D) _ (D) ; (D)
@y = 1 gy — 1Py (54)
are the vorticity tensors of ordinary and dark matter respectively, and
— (0) (D) ,(0) (D) (D) (0
Wap = Uy =1 gy~ gy gy 1 (55)
is the interaction part of the vorticity tensor.
The unified expansion scalar, § = uk;k assumes the form
0 =00 16> 9 (56)
where
6(©) = o (57)
9(D) = o (58)
are the expansion scalars of ordinary and dark matter and
— Ok (D) k
9=u Hk+u ke~ Wk (59)

is the interaction part of the expansion scalar.

13 This operation does not constitute a covariant derivative as the symbols %, are not proper Christoffel symbols and there is

no corresponding geometric space.

One must be careful that only u?, is the covariant derivative of u” € (M, g); all other operations defined before represent
arbitrary operators in the framework of the unified space and can only be treated otherwise if we restrict our study in the
corresponding subspaces.
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The projection tensor, 1, = g, — uatip, has the following form:

By = 09y + 0y =@ WP (60)

where
KO _ O 0,00 (61)
WD) _ gD) (D), (D) 62)

are the ordinary and dark matter projection tensors.
The unified shear tensor, 0, = u (ap) %Qh . (atp)r shall be given by

Oap = U(O)ab + U(D)ab — S (63)

where
‘T(O)ab _ ”(O)(a\b) _ %Q(O)h(o)ab — u(o)(au(o)b) (64)
‘T(D)ub — 4(D) (allp) ~ %Q(D)h(D)ub — u(D)(a”(D)b) (65)

are the shear tensors of ordinary matter and dark matter fluid respectively, and

Sap = u(g\h) — u(O)(ﬂHb) — u(D)(a‘b) + u(o) (au(D)b) + u(D) (au(O)b)_I_

1
‘s <9<o> (HP), — 1© () ) 1+ pP) (O, O (D) ) ﬁhab>

(66)

is the interaction part of the shear tensor. Finally, using the Einstein Equation (34) and in conjunction
with relations (43)—(45) we can find that, apart from the unified Raychaudhuri scalar, R ﬂbu”ub =
47t(p + 3p — £ ), which includes ordinary and dark matter as well as their interaction, the following
are also true:

) . (0)a, (00 _ (0) L 3,0 _ N
RY™ ut™u 47r<p +3p 4n> (67)

is the Raychaudhuri scalar of ordinary matter and,
R(P) ,(D)a, (D)o _ 4 (D) 4 3,(D) _ 2 68
Ut =4mr|p") +3p\) — in (68)

is the dark matter Raychaudhuri scalar.

By vitrue of relations (51), (52), (56) and (63) the expansion 6, the shear o and the vorticity w,
which in our model include contributions from dark matter and its interaction with ordinary matter,
extend the Raychaudhuri equation which now takes into account the existence of extra mass in the
form of dark matter. Since the Raychaudhuri equation plays a dominant role in the evolution of
the universe, Equation (51) gives rise to a potential need to differentiate the existing considerations
of singularities.

2.4. Conformal Dark FLRW-Metric Structure

In this section we consider an application of our model in cosmology. In particular, we shall use
a FLRW metric structure for the ordinary matter sector and we will assume a conformal relation for
the unified spacetime containing both ordinary and dark matter. Using a conformal factor F(R(©)) for
the unified metric, we shall derive modified Friedmann equations and the continuity equation for a
model which is described by F(R) gravity [50,51]. We have chosen such an assumption for the metric
of the unified space because studies in the conformal structure in the fields of General Relativity and
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Cosmology have given rise to viable theories related to dark matter and dark energy (e.g., [50-56])
and this framework has been seen to play a significant role as the angles in the light-cone structure are
preserved [52]. Indeed, we shall further choose a particular class of F(R(?)) [53] and we shall see that
the metric of the dark matter sector is also conformal with the ordinary matter FLRW metric structure;
namely we assume that

F(R©) = RO) 1 £(R(O)) (69)

where F(R(©)) and f(R(©)) are functions of the Ricci scalar of the ordinary matter sector R(©).
The function F(R(©)) is the conformal factor of the unified metric and f(R(©)) serves as the conformal
factor of the dark metric. This is seen as a direct consequence of the assumption (2) as

0)

Sabp = FI(R(O))g(O)ab = (1+ f(RO))g! ab = g(O)ab +f/(R(O))8(O)ab (70)

where F/(R()) = #L) and #/(R()) = 40,

Alternatively one could start from the assumption that the dark metric is conformal with the
ordinary FLRW metric with conformal factor f(R(©)) [52]; namely

and using the assumption (2) we find that

O D O
g =8 +80 = A+ f RN, 72)
Therefore the unified metric is also conformal with the ordinary FLRW metric if we assume a
conformal factor F(R(©)) of the form given in (69).
Using this previous assumption in conjunction with relations (7), (22), (26) and (38) we can
calculate the Christoffel symbols, the Ricci curvature as well as the energy momentum tensor!®.

From the Einstein Equation (34) we then derive the following modified Friedmann equations

N4

a\" _8nGpy, k1
<a> S N0 73)
a_ _4nGle+3p) 1
L 3 F + 6®2(t) (74)

where a is the scale factor, k = +1,0, 1 (t) = ¢’ + ¢‘tt + Py — %, Dy(t) = Pl + 4>|tt — 20y + (¢1)%,
¢r = o[In[F']], p = 0©) + p(P), p = p(© 4+ p(P) and the operator “|” has been defined in (46).

The idea of inflation can be incorporated into the model of Friedmann equations by taking into
account the Planck mass mp; = (87t1G)~1/2 [57,58]. We can then write

2_ P ok 1
H? = 3msz 3 +6<I>1(t) (75)
i (p+3p) 1

2= " e F —|—6<I>2(t) (76)

where H = i/a is the Hubble parameter. By virtue of the above relations we can see that the additional
terms ®;(t), i = 1,2 constitute an extension of the Friedmann equations and may contribute to a
differentiation to the accelerated expansion of the universe which is incorporated in the observations.
In a spacetime where dark matter is absent, therefore f' = 0 or equivalently F’ = 1, it can be easily

15 The velocities are also assumed to follow a conformal relation [54].
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verified that ®@;(f) also vanish and thus, we recover the usual form of the Friedmann equations for a
FLRW ordinary matter space.

Taking into account that the energy momentum tensor of the ordinary sector is conserved,
T(O)P‘
Ol [
fluid is also conserved and using the fact that T" o = Owe derive the following continuity equation

= 0, we can see that the energy momentum tensor of the unified two component cosmological

0+3(1+w)pH=0 (77)

where we assume that the total pressure p = wp. This result is also compatible with the general
conservation relation (50).

3. Gravity on the Sasaki Tangent Bundle

For the study of the tangent bundle we use a metric, g, on a Riemannian manifold (M, g),
along with its Levi-Civita connection, to construct a new natural Riemannian metric on the tangent
bundle TM, called the Sasaki metric. The geometry of tangent bundles in general and particularly the
Sasaki metric find a lot of applications in physics, especially in the study of gravity. This consideration
extends the limits of conventional general relativity for a modified gravity approach, and provides
the gravitational field with extra degrees of freedom. In particular, a Sasaki extension of spacetime
constitutes the minimum metric generalization of spacetime in the framework of a tangent bundle of a
four-dimensional spacetime.

3.1. Deviation of Geodesics of a Sasaki Spacetime
In this section, we shall derive the deviation of geodesics of a Sasaki spacetime with metric [31]

do? = g,xﬁ(x)alx”‘dx/g +ga/5(x)Dy“Dy‘B (78)

where,
Dy* = dy* + N% (x,y)dxP (79)

N*, (x,y) represents the “pre-Finsler non-linear connection”, g, p(x) is the Riemann metric tensor of
the n-dimensional differentiable manifold (here n = 4) and both the horizontal and vertical part of the
total metric (78) of the 2n-dimensional tangent bundle. , 8 € {1,2, ..., n = 4}.

Furthermore, for the purpose of our study, the non-linear connection is assumed to be

Ny =TV ey (80)

The metric (78) may, then be rewritten using the fundamental covariant metric tensor, Gl-]- as

do? = Gl-jdxidxj (81)
where i, j € {1,2,..,2n = 8} and
Gap = Sup T ST pal " g " (82)
Ga(n—l—ﬁ) = Fytxﬁyy (83)
and
G(n+uc)(n+[3) = 8up (84)

where I’ g and " pa are Christoffel’s symbols of the first and second kind of M" respectively.
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IfT, ik and T jk are Christoffel’s symbols of first and second kind, respectively, that correspond
to the Sasaki tangent bundle T(M") as calculated using the fundamental metric, then the geodesic
equation is known to be

P i
do? kdo do

While it is usually more useful to express this equation in terms of quantities of M", for the present
we shall content ourselves with using relation (85) instead, in order to avoid perplexing our equations.

If xi(t) is a two-parameter geodesic family with t being the affine parameter and s the selector
parameter then we shall denote the tangent vectors as V! = 9;x', Wi = 9sx' so that 9,V = 9;W'.
Moreover, let X?(x¥) be a vector field defined over a region of the subspace of T(M") defined by the
net of x!(t). Then we define the §—derivatives as:

(85)

X!

sXi 4 .
= XV = (55 + DXV (86)
and , ,
5xXi axi
= X Wh = (W + Dl XE ) W (87)

Using the previous result in conjunction with the fact that the Christoffel’s symbols are symmetric
w.r.t. their suffixes, we get that

SVi 2x!

_ oW
ds  Otds

f‘i kah:
+ 5t

(88)

Following the standard procedure of deriving the deviation equations [59], given the previous
relations, we find that
FW sV VI
o2 0sdt  Otds

Finally, using Equation (85) we find the following geodesic deviation equation

KLy VIVIWE (89)

S2Wi , ,
—7 = —K’jth]VhWk (90)
where K’ ik is the curvature tensor of the tangent bundle. An abstract form of the curvature tensor is
given by [60,61]. All the components of the curvature tensor K’ jnk are given explicitly in Appendix A.

3.2. Dark Gravity on the Tangent Bundle

Experimental research [32-36] suggests that a theory of dark gravity with extra dimensions may
be necessary in order to effectively describe the total mass distribution in the universe. A first step
towards such a geometric gravitational theory could be obtained by retaining our assumption (2) and
expanding our Riemannian framework from Section 2 on the tangent bundle using an underlying
Sasaki structure (78) for the total space of ordinary and dark matter.

First, taking into account relation (80) and using Equation (7) we find that

Nﬂa — N(O)I‘a + N(D)I‘a +VP‘“ (91)

where,
N(O)Ha _ r(O)VaKyK (92)

N(D)Hzx — F(D)‘Mm(]/K (93)
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is dark matter’s non-linear connection, and

VMIX = ')’yucK]/K (94)

¥, acts as a correlation between the non-linear

is the interaction part of the non-linear connection. v
connections of ordinary and dark matter. Thus, in the framework of a Sasaki spacetime, v, plays
the fundamental role of interconnecting the ordinary and dark matter sectors within the line-element.
Such a connection between ordinary and dark matter is absent from the corresponding line-element of
the Riemannian spacetime. It can therefore be concluded that a Sasaki spacetime involves a stronger
interaction between the two component matter sectors which influences even the notion of arc-length
as we shall also see below.

In virtue of relations (79) and (91), we obtain

where,
D(O)y” = dyt + N(O)“a (x,y)dx" (96)
DOy = dy + NP, (x,y)dx® 97)
and
Syt = dy" — vV (x, y)dx" (98)

In a Sasaki spacetime, the non-linear connection influences the gravitational potential giving rise
to extra degrees of freedom in the internal structure of the spacetime in the form of y-dependence.
As evidenced by relations (2), (78), (79) and (95), with the addition of dark matter on the tangent
bundle of the spacetime, three types of line-elements can be presented:

do? = dody + dop, + do? (99)

where

dO'(ZD _ g(o)aﬁdx“dxﬁ + g(o)aﬁD(O)yWD(o)yﬁ (100)

is the line-element of the Sasaki tangent bundle of ordinary matter,

dofy = g7, gdxtdxf + g DP)y D)y (101)

is the line-element of the Sasaki tangent bundle of dark matter, and
do} = ,sDy* Dyf —g'%) ;DO yrDOyf — o(P) DE)yap()yp (102)

is the interaction term of the line-element.

It can be seen that the non-linear connection, N(x, y), plays a fundamental role in this approach,
since it facilitates the introduction of three differentials (95) that produce extra interaction terms
between ordinary and dark matter. In the base manifold (M, g) of Section 2, the introduction of dark
matter extends the arc-length of the spacetime of ordinary matter in an additive way since one could
write relation (1) as

ds® = ds? + ds?, (103)
where

ds? = g(o)aﬁdx“dxﬁ (104)

is the line-element of an ordinary matter spacetime, and

ds?) = g(D)aﬁdx"‘dxﬁ (105)
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is the line-element of a dark matter spacetime. Such “trivial” extension is not possible in the Sasaki
tangent bundle because of the non-linear connection introducing extra interaction that influences even
the arc-length itself.

We have seen that the geodesics are provided by the condensed relation (85) which is known to
be expanded in the following two equations [31]:

d?xt podxVdxf o dxY “Diyﬁ

0z Vv ar TR Y s (106)
Dzy”
o =0 (107)

where T" vp and R¥ vap are the Christoffel symbols and Riemann curvature tensor, respectively,
corresponding to the base manifold (M, g) as discussed in Section 2, and

Dy# B dyt u L, axP

G do TUwY s (108)
D2yt d*yt d [, ,dxP u Dy* dxP
iz a2 Tae\N Y e [ TV e e de (109)

The expansion of the condensed geodesic Equation (85) gave rise to two geodesic equations.
The horizontal geodesic (106) can be physically interpreted as the generalization of the corresponding
Riemannian geodesic curves on the tangent bundle. The expanded family of geodesic curves described
by (106) shall be further examined below. On the other hand, the physical interpretation of the vertical
Equation (107) remains an open question and although we shall continue to provide the vertical
equations, we shall limit our present work to the physical study of the horizontal geodesics.

If we compare the Riemannian setting with the Sasaki tangent bundle, we can see from
relation (106) that the class of curves that have the geodesic property has now been expanded.
On (TM, G) we can distinguish two geodesic families the first of which is obtained by lifting a
geodesic of (M, g) on TM. In that case the expanded form of the geodesic equations reduces as [31]

A2t dxV dxf

iz " war g =0 (110)

Dy"
G 0

In this case, with reference to the base manifold M of TM, an observer shall continue to perceive
a state of rest since Equation (110) coincides with their notion of a Riemannian geodesic. We will
henceforth call an observer limited to perceiving only a Riemannian manifold occupied by ordinary
matter i.e., neglecting dark matter and ignoring the existence of any higher-dimensional structure,
a constrained observer. In essence, “constrained” observers think that they are experiencing the
submanifold (M(©), ¢(0)) of the base manifold, thereby perceiving anything deviating from their
notion of a Riemannian structure as due to external forces or effects. Such interpretation is compatible
with the idea of an apparent metric as proposed by [52].

The second family of geodesics on the Sasaki tangent bundle is comprised by curves that are not
obtained by lifting geodesics of M. In that case Equation (106) cannot be further reduced. This causes
a constrained observer to perceive apparent pseudo-coupling forces of the gravitational field with the
velocity field of TM, preventing them from understanding that curve as a geodesic. The r.h.s. part of
Equation (106) seemingly disagrees with the notion of a Riemannian geodesic. However, this effect is
only due to the observer’s inability to perceive TM.
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By virtue of relations (95) and (108) we have that:

Dy" D(O)yu D(D)yﬂ Syt

dr ~ do + do do (111)
where ©)
DWWyt _dy* oy ,dx
do  do T vy do (112)
D(D)yﬂ dyﬂ (D) dxp
do do +T y do (113)
oyt _dyt oy dxf
d = de vV s (114)

Using Equations (109) and (111) we get:

2 H (0)2yn D2y g2y ©) D)y # (D) (O)yym H (O)ym D)y
D*y* D y+D y+(5y D {D y_di}+D {D y_&i}_i{D y D y}(115)

do?2 —  do? do? do? do do do do do do do do do

where 012 ) ©) 5
DTyr M A [rom o dxF (O DOyt dxP

do2 T {T vl 2 v (116)
DRyt Pyt d  ow L4\ o DDyt dxf

do? do? d{r "upy da} Y N A (117

Syt dPyrd (o dxP o syt dxP
do?  do? da{ 7wy do } T b do do (118)

From the point of view of an observer limited to the ordinary matter subspace relations (6) and (11)
show that the geodesic equations in the Riemannian setting are perturbed when dark matter is taken
into account. Let us now assume a test particle moving along geodesics on the tangent bundle in a
Sasaki spacetime. In analogy to the Riemannian case the geodesics in higher dimensions will deviate
from the previously thought geodesic motion due to the presence of dark matter and its interaction
with ordinary matter. In this case, using our previous results in conjunction with relations (7), (12)
and (111) in Equations (106) and (107), the unified form of the corresponding geodesic equation will be
given by the following:

dxt O)n (D)u poydxtdx? O
d02 +(r vp"l‘r vp"!"va)E%:(R

dxV . D(O)yb D(D)yb (Syb
y( do + do _E>

(119)
and

do? do? do?2 — do

D(O)Zyﬂ+D(D)2yﬁ 52yu_ D(O) D(D)yuifsyu 7D(D) D(O)y?‘iéy’* 5 D(O>yﬂ+D(D)yﬁ (120)
do do do do do [ T do | do do

As we have discussed, the expanded family of geodesics of a Sasaki spacetime includes curves
that can be obtained by lifting geodesics of the base manifold. In this case, from the perspective of a
constrained observer who takes into account only the ordinary matter sector of the Riemannian space
(M, g), the test particle moves along a curve that deviates from their expected Riemannian geodesics
due to the presence of dark pseudo-forces'®. If however, the test particle at rest happens to be moving
along a Sasaki geodesic that cannot be obtained by such a lift, then the constrained observer will
detect, in addition to the dark pseudo-forces, the pseudo-coupling forces given by the r.h.s. part of

16 These are the same F(i p) as in Equation (11).



Universe 2020, 6, 138 16 of 22

Equation (119). Therefore, in a Sasaki spacetime a constrained observer shall always observe deviated
curves as is the case with a Riemannian spacetime. The difference between a Riemannian and a
Sasaki setting lies in the observation of the pseudo-coupling forces which may or may not be detected
depending on the geodesic.

By virtue of relation (A1) it can be shown that

(D)i

. o .
K = KO+ KPP iy, (121)

where K@ ks kP jhks are the Sasaki curvature tensors of ordinary and dark matter, respectively,
i _ ki (0)i (D)i
and &'y = Kl — K75 — K7
Using relation (90) with the above result we get

SW! » ; L N
52 _(K(O)ljhk + K(D)ljhk + Kljhk)wvhwk (122)

As we have seen from relation (A1), the curvature tensor, K, has been modified in higher
dimensions due to the geometry of the Sasaki tangent bundle. Consequently, we can conclude that
the gravitational field has also been influenced by the higher-dimensional metric structure of the
spacetime, i.e., the Sasaki tangent bundle, since gravity is intertwined with the notion of curvature.
The gravitational field has been endowed with extra degrees of freedom and this has been incorporated
in the tidal forces (122) by means of the generalized curvature tensor. As a result, the deviation
of the 4-dimensional free motion of nearby particles (or clusters thereof, e.g., galaxies) (16) can be
differentiated from its higher-dimensional counterpart because of the form of the curvature tensor
which is an intrinsic geometric property of the spacetime and therefore independent of the relative
observer. Therefore, the resulting dark tidal forces manifest both the addition of extra matter and
interaction in the form of dark matter as well as the higher-dimensional geometric structure of the
spacetime and the subsequent extra degrees of freedom of the gravitational field.

The previous result is of great importance for cosmology. For instance, a positive curvature of
a Riemannian spacetime which is connected with converging neighbouring geodesics (Jacobi field)
may correspond to a negative curvature on the Sasaki tangent bundle. Hence, taking into account the
higher-dimensional structure could potentially reveal that what we initially thought of as convergent is
in reality divergent, and vice-versa, due to extra forces stemming from the geometry of the spacetime.

4. Concluding Remarks

Motivated by observational results, we laid the foundations for a geometric theory of dark gravity
in relation to the ordinary gravitational field in the framework of a “unified” space. By extending the
already existing notions of geometry that apply for ordinary matter, we used them in the case of dark
gravity. In particular, in this work we examined the unified gravitational field of ordinary and dark
matter in a Riemannian metric framework deriving the geodesic equations and their deviation, as well
as the Einstein and Raychaudhuri equations. Furthermore, by extending our geometric methods on
the tangent bundle we presented a unified dark and ordinary gravity on a Sasaki spacetime.

The geometric methods used throughout this paper gave rise to the concept of dark forces
which could play a role in offsetting the centrifugal orbital tendency of the galaxies. In particular,
the gravitational influence of dark matter generated modified geodesic curves that seemingly deviate
from the Riemannian geodesic notion due to the presence of dark pseudo-forces (11) and (119) which
appear to dominate the deviated geodesic motion. The extension of the spacetime on the tangent
bundle also caused the potential emergence of the pseudo-coupling forces (119) due to the inability
of the observer to perceive the higher dimensional structure. Both of these cases are deemed as
pseudo-forces because they are the product of a constrained observer. The third kind of dark forces
however, the dark tidal forces (16) and (122), result from an intrinsic geometric property of the
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spacetime; the dark curvature. This shows that the gravitational interaction between ordinary and
dark matter has been incorporated in the geometry of the spacetime and therefore, dark tidal forces
exist independent of the observer.

With the introduction of dark matter to the Riemannian spacetime setting, the Einstein and
Raychaudhuri equations were modified to account for the existence of extra matter and thus, for extra
gravitational interaction. These equations could provide invaluable information concerning the
interaction of dark and ordinary matter and hence provide details about the internal structure of
the unified space. The modification of these equations due to dark matter resulted in modified
Friedmann Equations (73)—(76) as examined using a conformal metric structure for the dark matter
sector. The study of inflation and the cosmological implications of these relations in the evolution of
the universe as well as the application of other models of dark metric structure could constitute the
subject of further research.

Overall, the existence of dark matter calls into question the concept of geodesic motion. Indeed the
appearance of pseudo-force fields dominating the motion of test particles causes a constrained observer
to conclude that the motion is not geodesic and that the ordinary matter spacetime has been externally
perturbed by dark matter. Nonetheless, a closer look at the overall structure of the spacetime reveals
that those apparent forces exist only relative to the point of view of a particular observer and reaffirms
the geodesic property of the curves.

Ultimately, we consider that the use of geometric methods in the formulation of a gravitational
theory that includes dark matter could form a theoretical basis upon which observational results could
be interpreted. The contribution of dark energy in the framework of this theoretical effort remains an
even greater question for future research.

Author Contributions: Both authors contributed equally. All authors have read and agreed to the published
version of the manuscript.
Funding: We have received no funding for this project.

Conflicts of Interest: The authors declare no conflict of interest.
Appendix A

The Curvature Tensor of a Sasaki Tangent Bundle

Using the Christoffel symbols T jk as given by S. Sasaki in relation (7.4) in [31] and after long
calculations, it can be seen that the curvature tensor of a 2n-dimensional Sasaki tangent bundle
(TM,G) is

K vty r4) (r47) = 0 (A1)
K(S _ 1 J [R(S )\]—l—lR& RE Uy V
) By = 3 getrrp) K ] g R g Roayy

s P) 1 1 1
K(n ) = [rtsa'y o Er(sy/\R/\vaﬂyv] + E[réﬁe - Er(sy/\RAeﬁvyyyv]Re’MKyK

(nta)(ntp)y — y(n+p)

B

10 1 1
K‘S( (R = 3357 (RO + 5 Mg + E(R(sexyrxvﬁ + R T )Yy IRy
1 5 1 1
+ E(Réé‘K}HKV')/ + Réykerve)yyyv]ReﬁaAy)\ + E [rea'y - EreyKRK'yavyyyv}RéﬁeAy/\

n+a) By
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NI—= NI~ DN
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=
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1
[rezxﬁ - EreykRKﬁavyﬂyv]Réye)\y/\



Universe 2020, 6, 138 18 of 22

K(n+

K

K5

K(n+§)

9)

(n+96)

apy

apy

_ s 15 oA 1
(nr)pntn) = gpern L oap T 3T iR gy = ST

d 1 d 1

— o A ) ) A
(n+a)py ﬂ[r ay Zr ;t)\R ’mv]/’lyv] - ﬁ[r ap Er y/\R ﬁayyﬂyv]

1 or?
+ 1R€'m§yé[(R§ﬁ/\e + Ré axie ).]/A + r‘swc(RKewyrU/\/s + RK‘B;uyrﬂ/\e)y/\y#yv}

1 1
+ [réelB ZréyKRK‘BevyyyU] [reoc'y - Ere)\q R”'yagy/\yg]

1. ¢ 81“5
- 7R /Szx@y [( 'y)\e+Re)vy

)]/ + F(SVK(R ewyrq/\ry + RK’yyqr’?)\g)yAyyyv]
1 1
- [r €y zr(syKRK'yevyyyv][reaﬁ - Ere/\nR ﬁmjy yé]

10

1
0 _ A J
K (n+a)B(n+y) _Eax”ﬂ R ﬁa/\y ] - ZR e*nyeﬁavyﬂyv

9 o

1
Ye EréyAR/\e'yvyyyv]ReﬁmyK

0 1 0 1
B [r(swy + E(Rts'y;cyrxwx + Réumerv'y)yyyv] - w [rémﬁ + E(R(Sﬁwrxva + R(Szxkervﬁ)yyyv]

A 1 1

[raﬁe + 2 (Réexerv,B + R5ﬁ1cerve)yyyv] [Fea’y + 2 (R57KAFK§1X + Réamrkgy)y)\yé]
1 1

[F(S’ye + E(RéeKyFKV'y + RavaFKve)yﬂyv] [Feaﬁ + E(RaﬁKAFKCa + Réax)\rxgﬁ)y)\yg]

1 é ¢ € are € K U K U Ay oV
ER ﬁeéy [(R +Ry)wc+2 a ).1/ Jrch(R YUy r Aa+szw7r )\ry)y Yy ]/]

0B
é «p
1R 'yeéyg[(ReaM@ + Reﬁ/\a oM )

]//\ + ABEVK(RK/SyqﬁWAa + Rxayr]ﬁﬂAﬁ)y)\yyyv]

\ @

ar’,,
[(R aAy + R YAw dxA )y + révK(RK'ywyrq/\a +R* muy )y yny]

QU
=
=

I
[( aAB + R BAw dxA )]/ +T I/K( K‘B;mrv)ux + RKocyqu/\ﬁ)y/\y”yy]

‘ @

(o5

XY
0

aI" )
axif )y/\ 4 rva(RKewyrq/\‘B 4 Rkﬁyqr”//\e)y/\y}lyv].

NI—= Nl= N

[(Rdﬁ)\e + R(s

. 1

[rewy + E(Re'yxngpa + Reumjr’(py)ypyq

1 5 Moe . 3 s PO
2[(R7A6+Re)\7+2a)\ )y +FVK(Rew7r +R Ae)y]/y]

, 1
[Cap + 5 (R T o0 + Reuc "o )y7¥)

€

1 are 1

2 [(Retm'y + Re'y)ux axo)(j )yA + revK(RK’WWrW/\zx + RK!XVUFW/\W)VA}/V]/V] [r‘seﬁ - ERK/Se@répKypyg]
1

2

r‘"ﬁ A ¢v][

J 1
[(Reuc/\ﬁ + Reﬁ)ux oxh )y/\ + FSVK(RK/Syqr”A,X + RKocwy /\/3)]/ vy ERK'yez;‘répxypyg]



Universe 2020, 6, 138

(n+96)

)
K apn)

ap(n+)

K(nJré) _

%)
Koy

a(n+p)y

a(n+p)(n+7)

19 of 22

—_

1
+ ERewyvyV [r(sﬁe + E(Réexyr’(/\ﬁ + R(S,BkerAe)y)\yy}

1
3B [F‘S“,Y - ERKa'y/\r(syxy/\yy]
1 9 81"‘5
EW[(R Y +R BAa

)y + r(swc( Kﬁyqrn)\a + RKaqmrq/\ﬁ)y/\yyyv}

1 8F‘5
ERetwpyp [(R(Sﬁ)\e + R§ axﬁe )]/A + révx(Rkewyr”/\/g + RK‘Bw]rﬂ/\e)y/\yyyv]

1 1
[reytx - ERKaw\Feyky)\yy] [1—'5€/5 - ERKﬁegl—‘&pK]/pyg]

1 5

1
[retxﬁ + E(REﬁKVrK‘DlX + RezxKvFKpﬁ)ypyV] [r ey ERKe'ygr&yKyyyg]

0 1 19
- m[réuW + i(Ré“YKH Aw + R aKp /\'y)y Yy ] ) W[Réaﬁ/\y/\]
1 1
+ ER(Seﬁvyv [reva + E(R VKU /\tx +R° aKp /\fy)y y ]

1 1
- ERetxﬁvyv [F(S'ye + E (R(Sexer/\'y + R(Syxer/\e)y/\yy]

1 5 1
2 Rbyev]/v [reﬁzx ) RszﬂAreyK]/)\yy]

1 9 ar’,., 5 ok R,

EW[(R ary T ROpa +2 = Y+ T (RE T+ R Ty ]
9 1

w[rézxﬁ - ERKMS/\FJW]/A]/” ]

1 e P(RY J 81"‘576 A ) K u

5 Rupol’ (RO + Rocpy + 225 )y + T (R e T vy R T vy

1 1
[Feﬁtx - ERKa/SAreyKy/\yy] [F(Se'y - ERKyegr(spKypyg]

1 1
[reow + i(Re'yerKprx + Retxwrkpy)ypyv] [réeﬂ - ERKeﬁgréyKy#yg]

19 1 9 1
3 3207 Roaad] = 3 3y Rt )+ R R = R, Ry




Universe 2020, 6, 138 20 of 22

K(n+5) o 0 [1..5 1 d 1

5 A 5
a(ntf)y T gyntp) AV §RKMAF uxY yﬂ]—m[r ap

1 1

+ [rea'y +5 2 (R ’}’KUFKPIX + Reixm/FKp'y)ypy ][r e ERKeﬁgl—‘&yKyyyg]
1
2

RKaﬁ)\r(syKy/\yy]

[r «p +35 ( ﬁKv ox + Reaxerpﬁ)ypyv] [r567 - %RKeygrégmyﬂyg]
where Iy, R, , are the Christoffel symbols and Riemann curvature tensor of the n-dimensional base
manifold (M, g), respectively, and, inkeeping with our previous convention for Section 3, the greek
indices {«, B, ...} = {1,2,--n} and the latin indices {a,b, ..} = {1,2,---2n}.

It should be noted that if the base manifold is flat, i.e., in an appropriate coordinate system
R? Wby = 0and I'* By = 0 then T* = 0 and Kijhk = 0. Therefore, a flat base manifold induces a flat
Sasaki tangent bundle. In this case the “geodesics” of the flat tangent space are all trivially produced
by lifting the “geodesics” of the base manifold.
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