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Abstract: Against the background of a restricted three-body problem consisting of a supergiant
eclipsing binary system, the two primaries are composed of a pair of bright oblate stars whose mass
changes with time. The zero-velocity surface and curve of the problem are numerically studied
to describe the third body’s motion area, and the corresponding five libration points are obtained.
Moreover, the effect of small perturbations, Coriolis and centrifugal forces, radiative pressure, and the
oblateness and mass parameters of the two primaries on the third body’s dynamic behavior is
discussed through the bifurcation diagram. Furthermore, the second- and third-order approximate
analytical periodic solutions around the collinear solution point L3 in two-dimensional plane and
three-dimensional spaces are presented by using the Lindstedt-Poincaré perturbation method.
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1. Introduction

It is well known that Newton’s famous proposition “Principle” took a decisive step in our
understanding of the universe. The origin of the universe is inseparable from the three-body dynamics,
which has always existed since the universe’s birth. It can be said that there are no three-body dynamics;
it is impossible to create a universe [1]. The three-body interactions in the early universe help people
understand the black hole MACHO (abbreviation of MAssive Compact Halo Object) binary formation
and the detectability of gravitational waves in black hole MACHO binaries coalesce [2,3]. In the
theoretical framework of scalar-tensor gravitation, Zhou et al. [4] found that there is a collinear solution
to the three-body problem in the presence of a scalar field, and studied the effect of the scalar field on
this solution and the positions of Lagrange points through numerical examples. For the three-body
problem in the spherical universe, their perturbation theory analysis showed that the rate of precession
of two small and nearly circular solutions of identical particles is proportional to the square root of their
initial distance and inversely proportional to the square of the radius of the universe [5]. In addition,
the three-body problem is also widely used in the evolution of binary systems [6] and the dynamic
analysis of binary asteroids [7,8], as well as other fields in the universe such as dark matter, galaxies,
GW170817 (GW is short for gravitational wave), and Mukhanov-Sasaki Hamiltonian dynamics, and so
forth (see References [9-13] for more information).

The mathematician Poincaré believed periodic solutions to be the unique avenue for solving the
three-body problem. He stated that “what makes these solutions so precious to us, is that they are,
so to say, the only opening through which we can try to enter a place.” There is too much literature
in this area, mainly involving three aspects—qualitative analysis, approximate quantitative solution,
and computer-aided numerical simulation (see References [14-32], and the references therein).
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When considering multiple perturbation factors, Singh et al. did a great deal of work on the
libration points and their stability of various restricted three-body models (see References [33—41]).
These factors mainly include the oblateness of the primaries [35-38,40,41], the oblateness of the third
body [37], and the small perturbation in centrifugal force and Coriolis force [35-41], the radiation
pressure of the primaries [33—41], the changing mass of the primaries over time based on the
Meshcherskii law [34-36], the changing mass of the third body governed by Jeans law [42],
the triaxiality of the primaries [39]. Basic references on oblateness, Coriolis and centrifugal forces,
and radiation pressure can be found in References [43—47].

In addition, some other researchers also discussed the periodic solutions and libration points of the
restricted three-body problem (R3BP) under specific perturbations. For example, Abdullah et al. [48]
investigated the locations and stability of libration points in the circular R3BP with Coriolis and
centrifugal forces under the assumption that the two primaries and the infinitesimal body with variable
masses. Under the assumption that the more massive primary has triaxiality, Abouelmagd et al. [49]
obtained the approximate periodic solution near the collinear libration point of R3BP to the
second-order. Since the star’s isotropic radiation or absorption is one of the factors that cause the mass
of the celestial bodies to change with time, Bekov [50] considered the R3BP of variable masses, in which
the motion of the two primaries was determined by the Gylden-Meshcherskii problem and found the
collinear solutions, as well as the spatial solution and its domains of existence. When the more extensive
primary is an oblate sphere, Zotos [51] numerically studied the dynamic behavior of the circular R3BP
under the initial conditions of the solution are bounded, escaping and collisional, and found that the
oblateness factor has a significant influence on the characteristics of the solutions. Based on the model
of the binary system proposed in Reference [39], Gao and Wang [6] continued to study the analytical
approximate periodic solutions around the collinear libration points. They examined the influence of
the small perturbation in Coriolis and centrifugal forces, the triaxiality, and radiation pressure of the
primaries on the third body’s dynamic behavior through the bifurcation diagram.

In this paper, the effects of small perturbations, Coriolis and centrifugal forces, radiation pressure,
and the oblateness and variable mass of the primaries on the third body’s dynamic behavior will be
discussed numerically through bifurcation diagram in the context of an R3BP consisting of a supergiant
eclipsing binary system. Here we take into account the oblateness, Coriolis and centrifugal forces
together because the oblateness of the primaries will cause both Coriolis force and centrifugal force
to increase (see References [52,53]). By Lindstedt-Poincaré perturbation method, the approximate
analytical solutions of the perturbed third body in two and three dimensions near the collinear libration
points will be obtained. This paper is organized as follows—the motion equations in an autonomous
system will be given in Section 2. The geometry structure of the zero velocity surfaces and curves will
be illustrated in Section 3. Moreover, the bifurcation diagrams of the different perturbation parameters
will be shown in Section 4. Furthermore, the periodic planar and spatial solutions near the collinear
libration points will be obtained by means of Lindstedt-Poincaré in Section 5. In the last Section 6,
conclusions will be stated.

2. Equations of Motion

In a barycentric coordinate Oxyz, consider that two oblate variable-mass radiating primaries
move at an angular velocity w in a circular orbit around their center of mass. The plane of motion
of the primaries (located on the x-axis) coincides with the x-y plane. The third body of infinitesimal
mass that moves under the gravity of the primaries but does not affect their motion, then the dynamic
governing equations (see Reference [35] or Reference [36] for more details) can be written as follows
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where 2 = (x — xi)z + % + 2% (i = 1,2) denotes the distance between the ith primary and the third
body, and the two primaries are placed on (x1,0,0) and (xy,0,0), respectively. For the distance r
between the primaries, x; = —ux(t)r/u(t), xo = ur()r/u(t), u(t) = pu1(t) + pa(t), pi(t) = fm;(t),
m;(t) represents the mass of the ith primary, f is the gravitational constant. In addition, the parameters
g; and A;(t) stand for the radiation factor and the varying oblateness of the ith primary, respectively.
The Coriolis force « and centrifugal force p satisfy « = 1+¢, f = 1+ ¢, here [¢| and |¢/| are the
corresponding small perturbations with values far less than 1. Furthermore, it can be followed from
the reference [36] that the angular velocity holds the following expression

_3u(t) 2 Ai(t) + Ax(t)
e ol R e E @

where x is an arbitrary dimensionless constant of a particular integral ru(t) = xC? in
Gyldén-Meshcherskii problem (see References [54-56] for more information), it represents an arbitrary
sum of the masses of the primaries, C is a constant of the area integral. Note that if the masses of
the primaries are constant and the sum x = 1, then y(f) = 1 by unitizing the gravitational constant.
In addition, if the distance r between the primaries is 1, and without considering the oblateness of the
second primary, that is, A () = 0. Then Equation (2) is simplified to w? = 1+ 3A(t)/2, which is the
same as the mean motion expression in Reference [47].

We now transform Equations (1) into the autonomous system (1, v, w, T) by the Meshcherskii’s
transformation (see Reference [35] or Reference [57])

x = u(t)R(t), y = v(T)R(t), z = w(T)R(t), dt/dt = R*(t), r; = d;R(¢), ©)]

where d; is the distance between the third body and the ith primary, R(t) = /¢t + 2¢t + 7y, ¢, ¢ and
v are constants, the unified Meshcherskii law

u(t) = po/R(t), pa(t) = pro/R(t), pa(t) = p2o/R(t), 4)
where 1, 1110, 20 are constants, and the particular solutions of Gyldén-Meshcherskii problem,
x1 = u1R(t), xp = upR(t), C = d%zwo, r=dpR(t), w= a)()/Rz(t), 5)

where dj; is the distance between the two primaries at initial time. Applying transformation A;(t) =
a;R?(t), here a; = (d%i - d%’_) / (542,) (i = 1,2) refers to the oblateness of the ith primary at initial

time, dg, and dp, are the equatorial radii and the polar radii of the ith primary, respectively. Similarly,
following Singh and Leke [35], unify the mass and distance at the initial time and introduce the mass
parameter y,, which satisfies p10/ 0 = 1 — pm, 420/ o = Hm, m € (0,1/2] stands for the ratio of the
smaller mass to the total mass of the two primaries, then po = «, dyp = 1. Therefore, we obtain

1 3
= e |3 — i 14 3 02)]. ©)

»  3uo 2 aR%(t) + apR%(t)
3 a1, R2(t)
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It follows from Equation (5) that w3 = 14 3(a; +a)/2, &; < 1 (i = 1,2). Then Equations (1) are
reduced to the following form

i — 20w z')—a—Q
0 7811,

U+ 2awott 50 (7)
50
T ow’

with the potential function
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_ - . q1 (1 — pim) + QD2Hm n q1e1 (1 — pim)

q2021m
dq do Zd? + ®)

+x
3 7
Zd2

where d; = \/(u + pm)* + 2+ w? and dy = \/(u + pim — 1)% + 02 4+ w? are the distances from the
third body to the two primaries, respectively.

3. Zero Velocity Surfaces and Curves

The level surface of Equation (7) is an energy surface. The projection of this surface onto position
space is named Hill’s region, and its boundary is the zero-velocity surface, on which the velocity of the
third body is zero, so the third body can only move inside the zero-velocity surface. The intersection of
this surface with the x-y plane is known as the zero-velocity curve. Note that Equation (7) admits a
first integral

200 — (uz Lo 4 wZ) —C, )

where C is the Jacobi constant and #? + 9% + @? denotes the velocity of the relative motion.
The geometric structure of 2() = C in the two-dimensional plane and three-dimensional space is
shown as a series of curves and surfaces for the different Jacobi constants C.

The zero-velocity surface (or curve) with perturbations helps us to analyze the third body’s
dynamic behavior under the influence of a specific perturbation factor, which is different from that of
classical R3BP. For example, when g1 = g2 =1, a1 = ap = 0 and & = = 1, the zero-velocity surface
is different from the classic R3BP due to the presence of x. For the parameter values presented in
Table 1, Figure 1 shows the four zero-velocity surfaces when « takes 0.5, 1, 2 and 4, respectively. It is
easy to find that the structure of the zero-velocity surface of Equation (9) is more open as the value of
becomes smaller and smaller. Because the geometry of the zero-velocity surface (or curve) will vary
with the value of the Jacobi constant C and «, we can numerically analyze the zero-velocity surface
(or curve) and then find the libration points of Equation (7). Without loss of generality, now we only
study the surfaces and curves for the case x = 1.

For 2.82017 < C < 4.16993, the forbidden region of the third body changes with the Jacobi
constant C as shown in Figures 2 and 3. With the decrease of C, five regular libration points Ly,
Ly, -+, Ls are discovered gradually and the forbidden region of motion of the third body is shrinking.
More precisely, the third body can only fly in the two ellipsoidal areas around the two primaries
when C = 4.16993, and the two ellipsoidal motion areas are connected together through the “tangent
point” (marked as librarian point L), and the third body can pass from one primary to the other
through L; when C < 4.16993, but it cannot fly out of these two ellipsoidal areas. When C = 3.59308,
the peanut-shaped flight area is connected to the outer space through a new “tangent point” L,
and when the value of C continues to decrease, the third body can only enter the outer space in this
direction. When C drops to 3.57940, we will discover another new “tangent point” in the opposite
direction, which is the libration point L3. At this time the third body can also fly from this direction
to outer space when the value of C continues to decrease. For the Jacobi constant C = 2.82017,



Universe 2020, 6, 110 5 of 25

the symmetrical libration points L4 and L5 appear at the same time. Now the third object can escape
into outer space in any direction around the two primaries. Therefore, as a summary of Figures 2
and 3, the corresponding five planar librations points can be identified as follows L;(0.018995,0),
L,(1.1989,0), L3(—1.19261,0), L4(0.01424987,0.851953), L5(0.01424987, —0.851953). Besides, there are
several methods for determining the libration points. For example, the total number of collinear
libration points for this problem can also be determined based on the theory of topological degree [58].

Figure 1. Zero velocity surfaces for ¥ = 0.5,1,2 and 4, respectively.

2 2

30 30

-2 -2

2 2
0 2

2
) 0 0
v ; -2 u
(a) (b)
2 2
30 30
2 -2
2 2
2 2
0 0 0 0
2 92 -2 -2
v u v u
(c) (d)

Figure 2. Zero-velocity surfaces of the third body for x = 1: (a) C = 4.16993, (b) C = 3.59308,
(c) C = 3.57940, (d) C = 2.82017.
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Table 1. Physical parameters in Equation (7).

Parameters Wm 7 92 nq %) X B
Values 0.48785 0.9988 0.9985 0.024 0.02 1.001 1.002

-2 -2
-2 0 2 -2 0 2
U U
(a) (b)
2 2
- Ly
2 0 L3 =20
- Ls
_2 . _2 .
-2 0 2 -2 0 2
U U
() (d)

Figure 3. Zero-velocity curves of the third body: (a) C = 4.16993, (b) C = 3.59308, (c) C = 3.57940,
(d) C = 2.82017.

4. Bifurcation Analysis

We note that the three-body problem has a high degree of complexity due to its dynamic equations’
extremely strong nonlinearity. Any subtle changes in different parameters may substantially change the
third body’s dynamic behavior. Thus, we will analyze the effect of different perturbation parameters
on the third body’s dynamic behavior through the bifurcation diagram. After a large number of
numerical simulations, we select 1y = (—0.08,0.001,0.2,0.002, —1.6,0.001) as the initial value of the
iteration. Combining the conditions in section 2, we restrict the Coriolis force & and centrifugal force
B to[1, 1.1] in the a-B-u frame, Figure 4a,b show the influence of the perturbation of « and 8 on the
variables u-v, respectively, and reflect the corresponding chaotic characteristics. However, the joint
perturbation of « and  shows that the amplitude of the third body in u direction no longer changes
when 1.055 < & < 1.1 (see Figure 4c).
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Figure 4. (a—c) Bifurcation diagrams of Coriolis force « and centrifugal force § in the frames auv, fuv
and «Pu, respectively, when x = 1, p;; = 0.48785, g1 = 0.9988, g, = 0.9985, a1 = 0.024, ap = 0.02.
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Consider the perturbation range of the oblateness coefficients of the two primaries is [0,0.1].
As shown in Figure 5a,b, as the oblateness coefficient a1 of the first primary increases, the effect of this
perturbation factor on the third body’s amplitude in u direction gradually increases, but the effect on
the amplitude in v direction gradually decreases. When the oblateness coefficient «, of the second
primary changes, the third body exhibits apparent chaotic behavior. However, the third body keeps
moving periodically in u direction under the joint action of #; and «; (see Figure 5¢). This indicates
that the oblateness coefficients play a certain degree of “correction” to the two primaries” dynamic
behavior so that they can maintain regular motion as much as possible.

For the parameter x, which represents the arbitrary sum of the primaries” masses, we only show
the bifurcation diagrams whose value is between 0 and 1. Figure 6a—c clearly show that no matter how
the value of x changes, it has a considerable influence on the third body’s dynamic behavior. The third
body reflects the intricate, chaotic properties in the frames x-1-v, x-u-w, and x-v-w. It is consistent with
our common sense because the masses of the primaries are closely related to their gravitation, and this
plays a significant role in determining the behavior of the third body in the sphere of gravity.

Next, we show the bifurcation diagrams of the mass parameter y,, in the interval (0,0.5] in
Figure 7. It is easy to find that when y;,’s value is small, the mass of one primary is enormous
compared to the other. It has a significant impact on the third body’s amplitude in the three directions
of u, v, and w. When p,, = 0.07, the third body’s amplitude in u direction seems to be stable from its
projection (see Figure 7a,b), but it is still apparent in the three-dimensional space. However, when the
value of y;, gradually increases, that is, the difference between the masses of the two primaries is
getting smaller and smaller, its influence on the third body’s amplitude in the v direction is gradually
more considerable than that in # and w directions (see Figure 7b,c).

Similarly, we examine the effect of the radiation factors 4; and g, on the third body’s dynamic
behavior at the interval [0, 1]. Figure 8a,b demonstrate the influence of the radiation factors of the
first and second primaries, respectively, and Figure 8c reflects the impact of the two radiation factors
acting simultaneously. As shown in Figure 8a,b, the radiation factor q; or g, has almost the same
influence on the third body’s movement in u and v directions. However, the influence of 4; on the third
body’s amplitude is greater than that of g, especially when g; < 0.57 or 0.67 < g1 < 0.85. In contrast,
the impact of g, is much more moderate. Figure 8c shows that when q; < 0.0202, regardless of how
g2 changes, the amplitude of the third body changes little in the u direction. In other words, the two
radiations from the two primaries in the current state have almost little effect on the dynamic behavior
of the third body in the u direction, which may be due to the weak radiation of the first primary.
However, when q; € [0.0202,0.3434], the third body’s amplitude has a significant change, even if
g2 is very small. When the value of g; is greater than 0.3434, the third body exhibits approximately
symmetrical motion in a larger area under the joint action of g1 and g.
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Figure 5. (a—c) Bifurcation diagrams of oblateness coefficient of the ith (i = 1,2) primary in the
0.9988, o = 0.9985,

frames auv, apuv and ayayu, respectively, when x = 1, p, = 0.48785, g1
« =1.001, B = 1.002.
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(b)

Figure 6. (a—c) Bifurcation diagrams of the arbitrary sum « of the masses of the primaries in the
frames xuv, kuw and xvw, respectively, when p,, = 0.48785, g1 = 0.9988, g2 = 0.9985, a; =
0.024, oy = 0.02, « = 1.001, B = 1.002.
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Figure 7. (a—c) Bifurcation diagrams of the mass parameter i, in the frames py,uv, pymuw and
umvw, respectively, when x = 1, g1 = 0.9988, g = 0.9985, a1 = 0.024, ay = 0.02, « = 1.001,
B = 1.002.
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Figure 8. (a—c) Bifurcation diagrams of radiation factor of the ith (i = 1,2) primary in the frames
q1uv, qouv and qiqou, respectively, when x = 1, u, = 0.48785, oy = 0.024,a7 = 0.02, & =
1.001, B = 1.002.
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5. Periodic Solutions near the Collinear Libration Points

5.1. Expansion of Two-Dimensional Dynamic Equations

The third body’s equations of motion in the u-v plane are

i — 2awgo = Uy,

(10)
U4 2awout = Uy,
where the potential function
2
_wyBrr—1) 5 o g1 (L —pm) | Qbm G100 (L= i) | Go&2pim
u= 5 (u —i—v)—i—x i + ir + o0 + 205 |’ (11)

where dy = \/ (1 + ptm)* + 0% and dj, = \/(u + ptm — 1)% + 02 are the distances from the third body to
two primaries respectively. Then the right hand side of Equation (10) can be written as

L—pm) (w4 pm)  qarcpim (u+pm — 1) Bqueay (1— pm) (u + pim)
d3 d3 242

Uy = @2 (B+x—1)u— T

 3qaKagpm (U + pm — 1)
245

, (12)

k(I —pm)o  qoxpmo 3quxay (1—pm) v 3qaKkaopmv
d3 d3 2d; 2d3

Uy =} (B+x—1)0

Now we study the periodic solutions of the third body around the collinear libration points L;
(i =1,2,3), and uy, is the specific coordinate corresponding to L;. By letting u = u;, +¢ and v = 7,
then Equation (10) are reduced to the following form

6— 2awon = Ug,

: (13)
ii + 2awog = Uy.
Expanding the right hand side of Equation (13) to the second-order yields
¢ — 2mwp) = Kag + Kol + Karp?, ”
i+ 2awoé = Py + Pagy,
and to the third-order in the same way, then we obtain
& = 2mwp) = Kag + Ko + Ko + Kag? + Kslrp?, 5)

ij + 200 = Pry + Pagny + Paip® + Pag?y,
where corresponding coefficients can be found in Appendix A.

Two-Dimensional Periodic Solutions

Assuming that the periodic solutions for Equation (14) with respect to orbital parameter e (|e| < 1)
have the following form

&= e+ &He?,

) (16)
N = 1me+ne.

Substituting Equation (16) into Equation (14) and comparing the terms with the same power of ¢,
we have
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&1 — 2awoin — K181 =0,

. 17
iy + 200l — Pyjy =0, 17)

and

& — 2awoipy — Kani — Ky&2 — Kot =0,

) : (18)
fi2 + 20wo8a — Pyia — Pag1m1 = 0.

By using the Lindstedt-Poincaré perturbation method (see Chapter 5 in [59] for more details),
the periodic solution of Equation (17) can be written as

¢1 = aj cos (@t) + by sin (@t), 19
11 = ap cos (@t) + by sin (@t) ,

with period T = 27/ ®.
Substituting Equation (19) into Equation (17) and comparing the coefficients of sin («@t) and
cos (@t), then we get

(K1 + 602> a1 + 2awop@by = 0,
(20)
2uwga + (Pl + 6’02) b, =0,
and
(Kl + 0’)2) by — 2awywa; =0,
(21)
— 2nwo@by + <P1 + (02) a, = 0.

According to the homogeneous linear Equations (20) and (21), in order to get a nonzero solution,
the corresponding determinant satisfies

ot + (K1 rp— 4042w(2)) @ + K, P, =0, (22)

then we set a1 = 1, b; = 0, and substitute them into Equations (20) and (21) respectively, such that
a, = 0 and b, = —2awy@/ (P + @2), so the periodic solution of Equation (17) is

¢1 = cos (@t),

. (23)
71 = by sin (@t).
Similarly, we write the periodic solution of Equation (18) as
&r = a3 + ag cos (@t) + as cos (20t) + by sin (@t) + by sin (2w0t),
(24)
2 = ag cos (@f) + ay cos (2@t) + bs sin (@t) + be sin (20f) .
By using the same method as above, we obtain
= a3 + as cos (2wt),
§2 = a3 45 (20t) 25)
12 = b sin (20t) .
Accordingly, the periodic solution of the Equation (14) with respect to e writes
& = &+ cos (@t) e + [az + a5 cos (2at)] €2, 26)

1 = by sin (@t) e + by sin (20t) €2,
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where (&, 0) is the coordinate of the collinear libration point.
For Equation (15), suppose that the periodic solution in powers of parameter e takes the form

E=Ce+5He +&e,

2 3 (27)
1N = 1€ + nae” + nze”.

Substituting Equation (27) into Equation (15) and comparing the terms with the same power of e.
We obtain three sets of equations, of which the first two sets are identical to Equations (17) and (18)
respectively, and the third set of equations has the form

& — 2awonis = Kq& + 2Ka&1 & + 2Kamina + K& + K&y,

. : (28)
ijs + 2003 = Prijs + Paguija + Pagampt + Parfi + Paim.
Let the periodic solution of Equations (28) be
C3 = agcos (@t) + ag cos (2t) + ayg cos (3t) + by sin (@t) + bg sin (2t) + by sin (30t), 29)

13 = a11 cos (@t) + ajp cos (20t) + a3 cos (3@t) + byg sin (@t) + by sin (2@t) + by sin (30t) .

Substituting Equations (23), (25) and (29) into Equation (28), and comparing the coefficients of
sin (jeot) and cos (jot) (j = 1,2,3) respectively, then we have

&3 = ayg cos (3t),

. (30)
3 = byp sin (36@[’) ,
where the expressions of a9 and b1, can be found from Appendix B.
Therefore, the periodic solution of Equation (15) in powers of parameter ¢ becomes
& = & + cos (@t) e + [az + a5 cos (2@t)] e + ayg cos (3t) €2, 31)

11 = bysin (@t) e + bg sin (2t) e? + byy sin (3ot) €3,

where the expression of coefficients, please refer to Appendix B again.

Note that different values of x not only determine the positions of the libration points, but also
affect the shape of the second- and third-order periodic solutions through Equation (22). This is
because the coefficients of Equation (22) are related to x (see Appendix A for details). In order to
better illustrate the approximate periodic solution obtained above, we show the phase portraits of the
above approximate analytical periodic solutions near the libration point L3 under the four cases of
x = 0.5, 1, 2, and 4 respectively (see Figure 9a,d). When the value of x is small, it is easy to find that
the difference between the second- and the third-order approximate periodic solution is insignificant
(see Figure 9a,b). Especially for the periodic solutions in Figure 9a, the second- and third-order
approximate analytical periodic solutions on the two-dimensional plane around L3 agree very well,
and they are almost indistinguishable visually. In this state, the second-order approximate periodic
solution can be regarded as the alternative to the third-order case. If the values of other parameters
remain unchanged, we can easily find from Figure 9¢,d that the difference between the second- and
third-order approximate periodic solutions become more and more significant as x increases. Therefore,
we can conclude according to Figure 9 that the smaller the value of «, the better the degree of agreement
between the second- and third-order approximate periodic solutions, and vice versa.
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Figure 9. The approximate periodic solutions in two-dimensional plane for (a) x = 0.5, (b) x =1, (¢) x = 2,
and (d) x = 4, respectively.

5.2. Expansion of Three-Dimensional Dynamic Equations

Applying the translations u = uj, + ¢, v = 7 and w = { to Equation (7), then we have

& —2awon = %0

aZ’
e
i+ 20woG = %, (32)
. 00
¢ = X

Expanding the right hand side of Equation (32) to the second- and to the third-order respectively,
then we obtain
¢ = 2awor) = Ksg + Kal? + Ko + Ko,
ij + 2awo¢ = Py + Pagy, (33)
(=l + Q8

and
& —2awoi) = K1& + Ko&? + Ksip? + Kel? + K78 + Kslp* + Koll?,
ij + 20woé = Piy + Poly + Psy® + Pe&?n + Pryg?, (34)
{= Q10+ Qafl + Q3% + Qu?C + Qs1,
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where the corresponding coefficients are displayed in the Appendix A.

Three-Dimensional Periodic Solutions

By means of successive approximations, we assume that the periodic solution of Equation (33)
admits the following form

&= e+ &%
7 =ne+ 17262, (35)
0= ie+ {oe?

Substituting Equation (35) into Equation (33) and comparing these terms with the same power e,
then we obtain

&1 — 2awoin — K181 =0,
ij1 + 2awoéy — Py =0, (36)
{1— Q151 =0,

and

& — 2awory — K182 — Kal% — Kanp? — Ke3 =0,
ijp + 20woés — Py — Podyy =0, (37)
{o— Q102 — Q28101 = 0.

For the third equation of Equation (36), the corresponding periodic solution takes the form
{1 =acos (@t) + bsin (ot), (38)

and substitute Equation (38) into the third equation of Equation (36) yields
(Q+a?)ai=0 (39)

Note that if there is a non-zero solution to Equation (39), then Q1 = —@? < 0. So we choosea = 0
and b = 1, and one of the solutions is {; = sin (®@t).
Let the periodic solution of Equation (36) admits the following form

{1 = a14 cos (C@t) + b3 sin (C’Oi’) , (40)
11 = 415 COs ((,'Ot) ~+ by4 sin ((,'Ot) .

Substituting Equation (40) into Equation (36) and comparing the coefficients of sin (@t) and
cos (wt), then we obtain

(Kl + 602> a4 + 2awo@by = 0,
(41)
20wo@ay4 + (P1 + (92) by =0,

and
(K1 + CDZ) b1z — 2awpways = 0,

(42)
— 2awo@biz + (P1 + (Dz) a5 = 0.
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Based on the results of Equations (20) and (21), then the periodic solution of Equation (36) writes

¢1 = cos (@t),
n = b14 sin ((Dt) , (43)
{1 = sin (@t).

Similarly, let the periodic solution of Equation (37) has the following form

&r = a1 + a17 cos (@t) + aig cos (20t) + bys sin (@t) 4 byg sin (20t),
2 = 19 cos (@t) + ayy cos (2@t) + byy sin (@t) + byg sin (2w0t) , (44)
o = ap1 cos (@t) + apy cos (2@t) + byg sin (@t) + byg sin (2w0t) .

By using the same method as mentioned above, then we get

¢r = ay4 + a1g cos (ZC’Dt) p
2 = bigsin (2wt), (45)
{2 = bygsin (Z(Dt) .

Therefore, the periodic solution of Equation (33) with respect to e becomes

&= & +cos (@t) e + [arg + a1g cos (20t)] €2,
1 = byysin (@t) e + byg sin (20t) €2, (46)
{ = sin (@t) e + by sin (2@t) €2,

where the expressions of these coefficients can be obtained from Appendix B.

As for the third-order approximate periodic solution of Equation (34), suppose that the periodic
solution in the form of e can be written as

&= e+ &He” + Ged,
1 =1me+ 126> + 173€°, (47)
{ = Q1e+ 0e* + 3ed.

Substituting Equation (47) into Equation (34), and comparing the terms containing the same
power of ¢, then we obtain three set of equations, the equations corresponding to e and e? are the same
as Equations (36) and (37), respectively, and the equations corresponding to e? are as follows

& — 20wons = K& + 2Ka&1 & + 2K + 2Kel1 0o + K78 + Ks&impd + Ko&1 03,
i3 + 20wols = Piips + Palina + Palamy + Psipi + Pl + Pon 3, (48)
U3 = Qs + Q102 + Q&0 + Q383 + Qu&El1 + Qsy3 .

Writing the periodic solution of Equations (48) as

&3 = a3 cos (@t) + a4 cos (2t) + aps5 cos (3t) + by sin (@t) + by sin (20t) + bz sin (3wt) ,
3 = a6 €Os (@t) + apy cos (2t) + apg cos (3t) + byy sin (@t) + bys sin (20t) + byg sin (3wt),  (49)
{3 = a9 cos (@) + azg cos (2t) + a3y cos (3t) + byy sin (@t) + byg sin (20t) + byg sin (30t) .

Substituting Equations (43), (45) and (49) into Equation (48), and comparing the coefficients of
sin (jot) and cos (jot) (j =1,2,3), then we obtain
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¢3 = a5 COS (3(@1’) ,
13 = byg sin (3@t), (50)
{3 = byg sin (3(Dt) .

Therefore, the third-order approximate analytical periodic solution of Equation (7) in
three-dimensional space can be written as

&= & +cos (@t) e + [a1g + a1g cos (2c0t)] > + a5 cos (3@t) €2,
1 = byysin (@t) e + byg sin (2t) €* + bog sin (3at) €3, (51)
¢ = sin (@t) e + bog sin (2@t) €% 4 byg sin (3ct) €.

Note that one can find the specific expressions of the above coefficients from Appendix B.

Based on the results of the above analysis, we show the three-dimensional periodic solution near
the collinear libration point L3 for four different x values of 0.5, 1, 2, and 4 in Figure 10. When x =
0.5 and k¥ = 1, the second- and third-order three-dimensional periodic solutions agree very well,
as shown in Figure 10a,b. When « = 2, although Figure 10c shows that the second- and third-order
periodic solutions are somewhat different, the degree of agreement is also good. However, Figure 10d
(corresponding to x = 4) indicates that the second- and third-order periodic solutions differ significantly.
Therefore, it is easy to find that the smaller the value of «, the better the approximation effect.

() (d)

Figure 10. The approximate periodic solutions in three-dimensional space for (a) x = 0.5, (b) x =1,
(c) k = 2, and (d) x = 4, respectively.



Universe 2020, 6, 110 20 of 25

6. Conclusions

For a restricted three-body problem consisting of a supergiant eclipsing binary system,
we investigated the geometric structure of the corresponding zero-velocity surfaces and curves of the
coplanar libration points and discussed the third body’s dynamic behavior under the influence of eight
perturbation parameters through bifurcation diagrams. These perturbations include: Coriolis force
«, centrifugal force B, oblateness coefficients a1 and a3, random sums x of the masses of the two
primaries, mass ratio parameter y,,, and the primaries’ radiation factors q; and g. We found that any
perturbation of Coriolis force and centrifugal force has a greater impact on the third body’s dynamic
behavior, but their combined effect has a smaller effect on the third body. Similarly, the oblateness
coefficient a; has a more significant influence on the third body’s dynamic behavior than that of
«1. However, the degree of their combined effect on the third body’s dynamic behavior is minimal.
Additionally, the parameter x has a more extensive influence on the dynamic behavior of the third
body, any tiny changes can cause apparent chaos phenomena. Furthermore, the smaller the mass ratio
parameter, the more considerable the dynamic behavior of the third body, and vice versa. Besides,
the influence of the radiation factor q; on the three-body dynamics is more significant than that of
g2. The combined effect of q; and g2 has a notable effect on the dynamics of the third body when the
radiation factor q; > 0.3434.

In addition, we also applied the Lindstedt-Poincaré perturbation method to present the second-
and third-order approximate analytical periodic solutions near the colinear libration points in the plane
and space respectively, and illustrated the corresponding phase portraits with respect to x = 0.5, 1, 2,
and 4 around the libration point L3. We found that the smaller the value of «, the better the coincidence
of the corresponding second-order and third-order periodic solutions. Besides, for the same x value,
the coincidence between the three-dimensional periodic solutions of different orders is better than that
of the two-dimensional case.
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Appendix A

1 +3a1> + 2 ( 1 +31x2>
e . 2 m\| a2 = |
do, A o, doy

1 Sa 1 Sa
Ky = =3g1x (1 — pm) ( + l) V1 — 390K ( + 2) Vs,

Klzwé(ﬁ+K—1)+2q1K(1—um)<

F& dgl d%Z d82
Kz = %%K (1= pm) (;61 + 25;811> Vi+ %qzwm (;62 + 25;822) Va,
Ky =2q16 (1 — pim) (;81 + 155?) + 202K pm (%2 + 155;) ,
Ks = =3q1x (1 — pim) (;gl + ;Z%?) — 392K Hm (ﬂlgz + ;ZZ) ,

3 1 50(1 3 1 5062
Ko = Sq1% (1 — pm) ( + > Vi+ SqaKpm ( + ) Va,
2 dy - 2d5 2 dg,  2d5
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K7 =21 (1 — jm) (;81 + 155?) + 292K pm (;82 + 155:) ’

Ks = =3q1% (1 — pim) (;81 + ;Z%?) — 392K Hm <d282 + ;Z%;)

Ko = =3q1x (1 — pim) (dzgl + ;Z%?) — 3q2Km <d82 ;ZZ)

Pr=w§(B+x—1) = qux (1~ pim) (dlgl + 23;81> q2K (0%2 2?’;822) ,

Py =3q1% (1 — pim) (‘%1 + 25;811> Vi 4 3q2Kpm (déz 25;82) Va,

Py = %%K(l — Hm) (di + ;;71 ) i%Kﬂm (di + 25;72 ) ,

Py = —=3q1x (1 — pim) (6%1+12[51%<11> — 3q2K <d§2 + ;%j) /

Ps = %IhK (1= pm) ((;5)1 + ;;i) + %%K}im (0%2 + Z%Z) ,

Po = —3q1% (1 — pim) (dgl + ;Z%?) — 3q2KHm (d%z + ZZ) ,

3 1 5y 3 1 5
Py = v (1= pm) <d5 +2d7 ) 2 T2 Hm <d5 +2d7 )
Vi = sgn (ur, + pim) ,
Vo = sgn (ur, + pm — 1),

dor = |ur, + pm|,

7

dop = |ur, + pm — 1

1 3aq 1 3ap
Q1 :w(z)(K—l)—%K(l—Vm) <+> — 2KUm <+) ,
dy - 2dg, dy,  2d3,

Q2 = 3q1% (1 — pim) (;(4]1 + 25d6 > Vi + 3qaKptm <d§4)2 + 25582) Va,
Q= gqm (1= ptm) (%l + Z%t) + ngKﬂm (;82 + ZZ) ,

Qs = —=3q1x (1 — pim) <dz(5)1 + Z%?) — 392K Um (dgz + ZZ) ,
Q5 = gqlx(l — M) <d%1 + ;;%11) + gqycym (‘1%2 + ;;%i) :
Appendix B

e — Ky + K3b%
3= 2K1 7
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(P1 + 46@2) (Kgb% — KZ) + 4awy@ P by

as = ,
" 3208 + 8 (Ky + Py — 402w?) @2 + 2K, Py
(Pl + 96@2) (7K2a5 + K3bybg — %K;} + }1K5b%) + 3awp@ (P2b6 + Pasb, — %P;;bg + %Pﬂ)z)
10 = 810* 49 (K1 + P — 402w3) @2 + K1 Py !
— _K2+K3b%4+K6
16 — 2K1 7
I (P 4 4@?) (—Kz + K3b%, + Kg) + 4awo@Pabyy
B 304 + 8 (K + Py — 40202) @2 + 2K, P,
1 1
aps = Py +9@?) | —Kaayg + Kzbiabig + Kgbyg — ~ K
25 810 + 9 (K, 1+ Py — 4a2a) @ 1 Ko P, {(1 )( 2018 30140138 6920 — 7 K7
1 5 1 1 1 1. .4 1 1
+1K8b14 + 4K9> — bawy@ (—szblg — 2P2a18b14 + 1P5b14 — ZPébM + 4P7b14>:| ,
by — _ 20wp@
2 — Pl + CDZI
. —Dby (K1 + 46@2) —4dawow (K3b% — Kz)
7 320% 18 (K; + P — 4020?) @% + 2K, Py’
N 1 1., 1 1 1,
(Kl + 9@ ) —§P2b6 - EleIlshz + Zp3b2 - Zp4b2 — bawo@ | —Kpas + Kzbpbg — ZK4 + 1K5b2
b —
12 810 +9 (Ky + P; — 4a2w2) @2 + Ky Py ’
by — 20w @
“= P + @?’
bre — —DPobyy (Kl + 46@2) —4dawo@ (—K2 + K3b%4 + K6)
BT 3204 18 (K + P — 4a2w]) @ + 2K Py
Q2
by = — =2,
20 602
1 1 1 1
bys = K1 + 902 (—Pb — ~Poayghyy + — Psb3
7 810 49 (K; + P, — 402w?) @2 + Ki Py [( ! ) (g 2bs = g Pamsbis & g P50y
1 1 1, 1, ., 1
_1P6b14 + le7bl4 — bawpw@ | —Kaaig + Kzbiabig + Kgboo — 1K7 + szbM + ZK9 ,
1 1 1 1 1
—~Qobyo — = ZQ5— 2Qu+ - Qsb?
o — 2Q2 20 2Q2ﬂ18+4Q3 4Q4+4Q5 4
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