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Abstract: The cold dark-matter model successfully explains both the emergence and evolution of
cosmic structures on large scales and, when we include a cosmological constant, the properties of
the homogeneous and isotropic Universe. However, the cold dark-matter model faces persistent
challenges on the scales of galaxies. Indeed, N-body simulations predict some galaxy properties
that are at odds with the observations. These discrepancies are primarily related to the dark-matter
distribution in the innermost regions of the halos of galaxies and to the dynamical properties of dwarf
galaxies. They may have three different origins: (1) the baryonic physics affecting galaxy formation is
still poorly understood and it is thus not properly included in the model; (2) the actual properties of
dark matter differs from those of the conventional cold dark matter; (3) the theory of gravity departs
from General Relativity. Solving these discrepancies is a rapidly evolving research field. We illustrate
some of the solutions proposed within the cold dark-matter model, and solutions when including
warm dark matter, self-interacting dark matter, axion-like particles, or fuzzy dark matter. We also
illustrate some modifications of the theory of gravity: Modified Newtonian Dynamics (MOND),
MOdified Gravity (MOG), and f (R) gravity.
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1. Introduction

The fundamental nature of matter and the concept of its constituent particles have always
been a central topic of philosophy and of natural sciences throughout the history of human
thought. The development of new tools applied to the observation of nature has often led to the
discoveries of new physical phenomena. These discoveries directly or indirectly implied the existence
of particles that were previously invisible [1].

In the last century, the concept of invisible or dark matter has reached the current connotation,
although with some oversights, such as believing that the dark matter was made up of stars and/or
interstellar medium too faint to be detected. It was J. H. Oort who, in 1932, first estimated the total
amount of matter density near the Sun from dynamical data, and pointed out a discrepancy of a factor
of up to 2 with the amount of the visible stellar populations [2]. Although this result is often considered
to be the first evidence of the existence of dark matter, the discrepancy has now been alleviated by
using more accurate observations of the stellar disk population [3–5]. For a comprehensive review,
we refer to [6].

In 1933, F. Zwicky pointed out a discrepancy between the observed velocity dispersion along the
line of sight of 8 galaxies in the Coma cluster (∼1000 km/s) and the one expected in a system of N
massive galaxies in dynamical equilibrium (∼80 km/s) [7]. This discrepancy implied the presence of a
large amount of invisible mass; this mass was still thought to be in the form of stars and/or gas which
were not yet observable. This result of Zwicky traditionally marks the birth of the dark-matter problem.
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A new era began in the 1970s, when V. C. Rubin and W. K. Ford measured the rotation curve
of the Andromeda galaxy (M31) out to 110 arcminutes away from the galactic center, and estimated
a mass-to-light ratio of 13 ± 0.7 M�/L� at R = 24 kpc, corresponding to a total mass of
M = (1.85 ± 0.1)× 1011 M� [8]. The measure of the 21-cm line emission of neutral hydrogen also
suggested that the rotation curves of spirals fall off at large radii less rapidly than they should when most
of the galaxy mass is concentrated in the optically luminous component [9,10]. This flatness of the rotation
curves led to the conclusion that galaxies are embedded in massive halos extending to large radii, as was
suggested by theoretical studies of the stability of disk against the development of a bar [11].

In recent decades, the quest to unravel the intriguing puzzle of the dark matter has travelled
along different paths. It was pointed out that the nature of dark matter could be either baryonic,
or non-baryonic. Alternatively, it could be gravitational, namely the phenomena associated with dark
matter actually is the signature of a breakdown of the standard theory of gravity. Each one of these
hypotheses followed different paths to be validated.

The search for baryonic dark matter focused on sub-luminous compact objects, such as planets,
brown dwarfs, white dwarfs, neutron stars, and black holes. These massive astrophysical compact
halo objects (MACHOs) are now believed to form only a small fraction of dark matter. Microlensing
surveys have been used to set an upper limit of 8% to the contribution of MACHOs in the mass fraction
of the dark-matter halo of the Milky Way [12,13].

Nevertheless, there is the possibility that primordial black holes, which formed before the Big
Bang nucleosynthesis and have masses below the sensitivity range of microlensing surveys, may form
a substantial fraction of the total dark-matter density. This idea was originally discussed by Carr
and Hawking [14] in 1974. However, generating a relevant abundance of primordial black holes
requires a substantial degree of non-Gaussianity in the power spectrum of the primordial density
perturbations [15,16]. Recently, the detection of gravitational waves has set a tight upper limit on the
abundances of these black holes. This limit suggests that the black hole contribution to the dark-matter
abundance is at the level of a few per cent [17], as allowed by the constraints on non-Gaussianity
obtained from the Planck satellite [18–20]. Similar results were obtained by a recent microlensing
survey of M31. In fact, if primordial black holes constitute the Milky Way and M31 dark-matter halos,
we expect that the M31 stars observed from Earth should generate∼103 microlensing events. However,
in a 7 h-long survey, only a single candidate event was identified. This result implies that the fraction
of dark matter in primordial black holes in the mass range 10−11–10−6 M� is ΩPBH/ΩDM < 0.001 [21].

One or more species of elementary particles beyond the Standard Model of particle physics are
expected to make up the non-baryonic dark matter: Weakly Interacting Massive particles (WIMPs),
QCD axions or ultra-light bosons are some of the suggested hypothetical particles. WIMPs are expected
in the theory of supersymmetry, which dates back to the 1970s and supposes that for any given fermion,
there is a boson with the same quantum numbers, and vice versa [22]. In this case, there would be many
electrically neutral and weakly interacting massive particles that could be cosmologically abundant
and could play the role of dark matter. Intriguingly, a supersymmetric particle with mass in the range
∼1 GeV–10 TeV would give rise to a relic density consistent with the observed dark-matter density [23].

The searches for these particles, based on methods of direct or indirect detection, are ongoing.
Despite the large effort, no direct detection has been claimed to date [24] and claimed indirect detections
have been questioned [25–27]. However, supersymmetric particles are not the only particles that can
play the role of dark matter. As mentioned above, there are other strongly motivated candidates, such as
QCD axions and fuzzy dark matter [28,29]. QCD axions are suggested by the solution of the Strong CP
problem in the Standard Model [30,31], while fuzzy dark matter arises from the compactification of
extra dimensions in the String Theory landscape [32]. We will discuss these models in Section 4.

Alternatively, the phenomena attributed to dark matter could originate from a modification of the
theory of gravity. Along this line, in 1983, the Modified Newtonian Dynamics (MOND), was proposed
to explain the observational evidence attributed to dark matter by modifying the second law of
dynamics with the introduction of an acceleration scale [33–35]. Later, more theories of gravity have
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been proposed [36–38], all of them reporting successes and failures. Unfortunately, none of them
appears to be able to explain all the relevant observations in a single general framework. In Section 5
we will discuss some of these models.

In the standard cosmological model, dark matter consists of massive particles that weakly interact
with ordinary matter and that decoupled from the primordial plasma when they were non-relativistic.
This Cold-Dark-Matter (CDM) scenario encounters some difficulties in describing structures at galactic
scales [39–44]. These difficulties include the cusp/core problem, the problem of the missing satellites,
the too-big-to-fail problem, and the problem of the planes of satellite galaxies.

The cusp/core problem is the discrepancy between the flat dark-matter density profile observed
at the centers of dwarf and ultra-faint galaxies, and the cuspy profile predicted in collisionless N-body
simulations [45–48]. In particular, N-body simulations show cuspy density profiles for dark-matter
halos of galaxy size; the halo density increases with decreasing radius r as r−β, with β in the range
∼[1–1.5]. These slopes do not match the cores favoured by the observed rotation curves [39,45,46,49,50].
Nevertheless, modelling the kinematics of stars in dwarf galaxies does not lead to a clear conclusion to
whether these galaxies are dominated by a core or a cusp in their innermost regions [51]. The missing
satellites problem is the fact that the dark-matter halos of galaxies such as the Milky Way are predicted
to have several dark-matter subhalos which is an order of magnitude larger than the number of satellites
observed around the Milky Way or other comparable galaxies [52,53]. A related, but independent,
issue is the too-big-to-fail problem [41,54–56], which manifests in the central densities of the most
massive dark-matter subhalos formed in ΛCDM simulations; these densities are systematically larger
than the central densities of the brightest classical Milky Way satellites, as inferred from their stellar
kinematics. In principle, associating the classical satellites to dark-matter subhalos with smaller central
densities and smaller mass would erase the discrepancy; however, this association would clearly imply
that the most massive subhalos would not host a galaxy. In other words, these subhalos “failed” to
form stars even though less massive subhalos succeeded in doing so. Finally, the problem of the planes
of satellites refers to the fact that in the galaxy systems of the Milky Way, of M31, and of Centaurus A,
the satellite galaxies reside in a thin plane and they generally co-rotate. This satellite configuration
appears unlikely in the simulations of the standard CDM model [57].

In addition to these problems, the current CDM paradigm faces other challenges. The Tully-Fisher
relation suggests the existence of an acceleration scale that is adopted as a fundamental constant in
MOND [58]. The total angular momentum of the visible component also differs by a factor of 2–3 from
the angular momentum of CDM halos [59,60].

This review will focus only on some of the aforementioned problems that the standard dark-matter
paradigm encounters at galactic scales. We will present the state of the art of these problems in the
context of the standard CDM model, and then review some alternative solutions that may reside either
in a change of the dark-matter paradigm or in models of modified gravity.

Section 2 recalls the standard cosmological model with the current constraints on the cosmological
parameters. Section 3 discusses some of the observational challenges: the radial acceleration relation
(Section 3.1), the cusp/core problem (Section 3.2), the missing satellites problem (Section 3.3),
the too-big-to-fail problem (Section 3.4), and the planes of satellite galaxies problem (Section 3.5).
Section 4 is devoted to possible explanations beyond the Standard Model of particle physics such as
warm and self-interacting dark matter (Sections 4.1 and 4.2), QCD axions (Section 4.3), and fuzzy dark
matter (Section 4.4). Finally, Section 5 explores possible explanations provided by alternative theories
of gravity, specifically Modified Newtonian Dynamics (MOND) (Section 5.1), Scalar-Vector-Tensor
theory of gravity, also known as MOdified Gravity (MOG) (Section 5.2), and f (R)-gravity (Section 5.3).
In both Sections 4 and 5, we discuss whether each of the specific models may resolve the issues at
galactic scales that we mention in Section 3. Finally, Section 6 summarizes the main topics of the review
and provides some future perspectives.
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2. Overview of the Cold-Dark-Matter Model

Over recent decades, the standard model for the evolution of the Universe, the ΛCDM or
concordance model [61], was established by many independent observations, including the Cosmic
Microwave Background (CMB) temperature fluctuations [20,62–66], the power spectrum of the matter
density perturbations [67–69], the luminosity distances to supernovae SNeIa [70–77], and the expansion
rate of the Universe [78–82]. The current constraints on the cosmological parameters have reached
unprecedented accuracy [83].

In this model, the present period of accelerated expansion is driven by the cosmological constant
Λ that provides an energy density ΩΛ,0 = 0.686 ± 0.020 which is in units of the critical density
ρc = 3H2

0 /8πG [63]. The cosmological constant can be assimilated to a perfect fluid with an
equation of state p = wρ, between pressure p and energy density ρ, with the constant parameter
w = −1. The second largest contribution to the total energy-density budget of the Universe is
dark matter, which is needed to explain the dynamics of galaxies and the large-scale structure.
Its energy density is ΩDM,0 = 0.314± 0.020 [63]. The present density of ordinary, or baryonic, matter is
Ωb,0h2 = 0.02207 ± 0.00033 [63]. Summing the contributions of the cosmological constant, dark matter,
and baryonic matter yields the curvature of the Universe Ωk,0h2 = −0.037+0.044

−0.042 [63], where h is the
Hubble constant in units of 100 km s−1 Mpc−1. This curvature makes the Universe spatially flat.

The concordance model successfully describes the homogeneous and isotropic Universe, and the
dynamics of cosmic structures. However, there are some tensions with the values of its parameters
ΩΛ,0, Ωk,0, and the Hubble constant H0.

ΩΛ,0 is extremely small compared to the expectations from quantum field theory [84]. Quantum
chromodynamics predicts a vacuum energy density of ρΛ ∼ 1071 GeV4, whereas the cosmological
upper bounds on the cosmological constant give ρΛ ∼ 10−47 GeV4. This large discrepancy leads to a
fine-tuning problem [84]. To reconcile the values of the vacuum energy density at cosmological and
quantum scales, different solutions have been proposed, such as the anthropic principle or a cyclic
model of the Universe [85–90]. Comprehensive reviews on the cosmological constant and dark energy
are given in [91–93].

Similarly, tensions arise in the values of the Hubble constant estimated from the CMB and
from measurements in the nearby Universe, and also, to a less degree, in the values of σ8,
the normalization of the power spectrum of the mass density perturbations on cosmic scales,
inferred from the CMB and from large-scale structure surveys [63]. The Hubble constant from the
CMB measurements H0 = 67.27± 0.60 km s−1Mpc−1 [63] is at a 4.4σ tension with the local value
H0 = 73.52 ± 1.62 km s−1 Mpc−1 [94,95]. The clustering parameter σ8 for the ΛCDM model,
with fixed effective number of neutrino species Neff and fixed total mass Σmν, obtained by the Planck
collaboration [63], is σ8 = 0.8149± 0.0093, implying S8 ≡ σ8(Ωm/0.3)0.5 = 0.811± 0.011. On the
contrary, a tomographic weak gravitational lensing analysis of data from the Kilo Degree Survey [96]
led to S8 = 0.745± 0.039, which is at a 2.3σ tension with the Planck results. Recently, it has also been
shown that the last data release of the Planck experiment might suggest a spatially closed, rather than flat
Universe [97]. All these tensions remain open problems to date and the subject of intense investigation.

Dark matter is expected to consist of stable massive particles beyond the Standard Model of
elementary particle physics. Dark matter can thus clump in self-gravitating structures embedding
galaxies and clusters of galaxies. Many pieces of evidence support the existence of dark matter based
on its gravitational effects, once General Relativity is assumed to be the correct theory of gravity.
For example, the mass distribution within galaxy clusters can be reconstructed with the analysis of
the gravitational lensing effect acting on extended light sources beyond the cluster, with the estimate
of the X-ray emitting intra-cluster medium or with the dynamics of galaxies. These investigations
show that the baryonic fraction at the virial radius is approximately ∼0.18 (e.g., [98,99]). At smaller
astrophysical scales, dark matter explains why, in the outer regions of the disk galaxies, the rotation
velocity of stars does not fall off as expected by the presence of luminous matter alone, Vc ∝ r−1/2.
On the contrary, observations indicated that Vc ∼ const. [100,101].
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Dark matter also allows the primordial perturbations in the density field of the baryonic matter,
as mirrored in the temperature anisotropy fluctuations of the CMB, to grow and form the cosmic
structures we observe today (e.g., [102]). In fact, in the history of cosmic expansion, for models where
the dark matter and dark energy are not separated from the other components of the Universe,
dark matter decouples from the primordial plasma much earlier than baryons; the primordial
fluctuations in the dark-matter density field thus starts growing earlier and, at recombination epoch,
they are larger than the baryon density perturbations that are still coupled to the perturbations of
the background radiation field that generates the CMB anisotropies. After the recombination epoch,
baryonic matter falls into the gravitational potential wells of the dark-matter halos and form the cosmic
structure (see (e.g., [1,103–106]) for details).

In these models, dark-matter particles are thus in thermal equilibrium with the cosmic plasma
before the decoupling epoch, when they get out of kinetic equilibrium, as they become non-relativistic,
at temperature T = Td � mDM, where mDM is the mass of the dark-matter particle. In the standard
CDM model, the dark-matter particles are so massive that Td � T0, where T0 is the plasma
temperature at recombination epoch. They thus decouple from other particles and start moving
freely at non-relativistic speeds in the early Universe. The comoving number density of dark-matter
particles freezes out when the creation and annihilation of the dark-matter particles are inhibited.
In general, the freeze-out cosmic temperature Tf � Td. The comoving number density of dark-matter
particles is thus set by their annihilation cross-section at this epoch [23]

Ωχh2 = (3× 10−27cm3/sec)/〈σv〉ann . (1)

Intriguingly, for WIMPs, with mass in the range ∼1 GeV–10 TeV, the annihilation cross-section
〈σv〉ann gives Ωχh2 comparable to the observed dark-matter density ΩDM,0 ∼ 0.3 [63]. This coincidence
is usually called “the WIMP miracle”.

Moreover, WIMPs naturally arise in the supersymmetric (SUSY) extension of the Standard Model
of particle physics [23], where each Standard Model particle has a supersymmetric partner, and the
lightest one is a good candidate for the dark-matter particle. Another possibility is that WIMPs arise
from compactifications of extra dimensions [107].

Presently, direct and indirect searches for WIMPs as well as other dark-matter particle candidates
are ongoing. Direct searches look for a scattering process where a dark-matter particle in the Milky
Way halo interacts with an atomic nucleus of a detector whose recoil generates a detectable release of
energy. Experiments of this kind are, for example, LUX and XENON 1T [24,108].

Indirect detections of dark-matter particles include searches for neutrinos arising from the
annihilation of WIMPs in the center of the Earth or the Sun, where WIMPs can concentrate at the
bottom of the gravitational potential well. This approach is adopted by experiments such as IceCube
and Super-K [109,110]. Similarly, WIMP annihilation in the Milky Way can enrich the cosmic rays
that we detect on Earth with positrons and antiprotons [111,112]. Similar enrichment is expected in
particle colliders, like CMS at the Large Hadronic Collider (LHC), which looks for the interactions
between dark-matter particles and the fermions of the Standard Model. A comprehensive review of
the results of the direct and indirect searches is given in [113].

Figure 1 shows the allowed region, which is below each sensitivity curves, in the plane of the
dark-matter-nucleon cross-section and the dark-matter particle mass. The case of the DAMA/LIBRA
experiment is representative of the complexity of this kind of investigation. The DAMA/LIBRA
experiment searches for dark-matter particles in the Milky Way’s halo. The number of events in
the 2–6 keV energy range has an annual modulation that can mirror the relative velocity between
the dark-matter particle and the Earth orbiting around the Sun. This modulation has a statistical
significance of ∼9σ [25,26]. However, the signal is only consistent with values of the interaction
cross-section and of the mass of the dark-matter particle that are within the regions of Figure 1 that
appear to be excluded by other experiments [24,108,111,112]. Alternative explanations of this signal
are still intensively debated [27].
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Figure 1. Upper limits on the spin-independent (SI) elastic dark matter-nucleon cross-section as a
function of mass of the dark-matter particle. The figure is reproduced from [113].

Although the overall picture appears solid, the fundamental nature of dark matter remains an
intriguing mystery. In the next section, we focus on the main problems that the CDM model encounters
at galactic scales and the possible solutions within the context of CDM. In Sections 4 and 5, we discuss
some alternatives to the CDM paradigm.

3. Observational Challenges of the Cold-Dark-Matter Model

Despite being successful on cosmological scales, the CDM model faces persistent challenges on
the scales of galaxies, which are mostly related to the dark-matter distribution in the central regions of
the galactic halos and to the properties of the dwarf galaxies [41–43,114,115]. Here, we focus on these
issues and discuss viable solutions within the CDM scenario.

3.1. The Rotation Curves of Disk Galaxies and the Baryonic Scaling Relations

The rotation curve of disk galaxies is one of the most important pieces of evidence of the existence
of dark-matter: most of the luminous matter, namely stars, gas, and dust, is concentrated in the inner
part of the galaxy and, if this luminous matter is the only galaxy component, we expect the rotation
speed to fall off as v2(r) ∝ r−1 in the outer regions where the luminous matter density substantially
decreases. However, the outermost visible objects, namely clouds of neutral hydrogen, move as fast as
the inner objects. We thus observe a fairly flat rotation curve for most disk galaxies [100,101].

The flatness of the rotation curve can be generated by a pressure-supported spheroidal halo
embedding the entire galaxy [116]. This matter is dark as it remains undetected in any electromagnetic
band. In the CDM model, assuming spherical symmetry, the mass density profile of the dark halo
is well described by the Navarro-Frenk-White (NFW) profile [117]: it contains two free parameters,
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the virial mass Mvir
1 and the concentration parameter c [120]. The introduction of the dark halo in

the description of galaxy dynamics comes with an additional degree of freedom: reproducing the
measured rotation curve of a galaxy requires a fine-tuning of the relative contribution of the galactic
disk and the dark-matter halo to the gravitational pull [121,122]. This fine-tuning is known as the
disk-halo conspiracy. A detailed analysis of a sample of more than a thousand disk galaxies quantifies the
correlation between the luminous and dark matter and suggests the existence of a universal rotation
curve [123,124].

Additional pieces of evidence quantify the discrepancy between the amount of mass estimated
by its electromagnetic emission and the mass required to describe the observed kinematics of disk
galaxies: the Baryonic Tully-Fisher Relation (BTFR) [125,126], the Mass-Discrepancy Acceleration
Relation (MDAR) and the Radial Acceleration Relation (RAR) [127–129]. We describe these relations in
detail below. Here, it suffices to say that they show a tight correlation between kinematic quantities
and quantities associated with the baryonic component. The crucial feature of these correlation is their
small intrinsic scatter, generally consistent with the observational uncertainties alone. This feature is
surprising, because, in the CDM scenario, cosmic structures form hierarchically through stochastic
mergers, and we would expect a large scatter, mirroring the merging history of each galaxy. On the
contrary, the lack of a relevant scatter implies that irrespective of the merging history of the galaxy,
its dark-matter halo, which represents ∼90% of the galaxy mass and sets its dynamical properties,
adjusts its properties to those of the luminous disk, which only contains ∼10% of the galaxy mass.
In other words, in spite of the dark-matter halo contributing to the majority of the total mass of the
galaxy, the kinematic properties of the disks are found to be strongly correlated with the luminous
matter. This correlation appears thus challenging for the CDM paradigm.

3.1.1. Observational Evidence

Rotation curves of high surface brightness (HSB) galaxies are properly described when we
adopt the NFW density profile for the dark-matter halo. However, some issues emerge from the
analysis of the exquisite data of the SPARC sample, which contains 171 galaxies of different luminosity
and morphological type [120,130]: (i) the c–Mvir relation, or mass-concentration relation, is steeper
than expected from cosmological N-body simulations [131–134]; (ii) the mass-to-light ratio in the
3.6 µm band, M∗/L[3.6], appears unphysically negative for 51 out of 171 galaxies [120]; and (iii) the
Stellar-Population-Synthesis (SPS) models overestimate the observed correlation between M∗/L[3.6]
and the color index (B−V), independently of the chosen Initial Mass Functions (IMF) [120].

Additional challenges for the CDM model arise from the baryonic-dark matter scaling relations
mentioned above. The total baryonic mass of a galaxy, Md, and the asymptotic flat velocity of its
rotation curve, Vc, set by the depth of the gravitational potential well of the dark-matter halo, obey the
BTFR [125,126,135,136]:

Md = AV4
c , (2)

where the normalization constant is A = 47± 6 M� km−4 s4 [135]. A can also be written as A ∼ (Ga0)
−1,

the product between the gravitational constant G and an acceleration scale a0 = 1.2× 10−10 m s−2.
The observed BTFR is shown in Figure 2. Circles indicate measurements of the velocities from the

asymptotically flat part of the rotation curves; the squares represent measurements of Vc as half of the
HI emission line width at 20% of the peak value, whereas the stellar mass is inferred from photometric
observations in the I-band [137], H-band [138], K′-band [139], or B-band [140,141]. The total baryonic
mass of the disk is estimated as Md = M∗ + Mgas, where M∗ and Mgas are the total mass in stars

1 The virial radius rvir(z) at redshift z is the radius of a spherical volume within which the mean mass density is ∆c(z) times
the critical density of the Universe ρc(z) = 3H2(z)/8πG = 2.775E2(z)h21011 M� Mpc−3, with E(z) = [(Ωm(1 + z)3 +
(1 − Ωm − ΩΛ)(1 + z)2 + ΩΛ], and Ωm and ΩΛ the parameters of the background Friedmann model. ∆c(z) is the
solution to the collapse of a spherical top-hat density perturbation at the time of virialization. The virial mass is thus
Mvir = 4π∆c(z)ρc(z)r3

vir/3 [118,119].
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and gas, respectively. M∗ is estimated as M∗ = Υ∗L, where L is the total disk luminosity and Υ∗
is a constant mass-to-light ratio. Mgas is given by 1.4MHI, where MHI is the total estimated mass
of neutral hydrogen and the factor 1.4 is the standard correction to account for helium and metals.
The black solid line shows an unweighted linear fit to the points with stellar mass estimated in the
I-, H-, and K′-bands. The B-band data are not included in the fit because this band is not a robust
indicator for the stellar mass. The slope of this straight line is b = 3.98± 0.12.

Figure 2. Baryonic Tully-Fisher Relation (BTFR): total baryonic disk mass of galaxies against the rotation
velocity Vc. Circles and squares represent the data derived from [138] (red), [139] (black), [137,142]
(green), [140] (light blue) and [141] (dark blue). The black solid line shows an unweighted linear fit.
The figure is reproduced from [125].

For mass-to-light ratios in the 3.6 µm band, Υ[3.6], larger than ∼0.2 M�/L�, the intrinsic scatter of
the BTFR is smaller than the minimum intrinsic scatter of 0.15 dex predicted by semi-analytic models of
galaxy formation in the ΛCDM model [143,144], based on the c–Mvir relation of CDM simulations [131].
The intrinsic scatter of the BTFR reaches a minimum of ∼0.10 dex for Υ[3.6] & 0.5 M�/L�.
More importantly, the BTFR residuals show no correlations with galaxy radius and surface brightness,
at odds with ΛCDM galaxy formation models [145]. In addition, ΛCDM simulations predict a slope
∼3, which implies an 8σ tension with the observed slope b = 3.98± 0.12 [125].

The MDAR relates, at each radius R in the galactic disk, the Newtonian acceleration gN(R),
generated by the observed baryonic surface mass density, to the mass discrepancy [V(R)/Vb(R)]2,
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where V is the observed velocity and Vb is the velocity that would be generated by the baryonic
matter. The Newtonian acceleration and the mass discrepancy are anti-correlated [144,146]. The mass
discrepancy [V(R)/Vb(R)]2 remains close to one for large baryonic accelerations gN(R), whereas it
increases for accelerations smaller than the acceleration scale a0 found with the normalization of the
BTFR (see Figure 3).

For both the BTFR and the MDAR, the scatter depends on the value of the adopted mass-to-light
ratio [146]. Specifically, the intrinsic scatter in both relations is minimized by the same mass-to-light
ratio, consistent with SPS models [146]. Intriguingly, when we use MOND (Section 5.1) to describe
the rotation curves [146,147], the required mass-to-light ratio approximately coincides with the best
mass-to-light ratio predicted by the SPS model based on a scaled Salpeter IMF [148]

Υ∗ = χΥSalpeter
∗ , (3)

where ΥSalpeter
∗ is the mass-to-light ratio provided by the Salpeter IMF and χ ∼ 3/4.

Figure 3. Mass-Discrepancy Acceleration Relation (MDAR), where the galaxy mass discrepancy,
the squared ratio between the observed velocity V and the velocity due to baryons Vb, is plotted
against the Newtonian centripetal acceleration gN = V2

b /R derived from the observed baryonic surface
mass density. The black dots show several hundreds of individual resolved measured points from the
rotation curves of almost one hundred spiral galaxies. The figure is reproduced from [149].

A slightly different perspective is provided by the RAR, which correlates the observed centripetal
acceleration gobs(R) = V2(R)/R, where V is the measured rotation speed, and the Newtonian acceleration
gbar(R), due to baryonic matter alone [127]. Figure 4 shows the RAR for the SPARC sample. The two
quantities and their respective uncertainties are completely independent of each other [129], and follow
the relation

gobs(R) =
gbar(R)

1− exp
(
−
√

gbar(R)
g†

) . (4)

The only free parameter is g†. The fit with 153 galaxies from the SPARC sample yields
g† = (1.20± 0.02± 0.24)× 10−10 m s−2 [127,130], which is within 1σ from the acceleration scale a0.

The observed scatter is 0.13 dex, and it is comparable to the scatter 0.12 dex derived from
the different mass-to-light ratios of the individual galaxies, and from the errors on the velocity
measurements and the uncertainties on the inclination of the disk and the galaxy distance.



Universe 2020, 6, 107 11 of 84

Figure 4. Radial Acceleration Relation (RAR), the observed centripetal acceleration versus the Newtonian
acceleration due to baryonic matter alone. The blue color-scale rectangles show 2694 individual measured
points from the rotation curves of 153 SPARC galaxies. The red solid line is the fitted RAR given by
Equation (4), whereas the black dotted line represents the one-to-one relation, for comparison. The figure
is reproduced from [129].

When marginalizing over these uncertainties and over the whole sample of galaxies, the observed
intrinsic scatter can be reduced to 0.057 dex. Therefore, the scatter appears much smaller than the
scatter 0.09 dex predicted by the EAGLE simulations; the measured scatter should actually be larger
than 0.09 dex, because the measurement errors are not included in the EAGLE prediction [129].
The issue remains open, however, because when the observed sample includes dwarf galaxies with
slowly rising rotation curves, the scatter also appears to substantially increase at small gbar in the
observed relation [150].

An additional unsettled controversy is the correlation between the residuals of the observed
rotation curves from relation (4) and the properties of the galaxies observed in galaxy samples [151,152]
different from SPARC, where this correlation appears to be absent [130].

3.1.2. Possible Solutions within the CDM Model

The disk-halo conspiracy can be solved within the CDM model by adopting the maximum-disk hypothesis:
the disk maximally contributes to the measured rotation curve [101,153–155]. This hypothesis yields
mass-to-light ratios for the disk stellar population in agreement with SPS models, and it is supported by
several observational probes.

For example, the near infrared mass-to-light ratio constrained from the Milky Way terminal
velocity curve describes this curve without the need for a dark-matter halo up to& 5 kpc [156]. If some
dark matter is included within this distance from the Galaxy center, the microlensing optical depth of
the source stars within the Baade Window (Galactic longitude = 1◦, Galactic latitude = −3.9◦) would
probably decrease, becoming more discrepant from the observed value of this quantity derived from
the MACHO measurements in [157,158].
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Moreover, the mass-to-light ratios determined in the Milky Way from star counts, the radial force
within the disk, and the vertical force from the disk are all consistent with each other and with the BTFR;
they also properly reproduce the terminal velocity curve of the Galaxy by requiring a close to maximum
disk [159]. At last, only maximum disks can properly reproduce the observed ratio R ∼ 1.2± 0.2
between the corotation radius of barred galaxies and the semi-major axis of the bar; this value is the
evidence that the corotation radius of barred galaxies is just beyond the end of the bar (e.g., [160]).
However, the maximum-disk hypothesis only works for HSB galaxies; dwarf spheroidal and LSB
galaxies appear to be dark-matter-dominated systems even in their innermost regions [161,162],
although there are indications of a correlation between the distributions of the luminous and dark
matter also in these systems [163].

ΛCDM hydrodynamical simulations and semi-analytical models can reproduce the normalization
and slope of the BTFR but not its small scatter [135,143,144,164–166]: the models yield a scatter of
∼0.15 dex, compared to the observed ∼0.10 dex. Accounting for the BTFR, including its relatively
small intrinsic scatter and the lack of correlations between their residuals and galaxy properties,
requires an accurate balance between the star formation efficiency and the stellar feedback processes to
regulate the relation between the properties of the baryonic matter and the properties of the dark-matter
halo [135,136].

The shape and the scatter of the MDAR are properly reproduced by a semi-empirical model [144]
based on the ΛCDM paradigm and on the existence of different galaxy scaling relations between
(1) the concentration of the dark-matter halo and its mass [167], (2) the neutral hydrogen mass and the
stellar mass [168], (3) the disk mass and its size [169], and (4) the half-mass radius of the bulge and its
mass [170]. The same model can also reproduce a BTFR with the correct normalization and slope but
with an intrinsic scatter of 0.17 dex, larger than the observed one of ∼0.10 dex.

The key assumption for this success is the dependence of the inner and outer slopes of the
dark-matter density profile on the stellar-to-halo mass ratio [171,172], which accounts for the feedback
of the baryonic processes. However, for this mechanism to be effective, the stellar-to-halo mass ratio
must be in the small range [0.01%− 0.03%] that might be barely appropriate only for ultra-faint or LSB
galaxies but it is inappropriate for HSB galaxies. In fact, when the stellar-to-halo mass ratio is within
this range, stellar feedback leads to the formation of cores and the BTFR slope is reproduced. However,
for smaller stellar-to-halo mass ratios stellar feedback cannot convert the cuspy NFW profile into a
core and for greater stellar-to-halo mass ratios, galaxies are even more concentrated, up to a factor
of 2.5, than predicted by CDM-only simulations.

In ΛCDM, it remains difficult to explain the emergence of the acceleration scale,
a0 = 1.2 × 10−10 m s−2, that appears in all the scaling relations mentioned above. This coincidence
is assumed ab initio in MOND, a modification of the law of gravity [33]. Alternatively, it could suggest
the necessity of new physics affecting the dark sector [128].

3.2. The Cusp/Core Problem

Collisionless N-body simulations of the CDM model show that the mass density profile ρ(r) of
dark-matter halos is described by a steep power law in the innermost regions: in other words, the CDM
model predicts cuspy density profiles. At small radii, the NFW density profile suggested by N-body
simulations in the 1990s [117,173] is approximately ρ ∼ rα, with α = − 1 [46]. Later investigations
suggested that the inner slope may depend on the total mass of the halo [174] and be steeper,
with α = − 1.5 [40]. This prediction appears to disagree with observations, because dwarf galaxies
require a shallower dark-matter density profile in their central regions [175,176].

Dwarf galaxies are known to be among the darkest galaxies observed. They show a central
velocity dispersion of ∼10 km s−1, compared to the expected ∼1 km s−1 for self-gravitating systems
of the same luminosity and scale radius ∼100 pc at equilibrium [177]. Although their luminosity may
vary by several orders of magnitude among different systems, from ∼102 L� to ∼1010 L� [178,179],
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they show similar velocity dispersions, suggesting that they are dominated by a similar dark-matter
distribution [180].

In 1988, the best-fit model of the measured HI rotation curve of the dwarf irregular galaxy DDO
154 [175] showed that its dark-matter density profile is well described by a pseudo-isothermal model
(e.g., [116]) with a core radius of 3 kpc: the profiles of dwarf galaxies having a core rather than a cusp is
a general result [175,176]. Furthermore, the recently discovered ultra-faint galaxies orbiting the Milky
Way and M31 (e.g., [181–189]) have a half-light radius of a few kpc, which favors a core over a cuspy
density profile; the core is hardly explicable in the context of the CDM model without resorting to
baryonic feedback, and/or tidal effects [189].

This discrepancy between observations and simulations is known as the “cusp/core problem”
(CCP) [43] and is still an unsolved topic of fervent debate.

3.2.1. Observational Evidence

The NFW density profile is too steep to fit the observations in the innermost regions of the
dwarf and LSB galaxies [140,190]: the observations favor a density profile with a core [191–196].
Figure 5 shows an example of how well a density profile with a core (black solid line) fits the measured
rotation curve of the LSB galaxy UGC 5750. Neither the NFW profile (long-dashed line) nor the
singular isothermal sphere (SIS, dotted line) can fit the measured rotation curve.

Figure 5. Rotation curve (left panel) of UGC 5750 (the LSB galaxy, showed in the right panel). The data
of the rotation curve are obtained with the integrated field Hα spectroscopy (squares) [197], long slit
optical observations of the Balmer transition (circles) [193,198], and radio observations of the 21 cm
atomic hydrogen spin flip transition (stars) [199]. The isothermal sphere with a core (CIS) profile
(solid line) fits the data. rc(zero) and rc(max) are the values of the core radius obtained from the fit
in the no disk and maximum-disk case, respectively; the solid line is the case of no disk. Neither the
NFW profile (dashed line), whose parameters are fixed and given by the ΛCDM cosmology, nor the
singular isothermal sphere (SIS) profile can describe the dark-matter halo of this LSB galaxy. The figure
is reproduced from [200].

High spatial resolution rotation curves of dwarf and LSB galaxies demonstrate that these galaxies
are dynamically dominated by dark matter. However, no evidence for a steep inner slope of the
density profile was found on scales below∼0.15 kpc: galaxies exhibit inner slopes α = −0.2± 0.2 [201].
Later measurements of the rotation curves of a sample of 165 low-mass galaxies yield a median inner
slope α = −0.22± 0.08 [202]. Similarly, high-resolution observations of the dwarf irregular galaxy
NGC 6822 [203], and HI observations of the dwarf galaxy NGC 3741 [204] favor a core rather than the
cuspy NFW profile. Similar conclusions have been recently obtained with the high-resolution rotation
curves of 26 dwarfs from LITTLE THINGS (Local Irregulars That Trace Luminosity Extremes, The HI
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Nearby Galaxy Survey) [205]. The mean slope α = −0.32± 0.24 of this sample is consistent with the
previous result found for the LSB galaxies [194,202].

Dwarf spheroidals (dSphs) also show the same cusp/core controversy. Wide-field multi-object
spectrographic observations of dSphs [51] provide high-quality kinematic data. A feasible analysis
of those data relies on using the Jeans equations (e.g., [51,206,207]). By assuming that the dwarf
galaxies contain one or more pressure-supported stellar populations in dynamical equilibrium
tracing the underlying dark-matter gravitational potential, the dynamical mass distribution Mdyn(r),
which accounts for both the stellar and the dark-matter distribution, is related to the stellar distribution
through the Jeans equation (see Equation (4)-55 & 4-56 in [208]). For a spherical symmetric system,
the Jeans equation reads

1
ν

d
dr

(νv̄2
r ) + 2

βv̄2
r

r
= −

GMdyn

r2 , (5)

where ν(r) is the three-dimensional stellar number density, v̄2
r (r) is the radial velocity dispersion,

and β ≡ 1− v̄2
θ/v̄2

r is the orbital velocity anisotropy parameter of the stellar component. For a constant
β, the solution of the previous equation is [209]

νv̄2
r = Gr−2β

∫ ∞

r
s2β−2ν(s)Mdyn(s)ds , (6)

which must be projected along the line of sight to be compared with observations [208].
Under the assumption that the stellar mass is negligible compared to the halo mass, Mdyn can be

identified with the dark-matter mass, and Equation (5) is a tool to probe the dark-matter model. As an
example, in [51,207], the projected velocity dispersion profiles of the Milky Way dwarf satellites were
fitted using a Markov Chain Monte Carlo method. Although the analysis did not place tight constraints
on the dark-matter parameters, it showed that as illustrated in Figure 6, both cuspy dark-matter density
distributions and distributions with a core were able to reproduce the kinematic data of these dSphs,
without any statistical evidence favoring one model over the other.

However, Jeans modeling is affected by a degeneracy between the velocity anisotropy β and the
total halo mass [208], which prevents unambiguous constraints on the dark-matter parameters. One way
around would be the addition of information from multiple stellar populations [210–212], or higher
velocity moments [213]. Using the multiple stellar populations would help to lift the degeneracy but
would not improve the constraints on the dark-matter parameters. Using higher velocity moments
would be more appropriate when proper motion measurements are available [214,215]. For example,
the Sculptor and Fornax galaxies are known to have two distinct stellar components. Using the
kinematics data of both populations, the degeneracy between the mass and the anisotropy parameter
is removed, and the dispersion velocity profiles is fitted by a dark-matter halo with a core [210,216].
At odds with these results, LSB [217] and late-type dwarf galaxies [59] appear to have dark-matter
density distributions consistent with the cuspy NFW profile.

Caution should be taken in the analysis of the data. In fact, if the asphericity of the distribution
of the stellar populations is not taken into account, the methodology applied in [210] for dSphs may
mistakenly favor a density profile with a core even if a cuspy profile is present [48]. This overlook
can also introduce a bias in the estimate of the dwarf mass of the order of 10% for a galaxy with a
viewing angle, defined as the angle between the line of sight and the major axis of the distribution of
the metal-poor sub-population, of 90◦ [48]. Similarly, a more careful analysis, based on modeling the
stellar orbits and leading to a non-parametric estimation of the dark-matter density distribution, yields
a cuspy profile with α = −1.0± 0.2 for the Draco dSph [218].

Despite the increasing number of studies, and the increasing accuracy of data, whether dSphs
exhibit a cuspy dark-matter density profile or a profile with a core is still unclear. A recent analysis
of Draco found an inner dark-matter density of ρDM(150pc) = 2.4+0.5

−0.6 × 108 M� kpc−3, which is
consistent with a CDM cuspy density profile [219]. Nevertheless, the discovery of ultra-diffuse galaxies
such as Crater II [187], and Antlia II [189], and the discovery of galaxies that appear to be devoid of
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dark matter, such as NGC 1052-DF2 and NGC 1052-DF4 [220–225], can challenge the standard CDM
paradigm. Specifically, galaxies such as DF2 and DF4 appear to be at 2.6σ and 4.1σ tension with the
standard model, respectively: according to ΛCDM simulations, the probability of finding DF2-like
galaxies at a distance 11.5 Mpc from the observer is at most 10−4; this probability drops to 4.8× 10−7

at a distance 20.0 Mpc [188]. However, more accurate dynamical models can substantially alleviate
this tension [226–228]. In addition, a recent analysis [229] suggests that the distance to DF2 is 13 Mpc
rather 20 Mpc, as previously estimated; the closer distance increases to 75% the dark-matter content of
the galaxy mass. Similarly, properly taking into account the uncertainty on the velocity measurements
of the small sample of globular clusters of DF2 suggests that its mass-to-light ratio is at the low end of
the distribution of the mass-to-light ratios of dwarf galaxies [230], but its velocity dispersion and mass
are still consistent with the universal mass profile of the Local Group dwarf galaxies [51].

Figure 6. Projected velocity dispersion profile of the eight brightest dwarf satellites of the Milky
Way. The red lines represent the best fit of the dark-matter density distribution with a core, while the
blue ones derive from a cuspy profile. The long-dashed and dotted lines show the isothermal and
power law models, respectively. The figure is reproduced from [51,207].
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3.2.2. Possible Solutions within the CDM Model

Possible solutions to the CCP, in the context of the CDM scenario, can reside either in
neglected physical processes, mostly affecting the baryonic matter, or in systematic effects and/or
observational limits.

There are processes that in principle can convert a cuspy density profile into a profile with a core.
For example, an inner Lindblad-like resonance, which couples the rotating bar to the orbits of the star
through the cusp, was suggested to cause an angular momentum transfer from the bar-pattern to the
dark-matter halo [231]; on turn, this transfer flattens the density profile in the central region of the halo.
However, later investigations show opposite results: the generation of a bar in the disk would actually
make steeper, albeit slightly, the inner dark-matter density profile [232].

The most popular solutions rely on supernova feedback and dynamical friction. Winds driven by
supernovae can be an effective mechanism to transform the cusp of the dark-matter density profiles
into a core [45,233]. A similar effect can be generated by stellar winds [234,235]. Supernova and stellar
winds produce energy feedback that can drastically modify the shape of the dwarf galaxies by forcing
the gas and the dark-matter particles to move outwards, change the gravitational potential well and
flatten the density profile [235].

In less massive galaxies, starbursts heat the gas that expands and inhibits the star formation.
Radiative cooling makes the gas collapse again and a starburst is reignited [236]. This cyclic starburst
periodically develops density waves whose resonance with the dark-matter particles generates a
cusp-core transition in the halo dark-matter density [236].

Decreasing the steepness of the density profile might not always alleviate the tension between the
data and the CDM model. The profiles with a core derived from the high-resolution HI observations of
LSBs cannot explain the gravitational lensing signal [237,238]: to match this signal, the dark-matter
density profile should be steeper [200].

Recent high-resolution simulations of isolated dwarf galaxies show that cores of size comparable
to the stellar half-mass radius may form if the star formation lasts for ∼4 Gyr for a dwarf mass
M200 = 108 M� and ∼14 Gyr for a mass M200 = 109 M� [239]. However, the Auriga and EAGLE
simulations suggest that gas outflows are unable to modify the dark-matter profile of dwarf galaxies,
and that repeated outbursts cannot explain the transition from a cusp to a core [240].

An additional process advocated for solving the CCP is dynamical friction between gas clumps
with individual mass 105 − 106 M� [241]. This friction between the clumps would transfer angular
momentum from the gas to the dark-matter particles that, in turn, would move away from the central
region of the halo and flatten its density profile. This effect should be efficient in the early phase of
the galaxy formation when the halo size is smaller [241,242]. The main difficulty to make this solution
efficient is to have gas clumps sufficiently massive [243]. The dynamical friction is found to be three
times weaker [243] than previously assumed in [241], and, to increase the efficiency, the mass of
the clumps should reach ∼7% of the total halo mass. Gas naturally forms clumps through the Jeans
instability and the clumps can in principle be as massive as∼106 M� [244]. However, in dwarf galaxies,
star formation and cloud fragmentation may be inefficient [245], and gas clumps may form via thermal
instability due to galaxy mergers. This process leads, for a total mass of the halo of the order ∼107 M�,
to clump masses of the order ∼104 M� [246], which are two orders of magnitude less massive than
required to solve the CCP [243].

The globular clusters of a dwarf can also play the role of the gas clumps. This process was applied
to the five globular clusters of the Fornax dSph. High-resolution simulations [247] have been used
to demonstrate that if globular clusters are embedded in a dark-matter mini-halo, which make them
more massive and fall more rapidly towards the galaxy center, and were accreted within the last 3 Gyr,
early accretion favors the disruption of globular clusters due to repeated interactions with the galaxy;
thus, their crossing in the central region of Fornax can generate the transition from a cusp to a core,
due to momentum exchange between the globular clusters and the galaxy dark-matter halos, with the
frequency of the crossing which sets the size of the core.
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The CCP may not originate from neglecting some physical processes, but rather from systematic
effects [248] due to observational limits, including non-circular motions and pointing effects hiding
the signature of a cusp in the innermost region of the galaxies.

Systematic bias towards shallower slopes of the density profile can originate from non-circular
motions of gas and stars of at least ∼20 km s−1, offsets of ∼3–4 arcsec from the correct center because
of inaccurate telescope pointings, or a separation between the dynamical and photometric centers of at
least ∼0.5–1 kpc [194].

However, the existence of this pointing effects was questioned by two independent observation
campaigns of the same sample of galaxies made by independent groups with two different telescopes.
One set of observations was made with the 193-cm telescope at the Observatoire de Haute Provence [193],
while the other set of observations was made at the 3.6-m Telescopio Nazionale Galileo at Canary
Islands [249]. Pointing effects in these two independent data sets are of the order of 0.3 arcsec, an order
of magnitude below the offset required to bias a cuspy density profile towards a core [248].

An additional source of error might come from the too simplistic modeling. The gas is usually
supposed to move on circular orbits. If this assumption is invalid and the gas motion is disturbed,
the steepness of the slope of the density profile can be underestimated [194,250]. However, using a
sample of galaxies from THINGS, non-circular motions have been estimated to be of the order of a few
kilometers per seconds for dwarf galaxies [251]. These velocity perturbations are too small to overlook
the presence of a cusp [248,252]. Nevertheless, high-resolution simulations suggest that, in cuspy and
triaxial CDM halos, non-circular motions can substantially affect the observed rotation curves [150]
and that correcting for these motions in observations is far from trivial. Therefore, the possible relevant
role of non-circular motions in shaping the observed rotation curves cannot yet be ruled out.

3.3. The Missing Satellites Problem

The stellar mass function derived for field galaxies and satellite galaxies in the Local Group
is significantly less steep at low masses than the mass function expected for dark-matter halos
in the CDM model: dn/dM∗ ∝ Mα

∗, with α ' −1.5 for faint-end galaxies and α ' −1.9 for
dark-matter halos. Indeed, high-resolution CDM cosmological simulations of Milky Way-like dark-matter
halos predict thousands of subhalos with mass sufficiently large (M & 107 M�) to host galaxies.
However, this number is ∼20 times larger than the number of satellites observed around the Milky
Way and M31 (e.g., [42,52,53,253]). Recently, ∼50 ultra-faint galaxies with stellar mass as small as 300 M�
have been detected within the virial volume of the Milky Way [254], and many more may be discovered
using the Gaia satellite (e.g., [255,256]). However, it is very unlikely that their number will reach the
thousands of satellites predicted by the CDM simulations [42]. This discrepancy between the predicted
and observed numbers of satellites is known as the missing satellites problem (MSP).

Figure 7 gives a visual representation of the MSP: on the left panel, thousands of subhalos
predicted by the CDM simulations are shown, whereas on the right panel we can see the classical
Milky Way satellites [115].

The MSP implies that either the CDM model produces too many subhalos with low mass or the
formation of galaxies in these halos becomes less and less efficient as the halo mass declines. Although
the former view calls for a modification of the CDM paradigm, the latter suggests the need for an
appropriate treatment of baryonic physics.
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Figure 7. Left panel: Projected dark-matter distribution (600 kpc on a side) of a 1012 M� dark-matter
halo from the ELVIS ΛCDM simulations [56]. The number of small subhalos strongly exceeds the
number of known Milky Way satellites (missing satellites problem; Section 3.3). The circles highlight the
nine most massive subhalos. Right panel: Spatial distribution of the closest nine of the 11 most luminous
(classical) satellites of the Milky Way (the diameter of the outer sphere is 300 kpc). For these satellites,
the central mass inferred from stellar kinematics is a factor of ∼5 lower than the mass predicted for
the central regions of the subhalos highlighted in the left panel, preventing the association of the
classical satellites to the most massive subhalos of the dark-matter halo of Milky Way-like galaxies
(too-big-to-fail problem; Section 3.4). The figure is reproduced from [115].

3.3.1. Possible Solutions within the CDM Model

The MSP can be tackled within the CDM model by using the abundance matching (AM) technique.
This technique matches the cumulative distribution of an observed property of galaxies with the
predicted cumulative distribution of the mass of their dark-matter halos [42]: for example, by adopting
the mean star formation rate as the observed property, the MSP in the Milky Way appears to be solved
for satellite masses larger than 109 M� [257].

For smaller masses, the solution rests upon the suppression of star formation by UV reionization,
when the mass of the dark-matter halo is smaller than Mvir ≈ 109 M� (e.g., [42,258,259]), or by atomic
cooling in the early Universe for mass smaller than Mvir ≈ 108 M� (e.g., [42,260]). Both these effects
become dominant in ultra-faint galaxies with stellar mass M∗ . 105 M� [42].

AM can be used to quantify this expectation. Figure 8 shows the correlation between the stellar
mass, M∗, and the total mass of the galaxy, Mhalo. In observations, the stellar mass M∗ can be obtained
by fitting broad-band photometric data with a Spectral Energy Distribution model (e.g., [261–263]),
whereas the total galaxy mass Mhalo can be inferred from either gravitational lensing or HI rotation
curves (e.g., [264–266]). Figure 8 also shows various models that adopt different galaxy data sets and the
dark-matter halo mass function from different N-body simulations to derive the expected M∗ −Mhalo
relation. In addition, they adopt different assumptions on the star formation rate and the star formation
history of the galaxies to infer M∗ from the galaxy luminosities. Therefore, the models can be different,
especially at low stellar and halo masses. In Figure 8, the solid lines show the predictions derived
for stellar masses M∗ & 108 M�, where observational data are available, whereas the dashed lines
show the extrapolation of the models at smaller masses, where the observational information is
missing. The orange shaded area shows the 1σ log-normal scatter around one of the models shown
in [267]. For M∗ & 108 M�, all the models are consistent with each other. However, at smaller
stellar masses, the incompleteness of the observational surveys and the increased stochasticity of
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the star formation mechanism in the models make the estimation of the stellar mass uncertain and,
consequently, the AM relation less constrained: for example, a stellar mass M∗ ∼ 106 M� would
correspond to Mhalo ∼ 109 M� for the Behroozi model, but to Mhalo ∼ 5× 109 M� for the Brook model.
These differences translate into an additional uncertainty on the number of low-mass satellites in the
Local Group. This uncertainty is further increased by the fact that this halo mass, Mhalo ≈ 109M�,
is close to the mass scale, ≈108 M�, below which star formation is expected to be suppressed.

Figure 8. Abundance matching (AM) relations from the models by Behrooz [268], Garrison-Kimmel
GK14 [269], Garrison-Kimmel GK16 [267], Moster [270], and Brook [271]. The solid lines show the
models in a region of the parameter space where observational data are available; the dashed lines
show the extrapolation of the models where the observational information is missing. The orange
shaded area show the 1σ log-normal scatter around the model GK16. The figure is from [272].

Dooley et al. [272] applied the above-mentioned AM models, both with and without the inclusion
of reionization effects, to a set of Milky Way-like dark-matter halos from the dark-matter-only Caterpillar
simulations. For each AM model, Dooley et al. estimate, for any dark-matter halo with a given mass,
the expected number of satellite galaxies with a given stellar mass. The results of this exercise, for a
dark-matter halo with mass Mhalo = 1.4 × 1012 M�, is shown in Figure 9: the Brook AM model
introduced in [271] (red line in Figure 8) agrees with the complementary cumulative2 stellar mass
function, Nsats(> M∗), of the 40 detected Milky Way’s dwarf satellites with M∗ > 103 M� (black
dashed line), irrespective of the inclusion of reionization ( solid and dashed red lines). On the other
hand, the other AM models shown in Figure 8 overestimate the observed complementary cumulative
stellar mass function of the Milky Way satellites, even when reionization suppresses the formation
of low-mass galaxies. A better agreement between these models and the complementary cumulative
stellar mass function of the Milky Way satellites is obtained by assuming a lower halo mass for
the Milky Way. In this case, the Brook model would clearly underestimate the number of satellites.
The numbers of Milky Way satellites with M∗ > 103 M� predicted by the other models in Figure 8
are consistent with other analyses [254,273] and would solve the MSP if more than 80 satellites with

2 In the relevant literature, adopting the expression cumulative distribution function for N(> X∗), namely the number of objects
with a physical properties X larger than a threshold X∗, dates back to the pioneering paper by Moore et al. [253]. However,
in statistics, the cumulative distribution function actually is N(< X∗). N(> X∗) is the complementary cumulative distribution
function. Here, we prefer to adopt this more rigorous terminology.
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M∗ > 103 M� were detected. Figure 9 also shows that all the models agree with each other and with the
Milky Way complementary cumulative stellar mass function for M∗ & 4.5× 105 M�. This agreement
suggests that there might be no MSP for halos with stellar mass M∗ > 4.5× 105 M� or, equivalently,
for halos with total mass Mhalo & 1010 M� [272].

Figure 9. Mean number of satellite galaxies with mass larger than a given stellar mass threshold,
Nsats(> M∗), as a function of the threshold mass, M∗, around a Milky Way-sized galaxy hosted by a
dark-matter halo with virial mass Mhalo = 1.4× 1012 M�, as predicted by various AM models applied
to the dark-matter-only Caterpillar simulations. The colored dashed lines indicate the predictions of
the AM models shown in Figure 8; the solid lines show the predictions of the same models after the
inclusion of reionization that suppresses the formation of low-mass galaxies. The grey box represents
the prediction of 37–114 satellites with stellar luminosity L∗ > 103L� by [273], derived by combining
several toy models applied to dark-matter-only simulations with the sample of dwarfs corrected
for completeness, observed by the Sloan Digital Sky Survey. For comparison, the complementary
cumulative stellar mass function (derived from V-band luminosities, assuming a mass-to-light ratio
equal to 1 M�/L�) of the 40 known satellite galaxies of the Milky Way with M∗ > 103 M� is shown
with a black dashed line. The figure is reproduced from [272]. Here, we corrected the misprint that is
present in the label of the ordinate axis of the original figure.

Although the stellar mass M∗ has been successfully used for the AM method, it suffers from
several biases. For example, the suppression of star formation due to either the infall of the galaxy
toward a larger galaxy (e.g., [274,275]) or tidal stripping (e.g., [54,276,277]) introduces an intrinsic
scatter in the M∗−Mhalo relation (e.g., [278–280]) which must be taken into account to correctly predict
the number of satellites (e.g., [281,282]). One possible solution relies on replacing the stellar mass with
the mean star formation rate, 〈SFR〉, averaged over the star-forming time of the galaxy, as anticipated
at the beginning of this section [257]: for isolated galaxies, the stellar mass rises monotonically with
the halo mass [265,266,280], and 〈SFR〉 is reasonably expected to behave similarly. By adopting 〈SFR〉
rather than M∗, the scatter in the AM relation at a given Mhalo decreases, and the accuracy of the AM
mass estimator increases [257].
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The 〈SFR〉−M200
3 relation derived in [257] is based on surveys of faint galaxies [283], whose stellar

mass function is complete down to M∗ ∼ 2× 107 M� [284,285]. The 〈SFR〉 −M200 relation is derived
by combining estimates of the star formation rate from the data and the halo mass function from the
model. The mass M200 of the subhalos are identified with the mass of the dark-matter halos just before
falling into the main host halo.

Figure 10 shows the complementary cumulative subhalo mass function of a complete volume-limited
sample of the bright Milky Way satellites within 280 kpc from the Galaxy center. In the left panel,
the subhalo mass function is derived from the M∗ −M200 AM relation, whereas the right panel shows
the subhalo mass function based on the 〈SFR〉 −M200 AM relation [257]. The complementary cumulative
subhalo mass function based on the M∗ −M200 relation (left panel) shows the existence of the MSP for
masses M200 . 2× 109 M�: there are not enough quenched satellites, such as Sculptor and Leo I, in the
Milky Way to be consistent with the predictions of the ΛCDM model. On the contrary, the complementary
cumulative subhalo mass function based on the 〈SFR〉 −M200 AM relation (right panel) suggests that no
MSP exists for masses above M200 ∼ 109 M�.

Figure 10. Complementary cumulative subhalo mass function of the Milky Way satellites in a sphere
of radius 280 kpc centered on the Galaxy. The mass function is derived from either the M∗ −M200

AM relation (left panel) or the 〈SFR〉 −M200 AM relation (right panel). The peak masses before the
infall are taken as the subhalos masses M200. The names of the individual galaxies used to build the
complementary cumulative subhalo mass functions are indicated in the plots. The median relations
are shown as blue solid lines, whereas the ±68% confidence intervals are delimited by the blue
dashed lines. The green lines have the same meaning as the blue lines, but they also include the
sample of ultra-faint dwarf galaxies of [178]. The grey shaded areas represent the variation of the
complementary cumulative subhalo mass functions resulting from ten dark-matter-only “zoom-in”
simulations of the Milky Way in the ΛCDM model. The red shaded areas have the same meaning
as the grey shaded areas, but they include a model for the stellar disk of the Milky Way. The figure
is from [257]. Here, we corrected the misprint that is present in the label of the ordinate axis of the
original figure.

The subhalos with pre-infall mass M200 ∼ 5× 108 − 5× 109 M� correspond to ultra-faint dwarf
galaxies (e.g., [257,286–288]); the number of Milky Way satellites with mass M200 . 5× 108 M� is
smaller than the number predicted by ΛCDM, and it is still unclear whether a MSP really exists below

3 The radius r200(z) at redshift z is the radius of a spherical volume within which the mean mass density is 200 times the critical
density of the Universe ρc(z). The mass enclosed within r200 is thus M200(z) = 4π200ρc(z)r3

200/3. M200 is approximately
equal to the viral mass Mvir, defined in the footnote 1, in a Universe with Ωm = 1 [119].
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this mass scale. These satellites might be fainter than the completeness limit of the current galaxy
surveys (e.g., [289–291]), or they might be completely dark (e.g., [292]).

3.4. The Too-Big-To-Fail Problem

Dissipationless ΛCDM simulations of Milky Way-like dark-matter halos predict that the most
massive subhalos of the Milky Way are too dense to host any of the brightest (LV > 105 L�) Milky Way
dSph satellites [41,54,55]. The density discrepancy can be erased by assuming that the most massive,
dense subhalos are dark and the brightest dwarfs reside in subhalos that are a factor of∼5 less massive.
Clearly, this scenario generates a new, serious conflict, because the largest dark-matter subhalos,
characterized by the deepest potential wells, are expected to be able to retain gas and form stars:
in other words, they are “too big to fail” to form stars and should thus host observed dwarfs. Solving
this latter conflict requires going back to the simplest scenario, where the most massive subhalos
do host the brightest dSphs, and where the density conflict appears. This issue was dubbed as the
too-big-to-fail (TBTF) problem by Boylan-Kolchin et al. [41].

An illustration of the TBTF issue (together with the MSP; see Section 3.3) is presented in Figure 7
for the Milky Way: in the left panel, the nine most massive subhalos of a dark-matter distribution in
a simulated Milky Way-like dark-matter halo are highlighted with circles; the right panel shows
the actual distribution of the nine, most closeby “classical” satellite galaxies of the Milky Way.
The overdensity of the most massive subhalos with respect to the “classical satellites” prevents
their reciprocal association, generating the TBTF conflict.

It is important to note that the TBTF problem is an issue distinct from the MSP discussed in
Section 3.3. It can be seen as a problem of “missing dense satellites” related to the internal mass
distribution of subhalos, rather than to their abundance [56]. Therefore, the TBTF problem is largely
independent of the exact relationship between halo mass and stellar mass (see, e.g., the AM technique
in Section 3.3). The relevance of the mismatch between estimated and predicted central densities
depends upon the specific realization of the dark-matter halo substructure. However, the comparison
of the observational data with a series of simulations shows that for the Milky Way, the discrepancy
appears too large to be a statistical fluke [41,55].

The density discrepancy manifests as a kinematic discrepancy between estimated and predicted
circular velocities. Specifically, for dispersion-supported systems as the Milky Way dSph galaxies,
the circular velocity at any given radius, Vcirc(r), is indicative of the dynamical mass enclosed within
that radius and thus of the matter density within that radius: V2

circ(r) = G M(<r)/r. As shown by
Wolf et al. [293], an estimate of the luminosity-weighted square of the line-of-sight velocity dispersion
enables accurate determination of the dynamical mass of a spherical, dispersion-supported system
within a characteristic radius, approximately equal to the deprojected half-light radius, r1/2, through the
relation M1/2 ≡ M(< r1/2) = 3 G−1〈σ2

los〉r1/2; the relevant feature of this estimate is that it is nearly
independent of the spatial variation of the stellar velocity dispersion anisotropy, β(r), as long as
the radial profile of the velocity dispersion is fairly flat near r1/2, as typically observed. From the
relation between circular velocity and dynamical mass given above, it follows that the circular velocity
at the half-light radius can be written, in terms of the observable line-of-sight velocity dispersion,

as Vcirc(r1/2) =
√

3 〈σ2
los〉.

Because dSphs are dark-matter dominated at all radii, the dynamical mass Mdwarf(< r1/2) is
approximately equal to the dark-matter mass enclosed within the half-light radius. A necessary,
although not sufficient, condition for a dark-matter subhalo to host such a dispersion-supported galaxy
is that at the observed half-light radius of the galaxy, r = r1/2, the mass Mdwarf(< r1/2) agrees with the
mass of the subhalo at the same radius, Msub(< r1/2) [41]. This agreement, in turn, requires that the
observed and simulated values of Vcirc must agree with each other at r = r1/2.

For the brightest Milky Way dSphs, this requirement is fulfilled only by subhalos that are not
among the most massive subhalos produced in ΛCDM simulations. On the contrary, the most massive
subhalos are grossly inconsistent with the kinematic properties of the dSphs: they are characterized by
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Msub(< r1/2) systematically larger than Mdwarf(< r1/2), and consequently by Vcirc(r1/2) systematically
higher than observed. For instance, in the Aquarius simulations [294], at least 10 massive subhalos are
characterized by circular velocity profiles that are not consistent with any of the observed dSph circular
velocities, Vcirc(r1/2): these subhalos have their maximum circular velocity (at z = 0) systematically
higher (Vmax > 25 km s−1) than those of the halos that best fit the observational data of the Milky Way
dSph galaxies (Vmax ∼ 12–25 km s−1) [55]. Similar results are obtained by Garrison-Kimmel et al. [56]
with the ELVIS simulations: here, the number of dense halos unaccounted for by observations ranges
from 2 to 25 within 300 kpc from the Milky Way. Figure 11 illustrates this result.

Even though it was originally identified for the Milky Way system, the TBTF issue also appears
in the M31 system, where the dSph satellites have circular velocities Vcirc(r1/2) systematically lower
than expected for the most massive subhalos of ΛCDM simulations of Milky Way-like dark-matter
halos [295]. Furthermore, the conflict emerges in isolated field galaxies of the Local Group, indicating
that this is not a satellite-specific problem: none of these galaxies is denser than the densest satellite of
the Milky Way or M31 [296], and a comparison of the observational data with the ELVIS simulations
shows that the number of halos that are too dense to be consistent with the observations increases from
the above-mentioned 2–25 to several 12 to 40, when moving to the outskirts of the Local Group [56].

The TBTF issue also appears beyond the Local Group. By applying the AM technique to the
number density of galaxies in the ALFALFA sample as a function of their rotational velocity as inferred
from the width of their HI emission line, Papastergis et al. [297] show that either the dwarf galaxies
are hosted by halos that are significantly more massive than indicated by their rotation velocity or
the number density of galaxies at the scale of dwarfs is much larger than observed. Clearly, neither
solution is consistent with the observations.

Similar tensions are suggested by photometric observations alone. The systems of galaxies
surrounding both M94 and M101 appear to contain galaxies that are substantially less massive than
expected in the CDM framework. M94 is a group with a central Milky Way mass galaxy that displays
only two satellites, each with mass M∗ . 106 M�, instead of the ∼10 satellites expected for similar
systems [298]. The luminosity function of the galaxies of the M101 group is similar to the luminosity
function of the Milky Way system, suggesting a similar lack of intermediate-mass galaxies [299]. In the
ultra-faint dwarf galaxy regime, the M101 group also appears to exacerbate the MSP (see Section 3.3),
by containing only half of the satellites of the Milky Way system [300].

Figure 11. Circular velocity profiles of simulated dark-matter subhalos compared to measured velocity
dispersions of Milky Way dSph satellites to illustrate the too-big-to-fail problem in the Milky Way system.
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The circular velocity profiles, shown with lines of different colors and styles, are derived by
Garrison-Kimmel et al. [56] for the resolved, massive dark-matter subhalos characterized by maximum
circular velocity Vpeak > 30 km s−1 at the time when the halo reaches its maximal mass; these subhalos
are identified in the ELVIS simulations within 300 kpc of the center of a dark-matter halo with virial
mass Mvir = 1.3× 1012 M�. The circular velocities, Vcirc(r1/2) measured at the half-light radius of the
Milky Way dSph satellites brighter than 2× 105 L�, are compiled by Wolf et al. [293] and are plotted as
filled squares whose size is proportional to the logarithm of the dSph stellar mass. The cyan solid lines
represent the circular velocity profiles of the so-called “strong massive failures”, subhalos that are too
dense to host any of the observed Milky Way dSphs (i.e., whose Vcirc(r1/2) is above the 1σ constraints
for all the dwarfs in the sample). The black solid lines indicate the “massive failures”, i.e., additional
subhaloes that are not accounted for by the dense galaxies in the observational sample. The subhalos
selected to host the high-density galaxies, Draco and Ursa Minor, are indicated by dotted magenta lines,
with their associated galaxies plotted as magenta squares. The dotted lines plot the subhalos that are
consistent with at least one of the remaining seven dwarfs in the sample. The grey dashed line indicates
the sole subhalo expected to host a Magellanic Cloud (Vmax > 60 km s−1). Not plotted are 40 resolved
(Vmax > 15 km s−1) subhalos with Vpeak < 30 km s−1. Overall, there are 12 unaccounted-for massive
failures, including eight strong massive failures that are too dense to host any bright Milky Way
dSph. The figure is reproduced from [56].

3.4.1. Possible Solutions within the CDM Model

A systematic overestimate by a factor of ∼2 of the mass of the dark-matter halo of the Milky
Way can in principle remove the TBTF problem for the Galaxy [55]. If the Milky Way mass were
M ∼ 5× 1011 M�, the number of extra massive subhalos that do not correspond to observed dwarfs
would be ∼3 and might be consistent with statistical fluctuations. On the contrary, mass estimates of
M ∼ 1× 1012 M� [301–304] or M ∼ 2× 1012 M� [305,306] imply larger numbers of extra subhalos,
∼6 or ∼12, respectively, and generate the TBTF problem. However, there are currently no indications
of the existence of systematic errors that can reduce the estimate of the Milky Way mass by the
required factor. In addition, the TBTF problem appears in the M31 and in other galaxies; therefore,
the overestimate of the Milky Way mass would not fully remove the tension.

The most promising way out is to resort to the effects of baryonic physics. N-body/hydrodynamical
simulations suggest that energetic feedback from supernovae can substantially reduce the amount
of dark-matter mass in the central region of the subhalos, thus decreasing the observable circular
velocity [307–309]. The mass depletion in the central regions appears to be less relevant in the APOSTLE
simulations [259,310,311] when the EAGLE models for galaxy formation [312,313] are implemented;
in these simulations, the TBTF problem is instead mostly solved by subhalo disruption and mass loss due
to tidal stripping. Similar results are obtained in the FIRE simulations of Local Group-like and isolated
Milky Way-like volumes [314]. However, in these simulations, Local Group-like volumes still contain∼10
more subhalos than observed with stellar mass M∗ > 105 M�, showing how reproducing the properties
of dwarfs both in high- and low-density regions remains challenging.

The most relevant limitation of the N-body/hydrodynamical simulations is the mass resolution
of the baryonic particles. This limitation makes the final results dependent on the details of the recipes
implemented for the baryonic physical processes, mostly gas cooling, star formation, stellar and
supernova feedback, and chemical enrichment of the interstellar medium. For example, the APOSTLE
simulations typically have particle mass ∼105 M�, whereas in the simulations of Brooks and
Zolotov [307] the particle mass is∼2× 104 M� and in the FIRE simulations it is∼3.5− 7× 103 M� [314].
Therefore, the physical processes are self-consistently resolved only on scales comparable or larger
than the total stellar mass of the least massive classical dwarfs. Self-consistently resolving the baryonic
physics on smaller scales is still beyond the current capability of the simulations and the full implication
of the processes on these scales remain to be assessed.
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The TBTF problem might be partially solved without resorting to these baryonic subgrid processes:
tidal effects of the baryonic disk of the host galaxy can be sufficient to reduce the circular velocities
at 300 pc by 20–30% for most subhalos, as demonstrated by dark-matter-only simulations where a
growing disk potential is embedded at the center of the dark-matter halo [315]. However, this solution
generates an anticorrelation between the central density of the subhalos and their pericenter values
that lacks in the observations; in addition, this solution cannot be applied to field dwarf galaxies.

Ostriker et al. [316] also suggest that resorting to baryonic physics is actually unnecessary.
They identify the TBTF problem with the lack, in galaxy groups, of moderately luminous galaxies,
1–2 magnitudes fainter than the brightest member. According to their analysis, N-body simulations,
including the EAGLE and IllustrisTNG simulations, provide magnitude gaps between the most and the
second most luminous galaxies comparable to or even larger than observed. It follows that the TBTF
problem would vanish. Because these large gaps are also present in dark-matter-only simulations,
where a mass gap replaces the magnitude gap, Ostriker and collaborators conclude that these gaps are
driven by gravitational dynamics rather than baryonic physics. However, it remains to be shown that
this photometric interpretation of the TBTF problem also removes the original discrepancy between
the circular velocities of the real dwarfs and the circular velocity of the most massive dark-matter
subhalos in galaxy groups.

3.5. Planes of Satellite Galaxies

The orbits of the satellite galaxies of the Milky Way, of M31, and of Centaurus A (CenA),
whose properties are well-measured, tend to be aligned in significantly flattened configurations [317–324].
Moreover, the satellites have significant kinematic correlations. These spatial alignments and kinematic
coherence are extremely rare in CDM simulations [57]. This puzzling fact is referred to as the
planes of satellite galaxies problem (PSP). Unlike some other small-scale problems of the CDM model,
this issue may not be tackled by incorporating the baryonic feedback alone, because the satellites are at
larger distances compared to the size of the baryonic disk of the host galaxy. For an extensive review
of this topic, the reader may refer to [325]. Here, we briefly mention the observational evidence of such
alignments, how rarely they occur in the simulations performed so far, and some suggested solutions
within the CDM framework.

3.5.1. Evidence of the Orbital Alignment of the Satellites

For a long time, it has been known that the well-measured satellite galaxies of the Milky Way
lie almost on the polar great circle [326,327]. A more recent study confirms the existence, around
the Milky Way, of a vast polar structure (VPOS) that includes distant globular clusters and stellar
streams [317]. Depending on the selection of the samples, the plane of VPOS has an r.m.s. thickness of
20 to 25 kpc, an axis ratio of 0.18 to 0.30 and an inclination of 73◦ to 87◦ with respect to the galactic
disk [325] (Figure 12). New samples of fainter satellites from the Sloan Digital Sky Survey [328] and
the Dark Energy Survey [329] also support this spatial correlation [325,330]. In addition, kinematic
measurements imply that at least 8 out of 11 well-measured satellites co-rotate in the plane of
VPOS [325,331,332]. The most recent data from Gaia also confirm both these spatial and kinematic
correlations of the Milky Way satellites [333,334].
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Vast Polar Structure (VPOS) of the Milky Way

Figure 12. Edge-on view of the vast polar structure (VPOS) around the Milky Way and the disk
(solid black line at the center). The orientation and the width of the best-fit satellite plane are indicated
by the dashed and dotted lines, respectively. The colored triangles, red upward (blue downward)
for receding from (approaching towards) an observer at rest with respect to the host galaxy, indicate
coherent kinematics of the co-orbiting satellites. The satellites with no proper motion measurements
are plotted as crosses. The grey area corresponds to the region ±12◦ from the Milky Way disk which is
obscured by galactic foreground. The figure is reproduced from [325].

Due to the lack of measures, the plane of satellites of M31 was not apparent until the
Pan-Andromeda Archaeological Survey [335] discovered new satellites, and provided distance
measures. These data show that 15 out of 27 satellites lie on a plane, the giant plane of Andromeda
(GPoA), which is aligned with the Giant Stellar Stream in the M31 halo [318,319]. The GPoA has an
r.m.s. thickness of 12.6 kpc, an axis ratio of 0.1 and an inclination of about 50◦ with respect to the M31
disk [325,336]. The GPoA is viewed almost edge-on from our vantage point, and line-of-sight velocities
of the satellites suggest a strong kinematic correlation (see Figure 13). Thirteen out of the 15 in-plane
satellites follow the coherent kinematic trend and suggest a co-rotating plane of satellites. Interestingly,
most of the in-plane satellites are on the Milky Way side of the GPoA whereas off-plane satellites are
randomly distributed [319]. The angle between the two satellite planes of the Milky Way and M31 is
between 40◦ to 50◦ and they have similar spin directions.
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Figure 13. The giant plane of Andromeda (GPoA) and the Andromeda (M31) disk (solid black ellipse at the
center) as viewed from the Sun. The orientation and the width of the best-fit satellite plane are indicated
by the dashed and dotted lines, respectively. The colored triangles, red upward (blue downward)
for receding from (approaching towards) an observer at rest with respect to the host galaxy, indicate
coherent kinematics of the co-orbiting satellites. The satellites that are not part of the GPoA are plotted as
open triangles whose orientations, upward for receding, indicate their line-of-sight velocities. The grey
area corresponds to the region outside the Pan-Andromeda Archaeological Survey. The figure is
reproduced from [325].

In addition to the satellite planes of the two major galaxies mentioned above, 14 out of the sample
of 15 dwarf galaxies located within the Local Group but beyond the virial volumes of the Milky Way
and M31, are part of two planes called the Local Group Plane 1 and 2 [336,337]. The first and second
planes contain 9 and 5 galaxies, respectively. Both planes are about 300 kpc from the Milky Way
and M31, and are strongly flattened, with r.m.s. thicknesses of about 60 kpc and axis ratios of about
0.1. The probability of having these configurations purely by coincidence is less than 0.003 in the CDM
model [337].

Observing satellite galaxies outside the Local Group is challenging. Nevertheless, several
independent studies of the satellites around CenA strongly suggest preferential alignments of their
orbits [320–324]. Earlier studies with smaller samples suggested the existence of two parallel planes of
satellites with r.m.s. thicknesses of about 60 kpc, axis ratios of about 0.2 and a separation of 300 kpc
between the planes. A recent study [323] with larger samples claims the existence of only one satellite
plane, the Centaurus A satellite plane (CASP), with similar orientation but larger thickness. The CASP is
found to be almost perpendicular to the plane of the galactic disk, similar to the satellite plane of the
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Milky Way. From our position, the CASP is seen almost edge-on and 14 out of 16 satellites that have
line-of-sight velocity measures, are found to be co-rotating in the plane [324] (Figure 14).
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Satellite structure around Centaurus A

Figure 14. The Centaurus A satellite plane (CASP) and the Centaurus A disk (dark grey circle at the center)
as viewed from the Sun. The orientation and the width of the best-fit satellite plane are indicated by the
dashed and dotted lines, respectively. The colored triangles, red upward (blue downward) for receding
from (approaching towards) an observer at rest with respect to the host galaxy, indicate coherent
kinematics of the co-orbiting satellites. The grey area show the volume outside the survey. The figure is
reproduced from [325].

3.5.2. Comparison with the CDM Predictions

The planar distribution of the orbits of the 11 best-measured Milky Way satellites was initially
thought to be inconsistent with the isotropic distribution predicted by the CDM model [338]. However,
even in the CDM paradigm, the preferential accretion along the cosmic filaments [339] and the
triaxiality of the halo of the host galaxy [340] might be responsible for the anisotropy of the spatial
distribution of the satellites. In high-resolution simulations [341], only 5–10% of the simulated samples
resemble the spatial flatness of the observed satellite distribution.

However, the combination of the spatial and kinematic coherence has probability ∼10−3 of
appearing in CDM simulations [57]. In addition, finding two host galaxies (such as the Milky Way and
M31) in the simulations, each with a co-orbiting satellite plane, is extremely rare with a probability
∼10−6 [57]. Increasing the resolution of the simulations does not seem to alleviate the issue [325]. In the
literature, there are disagreements about the severity of the tension between the plane of satellites
and the CDM predictions which mostly stem from the different selection criteria of the satellite halos
adopted in the simulations [325].
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3.5.3. Possible Solutions within the CDM Model

Although several solutions have been suggested for the PSP within the CDM model, none of them
has been unanimously accepted, because each solution either fails to reproduce all the observational
aspects or it is based on poorly investigated assumptions.

The accretion along the filaments of the cosmic web results into anisotropic spatial distributions
of the satellites [339,340,342,343], because the massive subhalos tend to be accreted along the spine
of the filament. There is suggestive evidence that the satellite planes of M31 and CenA have the
correct alignments as expected from this mechanism [344], but this same mechanism appears unable
to generate the satellite plane of the Milky Way. Preferential alignments due to the cosmic filaments
increase the degree of anisotropy in the subhalo distribution, but are not strong enough to reproduce
the observed planar structure [325,345]. Moreover, when both the spatial and kinematic correlations
are required, only 0.6% of the simulated samples are similar to the observed ones [331,346].

Certain amount of spatial and kinematic correlations among the satellites are expected if the
satellite plane is the result of the infall of a group of satellites [347,348]. Tight alignments of the
Magellanic stream with the VPOS of the Milky Way and the alignments of the Giant Stellar stream
with the GPoA of M31 provide further support to this mechanism [349,350]. However, there are
several unsolved issues. First, the observed number of luminous satellites may require more than one
falling group [341,351–353]. Secondly, the falling group or groups must also be sufficiently compact
and narrow to survive the tidal disruption from the host galaxy and result into the observed planar
structure of the satellites [348,354,355]. Thirdly, support from the Magellanic or Giant Stellar stream is
not quite robust because some satellites in the planes are located in regions which, according to the
simulations, are found to be inaccessible by such streams even if the streams are allowed to complete
more than one orbit [350].

One of the most promising solutions is that the satellite planes consist of tidal dwarf galaxies
(TDGs) that originated from the debris of interacting or colliding major galaxies [356–358]. They are
common in hydrodynamical simulations [359], and can account for the strong phase-space correlation
required to match the observations [317,338,360]. However, the low metallicity of the observed satellites
disfavors their formation from a recent merger since, in that case, they would be more metal-rich
as their parent galaxies [361]. This tension might disappear if the satellites formed ∼10 Gyrs ago
from pre-enriched large-mass galaxies [317]. However, this solution might not be viable: according to
hydrodynamical CDM simulations, TDGs are expected to be baryon dominated whereas the observed
satellites appear to be dark-matter-dominated if they are in virial equilibrium [178]. Clearly, if the
satellites are out of equilibrium, their observed velocity dispersion profiles might not necessarily imply
the presence of dark matter [360,362,363], but this hypothesis would contradict the assumption of their
early formation.

One of the solutions that go beyond the CDM framework is to assume new properties of the
dark matter, e.g., self-interacting dissipative dark matter (see Section 4.2), which allows the existence
of a dark disk in the host galaxy, so that dark-matter-dominated TDGs may form during the merger
events [364,365]. However, the presence of a dark-matter disk in the Milky Way is disfavored by Gaia
data [366,367]. Alternatively, if we adopt MOND as the theory of gravity (see Section 5.1), the formation
of TDGs is enhanced due to the additional self-gravity [368,369]. However, it is not clear yet whether
TDGs produced in MOND would show sufficient non-Newtonian behavior to account for the observed
dark-matter-like signatures [325].

4. Possible Solutions beyond the Standard Cold Dark Matter

Several astrophysical aspects of dark matter are related to its particle nature, like the minimum
mass of a dark-matter halo created by the hierarchical formation of structure [370]. The two parameters
that regulate the structure formation are the characteristic free-streaming wavenumber kfs and the
characteristic interaction or decay rate Γ of the dark-matter particles [370]. The wavenumber kfs
is set by the mean velocity of the dark-matter particles at the time of decoupling, and depends
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upon the decoupling temperature Tkd and the mass of the dark-matter particle; Γ is set by the dark
matter-dark-matter scattering rate or the lifetime of the dark-matter particles.

Figure 15 shows the allowed regions in the Γ − kfs parameter space for different dark-matter
candidates. Deviations from the CDM paradigm arise when the gravitational collapse of dark matter is
inhibited or modified above a characteristic comoving wavenumber. This wavenumber translates into
a characteristic halo mass below which the number of halos is reduced. Alternatively, the deviations
can be driven by the interactions of the dark matter particles with the Standard Model particles
throughout the evolution of the Universe. Both effects can erase existing structures or change the
velocity distributions of the dark matter particles and the densities of their structures. For WIMPs,
whose decoupling temperature varies from 15 MeV to 1500 MeV and k f s ∼ 1pc−1 for mχ = 100 GeV,
one gets a minimum halo mass of the order of ∼[10−8–10−2] M�. Sterile neutrinos, which are a warm
dark-matter (WDM) candidate with mass ranging from 0.4 to 105 keV, have kfs ∼ 0.5(mχ/keV) Mpc−1

which translates into a minimum halo mass in the range Mhalo ∼ [10−6–1011] M�. Similarly, gravitinos
lead to Mhalo ∼ [10−17–1014] M� while their mass is set by the supersymmetry breaking scale which is
in the range 100 eV to 100 TeV. Fuzzy Dark Matter models also erase structures below the de-Broglie
wavelength of the particle, of the order of the kiloparsec, which leads to a minimum halo mass
Mhalo ∼ 1010 � for a particle mass ∼10−22 eV.
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Figure 15. Allowed parameter space of the currently most popular dark-matter candidates. The bottom
axis shows the characteristic free-streaming wavenumber of the model, which is set in the primordial
Universe. The top axis shows the corresponding halo mass, and the y-axis shows the characteristic
interaction or decay rate which quantifies the evolutionary effects of dark matter. ADM, BEC,
and FDM stand for Asymmetric Dark Matter, Bose-Einstein Condensate, and Fuzzy Dark Matter,
respectively. The figure is from [370].

In the following sections, we will review the state of the art of some dark-matter models,
and discuss both successes and failures of each model in solving the challenges faced by the standard
CDM model discussed in Section 3.
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4.1. Warm Dark-Matter Model

In contrast to CDM, WDM particles decouple when they are still relativistic; they thus erase
primordial fluctuations on sub-galactic scales, and produce a cut-off in the primordial power
spectrum [371]. WDM particles can play the role of CDM in the cosmological evolution of the
Universe [372] and may also alleviate some of the problems of the CDM model at galactic scales
as we explain below.

One of the most powerful tools to investigate the suppression of the primordial power spectrum
on small scales is the Lyman-α forest. A lower limit to the mass of the WDM particles were initially
set to mχ > 750 eV [373] by fitting the Lyman-α forest in quasar spectra. More recent analyses of the
Lyman-α forest and of the Milky Way satellites have increased the bound to several keV [374–377].

One of the most stringent bounds on the mass of WDM particles comes from the high-resolution
HIRES/MIKE spectrographs: mχ > 4.65 keV [378]. The most promising candidate of WDM is sterile
neutrino, with mass ms, which is mixed with an ordinary neutrino [379,380]. For small mixing angles
such as sin2 2θ ∼ 10−7, the total amount of sterile neutrinos is only a small fraction of the ordinary
neutrinos. In Figure 16, we give a visual representation of the allowed parameter space for sterile
neutrinos in the plane sin2 2θ −ms. The claimed detections are based on the so-called 3.55 keV line
emission, which is attributed to the decay of dark-matter particles, and are obtained by using Chandra
X-ray observations of galaxies in the Local Group [381], studies on dwarf galaxies [382], and Suzaku
observations of the Perseus galaxy cluster [383]. These investigations imply a sterile neutrino of mass
∼7 keV and sin2(2θ) = [2, 20]× 10−11. In contrast to these results, the full-sky Fermi Gamma-ray Burst
Monitor data [384] do not reveal any significant signal for sterile neutrino decay lines in the energy
spectrum, and improve previous upper limits by an order of magnitude (for a comprehensive review
of sterile neutrino we refer the reader to [385]).
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Figure 16. The allowed parameter space for sterile neutrinos obtained from the X-ray emission. The colored
regions are 1, 2 and 3σ confidence levels. Numbers from 1 to 9 mark the center of the 2σ region detections
obtained using nine galaxy clusters [386]. The lines show constraints at the 90% confidence level from
Chandra [381], Suzaku [383] and dwarf galaxies dataset [382]. The stars represent several models of sterile
neutrino. The figure is reproduced from [385].

Additional constraints have been obtained by using gravitationally lensed quasars: under the
assumption of a thermal relic dark-matter particle, modeling the image positions and the flux-ratios of
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several gravitationally lensed quasars implies a lower limit of mχ > 5.58 keV [387] or mχ > 5.2 keV [387],
consistent with the lower limits mχ > 5.3 keV or mχ > 3.5 keV, depending on the assumed thermal
history of the intergalactic medium, derived from the analysis of the Lyman-α forest [388–390].

4.1.1. Solutions to the Observational Challenges

WDM particles are moving freely when they are relativistic; they can thus travel distances of the
order of the horizon size. It follows that density fluctuations are suppressed on scales below the inverse
of a characteristic comoving wavenumber [391]:

kWDM ∼ 15.6
h

Mpc

( mX
keV

)4/3
(

0.12
ΩDMh2

)1/3
, (7)

with obvious meaning of the symbols. This suppression of the density perturbations may lead to a solution
of some of the problems that the CDM model encounters at galactic scales (see Section 3). As shown in the
left panel of Figure 17, the matter power spectrum drops below a certain length scale k−1 depending upon
the mass of the WDM particles. For example, the power spectrum is suppressed below k−1 ∼ 100 kpc for
a particle mass of∼1 keV [392]. Therefore, the subhalo mass function can be brought into agreement with
satellite counts and the MSP would be solved [371,393,394].

In addition, the gravitational collapse leads to a cuspy halo profile with a lower central
concentration compared to CDM halos [371]. This feature is shown in the right panel of Figure 17,
where the NFW profile (black solid line) is compared with the cuspy WDM density distribution
(solid colored lines) for a halo with a mass of M = 109 M�. Moreover, the existence of a relic thermal
velocity distribution for the WDM particles may convert the cusp in the density profile into a core
(dot-dashed colored lines), providing a solution to the CCP [395]. Nevertheless, the cores appear to be
smaller than required to explain the data on LSB galaxies [396,397].

Figure 17. Left panel: comparison of the linear matter power spectrum as a function of wavenumber
in the WDM and CDM scenarios. The solid black line shows the CDM model. The dot-dashed lines
represent the WDM power spectra for different values of the particle mass. Right panel: density profiles
of CDM and WDM halos with mass: M = 109 M�. The black line shows the CDM profile; the red,
green, blue, cyan, and magenta lines show the WDM profiles for particle mass 0.25, 0.5, 0.75, 1.0,
and 1.25 keV, respectively. The solid colored lines show the case where there are no thermal relic
velocities; the dot-dash lines denote the case where it is assumed the existence of a relic thermal velocity
distribution for the WDM particles. In the panel, it is indicated the scale radius of the halo for the
various WDM particle mass considered. The figure is reproduced from [371].

These results have been widely validated by many N-body simulations of structure formation
within the WDM scenario (see, for example, [391,397–403]). Finally, a WDM particle with mass in the
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range 1.5–2 keV can potentially solve the TBTF problem for satellite dwarf galaxies, as Milky Way-sized
dark-matter halos have fewer and less dense massive subhalos in WDM than in CDM [372,399].
Furthermore, the TBTF problem for field dwarf galaxies can also be solved by a WDM particle with
mass of ∼1 keV [297]. However, WDM particles with such small masses are in conflict with several
observational constraints (see Section 4.1). Masses of the WDM particles that are consistent with
the largest estimate of ∼7 keV enable WDM simulations to alleviate the TBTF problem only when
baryonic feedback and tidal process are accounted for, similarly to CDM simulations; the results of
these simulations show a higher degree of consistency with the observational data than the results
produced in CDM simulations [404,405].

Unfortunately, some difficulties are still far from being solved. Due to the high efficiency in
removing power from the matter power spectrum, the mass of the WDM particles must be tuned to
the scale of dwarf galaxies [398]. Moreover, studies based on N-body simulations have shown that
WDM is almost indistinguishable from CDM when the bounds from the Lyman-α forest are taken into
account and, therefore, it might not be capable of alleviating the CDM problems [372].

4.2. Self-Interacting Dark Matter

A model of warm and self-interacting dark matter was first introduced in 1992 [406],
and subsequently constrained a few years later [407,408]. In 1999, Spergel and Steinhardt [409] proposed
the idea of cold and self-interacting dark matter in the concordance cosmology to solve two small-scale
issues of CDM: the core-cusp and the missing satellites problems (see Sections 3.2 and 3.3). The newly
proposed self-interacting dark-matter (SIDM) particles behave like collisionless CDM at larger length
scales, where the rate of collisions becomes negligible due to the smaller density. The typical collision
rate of SIDM particles in the central region of a dwarf galaxy is 4 [410]

Rcoll = ρDMvrel

( σ

m

)
≈ 1.0 Gyr−1

(
σ/m

1 cm2/g

)(
ρDM

0.1 M�/pc3

)(
vrel

50 km/s

)
, (8)

where m and ρDM are the mass and mass density of the dark-matter particles, vrel and σ are the relative
velocity and the scattering cross-section, respectively. SIDM models are commonly parametrized by
the cross-section per unit mass σ/m, which, in general, is a function either of the relative velocity vrel
of the dark-matter particles, or of the total mass of the virialized halo Mhalo. In addition, vrel and Mhalo
are related by the fact that the velocity dispersion of the dark-matter particles is larger in more massive
halos. Here, we will briefly discuss the small-scale challenges addressed by SIDM and where SIDM
stands in particle physics. For a detailed review, the reader may consult Tulin & Yu [410].

4.2.1. Solving Small-Scale Issues With SIDM

Cosmological simulations of SIDM halos without the baryonic feedback predict constant density
cores [411–414] (see Figure 18) contrary to the cuspy profiles from the simulations of collisionless CDM,
as discussed in Section 3.2. The SIDM simulations solve the cusp-core problem if σ/m & 0.5 cm2/g
for galactic halos with Mhalo ∼ 1011 M� [414,415]. However, galaxy clusters with Mhalo ∼ 1014 M�
require σ/m ∼ 0.1 cm2/g [410,415–417]. The difference in σ/m at galaxy and cluster scales implies
velocity-dependent cross-sections which is a crucial aspect of the SIDM models.

4 In [410], the numerical value was mistakenly reported as 0.1 Gyr−1.
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Figure 18. Inner density profile of a dark-matter halo with Mhalo = 0.9× 1010 M� in collisionless
CDM and in SIDM for different values of σ/m. The figure is reproduced from [414].

Although SIDM with large scattering rates tends to reduce the number of subhalos, the MSP
(see Section 3.3) is not easily resolved by SIDM [413,418–420], unless non-minimal SIDM interactions
are assumed [410]. Halos found in SIDM-only simulations are more spherical in the inner regions
compared to their CDM counterparts; moreover, observed ellipticities of dark-matter halos inferred
from gravitational lensing have put several stringent constraints on the SIDM parameters at both
galaxy and cluster scales [421]. However, there are disagreements among various constraints [421,422]
which may be resolved by properly accounting for the effects from baryons [410]. From SIDM-only
simulations, the values of σ/m required to solve the MSP are most likely ruled out by constraints
from the measured ellipticities of dark-matter halos (see [410] and references therein). However, as we
discuss below, the baryonic contributions may significantly change this scenario on galaxy scales.
On the scale of galaxy clusters, values of σ/m in the range 0.3 to 104 cm2/g are excluded based on the
fact that unlike the number of satellite galaxies, the number of galaxies in a cluster is comparable to
the number found in the simulations of the formation of the large-scale structure [413,423].

Simulations of SIDM and baryons [424,425], with sufficient resolution at small scales,
are computationally expensive. To overcome this drawback, a semi-analytical approach, known as the
Jeans method, has been pursued to study the baryonic contributions in the SIDM paradigm [413,426,427].
The Jeans method determines the inner density profile of the halo by assuming the inner halo to be
isothermal and in hydrostatic equilibrium with the baryons. However, the outer part of the halo matches
the NFW profile since SIDM particles are effectively collisionless there. For a galaxy such as the Milky
Way, the results using the Jeans method suggest that the inner halo shape is oblate rather than spherical as
found in SIDM-only simulations, and the radius of the central core is smaller by an order of magnitude
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compared to the core size in SIDM-only simulations [426]. These modifications upon including the effects
of baryons demand corrections of the constraints on SIDM models based on the observed halo shapes.

In addition, if baryonic effects are taken into account by the Jeans method, SIDM may solve
the issues related to the disk-halo conspiracy [428] (see Section 3.1), i.e., it can reproduce diverse
inner rotation curves from a single value of σ/m for galaxies with similar maximum rotation speed
Vmax [429,430] (see Figure 19). Collisionless CDM, even with baryonic feedback, does not solve this
issue because of the large dark-matter density in the central region. Thanks to the smaller dark-matter
density provided by the SIDM scenario, the baryons are more effective at setting Vmax.

Figure 19. Observed rotation curves of four disk galaxies. Solid red lines indicate the total rotation
curves for SIDM with σ/m = 3 cm2/g which include contributions from the dark-matter halo (solid
blue), stars (magenta dashed), and gas (magenta dot-dashed). The corresponding CDM halos (dashed
blue) and SIDM halos (blue stars) neglecting the baryons are also shown. The concentration parameters
c200 are indicated in terms of the standard deviation from the median cosmological concentration of
halos of mass M200. The figure is reproduced from [410,429].

The self-interactions between the dark-matter particles also alleviates the TBTF problem
(see Section 3.4) for satellite and field dwarf galaxies. Even though self-interaction has little effect
on the abundance or total mass of the subhalos, it effectively decreases the central density of the
most massive subhalos by removing mass from these regions, characterized by cuspy density profiles.
Velocity-independent SIDM models are consistent with the kinematics of the Milky Way dSphs for
values of the cross-section per unit mass σ/m ≈ 1 cm2/g [420,431]; lower values of σ/m generate
a population of subhalos too dense to be consistent with the observations. On the other hand,
velocity-dependent SIDM models successfully solve the TBTF [419,431,432]. However, the class
of velocity-dependent SIDM models remains largely unconstrained.
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In principle, SIDM with dissipative or inelastic scattering may also alleviate the problem of the planes
of satellite galaxies (see Section 3.5) by allowing the observed satellites to be dark-matter-dominated
tidal dwarfs [364,365]. In CDM simulations, dwarf galaxies formed due to tidal disruption during the
merging of two galaxies are baryon dominated. On the contrary, a dissipative dark-matter scenario
allows a thin dark-matter disk in a halo, and merging galaxies with such dark disks may produce
dark-matter-dominated dwarf galaxies with strong phase-space correlations. However, Gaia data do not
currently support the presence of a dark-matter disk in the Milky Way [366,367].

The collisional nature of SIDM at high relative velocities (∼1000 km/s) can be probed by merging
clusters, such as the Bullet Cluster, in different ways [433]. Clusters that nearly survive the merger must
have scattering depth τ = σΣ/m < 1, where Σ is the surface density of dark matter [434]. Additional
constraints come from the amount of dark matter that is stripped off during the merger: we can infer
this mass by estimating the mass-to-light ratios of the two merging clusters [434]. Another probe of
the self-interaction is to look for any possible offset between the centroid of the luminous part of the
merging cluster and that of its dark-matter content inferred from weak-lensing [434]: self-interactions
between the dark-matter contents of two colliding clusters would generate a drag force that may exceed
the gravitational binding between the dark matter and the luminous components. Combining the
constraints from all the three methods for the Bullet Cluster shows that σ/m is less than 0.7 cm2/g [434].
For a list of such constraints for other mergers, see [410] and references therein.

4.2.2. SIDM in Particle Physics

SIDM may solve several small-scale issues of the CDM paradigm, provided σ/m ∼ 1 cm2/g on
the scale of galaxies and ∼0.1 cm2/g on the scale of galaxy clusters. We now briefly describe the role
of SIDM in the context of particle physics.

The simplest model of SIDM could be a real scalar field φ with quartic self-interactions
(λ/4!)φ4. There are several ways to build this kind of models [435–437]. However, the contact-type
self-interactions have a major drawback, namely the cross-section is independent of the particle velocity
and this feature generates dark-matter cores both in galaxies and in galaxy clusters. Unfortunately,
real galaxy clusters do not show any presence of a core.

The issue of the velocity independence can be tackled by considering a model where the
dark-matter particles (χ, χ̄) are fermions and are self-interacting via a light mediator φ, which can be
a scalar or a vector field [432,438–440]. The self-coupling strength in the dark sector is characterized
by αχ, which is similar to the fine structure constant in electrodynamics. In the limit of αχmχ � mφ,
the differential cross-section for elastic self-scattering is given by [438,440]

dσ

dΩ
=

α2
χm2

χ[
1
2 (1− cos θ)m2

χv2
rel + m2

φ

]2 , (9)

where mχ and mφ are the mass of the dark-matter particle and the dark mediator, and θ is the
scattering angle. In the limit of mχvrel � mφ, the cross-section is constant, whereas, for mχvrel � mφ,
the cross-section varies as 1/v4

rel. The model is consistent with both galaxy and cluster scales, if the
transition between the two regimes occur around vtran ∼ 300 km/s or equivalently, mφ/mχ ∼
vtran/c ∼ 10−3 [427]. More accurate cross-sections have been calculated to study the full parameter
space of this model [422,438–441]. The dependence of the cross-section on the velocity varies with the
limits of the parameters [440]. Figure 20 shows the preferred regions of the (mχ, mφ) space for a fixed
coupling αχ = 1/137 [427].

Other models of SIDM include composite states of strongly interacting dark sector particles
(m ∼ 1 TeV), e.g., dark hadrons in a QCD-like dark sector, and bound states of different dark sector
particles, e.g., dark atoms and dark matter with excited states (see [410] and references therein).
The SIDM paradigm is rich in phenomenology and each of the particle candidates of SIDM can be
probed by both terrestrial searches for dark matter as well as astrophysical observations.
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Figure 20. Parameter space spanning the mass mχ of the SIDM particle and the vector mediator
mass mφ with self-coupling αχ = α = 1/137. Regions preferred by dwarfs (red), LSB spiral galaxies
(blue) and galaxy clusters (green), each at 95% confidence level, are indicated. Combined 95% (99%)
region is shown by the solid (dashed) contour. The region estimated to be excluded by the Bullet
Cluster (other observed merging clusters) lies below the dot-dashed (long-dashed) curve. The figure is
reproduced from [427].

4.3. QCD Axions

QCD axions have the double virtue of solving the Strong CP problem in the Standard Model
(SM) of particle physics [30,31,442,443] and of being a potential candidate for dark matter [444–446].
Starting with a brief description of their origin in particle physics, we will discuss the cosmology of
axions, the constraints on their mass and when they behave differently from WIMPs.

4.3.1. Emergence of QCD Axions

Quantum chromodynamics (QCD) describes the strong interactions between quarks and gluons.
The CP-violating parameter θ̄ in QCD results into a non-zero electric dipole moment of the neutron [447]
which has an experimental upper bound [448]:

dn ≈ 5× 10−16 θ̄ e-cm < 2.9× 10−26 e-cm, (10)

i.e., the parameter θ̄ is constrained to be unusually small, θ̄ . 10−10. Given that the CP-violating
term is required to solve the UA(1) problem [449] and that the CP violation occurs in the weak sector
of the SM [113], θ̄ is expected to have a value of O(1) between 0 and 2π. Why the value of θ̄ is
so small, i.e., why CP is so weakly violated in the strong sector of the SM, is known as the Strong
CP problem. Several solutions to the Strong CP problem have been proposed (see [450–452] and
references therein). Among them, the most attractive and popular solution is the Peccei-Quinn (PQ)
solution [442,443] which implies the existence of a new pseudo-scalar boson axion [30,31]. In the PQ
solution, the CP-violating parameter is promoted to be a dynamical variable a(x)/ fa where a(x) is the
axion field and fa is the axion decay constant with a dimension of energy. As the axion field a(x) relaxes
to its vacuum expectation value 〈a〉 to minimize the energy, the value of θ̄ becomes zero and that
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solves the Strong CP problem. The constant fa is given by the energy scale at which the PQ symmetry
is broken. For QCD axion, the mass is related to the decay constant by [453]:

ma ≈ 6× 10−6 eV
(

1012GeV
fa

)
. (11)

However, for axion-like particles (ALPs), both ma and fa are considered to be independent
parameters. ALPs not obeying Equation (11) do not solve the Strong CP problem. The existence of
ALPs or ultra-light ALPs (ULALPs) is motivated from string theory [32]. In the literature, the term
axions may refer to QCD axions or ALPs or ULALPs depending upon the context.

After QCD axions were proposed to solve the Strong CP problem, they were quickly recognized
to be a dark-matter candidate [444–446], i.e., it was shown that they could be abundantly produced in
the early Universe and their energy density behaves as that of CDM. Couplings of QCD axions with
the SM particles can also be made very small since fa can be allowed to be much larger than the QCD
energy scale [454–457]. Here, we will briefly mention the key features of axion cosmology. The reader
may consult [453,458] for extensive reviews. In the early Universe, after the PQ symmetry is broken
at temperature TPQ ∼ fa, axions could be produced by both thermal and non-thermal mechanisms.
However, the present number density of non-thermal or cold axions is much larger than that of
the thermal axions. Cold axions are produced by the non-thermal mechanisms such as vacuum
realignments, decays of axion strings, and decays of axion domain walls [453]. At any given cosmic
time t, the velocity dispersion of the cold decoupled axions is, in units of the speed of light c [453],

βa(t) ∼ 3× 10−17
(

10−5 eV
ma

) 5
6 a(t0)

a(t)
, (12)

where a(t) is the scale factor of the expanding Universe and t0 is the age of the Universe today. This velocity
dispersion corresponds to an effective temperature of 0.5× 10−34 K

(
10−5 eV/ma

)2/3 today.
Axion mass is constrained by cosmology, astrophysics, as well as terrestrial experiments. If fa

is larger than about 1012 GeV, there would have been a large amount of axions to overclose the
Universe [453]. This implies a lower bound on the mass of QCD axions: ma & 6× 10−6 eV. This bound
is rather soft due to several uncertainties in the axion energy density from decays of strings and domain
walls. Astrophysical phenomena, such as stellar evolution and the supernova SN1987A, also put
constraints on the axion mass (see, e.g., [459,460]). Axions were thought to be invisible until it was
shown by Sikivie [461] that in a cavity with a strong inhomogeneous magnetic field, an axion can be
resonantly converted into two photons when the tuning frequency of the cavity matches the axion
mass. The cavity technique is used to design both axion haloscopes and helioscopes. Axion haloscopes,
such as ADMX [462], are designed to search for axions in the Milky Way halo, while axion helioscopes,
such as CAST [463] and IAXO [460], are designed to probe axions emitted from the Sun via Primakoff
conversions. Heavier QCD axions with ma & 50 keV have been ruled out by beam dump experiments
and rare meson decays (see, e.g., [464]). Searches for QCD axions exploit their coupling Gaγγ to two
photons which is related to the mass by [113]

Gaγγ = C 10−15 GeV−1
(

ma

6× 10−6 eV

)
, (13)

where C is a model dependent number of order one. The current constraints on axion mass and their
coupling to photons are shown in Figure 21 where the yellow band corresponds to the QCD axions
in different models. There has been a significant boost in the interest to search for axions or ALPs
in the last decade. The reader may consult [113,465,466] for an overview of many novel ideas and
experiments that have been proposed.
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Figure 21. The current constraints on QCD axions and ALPs. The yellow band represents the various
models of QCD axions. The constraints from the Sun and the Horizontal Branch stars are the regions
above the corresponding lines. The regions ruled out by various experiments are indicated by the
colored areas. The figure is reproduced from [113].

4.3.2. Distinctive Features of QCD Axions

In the context of cosmology, QCD axions may have two distinctive features: isocurvature
perturbations and axion miniclusters (see [453,458] and references therein). Quantum fluctuations of
the axion field may cause isocurvature perturbations either on the length scale of the CMB (for the
PQ phase transition before inflation), or on the scale of QCD horizons i.e., the horizon size at the time
of the QCD phase transition (for the PQ phase transition after inflation). The CMB observations put
tight constraints on how much isocurvature perturbations are allowed (see e.g., [467–469]). For the PQ
phase transition after inflation, the misalignment angle may be different in different QCD horizons
and result into large inhomogeneities in the density of axions. Such inhomogeneities grow in size
due to gravitational instabilities and lead to the formation of axion miniclusters with densities many
order of magnitude larger than the average density (see, e.g., [470,471]). Searches for axions would
be more challenging if a substantial fraction of them are present in the form of miniclusters which
have typical mass of 10−14 M� and typical size of 100R� [453]. They can be probed by gravitational
microlensing [472,473] and the current constraints on the fraction f a

mc of axions present in the form of
miniclusters is f a

mc . 0.1.
If the cold axions remain decoupled and their evolution can be described by classical field theory,

they behave like CDM on all length scales larger than the correlation length l(t) corresponding to their
velocity dispersion [474]

l(t) ∼ 1
maβa(t)

∼ 1015 m
a(t)
a(t0)

(
6× 10−6 eV

ma

) 1
6

. (14)
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From the point of view of the large-scale structure, this length is too small to be of observational
interest. For ultra-light ALPs of mass ma ∼ 10−22 eV, the correlation length would be so large
that the ULALPs may be distinguished from ordinary CDM on all length scales. However, numerical
simulations suggest that they are indistinguishable in the regime of large-scale structure formation [475].
Nevertheless, if the QCD axions undergo thermalization and form a Bose-Einstein condensate (BEC),
they may have distinctive features such as caustic rings and axion stars.

It has been shown by Sikivie and Yang [476] that due to their huge phase-space degeneracy
and very small velocity dispersion, the axions may thermalize via gravitational self-interactions

and form a BEC when the photon temperature reaches about 500 eV
(

fa/1012GeV
)1/2. It has been

argued that as the halo grows in size by accreting more dark matter, the axions continuously
rethermalize to track the lowest available energy state [477]. This fact supports the necessary
initial conditions for the formation of caustic rings which are ring-like substructures in the galactic
plane [478,479]. Caustic rings should have astrophysical signatures in the forms of bumps in the
rotation curves, stellar overdensities and characteristic imprints on the density of the interstellar
medium [480–482]. Several pieces of evidence of the existence of caustic rings have been reported
in [480]. The existence of vorticities in the axion BEC causes a depletion of dark-matter density near
the galactic center [477] which may explain why the inner rotation curves can be reconstructed only
from baryonic contributions. The rethermalizing axion BEC can also solve [477] the galactic angular
momentum problem which is the discrepancy between the observed angular momentum distributions in
the dwarf galaxies and the predicted ones with ordinary CDM [483].

When the quantum pressure balances the gravitational attraction at small length scales, the axions
may form gravitationally bound and stable objects such as axion stars [484]. Dilute stars from QCD
axions are expected to have mass of order 10−13 M� and radius of order 10−4R�. The mass of dense
axion stars may range from 10−20 M� to M�. If an axion star collides with a neutron star, the axions
may be converted into photons in the strong magnetic field of the neutron star and emit a strong flux
of radiation. Interested readers may refer to [485] and references therein, for a detailed descriptions
and observable consequences of such objects.

4.3.3. QCD Axions and Small-Scale Problems Of CDM

As mentioned above, rethermalizing QCD axions with vortices may solve the galactic angular
momentum problem and may also explain the depletion of dark matter in the central regions of the
halos [477]. The caustic ring model, which is an outcome of rethermalizing axion BEC, is found
to reproduce the inner and outer rotation curves of the Milky Way [486]. Despite these successes,
QCD axions (ma ∼ 10−6 eV) are hardly explored in the context of the small-scale problems of CDM.
In fact, ULALPs of mass ∼10−22 eV (see Section 4.4) are attractive candidates to solve the small-scale
challenges such as the CCP and the MSP. An attempt to solve the CCP with QCD axions by simply
extrapolating the ULALPs scenario does not work, because, while ULALPs allow a core of size ∼1 kpc,
the size of the core from QCD axions would be of O(1) km [487].

Whether QCD axions can address the small-scale problems requires further investigations.
From the numerical perspective, resolving small-scale structures through N-body simulations of
QCD axions with mass ma ∼ 10−6 eV is formidable. From the theoretical point of view, QCD axions
are usually treated as classical fields (see, for example, [488,489]). However, it has been shown that
thermalization of axions [476] is a quantum phenomenon and cannot be explained by the classical field
theory [474,490] unless an artificial cut-off wavevector is introduced [488]. It has been argued [491]
that the wave-mechanics assuming axions as classical fields may not unveil all the physical aspects
and the quantum field effects play important roles for self-interacting axions.
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4.4. Fuzzy Dark Matter

Another excellent alternative to CDM is Fuzzy Dark Matter (FDM) which consists of ultra-light
bosons with mass in the range 10−23–10−20 eV [28,29]. These light bosons are naturally generated
from symmetry breaking due to the misalignment mechanism [444,445,492], and are very common in
string theory (for more details see [32]). FDM is considered to be a real scalar field φ with mass mφ

which is minimally coupled to the metric [493]. The field φ is initially massless until the Universe cools
down to some critical temperature [494]. It acquires the mass by rolling down and oscillating about
the minimum of a potential generated non-perturbatively [494]. The typical de-Broglie wavelength of
an FDM particle is a few kpc:

λdB
2π

=
h̄

mφv
= 1.92 kpc

(
10−22 eV

mφ

)(
10 km/s

v

)
. (15)

Therefore, the physics of FDM on length scales below λdB differs from that of the standard CDM.
In particular, small density fluctuations unstable for masses larger than the Jeans mass (see Equation (42)
in [493]) lead to a minimum halo mass of ∼107 M� for a boson mass of ∼10−22 eV. On the contrary,
on a scale above λdB, the large-scale structure of FDM is indistinguishable from CDM [475].

4.4.1. Solutions to the Observational Challenges

In 2014, novel N-body simulations with unprecedented high resolution showed the rich
small-scale structures of FDM halos [475]. The uniqueness of these N-body simulations was their
ability to capture the quantum nature of the dark-matter particles by combining the Schrödinger’s
and the Poisson’s equations [495]. Each virialized halo has a core of dark matter in the innermost
part, which represents the ground state solution of the Schrödinger-Poisson equations. This core is
surrounded by an interference pattern represented by fluctuations in the velocity and density fields
of the particles. The cores, more often called solitons, exhibit flat density profiles that can naturally
explain the wide cores in dwarf galaxies, and match the NFW density profiles [117] in the outer regions
of the halos (see Figure 22). As it was shown in [475], the solitonic density distribution of the dark
matter is well fitted by

ρc(r) ∼
1.9 (mφ/10−23 eV)−2(rc/kpc)−4

[1 + 9.1× 10−2(r/rc)2]8
M� pc−3 , (16)

where rc is the core radius of the soliton; rc also is related to the boson mass and the halo mass Mh by
the scaling relation [475,496]:

rc = 1.6
(

10−22 eV
mφ

)
a1/2

[
ζ(z)
ζ(0)

]−1/6 ( Mh

109M�

)−1/3

, (17)

where a is the cosmic scale factor, ζ(z) ≡ (18π2 + 82(Ωm(z)− 1)− 39(Ωm(z)− 1)2)/Ωm(z) is the
critical overdensity at redshift z. These results have been validated by N-body simulations [497,498].
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Figure 22. Dark-matter halos in the FDM scenario. Left panel: dependence of the dark-matter density
profile on the mass of the boson compared with the NFW profile. Here m22 is the boson mass in unit of
10−22 eV. Right panel: an image displaying the soliton in the center of a galaxy with an interference
pattern surrounding it. The figure is reproduced from [499].

Since solitons have a constant central density thanks to pressure support, they may potentially
solve the CCP. To shed light on this issue, two independent analyses used stellar kinematics data
of dwarf spheroidal galaxies by carrying out a Markov Chain Monte Carlo fitting procedure of
the projected velocity dispersion profiles [487,500–502]. Both analyses found that the data prefer
soliton-generated cores (with boson mass ∼10−22 eV) over cuspy NFW profile. Figure 23 shows
the effectiveness of the FDM halo profile at describing the kinematics of stars in the Milky Way
dwarf satellites.

In addition, a detailed study of the recently discovered ghostly galaxy Antlia II has shown that
the solitonic structure of the FDM halo may help to explain the presence of the wide core (∼2.8 kpc) of
this dwarf galaxy [503], and of other ultra-faint galaxies [504]. However, in contrast to previous results,
numerical solutions [505] of the evolution of a scalar field in a spherically symmetric space-time fail to
reproduce the scaling relation between the core density and the core radius [506]. Nevertheless, it is
worth noting that this scaling relation originates from a fitting procedure of the so-called Burkert profile
to the measured rotation curves of disk galaxies. This approach might not be appropriate, because,
in FDM, the core density and the core radius depend upon the boson mass and the total halo mass
as in the scaling relation of Equation (17). In addition to the cores of ultra-faint galaxies, the solitonic
structure can provide a solution to the excessive central velocity dispersion of the stars in the bulge of
the Milky Way [507].

Finally, N-body simulations show the suppression of the halo number density for mass≤ 1010 M�,
and how this cut-off depends upon the mass of the FDM particle (Figure 24). Such suppression may
provide a solution to the MSP [508].
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Figure 23. Left panels: best-fit models (blue lines) of the velocity dispersion profile in the FDM scenario
for a sample of Milky Way dwarf satellites. Right panels: corresponding core radius-mass relation for
each dwarf galaxy sampled from the posterior distribution. The figures are from [502].

Figure 24. Dependence of the cut-off of the halo mass function on the mass of an FDM particle,
and comparison with the CDM model. The figure is reproduced from [508].

The debate on whether or not FDM may be a viable dark-matter candidate is still ongoing.
The presence of the soliton in every virialized halo can affect the dynamics of the disk by enhancing
the circular velocity in the inner part of the rotation curve; this feature can provide a way to probe
the model [509]. One should note that the inner dynamics of a disk galaxy is affected by the baryonic
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contributions to the gravitational potential, and the breakdown of the spherical symmetry may affect
the geometry of the solitons [509].

Additionally, the effect of quantum pressure in structure formation, which is suppressed on
small scales, is still under investigation due to the poor resolution of the N-body simulations. A box
size of at least ∼500 Mpc/h on a side is needed to predict the matter power spectrum, and evaluate
how much suppression is introduced [510]. Furthermore, the clustering properties of hot gas at
high redshift have been used to constrain the dark-matter properties. The analysis of the Lyman-α
forest data constrains the boson mass to be larger than 7 × 10−21 eV [511], which is almost two
order of magnitudes larger than the boson mass required to describe dwarf galaxies (∼10−22 eV).
Since the power spectrum of WDM and FDM is the same on large scales [512], and is suppressed
below a certain characteristic scale [512,513], the constraints based on Lyman-α forest data are
obtained by translating the observational bounds on WDM into the corresponding bounds on FDM by
matching the suppression scale [511]. However, this analogy between WDM and FDM is still under
debate [493,514]. Hydrodynamical simulations are required for FDM to quantify the impact on the
matter power spectrum of the small-scale density fluctuations on the de-Broglie scale which are absent
in WDM [475,497,498]. These effects may play a fundamental role in distinguishing between the
models [493], although the uncertainties on the different thermal histories and underlying reionization
models of the WDM and FDM particles may weaken these constraints [493,515].

5. Possible Solutions beyond Newtonian Dynamics

The observational challenges of the CDM model on galactic scales (see Section 3) may also be
interpreted as a breakdown of the law of gravity. Modifications of the law of gravity conceived to
explain the observed kinematics of visible matter started to be systematically investigated back in
the 1980s [147,155,516,517], although some suggestions were put forward much earlier (e.g., [518]).
On cosmological scales, observational data from the Planck mission do not seem to provide statistical
evidence in favor of any particular theory of gravity [63], whereas at galactic scales, where the physics is
complicated by the relevant role of baryons, the issue remains open. In the following, we briefly touch
upon three modified gravity models, proposed in the literature, that focus on the scales of galaxies.

5.1. MOND

In 1983, Milgrom suggested to explain the mass discrepancy in cosmic structures with a modification
of the law of gravity rather than with the presence of dark matter [33–35]. His phenomenological proposal
rests upon the hypothesis that there is an acceleration scale a0 ' 1.2 × 10−10 m s−2 above which
Newtonian gravity holds and below which Newtonian gravity breaks down. This idea goes beyond the
naive idea that gravity should be modified simply beyond a length scale [140,518].

According to Milgrom’s suggestion, the magnitude a of the acceleration experienced by a test
particle in a gravitational field is

a = ν

(
aN
a0

)
aN , (18)

where aN is the magnitude of the gravitational acceleration, estimated in Newtonian gravity, originated
by the distribution of the baryonic matter alone, as dark matter is assumed to be nonexistent; ν is an
interpolation function whose asymptotic behaviors are ν → 1 when aN � a0 and ν → (aN/a0)

−1/2

when aN � a0. A number of interpolation functions has been proposed in the literature; one of them
is [519]

ν

(
aN
a0

)
=
(

1− e−
√

aN /a0
)−1

. (19)

Rather than as a modification of the law of gravity, the introduction of an acceleration scale can be
alternatively interpreted as a modification of the law of inertia F = ma, where the inertial mass differs
from the gravitational mass when aN � a0 [520–522].
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In both cases, Milgrom’s suggestion yields a MOdified Newtonian Dynamics (MOND) (see [149]
for an extensive review). The introduction of an acceleration scale makes the MOND formulation
manifestly purely phenomenological: in General Relativity, the acceleration is linked to the affine
connection Γµν

λ which is not a tensor; therefore, MOND cannot be easily formulated in a covariant form.
This drawback has two important consequences: in the MOND framework, we can neither

build a cosmological model, which is the most relevant success of the ΛCDM model, nor quantify
the phenomenology of gravitational lensing, which is an important probe of the mass distribution
on large-scale. An additional shortcoming is that MOND is unable to explain the observed mass
discrepancy on the scale of galaxy clusters and on larger scales, although the amount of required dark
matter is substantially reduced [35].

Attempts to provide MOND with a covariant formulation include, for example, AQUAL [516],
TeVeS [523], and bimetric MOND [524]. These theories introduce additional scalar, vector or tensor
fields and reduce to MOND in the non-relativistic limit [525]. Their number shows that a covariant
theory that reduces to MOND is not uniquely determined. Therefore, invalidating one of these theories
does not necessarily invalidate MOND.

For example, the detection of gravitational waves originating from the merging of two neutron
stars [526] combined with the observation of a gamma-ray burst within a few seconds [527,528]
implies that the speed of light and the speed of gravitational waves coincide within one part in 10−15.
In the original formulation of TeVeS, the speed of gravitational waves in general is different from the
speed of light and therefore TeVeS appears to be ruled out [529]. Nevertheless, there is a family of
tensor-vector-scalar theories that still reduce to MOND in the non-relativistic limit, where the speed of
gravitational waves equals the speed of light [530].

We can also build a hybrid model that merges the success of MOND on small scales with
the properties of the large-scale structure provided by the presence of dark matter. This idea was
suggested by Angus in 2009 [531]. He assumed MOND as the theory of gravity and added a hot
dark-matter component made of sterile neutrinos of mass ∼11 eV. The existence of a sterile neutrino
still appears to be a solution to the detection of the excess of electron-like events in short-baseline
neutrino experiments [532]. Hot dark matter has the advantage of clumping on scales larger than the
scale of galaxies. MOND phenomenology would thus be preserved on small scales, whereas dark
matter starts becoming relevant on larger scales, where MOND apparently disagrees with observations
(see [533] for a review). Unfortunately, this hybrid model is unable to reproduce the mass function of
galaxy clusters [534–536] and currently appears unviable.

5.1.1. Disk Galaxies

Many of the observational challenges described in the previous sections were predicted by MOND
many years before they were actually observed and posed unexpected challenges to the traditional
dark-matter framework. This feature is specific to MOND and makes it fundamentally different
from the other suggested theories of modified gravity: these latter theories attempt to describe these
observations only after they become available and never anticipate them.

Indeed, the predictions of MOND on the scales of galaxies are so distinctive that it has become
customary to collect them in the so-called MOND phenomenology. These observational facts are clearly
independent of the theory of gravity; therefore, other theories, alternative to the standard model, must
mimic the MOND phenomenology on these scales. Recent models that explicitly attempt to reproduce
the MOND phenomenology include superfluid dark matter [537], dipole dark matter [538], refracted
gravity [152,539], and emergent gravity [38].

MOND was motivated by the observations of the flat rotation curves of disk galaxies [33].
The normalization of the Tully-Fisher relation [540] sets the magnitude of the acceleration scale
a0. As reminded in Section 3.1, the Tully-Fisher relation links the luminosity L of a disk galaxy to the
width W of the profile of the global neutral hydrogen line in emission; if L and W are proxies of the



Universe 2020, 6, 107 46 of 84

galaxy mass and the asymptotic rotation velocity respectively, the Tully-Fisher relation becomes a
relation between mass and centripetal acceleration.

At large r, where we can consider that the cumulative baryonic mass M(< r) = Md is constant,
we have, in Newtonian gravity, the acceleration aN = GMd/r2, and, from Equation (18), in the limit
aN � a0, we have a2 = aN a0 = a0GMd/r2. At large r, we have a = v2

rot/r, with vrot = const, and we
obtain v4

rot = a0GMd. We thus see that the normalization of the Tully-Fisher relation is a0G, and its
slope is 4. In the 1980s, observations provided a considerably uncertain slope, in the range 2.5–5,
as reviewed in [34]; presently, this slope is confirmed to converge to 4 [159].

From this perspective, the Tully-Fisher relation simply is a law of gravity, similar to the Kepler’s
laws, and it is not linked to any property of galaxies other than their baryonic mass. Consequently,
the Tully-Fisher relation should hold for any self-gravitating system; this prediction is relevant because
we should expect the Tully-Fisher relation to hold irrespective of the surface brightness of the galaxy.
In other words, MOND predicts the existence of a Baryonic Tully-Fisher relation between the baryonic
mass, including stars and gas, and the asymptotic flat rotation velocity. The BTFR is now neatly
supported by the data and holds from LSB to HSB galaxies over six orders of magnitude in baryonic
mass [541] with a slope confirmed to be in the range 3.5–4 [542] (see Figure 2).

The BTFR is intimately connected to another MOND prediction: the correlation between the
disk surface brightness µ and the centripetal acceleration a = v2

rot/r, which directly derives from the
relation a ∼ 2πGµ. Accurate spectroscopic measures of the disk galaxies in SPARC [130] and other
data sets (e.g., [543]) support this relation.

MOND also implies the Faber-Jackson relation M ∝ σ4 between the mass M, if proportional to
luminosity, and the stellar velocity dispersion σ of elliptical galaxies [544]. Unlike the Tully-Fisher
relation however, the Faber-Jackson relation would be exact in MOND only if ellipticals were isothermal
and their velocity fields were isotropic. In fact, matching the observed Fundamental Plane of ellipticals
requires that the velocity anisotropy parameter varies with radius [545,546].

The fit of the rotation curve in the standard model has two free parameters that describe the
dark-matter halo density profile when assumed to be spherical, in addition to the disk-to-halo mass
ratio. In MOND, there is only one free parameter: the mass-to-light ratio M/L. For MOND to be
viable, the best fit M/L must be consistent with stellar population synthesis models. Indeed, MOND
fits yield mass-to-light ratios M/L that agree with the expectations and recover the expected relations
between color and M/L [159]. Claimed failures of MOND fits often derive from inaccurate measures
of the galaxy distance and/or disk inclination or inappropriate bulge-disk decompositions [547].

By requiring that the velocity of the baryonic matter is directly set by its distribution, MOND
makes a clear prediction on the shape of the rotation curves of disk galaxies: HSB galaxies are expected
to have steeply rising rotation curves that flatten at small radii, whereas LSB galaxies are expected
to have slowly rising rotation curves that converge to the asymptotic constant velocity at large radii.
This prediction by Milgrom in 1983 [34] appeared well before LSB galaxies were known to be a
substantial fraction of the galaxy population and well before their systematic observations confirmed
the MOND prediction [548].

An additional consequence of the absence of dark matter is the expected one-to-one
correspondence between the irregularities in the surface brightness distribution and the features
of the rotation curves. This correspondence is widely observed in disk galaxies [549] and is known as
the Renzo’s rule [550]. These features in HSB disk galaxies are also naturally explained in the standard
framework, because the stars dominate the gravitational potential at small radii, according to the
maximum-disk hypothesis. However, in LSB disk galaxies this hypothesis does not hold, and the
observed correspondence remains unexplained. MOND naturally explains these observations in both
HSB and LSB disk galaxies [551].

The existence of LSB disk galaxies and their properties have, in MOND, a relevant role that needs
to be emphasized. In the 1970s, the idea of disk galaxies embedded in a halo of dark matter was
introduced to describe the observations of flat rotation curves inferred from the spectroscopy of neutral
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hydrogen [10]. The community easily accepted this idea because it had recently become clear that
bare cold self-gravitating disks, as spirals appear to be, are violently unstable and rapidly generate a
bar [552,553], unless the disk is embedded in a massive halo [11]: a single massive halo, which was
initially thought to be composed of too faint stars to be observed, made the disk dynamically stable
and explained the flat rotation curves.

This consideration has an important consequence on the dynamics and morphology of LSB disk
galaxies: the rotation curves of LSB disks indicate that these galaxies are dynamically dominated by
dark matter in the standard model even at small radii, where the baryonic matter dominates in HSB
disk galaxies [548]. Consequently, the disk of LSB galaxies is over-stabilized [554] and its mass should
be smaller than the limit required to generate spiral modes, unlike what happens in HSB disks [555];
nevertheless, spiral arms and bars are observed in LSB disk galaxies [556–559]. As a consequence,
explaining the amplitude of the rotation curves and the presence of spiral arms and bars in the
standard model requires mass-to-light ratios that are inconsistently larger than the expectations from
stellar-population-synthesis models [560–562]. This tension does not appear in MOND, where there is
no dark matter and the spiral modes are naturally generated as in the HSB disk galaxies [548,563,564].

At the same time, when the introduction of the massive halos was thought to be necessary,
Freeman noted that the mean central surface brightness of disk galaxies is µF = 21.65 mag arcsec−2

in the B-band with a little scatter of 0.30 mag arcsec−2: this relation became known as the Freeman
law [9]. However, the Freeman law was the result of an observational bias, as it became clear a few
years later [565]. In fact, disks appear in a wide range of central surface brightness [566]. In addition,
LSB galaxies are actually more than half of the total galaxy population and the number of galaxies
with central surface brightness brighter than µF = 21.65 mag arcsec−2 drops substantially faster than
for a normal distribution [567]: the Freeman law actually is a Freeman limit.

This observational result obviously makes us wonder what sets the Freeman limit. The Freeman
limit is a property of the baryonic matter, whereas dark matter dominates the dynamics of disk
galaxies in the standard model. Therefore, the Freeman limit must originate by the interplay between
dark matter and baryonic matter. The CDM model has not yet an obvious solution for deriving this
limit [568].

In MOND, the origin of the Freeman limit simply derives from gravitational dynamics.
Without dark matter, disks are unstable in Newtonian gravity. However, if MOND is the theory
of gravity, the disk becomes stable against the development of bars [563,564,569–573]. It follows
that disks without any dark matter are gravitationally stable only if they are in the MOND regime
aN < a0. If mass is proportional to luminosity, we have the acceleration aN ∼ 2πGΣ, in Newtonian
gravity, where Σ is the surface mass density. The limit aN < a0 becomes aN ∼ 2πGΣ < a0; in other
words, gravitationally stable disks must have Σ < a0/(2πG): this limit a0/(2πG) ≈ 143 M� pc−2

neatly returns the Freeman limit µF = 21.65 mag arcsec−2 [34,563]. This result demonstrates that the
acceleration scale a0 enters in another context which is completely different from the Tully-Fisher
relation shown above.

In MOND, from the distribution of the baryonic matter, we can also predict the profile of the
stellar vertical velocity dispersion, namely the velocity dispersion perpendicular to plane of the disk,
as a function of the radial coordinate in the disk plane [34]. Testing this prediction is particularly
challenging, because we must measure both the vertical velocity dispersion and the rotation curve and,
ideally, we would need face-on galaxies for the former and edge-on galaxies for the latter. The task was
performed by the DiskMass Survey collaboration [574–576], who found that the kinematic properties,
when interpreted with Newtonian dynamics, require a stellar population with a mass-to-light ratio
∼0.3 M�/L� in the K-band, a factor two smaller than expected from stellar-population-synthesis
models [577,578]. In other words, the vertical velocity dispersion is too small compared to the rotation
curve and the disks are too cold for their stellar mass.

When interpreted in MOND, the mass-to-light ratio in the K-band is 0.55 ± 0.15 M�/L�,
in agreement with stellar-population-synthesis models, but the disks are a factor of two thinner
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than expected from the observations of edge-on galaxies [579], or, alternatively, the vertical velocity
dispersion is overpredicted by ∼30% [580]. However, the shape of the vertical velocity dispersion
profile in the model is consistent with the observed shape over the entire radial range; this concordance
suggests that the measurements might suffer from a systematic bias [581]. Indeed, the estimate of the
velocity dispersion could be dominated by the younger, and dynamically colder, stellar population,
whereas the estimate of the disk thickness in edge-on galaxies could be dominated by the older,
and dynamically hotter, stellar population [582].

To date, the conundrum remains unsolved, although several additional observations might support
the MOND framework: superthin disk galaxies, which appear largely self-gravitating [583–585], would
be naturally stabilized by the enhanced MOND acceleration [548]; similarly, the large vertical velocity
dispersion of the gas in the outer region of some disk galaxies, when interpreted in the standard model,
would require an embedding disk of dark matter or highly flattened halos that are difficult to reconcile with
the conventional framework [586]. A similar dark-matter disk, or alternatively an extended dark-matter
core with a large core radius of 10 kpc [587], might be required for the Milky Way, according to the
kinematics of red clump stars from the RAVE survey [588].

Overall, the solidity of the existence of the acceleration scale a0 in the data has been increasing
for recent decades see however [589]). Its existence requires a natural explanation, irrespective of the
correctness of MOND. In addition to the Tully-Fisher relation and the Freeman limit, a0 appears in the
mass-discrepancy relation and in the radial acceleration relation.

In the standard model, we estimate the dynamical mass with Md ∼ rv2/G; from the luminosity
we can estimate the baryonic mass Mb. In MOND, Newtonian gravity holds when the Newtonian
gravitational acceleration generated by the baryonic mass is larger than a0, therefore we expect
Md/Mb ∼ 1 in this regime and Md/Mb increasingly larger than 1 at increasingly smaller accelerations
(Figure 3). This mass-discrepancy relation [146,155], predicted in 1983 [34], implies increasingly large
mass-to-light ratios for galaxies with increasingly fainter surface brightness, as it was confirmed years
later with the observations of dwarf spheroidals and LSB disks [548,590].

Similarly, we can see the appearance of a0 in the RAR, between the observed centripetal
acceleration derived from the rotation curve of disk galaxies and the Newtonian gravitational
acceleration generated by the baryonic mass distribution (Figure 4): the deviation from the one-to-one
relation appears at Newtonian accelerations smaller than a0 and the relation is described by the
interpolation function of Equation (19) [127]. Although the agreement shows no scatter and no
dependence of the residuals on the galaxy properties [128,129], as expected for a relation driven by
gravity alone, additional investigations are required to confirm these results, because some dependence
of the residuals on the galaxy properties appears to be present in other galaxy samples different from
SPARC [151,152].

5.1.2. Dwarf Galaxies

In MOND, the cusp/core problem is absent by definition, because there is no dark matter. MOND
can explain the velocity dispersion profiles of dwarf spheroidals with mass-to-light ratios M/L
consistent with stellar-population-synthesis models for the classical dwarfs, except Carina [591,592].
Carina is the closest dwarf spheroidal to the Milky Way and detailed N-body simulations in MOND
show that tidal forces and the external field effect, an effect that lacks in Newtonian gravity, can only
partly alleviate the tension [593]: the best-fit M/L in the V-band required to match the observed
velocity dispersion profile is M/L ∼ 5.3− 5.7 M�/L�, a value ∼10% greater than the upper limit for
the old stellar population of Carina ∼5 M�/L� [594]. However, there might still be the possibility to
alleviate this tension both observationally and theoretically: more accurate measurements of the proper
motion of the dwarf spheroidals and larger samples of stars with accurate photometry can provide a
better understanding of the physical properties of the dwarf spheroidals; similarly, the modeling of
these systems can be improved by considering a triaxial three-dimensional stellar distribution, more
sophisticated treatments of stellar binaries and even more accurate stellar-population-synthesis models.
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If MOND is the correct theory of gravity, interpreting the dynamics of dwarfs with Newtonian gravity
implies dark-matter distributions that might differ from the standard model expectations. The external
field effect in MOND mostly generates (1) an offset of the dark-matter distribution from the stellar
distribution of the order of the half-mass radius of the dwarf, and (2) possible large concentrations
of dark matter along the direction to the Milky Way, especially in Fornax and Sculptor, which have
no reason to appear in the standard model [595]. In principle, accurate measurements of the surface
brightness distribution and measurements of the proper motions of the dwarf stars with future astrometric
missions [596,597] could test these predictions and eventually falsify MOND.

In the standard model, the problem of the plane of satellites would be most easily solved if these
satellites were collapsed tidal debris formed during galaxy interactions [356–358]. Unfortunately, the dwarf
galaxies appear to be dark-matter-dominated, whereas these Tidal Dwarf Galaxies (TDGs) are expected
to be dark-matter free. In fact, the dark-matter halo of the parent galaxy is supported by the velocity
dispersion of the dark-matter particles and it is dynamically hot, unlike the dynamically cold baryonic
galactic disk supported by rotation. Therefore, the dark-matter halo does not participate in the formation
of the TDGs orbiting in a dynamically cold plane: this tidal tail can only originate from the galactic
disk. In MOND, this mechanism would work without the complication of the existence of the dark
matter, as shown by N-body simulations [369,598]; the mechanism is actually favored by the enhanced
self-gravity of the baryons.

Observations of recently formed TDGs are still unable to confirm whether these systems have
mass discrepancies consistent with MOND or rather no mass discrepancies and are thus consistent with
dark-matter-free TDGs in Newtonian gravity [599–601]. However, this latter solution would suggest the
existence of two dwarf populations in the standard model: dark-matter-dominated dwarfs, presumably
formed at early time, and more recently formed dark-matter-free TDGs. However, the existence of these
two populations appears to be inconsistent with the samples currently available [602].

In conclusion, MOND predicted, rather than solved, most of the dynamical properties of disk
and dwarf galaxies and might present a viable mechanism for the formation of the plane of satellites.
MOND appears mostly consistent with the observed kinematics of dwarf spheroidals and makes
additional predictions on their density and velocity fields that can further falsify the theory. Additional
theoretical and observational investigations are required to clarify these open issues. In addition,
it remains to be seen how MOND can be embedded in a more extended theory capable of providing a
cosmological model and describing the formation and evolution of the large-scale structure.

5.2. MOdified Gravity (MOG)

Scalar-Vector-Tensor theory of gravity, also renamed MOdified Gravity (MOG), is built to describe
the observational effects related to dark matter. In this model, scalar, tensor and massive vector fields
are added to the standard Hilbert-Einstein action [36]. Thus, the total action reads:

A = AG +Aφ +AS +AM , (20)

where the first term is
AG =

1
16π

∫ 1
G

(R + 2Λ)
√
−g d4x, (21)

with Λ the cosmological constant. The second term is the action related to the massive vector field:

Aφ = −
∫ [1

4
Bστ Bστ −

1
2

µ2φβφβ
]√
−g d4x , (22)

where φβ is the vector field, and Bστ = ∂σφτ − ∂τφσ. The third term represents the action for the scalar
fields G and µ:

AS = −
∫ 1

G

[1
2

gτβ

(∇τG∇βG
G2 +

∇τµ∇βµ

µ2

)
+

VG(G)

G2 +
Vµ(µ)

µ2

]√
−g d4x , (23)
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where ∇τ is the covariant derivative with respect to the metric gτβ, and VG(G) and Vµ(µ) are
self-interaction potentials of the µ and G fields. Finally, the fourth term describes the matter action.

In the weak field limit, the gravitational potential shows a Yukawa-like correction to the
Newtonian term. Such a correction generates a repulsive gravitational force that cancels out gravity
at short range (galactic, sub-galactic, or smaller scales) and stabilizes the system. On the other hand,
at larger scales, the repulsive term becomes weaker and one obtains the Newtonian gravity with a
larger gravitational constant [603]. The gravitational potential in MOG is given by [603]:

Φeff(~x) = −GN

∫
ρ(~x′)
|~x−~x′|

[
1 + α− αe−µ|~x−~x′ |

]
d3~x′ , (24)

where µ is the inverse of the characteristic length of the gravitational force that acts at a certain scale, and it
depends on the total mass of the self-gravitating system [603], and α = (G∞ −GN)/GN accounts for the
modification of the gravitational constant, where G∞ is the effective gravitational constant at infinite
distance from the self-gravitating system and GN is the standard gravitational constant [604]. The theory
has been tested on a wide range of observational scales. At extragalactic and cosmological scales, MOG
describes a wide variety of phenomena ranging from the gravitational bending of light [605,606], to the
X-ray and Sunyaev-Zel’dovich emissions of galaxy clusters [605,607–610], and the accelerated expansion
of space-time [611,612].

5.2.1. Solutions to the Observational Challenges

In the weak field limit, the gravitational potential in Equation (24) has been used to fit the observed
rotation curves of both LSB and HSB galaxies from the THINGS catalogue, achieving an excellent
agreement between the model and the observations, as shown in Figure 25. This comparison implies
a single set of the parameters α and µ of the gravitational potential: the gravitational strength is
α = 8.89± 0.34, and the characteristic scale is µ = 0.042± 0.004 kpc−1 [603]. MOG also yields a good
fit to the rotation curve of the Milky Way with total mass M ≈ 5× 1010 M� [613]. Finally, no significant
difference with Newtonian dynamics is found by studying the stability of the disk in MOG [614];
this result implies that the formation and evolution of self-gravitating systems is not altered.

Rotation curves of less massive systems also are well accommodated in the MOG theory. The rotation
curves of the dwarf galaxies in the LITTLE THINGS catalogue constrain the parameters (α, µ) with a
relative error of 10% [615]. Furthermore, MOG is consistent with the RAR observed in the SPARC
galaxies [616]. Finally, the observed velocity dispersion of the ultra-diffuse galaxy NGC1052-DF2
σ = 3.2+5.5

−3.2 km/s [222] is consistent with the value σ = 3.9 km/s estimated in MOG [617].
However, other analyses encounter some difficulties. A recent analysis shows that the theory

fails to reproduce the observed rotation curve of the Milky Way at radii < 20 kpc [618], at odds
with previous results showing the capability of MOG to fit the rotation curve of the Milky Way [613].
This inconsistency remains unexplained. Furthermore, a detailed analysis of the velocity dispersion
profile of the Milky Way’s dwarf spheroidals leads to mass-to-light ratios in the V-band in the range
M∗/L = 5.2+1.0

−0.9 M�/L� for Fornax to M∗/L = 152.3+78.8
−62.2 M�/L� for Draco. This wide interval of

values is inconsistent with the stellar-population-synthesis models. Additionally, a single set of the
parameters α and µ for all the galaxies in the sample cannot be found. These results are summarized in
Figure 26; this figure also shows a difference of a few orders of magnitudes between the parameters
constrained by the dSphs galaxies (colored data points) and by the more massive galaxies in the
THINGS catalogue (black lines) [619].



Universe 2020, 6, 107 51 of 84

Figure 25. Galaxy rotation curves from the THINGS catalogue fitted with MOG. The best fits are shown
as black lines. The figure is reproduced from [603].

These difficulties lead to argue that MOG may fail at reproducing the dynamics of
pressure-supported systems and, thus, at solving the CCP problem. Along the same lines, the results
obtained by comparing the predicted velocity dispersion profile of Antlia II with the observed one [189]
show that MOG cannot explain the existence of such a large core (∼2.8 kpc) without introducing a
strongly negative anisotropy parameter β ≈ −18, which means that stars have a tangential velocity
much larger than the radial counterpart [620].

In addition, high-resolution N-body simulations show substantial differences between MOG and
Newtonian gravity with dark matter. In MOG, the growth rate of the bar in disk galaxies is slower,
and the final size of the bar is almost an order of magnitude smaller [621]. Moreover, at cosmological
scales, where MOG is supposed to behave like the ΛCDM model, the growth rate of the perturbations
is reduced, and the value of the normalization of the power spectrum σ8 is increased to 1.44 [622],
which is inconsistent with σ8 = 0.802± 0.018 obtained by the Planck satellite [63]. Finally, due to the
lack of cosmological N-body simulations in the context of the MOG theory, the MSP and PSP cannot
be currently addressed.
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Figure 26. The top and bottom panels show the best-fit α and µ parameters of the MOG gravitational
potential in Equation (24) with their uncertainties as obtained from the analysis of dSphs. The solid
lines show the values obtained by fitting the rotation curves of more massive galaxies [603]. For each
galaxy, three assumptions on the mass-to-light ratio are used, i.e., M/LV = [0.5, 2, 5], corresponding to
blue triangles, red squares, and green circles respectively. The figure is reproduced from [619].

5.3. F(R)-Gravity

Extensions of General Relativity are obtained by including higher-order curvature invariants in
the Lagrangian, such as R2, RµνRµν, RµναβRµναβ, R�R, or R�kR, and minimally or non-minimally
coupled terms between scalar fields and geometry, such as φ2R [623–625]. These theories can be
roughly classified as Scalar-Tensor Theories if the geometry is non-minimally coupled to some scalar
field, and Higher-Order Theories if the action contains derivatives of the metric components of order
higher than two. Combinations of both types of theories give rise to higher-order/scalar-tensor theories
of gravity.

Among them, f (R)-theories extend General Relativity by replacing the Einstein-Hilbert Lagrangian,
which is linear in the Ricci scalar, with a more general function f (R) of the curvature R:

S =
∫

d4x
√
−g
[

f (R) +
8πG

c4 Lm

]
, (25)
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where Lm is the matter Lagrangian. The field equations thus read

f ′(R)Rµν − 1
2 f (R)gµν − f ′(R);µν + gµν� f ′(R) = 8πG

c4 Tµν , (26)

where Tµν is the energy momentum tensor of matter. Back in the 1980s, A. Starobinsky made the
first attempt to describe the acceleration of the Universe by extending General Relativity along this
line [626]. Afterwards, many other f (R) models have been considered and tested to give an alternative
explanation to the cosmological constant [627–636]. However, there is no statistical evidence favoring
any of these models over ΛCDM [637,638].

Usually, f (R) gravity is invoked to replace either the Einstein-Hilbert Lagrangian with a
cosmological constant or dark energy models. However, f (R) gravity can also partly remove the need
for dark matter on small scales. In 1977, Stelle already noted that in the weak field limit, R2-gravity gives
rise to Yukawa-like corrections to the Newtonian gravitational potential [639]. Under the hypothesis
that the f (R) Lagrangian is expandable in Taylor’s series [37]:

f (R) = ∑
n

f n(R0)

n!
(R− R0)

n ' f0 + f ′0R + f ′′0 R2 + ... , (27)

the gravitational potential can be recast as follows:

Φ(r) = − GM(r)
(1 + δ)r

(
1 + δe−

r
L

)
, (28)

where the parameter L represents the effective scale length above which the corrections to the
gravitational potential are relevant, and the parameter δ is related to the strength of the gravitational
force [37]. These parameters are related to the coefficients of Taylor’s series as: δ = f ′0 − 1,
and L = [−6 f ′′0 / f ′0]

1/2. These corrections may affect the astrophysical scales of galaxies and galaxy
clusters while being negligible at the Solar systems scale [37,640–652]. Therefore, geometric
modifications of this type may serve also to fully or partially replace dark matter in the energy-density
content of the Universe.

5.3.1. Solutions to the Observational Challenges

Back in the 1980s, R.H. Sanders found the Yukawa-correction term to be able to describe
the rotation curves of several spiral galaxies [517]. More recently, it was shown that Rn-gravity
models are able to describe the kinematics of the stars in spiral galaxies without resorting to
dark matter [640–643,653]. Hybrid models combining f (R)-gravity and dark matter have also been
proposed: studies of galactic rotation curves find an 8σ Bayesian evidence favoring f (R)-gravity plus
a NFW dark-matter halo over the CDM model [654]. In addition, the rotation curves expected in
f (R)-gravity combined with cuspy NFW density profiles are favored over the rotation curves expected
in CDM profiles with a core, offering a potential solution to the CCP [644].

A recent study of the chameleon- f (R) gravity (e.g., [655]), where higher-order curvature terms
can be recast as a scalar field strongly coupled to matter, tightly constrains the parameters of the model
with HI/Hα rotation curves of the disk galaxies in the SPARC sample. Specifically, the chameleon- f (R)
gravity with a cuspy NFW dark-matter halo fits well the galaxy rotation curves; the left panel of
Figure 27 shows the example of NGC 3741. Nevertheless, in contrast with previous results [654],
there is no statistical evidence favoring this model over Newtonian gravity with a NFW dark-matter
halo with a core [656], as illustrated by the Bayesian Information Criteria estimator shown in the right
panel of Figure 27.
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Figure 27. Left panel: rotation curve of NGC 3741 and the corresponding best fit with chameleon- f (R)
gravity combined with a cuspy NFW dark-matter halo (green curve). The grey lines show the contributions
of the different galactic components to the f (R)-model as labelled. Right panel: Cumulative distribution
function of ∆BIC, where BIC is the Bayesian Information Criterion, across SPARC galaxies. Most
galaxies in the sample prefer the f (R) model, but not necessarily with the same value of the model
parameters. The figure is reproduced from [656].

Although rotation curves are well accommodated in f (R)-gravity, there is a lack of studies of
pressure-supported systems such as dwarf galaxies. Nevertheless, due to the similarities between the
gravitational potential in f (R)-gravity and in MOG (see Equation (24) in Section 5.2), one may expect
to encounter difficulties similar to MOG to explain the dynamics of dwarf galaxies, and to provide
a solution to the CCP. It is worth mentioning that the possibility that these systems might not be in
dynamical equilibrium in the context of these theories may invalidate the constraints [657–659].

Finally, N-body simulations of f (R)-gravity alone (see, for example, [660–662]), and of
f (R)-gravity with dark matter, such as massive neutrinos or WDM particles, indicate the existence of a
degeneracy between these models and the standard ΛCDM paradigm [663–665]. For instance, N-body
simulations of f (R) gravity with fR,0 = −1 × 10−4 plus massive neutrinos with a total neutrino
mass of Σimνi = 0.4 eV show a matter power spectrum and a halo mass function consistent with the
predictions of ΛCDM at 10% and 20% accuracy levels, respectively [663].

6. Summary and Discussion

The cosmological parameters of the ΛCDM model are measured at an accuracy of ∼1% or
smaller [62,63], effectively confirming the capability of the model to describe the cosmological
evolution of the Universe. In this model, dark matter is ∼85% of the total matter density of the
Universe [63], but its fundamental nature is still unknown [1]. WIMPs are the most promising candidate
for CDM [22,23]. WIMPs are massive and weakly interacting particles, expected in supersymmetric
theories, which decoupled from the primordial plasma when they were non-relativistic. Collider,
direct, and indirect searches for such particles are ongoing [24,108–112]. Nevertheless, LHC has not
provided any evidence of supersymmetry so far [113], and the claimed DAMA/LIBRA/CoGeNT
annual modulation is still under debate [25–27] (for further details see Section 2).

The lack of a direct detection of the dark-matter particles is not the only issue encountered by
the CDM model: the issues on galactic scales discussed in Section 3 are difficult to accommodate in
the context of the CDM model [39–43]. Supernovae feedback and dynamical friction from baryonic
clumps may help to explain the transition from the cuspy dark-matter profiles, predicted by CDM
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N-body simulations, to the cores suggested by the observed kinematic properties of LSB, dwarf
and ultra-faint galaxies [239]. In principle, these baryonic mechanisms may also help to reduce the
overabundance of subhalos and describe the observed radial acceleration relation of disk galaxies.
However, the effectiveness of baryonic feedback is still under debate, as discussed in Section 3.

At this point, a question arises: are the lack of detection of a CDM particle and the observational
issues at galactic scales indicating a breakdown of the model? The current state of the debate is
inconclusive and puzzling. A change of the dark-matter paradigm or modified gravity models can
help to solve some of the issues, but they do not offer a definitive answer to the question. A visual
overview of whether the models discussed in Sections 4 and 5 either solve or do not display the
challenges of the CDM model is given in Table 1; for the sake of completeness, Table 1 also displays
the ability of each model to explain the large-scale structure of the Universe, successfully described by
the ΛCDM model.

Table 1. Summary of whether alternative dark matter (DM) and gravity models either solve or do
not display the challenges of the CDM model discussed in this work. Here, we refer to a problem as
“solved” when the model does not currently display major tensions with the observations. The ability
of the models to explain the large-scale structure of the Universe is also included.

Rotation Curves Cusp/Core Missing Too-Big- Planes of Large Scale
and Scaling Problem Satellites to-Fail satellites structure and

Relations Problem Problem Problem Cosmological Scales

Warm DM 4 8 4 4

Self-interacting DM 4 4 4 4

QCD axions 4 4

Fuzzy DM 4 4

MOND 4 4 4 4 8

MOG 4 8 4

f (R)-gravity 4 8 4

4 = Solved or Not present 8 = Not solved = Under investigation

WDM, SIDM, ALPs, and FDM, discussed in Section 4, allow the existence of a dark-matter core in
dwarf galaxies, hence, providing, in principle, a solution to the CCP. Moreover, WDM and FDM show
a cut-off in the matter power spectrum that suppresses the formation of halos below a given mass
threshold [395,475]. However, WDM does not alleviate any of the CDM issues at galactic scale when the
constraints from the Lyman-α forest or the gravitational lensed quasars are taken into account. The cores
in the WDM halos are indeed too small to solve the CCP, although they might contribute to fix the
TBTF problem. It thus remains unclear whether WDM models may represent a viable solution [372].
SIDM solves the CCP, but its ability to solve the MSP and PSP requires further investigations that take
into account the baryonic feedback. QCD axions are highly motivated dark-matter candidates from the
perspectives of both particle physics and cosmology. However, whether they can solve the small-scale
issues of CDM has not been properly investigated yet, because the role of the quantum nature of
thermalizing QCD axions on cosmic small scales demands a more rigorous theoretical framework.
Finally, FDM also encounters its own difficulties. The boson mass, ∼10−22 eV, required to explain the
dynamics of the dwarf galaxies and to solve the CCP and the MSP is almost two orders of magnitude
lower than the boson mass,∼7× 10−21 eV, needed to account for the Lyman-α data [511]. Nevertheless,
the debate is far from being settled [493]. Uncertainties on the thermal histories and the underlying
reionization model may invalidate these constraints [515,666]

Although the CCP and MSP may usually be solved in paradigms beyond the standard model of
particle physics, both are hardly addressed in modified theories of gravity. Both MOG and f (R)-gravity
are able to reproduce the rotation curve of the giant spiral galaxies [603,613,640–643,653], whereas a
deeper investigation of dwarf and ultra-faint galaxies, which appear to be dark-matter-dominated
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and show the presence of wide cores, is still missing. Recent results obtained in the context of MOG
have shown that although this modified gravity model has been built to specifically replace dark
matter, it is unable to self-consistently reproduce the dynamics of the dwarf galaxies orbiting the
Milky Way [615,620] (Section 5.2). Although similar studies for f (R)-gravity are missing, one may
expect similar results based on the theoretical analogies of the weak field limits of MOG and f (R).
Nevertheless, one must be careful when comparing predictions from modified gravity models to the
observational data. In fact, the assumption that all real systems are in dynamical equilibrium may not
hold and, if so, their amount of dark matter would be substantially overestimated [657–659].

MOND is fundamentally different from the other suggested solutions that attempt to remove the
requirement of dark matter (Section 5.1). MOND predicted many of the challenges of the conventional
dark-matter paradigm related to disk and dwarf galaxies many years before these challenges were
actually observed. MOND might also have a natural solution for the formation of the plane of
satellites, although it is yet to be demonstrated that this is indeed the case. In addition, MOND remains
a phenomenological model whose extension providing a cosmological model and describing the
formation and evolution of the large-scale structure is not yet available.

To sum up, no unambiguous signature of dark matter has been found yet. The standard CDM
paradigm encounters several issues at galactic scales, and its capability to solve them is still unclear,
as discussed in Section 3. Ideally, the next generation facilities, such as the Maunakea Spectroscopic
Explorer (MSE, [667]) or the Large Synoptic Survey Telescope (LSST, [668]), will achieve the sensitivity
needed to discover other ultra-faint and ultra-diffuse galaxies, whose observed properties can strongly
constrain the theoretical models. In fact, understanding the inner structure of these galaxies has
a fundamental role in our comprehension of the nature of dark matter. Additional observational
constraints may come from the next generation astrometric missions, such as the proposed Theia
satellite [596,597]. Theia is expected to measure the proper motion of stars in the Milky Way dwarf
satellites that, together with high precision measurements of the position of their stars, would shed
light on the dynamics of these galaxies. We can thus either constrain the theory of gravity or the
nature of the dark matter, if the presence of either cores or cusps in their dark-matter density profile
is definitely confirmed. This evidence will complement the constraints from other astrophysical and
cosmological probes and from indirect or direct searches of dark matter.
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530. Skordis, C.; Złośnik, T. Gravitational alternatives to dark matter with tensor mode speed equaling the speed
of light. Phys. Rev. D 2019, 100, 104013. [CrossRef]

531. Angus, G.W. Is an 11eV sterile neutrino consistent with clusters, the cosmic microwave background and modified
Newtonian dynamics? Mon. Not. R. Astron. Soc. 2009, 394, 527–532. [CrossRef]

532. Aguilar-Arevalo, A.; Brown, B.; Bugel, L.; Cheng, G.; Conrad, J.; Cooper, R.; Dharmapalan, R.; Diaz, A.;
Djurcic, Z.; Finley, D.; et al. Significant Excess of Electronlike Events in the MiniBooNE Short-Baseline
Neutrino Experiment. Phys. Rev. Lett. 2018, 121. [CrossRef] [PubMed]

533. Diaferio, A.; Angus, G.W. The Acceleration Scale, Modified Newtonian Dynamics, and Sterile Neutrinos.
arXiv 2012, arXiv:1206.6231.

534. Angus, G.W.; Diaferio, A. The abundance of galaxy clusters in modified Newtonian dynamics: cosmological
simulations with massive neutrinos. Mon. Not. R. Astron. Soc. 2011, 417, 941–949. [CrossRef]

535. Angus, G.W.; Diaferio, A.; Famaey, B.; van der Heyden, K.J. Cosmological simulations in MOND: The cluster
scale halo mass function with light sterile neutrinos. Mon. Not. R. Astron. Soc. 2013, 436, 202–211. [CrossRef]

536. Angus, G.W.; Diaferio, A.; Famaey, B.; Gentile, G.; van der Heyden, K.J. Modified Baryonic Dynamics:
Two-component cosmological simulations with light sterile neutrinos. J. Cosmol. Astropart. Phys.
2014, 2014, 079. [CrossRef]

537. Berezhiani, L.; Khoury, J. Theory of dark matter superfluidity. Phys. Rev. D 2015, 92, 103510. [CrossRef]
538. Blanchet, L. Gravitational polarization and the phenomenology of MOND. Class. Quantum Gravity 2007,

24, 3529–3539. [CrossRef]
539. Matsakos, T.; Diaferio, A. Dynamics of galaxies and clusters in {refracted gravity}. arXiv 2016, arXiv:1603.0494.
540. Tully, R.B.; Fisher, J.R. A new method of determining distance to galaxies. Astron. Astrophys. 1977, 500, 105–117.
541. McGaugh, S.; Lelli, F.; Li, P.; Schombert, J. Dynamical Regularities in Galaxies. arXiv 2019, arXiv:1909.02011.
542. Lelli, F.; McGaugh, S.S.; Schombert, J.M.; Desmond, H.; Katz, H. The baryonic Tully-Fisher relation for

different velocity definitions and implications for galaxy angular momentum. Mon. Not. R. Astron. Soc.
2019, 484, 3267–3278. [CrossRef]

543. Lelli, F.; Fraternali, F.; Verheijen, M. A scaling relation for disc galaxies: Circular-velocity gradient versus
central surface brightness. Mon. Not. R. Astron. Soc. 2013, 433, L30–L34. [CrossRef]

http://dx.doi.org/10.1086/162570
http://dx.doi.org/10.1093/mnras/223.3.539
http://dx.doi.org/10.1093/mnras/127.1.21
http://dx.doi.org/10.1086/589148
http://dx.doi.org/10.1006/aphy.1994.1012
http://dx.doi.org/10.1016/S0375-9601(99)00077-8
http://dx.doi.org/10.1051/eas:2006074
http://dx.doi.org/10.1103/PhysRevD.70.083509
http://dx.doi.org/10.1103/PhysRevD.80.123536
http://dx.doi.org/10.1103/PhysRevD.80.063515
http://dx.doi.org/10.1103/PhysRevLett.119.161101
http://dx.doi.org/10.3847/2041-8213/aa8f41
http://dx.doi.org/10.3847/2041-8213/aa8f94
http://dx.doi.org/10.1103/PhysRevD.97.084040
http://dx.doi.org/10.1103/PhysRevD.100.104013
http://dx.doi.org/10.1111/j.1365-2966.2008.14341.x
http://dx.doi.org/10.1103/PhysRevLett.121.221801
http://www.ncbi.nlm.nih.gov/pubmed/30547637
http://dx.doi.org/10.1111/j.1365-2966.2011.19321.x
http://dx.doi.org/10.1093/mnras/stt1564
http://dx.doi.org/10.1088/1475-7516/2014/10/079
http://dx.doi.org/10.1103/PhysRevD.92.103510
http://dx.doi.org/10.1088/0264-9381/24/14/001
http://dx.doi.org/10.1093/mnras/stz205
http://dx.doi.org/10.1093/mnrasl/slt053


Universe 2020, 6, 107 80 of 84

544. Faber, S.M.; Jackson, R.E. Velocity dispersions and mass-to-light ratios for elliptical galaxies. Astrophys. J.
1976, 204, 668–683. [CrossRef]

545. Sanders, R.H. The fundamental plane of elliptical galaxies with modified Newtonian dynamics. Mon. Not. R.
Astron. Soc. 2000, 313, 767–774. [CrossRef]

546. Cardone, V.F.; Angus, G.; Diaferio, A.; Tortora, C.; Molinaro, R. The modified Newtonian dynamics
Fundamental Plane. Mon. Not. R. Astron. Soc. 2011, 412, 2617–2630. [CrossRef]

547. Angus, G.W.; van der Heyden, K.J.; Diaferio, A. The dynamics of the bulge dominated galaxy NGC 7814 in
MOND. Astron. Astrophys. 2012, 543, A76. [CrossRef]

548. McGaugh, S.S.; de Blok, W.J.G. Testing the Hypothesis of Modified Dynamics with Low Surface Brightness
Galaxies and Other Evidence. Astrophys. J. 1998, 499, 66–81. [CrossRef]

549. Swaters, R.A.; Sancisi, R.; van der Hulst, J.M.; van Albada, T.S. The link between the baryonic mass
distribution and the rotation curve shape. Mon. Not. R. Astron. Soc. 2012, 425, 2299–2308. [CrossRef]

550. Sancisi, R. The visible matter—dark matter coupling. In Dark Matter in Galaxies; Ryder, S., Pisano, D.,
Walker, M., Freeman, K., Eds.; Cambridge University Press: Cambridge, UK, 2004; Volume 220, p. 233.

551. Sanders, R.H. The prediction of rotation curves in gas-dominated dwarf galaxies with modified dynamics.
Mon. Not. R. Astron. Soc. 2019, 485, 513–521. [CrossRef]

552. Miller, R.H.; Prendergast, K.H.; Quirk, W.J. Numerical Experiments on Spiral Structure. Astrophys. J.
1970, 161, 903. [CrossRef]

553. Hohl, F. Numerical Experiments with a Disk of Stars. Astrophys. J. 1971, 168, 343. [CrossRef]
554. Mihos, J.C.; McGaugh, S.S.; de Blok, W.J.G. Dynamical Stability and Environmental Influences in Low

Surface Brightness Disk Galaxies. Astrophys. J. Lett. 1997, 477, L79–L83. [CrossRef]
555. Athanassoula, E.; Bosma, A.; Papaioannou, S. Halo parameters of spiral galaxies. Astron. Astrophys. 1987,

179, 23–40.
556. McGaugh, S.S.; Schombert, J.M.; Bothun, G.D. The Morphology of Low Surface Brightness Disk Galaxies.

Astron. J. 1995, 109, 2019. [CrossRef]
557. Schombert, J.M. On the Structural Differences between Disk and Dwarf Galaxies. Astron. J. 2006, 131, 296–303.

[CrossRef]
558. Schombert, J.; Maciel, T.; McGaugh, S. Stellar Populations and the Star Formation Histories of LSB

Galaxies—Part I: Optical and Hα Imaging. Adv. Astron. 2011, 2011, 143698. [CrossRef]
559. Peters, W.; Kuzio de Naray, R. Characterizing bars in low surface brightness disc galaxies. Mon. Not. R.

Astron. Soc. 2018, 476, 2938–2961. [CrossRef]
560. Fuchs, B. Massive disks in low surface brightness galaxies. Astrophys. Space Sci. 2003, 284, 719–722. [CrossRef]
561. Fuchs, B. Dynamics of the disks of nearby galaxies. Astron. Nachrichten 2008, 329, 916. [CrossRef]
562. Saburova, A.S.; Zasov, A.V. Gravitational stability and mass estimation of stellar disks. Astron. Nachrichten

2013, 334, 785. [CrossRef]
563. Milgrom, M. On Stability of Galactic Disks in the Modified Dynamics and the Distribution of Their Mean

Surface-Brightness. Astrophys. J. 1989, 338, 121. [CrossRef]
564. Brada, R.; Milgrom, M. Stability of Disk Galaxies in the Modified Dynamics. Astrophys. J. 1999, 519, 590–598.

[CrossRef]
565. Allen, R.J.; Shu, F.H. The extrapolated central surface brightness of galaxies. Astrophys. J. 1979, 227, 67–72.

[CrossRef]
566. van der Kruit, P.C.; Freeman, K.C. Galaxy Disks. Ann. Rev. Astron. Astrophys. 2011, 49, 301–371. [CrossRef]
567. McGaugh, S.S.; Bothun, G.D.; Schombert, J.M. Galaxy Selection and the Surface Brightness Distribution.

Astron. J. 1995, 110, 573. [CrossRef]
568. Dalcanton, J.J.; Spergel, D.N.; Summers, F.J. The Formation of Disk Galaxies. Astrophys. J. 1997, 482, 659–676.

[CrossRef]
569. Tiret, O.; Combes, F. Evolution of spiral galaxies in modified gravity. II. Gas dynamics. Astron. Astrophys.

2008, 483, 719–726. [CrossRef]
570. Jiménez, M.A.; Hernandez, X. Disk stability under MONDian gravity. arXiv 2014, arXiv:1406.0537.
571. Thies, I.; Kroupa, P.; Famaey, B. Simulating disk galaxies and interactions in Milgromian dynamics. arXiv

2016, arXiv:1606.04942.

http://dx.doi.org/10.1086/154215
http://dx.doi.org/10.1046/j.1365-8711.2000.03272.x
http://dx.doi.org/10.1111/j.1365-2966.2010.18081.x
http://dx.doi.org/10.1051/0004-6361/201219189
http://dx.doi.org/10.1086/305629
http://dx.doi.org/10.1111/j.1365-2966.2012.21599.x
http://dx.doi.org/10.1093/mnras/stz353
http://dx.doi.org/10.1086/150593
http://dx.doi.org/10.1086/151091
http://dx.doi.org/10.1086/310528
http://dx.doi.org/10.1086/117427
http://dx.doi.org/10.1086/497964
http://dx.doi.org/10.1155/2011/143698
http://dx.doi.org/10.1093/mnras/sty441
http://dx.doi.org/10.1023/A:1024011601885
http://dx.doi.org/10.1002/asna.200811047
http://dx.doi.org/10.1002/asna.201311922
http://dx.doi.org/10.1086/167184
http://dx.doi.org/10.1086/307402
http://dx.doi.org/10.1086/156705
http://dx.doi.org/10.1146/annurev-astro-083109-153241
http://dx.doi.org/10.1086/117543
http://dx.doi.org/10.1086/304182
http://dx.doi.org/10.1051/0004-6361:200809357


Universe 2020, 6, 107 81 of 84

572. Sánchez-Salcedo, F.J.; Martínez-Gómez, E.; Aguirre-Torres, V.M.; Hernández-Toledo, H.M. Low-mass disc
galaxies and the issue of stability: MOND versus dark matter. Mon. Not. R. Astron. Soc. 2016, 462, 3918–3936.
[CrossRef]

573. Banik, I.; Milgrom, M.; Zhao, H. Toomre stability of disk galaxies in quasi-linear MOND. arXiv 2018,
arXiv:1808.10545.

574. Bershady, M.A.; Verheijen, M.A.W.; Swaters, R.A.; Andersen, D.R.; Westfall, K.B.; Martinsson, T.
The DiskMass Survey. I. Overview. Astrophys. J. 2010, 716, 198–233. [CrossRef]

575. Bershady, M.A.; Verheijen, M.A.W.; Westfall, K.B.; Andersen, D.R.; Swaters, R.A.; Martinsson, T.
The DiskMass Survey. II. Error Budget. Astrophys. J. 2010, 716, 234–268. [CrossRef]

576. Bershady, M.A.; Martinsson, T.P.K.; Verheijen, M.A.W.; Westfall, K.B.; Andersen, D.R.; Swaters, R.A.
Galaxy Disks are Submaximal. Astrophys. J. Lett. 2011, 739, L47. [CrossRef]

577. Martinsson, T.P.K.; Verheijen, M.A.W.; Westfall, K.B.; Bershady, M.A.; Schechtman-Rook, A.; Andersen, D.R.;
Swaters, R.A. The DiskMass Survey. VI. Gas and stellar kinematics in spiral galaxies from PPak integral-field
spectroscopy. Astron. Astrophys. 2013, 557, A130. [CrossRef]

578. Martinsson, T.P.K.; Verheijen, M.A.W.; Westfall, K.B.; Bershady, M.A.; Andersen, D.R.; Swaters, R.A.
The DiskMass Survey. VII. The distribution of luminous and dark matter in spiral galaxies. Astron. Astrophys.
2013, 557, A131. [CrossRef]

579. Angus, G.W.; Gentile, G.; Swaters, R.; Famaey, B.; Diaferio, A.; McGaugh, S.S.; Heyden, K.J.v.d. Mass models
of disc galaxies from the DiskMass Survey in modified Newtonian dynamics. Mon. Not. R. Astron. Soc.
2015, 451, 3551–3580. [CrossRef]

580. Angus, G.W. The dynamics of face-on galaxies in MOND.J. Phys. Conf. Ser. 2016, 718, 032001. [CrossRef]
581. Milgrom, M. Critical take on “Mass models of disk galaxies from the DiskMass Survey in MOND”. arXiv

2015, arXiv:1511.08087.
582. Aniyan, S.; Freeman, K.C.; Gerhard, O.E.; Arnaboldi, M.; Flynn, C. The influence of a kinematically cold

young component on disc-halo decompositions in spiral galaxies: Insights from solar neighbourhood
K-giants. Mon. Not. R. Astron. Soc. 2016, 456, 1484–1494. [CrossRef]

583. Matthews, L.D.; Gallagher, J.S., III; van Driel, W. The Extraordinary “Superthin” Spiral Galaxy UGC
7321. I. Disk Color Gradients and Global Properties from Multiwavelength Observations. Astron. J.
1999, 118, 2751–2766. [CrossRef]

584. Matthews, L.D. The Extraordinary “Superthin” Spiral Galaxy UGC 7321. II. The Vertical Disk Structure.
Astron. J. 2000, 120, 1764–1778. [CrossRef]

585. Matthews, L.D.; Uson, J.M. H I Imaging Observations of Superthin Galaxies. II. IC 2233 and the Blue
Compact Dwarf NGC 2537. Astron. J. 2008, 135, 291–318. [CrossRef]

586. Das, M.; McGaugh, S.S.; Ianjamasimanana, R.; Schombert, J.; Dwarakanath, K.S. Tracing the Dynamical
Mass in Galaxy Disks Using H i Velocity Dispersion and Its Implications for the Dark Matter Distribution in
Galaxies. Astrophys. J. 2020, 889, 10. [CrossRef]

587. Nesti, F.; Salucci, P. The Dark Matter halo of the Milky Way, AD 2013. J. Cosmol. Astropart. Phys.
2013, 2013, 016. [CrossRef]

588. Bienaymé, O.; Famaey, B.; Siebert, A.; Freeman, K.C.; Gibson, B.K.; Gilmore, G.; Grebel, E.K.;
Bland-Hawthorn, J.; Kordopatis, G.; Munari, U.; et al. Weighing the local dark matter with RAVE red
clump stars. Astron. Astrophys. 2014, 571, A92. [CrossRef]

589. Zhou, Y.; Del Popolo, A.; Chang, Z. On the absence of a universal surface density, and a maximum Newtonian
acceleration in dark matter haloes: Consequences for MOND. Phys. Dark Universe 2020, 28, 100468. [CrossRef]

590. Mateo, M.; Olszewski, E.; Welch, D.L.; Fischer, P.; Kunkel, W. A Kinematic Study of the Fornax Dwarf
Spheroid Galaxy. Astron. J. 1991, 102, 914. [CrossRef]

591. Angus, G.W. Dwarf spheroidals in MOND. Mon. Not. R. Astron. Soc. 2008, 387, 1481–1488. [CrossRef]
592. Serra, A.L.; Angus, G.W.; Diaferio, A. Implications for dwarf spheroidal mass content from interloper

removal. Astron. Astrophys. 2010, 524, A16. [CrossRef]
593. Angus, G.W.; Gentile, G.; Diaferio, A.; Famaey, B.; van der Heyden, K.J. N-body simulations of the Carina

dSph in MOND. Mon. Not. R. Astron. Soc. 2014, 440, 746–761. [CrossRef]
594. Maraston, C. Evolutionary population synthesis: Models, analysis of the ingredients and application to

high-z galaxies. Mon. Not. R. Astron. Soc. 2005, 362, 799–825. [CrossRef]

http://dx.doi.org/10.1093/mnras/stw1911
http://dx.doi.org/10.1088/0004-637X/716/1/198
http://dx.doi.org/10.1088/0004-637X/716/1/234
http://dx.doi.org/10.1088/2041-8205/739/2/L47
http://dx.doi.org/10.1051/0004-6361/201220515
http://dx.doi.org/10.1051/0004-6361/201321390
http://dx.doi.org/10.1093/mnras/stv1132
http://dx.doi.org/10.1088/1742-6596/718/3/032001
http://dx.doi.org/10.1093/mnras/stv2730
http://dx.doi.org/10.1086/301128
http://dx.doi.org/10.1086/301555
http://dx.doi.org/10.1088/0004-6256/135/1/291
http://dx.doi.org/10.3847/1538-4357/ab5fcd
http://dx.doi.org/10.1088/1475-7516/2013/07/016
http://dx.doi.org/10.1051/0004-6361/201424478
http://dx.doi.org/10.1016/j.dark.2020.100468
http://dx.doi.org/10.1086/115923
http://dx.doi.org/10.1111/j.1365-2966.2008.13351.x
http://dx.doi.org/10.1051/0004-6361/201015180
http://dx.doi.org/10.1093/mnras/stu182
http://dx.doi.org/10.1111/j.1365-2966.2005.09270.x


Universe 2020, 6, 107 82 of 84

595. Hodson, A.O.; Diaferio, A.; Ostorero, L. On the Distribution of Phantom Dark Matter in Dwarf Spheroidals.
arXiv 2020, arXiv:2005.13830.

596. The Theia Collaboration; Boehm, C.; Krone-Martins, A.; Amorim, A.; Anglada-Escude, G.; Brandeker, A.;
Courbin, F.; Ensslin, T.; Falcao, A.; Freese, K.; et al. Theia: Faint objects in motion or the new astrometry
frontier. arXiv 2017, arXiv:1707.01348.

597. Malbet, F.; Abbas, U.; Alves, J.; Boehm, C.; Brown, W.; Chemin, L.; Correia, A.; Courbin, F.; Darling, J.;
Diaferio, A.; et al. ESA Voyage 2050 white paper—Faint objects in motion: The new frontier of high precision
astrometry. arXiv 2019 arXiv:1910.08028.

598. Tiret, O.; Combes, F. Interacting Galaxies with Modified Newtonian Dynamics. In Formation and Evolution of
Galaxy Disks; Funes, J.G., Corsini, E.M., Eds.; Astronomical Society of the Pacific: San Francisco, CA, USA,
2008; Volume 396, p. 259.

599. Bournaud, F.; Duc, P.A.; Brinks, E.; Boquien, M.; Amram, P.; Lisenfeld, U.; Koribalski, B.S.; Walter, F.;
Charmandaris, V. Missing Mass in Collisional Debris from Galaxies. Science 2007, 316, 1166. [CrossRef]

600. Lelli, F.; Duc, P.A.; Brinks, E.; Bournaud, F.; McGaugh, S.S.; Lisenfeld, U.; Weilbacher, P.M.; Boquien, M.;
Revaz, Y.; Braine, J.; et al. Gas dynamics in tidal dwarf galaxies: Disc formation at z = 0. Astron. Astrophys.
2015, 584, A113. [CrossRef]

601. Flores, H.; Hammer, F.; Fouquet, S.; Puech, M.; Kroupa, P.; Yang, Y.; Pawlowski, M. Young tidal dwarf
galaxies cannot be used to probe dark matter in galaxies. Mon. Not. R. Astron. Soc. 2016, 457, L14–L18.
[CrossRef]

602. Dabringhausen, J.; Kroupa, P. Dwarf elliptical galaxies as ancient tidal dwarf galaxies. Mon. Not. R.
Astron. Soc. 2013, 429, 1858–1871. [CrossRef]

603. Moffat, J.W.; Rahvar, S. The MOG weak field approximation and observational test of galaxy rotation curves.
Mon. Not. R. Astron. Soc. 2013, 436, 1439–1451. [CrossRef]

604. Moffat, J.W.; Toth, V.T. Fundamental parameter-free solutions in modified gravity. Class. Quantum Gravity
2009, 26, 085002. [CrossRef]

605. Moffat, J.W.; Toth, V.T. The bending of light and lensing in modified gravity. Mon. Not. R. Astron. Soc.
2009, 397, 1885–1892. [CrossRef]

606. Rahvar, S.; Moffat, J.W. Propagation of electromagnetic waves in MOG: Gravitational lensing. Mon. Not. R.
Astron. Soc. 2018, 482, 4514–4518. [CrossRef]

607. Izmailov, R.N.; Karimov, R.K.; Zhdanov, E.R.; Nand, I.K.K. Modified gravity black hole lensing observables
in weak and strong field of gravity. Mon. Not. R. Astron. Soc. 2019, 483, 3754–3761. [CrossRef]

608. Moffat, J.W.; Rahvar, S. The MOG weak field approximation—II. Observational test of Chandra X-ray
clusters. Mon. Not. R. Astron. Soc. 2014, 441, 3724–3732. [CrossRef]

609. Brownstein, J.R.; Moffat, J.W. The Bullet Cluster 1E0657-558 evidence shows modified gravity in the absence
of dark matter. Mon. Not. R. Astron. Soc. 2007, 382, 29–47. [CrossRef]

610. De Martino, I.; De Laurentis, M. On the universality of MOG weak field approximation at galaxy cluster
scale. Phys. Lett. B 2017, 770, 440–444. [CrossRef]

611. Moffat, J.W. Late-time inhomogeneity and acceleration without dark energy. J. Cosmol. Astropart. Phys. 2006,
2006, 001. [CrossRef]

612. Roshan, M. Exact cosmological solutions for MOG. Eur. Phys. J. C 2015, 75, 405. [CrossRef]
613. Moffat, J.W.; Toth, V.T. Rotational velocity curves in the Milky Way as a test of modified gravity. Phys. Rev. D 2015,

91, 043004. [CrossRef]
614. Roshan, M.; Abbassi, S. On the Stability of a Galactic Disk in Modified Gravity. Astrophys. J. 2015, 802, 9.

[CrossRef]
615. Zhoolideh Haghighi, M.H.; Rahvar, S. Testing MOG, non-local gravity and MOND with rotation curves of

dwarf galaxies. Mon. Not. R. Astron. Soc. 2017, 468, 4048–4055. [CrossRef]
616. Green, M.A.; Moffat, J.W. Modified Gravity (MOG) fits to observed radial acceleration of SPARC galaxies.

Phys. Dark Universe 2019, 25, 100323. [CrossRef]
617. Moffat, J.W.; Toth, V.T. NGC 1052-DF2 and modified gravity (MOG) without dark matter. Mon. Not. R.

Astron. Soc. 2019, 482, L1–L3. [CrossRef]
618. Negrelli, C.; Benito, M.; Landau, S.; Iocco, F.; Kraiselburd, L. Testing modified gravity theory in the Milky

Way. Phys. Rev. D 2018, 98, 104061. [CrossRef]

http://dx.doi.org/10.1126/science.1142114
http://dx.doi.org/10.1051/0004-6361/201526613
http://dx.doi.org/10.1093/mnrasl/slv189
http://dx.doi.org/10.1093/mnras/sts326
http://dx.doi.org/10.1093/mnras/stt1670
http://dx.doi.org/10.1088/0264-9381/26/8/085002
http://dx.doi.org/10.1111/j.1365-2966.2009.14876.x
http://dx.doi.org/10.1093/mnras/sty3002
http://dx.doi.org/10.1093/mnras/sty3350
http://dx.doi.org/10.1093/mnras/stu855
http://dx.doi.org/10.1111/j.1365-2966.2007.12275.x
http://dx.doi.org/10.1016/j.physletb.2017.05.012
http://dx.doi.org/10.1088/1475-7516/2006/05/001
http://dx.doi.org/10.1140/epjc/s10052-015-3637-9
http://dx.doi.org/10.1103/PhysRevD.91.043004
http://dx.doi.org/10.1088/0004-637X/802/1/9
http://dx.doi.org/10.1093/mnras/stx692
http://dx.doi.org/10.1016/j.dark.2019.100323
http://dx.doi.org/10.1093/mnrasl/sly176
http://dx.doi.org/10.1103/PhysRevD.98.104061


Universe 2020, 6, 107 83 of 84

619. Haghi, H.; Amiri, V. Testing modified gravity with dwarf spheroidal galaxies. Mon. Not. R. Astron. Soc.
2016, 463, 1944–1951. [CrossRef]

620. de Martino, I. Giant low-surface-brightness dwarf galaxy as a test bench for MOdified Gravity. Mon. Not. R.
Astron. Soc. 2020, 493, 2373–2376. [CrossRef]

621. Roshan, M. Stellar Bar Evolution in the Absence of Dark Matter Halo. Astrophys. J. 2018, 854, 38. [CrossRef]
622. Jamali, S.; Roshan, M.; Amendola, L. Linear cosmological perturbations in scalar-tensor-vector gravity. Phys.

Lett. B 2020, 802, 135238. [CrossRef]
623. De Felice, A.; Tsujikawa, S. f( R) Theories. Living Rev. Relativ. 2010, 13, 3. [CrossRef] [PubMed]
624. Capozziello, S.; Laurentis, M.D. Extended Theories of Gravity. Phys. Rep. 2011, 509, 167–321. [CrossRef]
625. Nojiri, S.; Odintsov, S.D. Unified cosmic history in modified gravity: From F(R) theory to Lorentz

non-invariant models. Phys. Rep. 2011, 505, 59–144. [CrossRef]
626. Starobinsky, A. A new type of isotropic cosmological models without singularity. Phys. Lett. B 1980, 91, 99.

[CrossRef]
627. Hu, W.; Sawicki, I. Models of f(R) cosmic acceleration that evade solar system tests. Phys. Rev. D

2007, 76, 064004. [CrossRef]
628. Starobinsky, A. Disappearing cosmological constant in f(R) gravity. JETP Lett. 2007, 86, 157. [CrossRef]
629. Capozziello, S.; Francaviglia, M. Extended theories of gravity and their cosmological and astrophysical

applications. Gen. Relativ. Gravit. 2008, 40, 357–420. [CrossRef]
630. Miranda, V.; Jorás, S.E.; Waga, I.; Quartin, M. Viable Singularity-Free f(R) Gravity without a Cosmological

Constant. Phys. Rev. Lett. 2009, 102, 221101. [CrossRef]
631. Li, B.; Barrow, J. Cosmology of f(R) gravity in the metric variational approach. Phys. Rev. D 2007, 75, 084010.

[CrossRef]
632. Amendola, L.; Tsujikawa, S. Phantom crossing, equation-of-state singularities, and local gravity constraints

in f(R) models. Phys. Lett. B 2008, 660, 125–132. [CrossRef]
633. Gannouji, R.; Moraes, B.; Polarski, D. The growth of matter perturbations in f(R) models. J. Cosmol. Astropart. Phys.

2009, 2009, 034. [CrossRef]
634. de Martino, I.; De Laurentis, M.; Capozziello, S. Constraining f(R) gravity by the Large Scale Structure.

Universe 2015, 1, 123–157. [CrossRef]
635. Chen, Y.C.; Geng, C.Q.; Lee, C.C.; Yu, H. Matter power spectra in viable f( R) gravity models with dynamical

background. Eur. Phys. J. C 2019, 79, 93. [CrossRef]
636. Lee, S. Reconstruction of f(R) gravity models from observations. Phys. Dark Universe 2019, 25, 100305.

[CrossRef]
637. Lazkoz, R.; Ortiz-Baños, M.; Salzano, V. f(R) gravity modifications: From the action to the data. Eur. Phys. J.

C 2018, 78. [CrossRef]
638. Hough, R.; Abebe, A.; Ferreira, S. f(R)-gravity models constrained with cosmological data. arXiv 2019,

arXiv:1911.05983.
639. Stelle, K.S. Renormalization of higher-derivative quantum gravity. Phys. Rev. D 1977, 16, 953–969. [CrossRef]
640. Capozziello, S.; Cardone, V.F.; Carloni, S.; Troisi, A. Can higher order curvature theories explain rotation

curves of galaxies? Phys. Lett. A 2004, 326, 292–296. [CrossRef]
641. Capozziello, S.; Cardone, V.F.; Troisi, A. Low surface brightness galaxy rotation curves in the low energy

limit of Rn gravity: No need for dark matter? Mon. Not. R. Astron. Soc. 2007, 375, 1423–1440. [CrossRef]
642. Frigerio Martins, C.; Salucci, P. Analysis of rotation curves in the framework of Rn gravity. Mon. Not. R.

Astron. Soc. 2007, 381, 1103–1108. [CrossRef]
643. Capozziello, S.; Piedipalumbo, E.; Rubano, C.; Scudellaro, P. Testing an exact f(R)-gravity model at Galactic

and local scales. Astron. Astrophys. 2009, 505, 21–28. [CrossRef]
644. Cardone, V.F.; Capozziello, S. Systematic biases on galaxy haloes parameters from Yukawa-like gravitational

potentials. Mon. Not. R. Astron. Soc. 2011, 414, 1301–1313. [CrossRef]
645. Capozziello, S.; de Laurentis, M.; de Martino, I.; Formisano, M.; Odintsov, S.D. Jeans analysis of

self-gravitating systems in f(R) gravity. Phys. Rev. D 2012, 85, 044022. [CrossRef]
646. De Laurentis, M.; De Martino, I. Testing f (R) theories using the first time derivative of the orbital period of

the binary pulsars. Mon. Not. R. Astron. Soc. 2013, 431, 741–748. [CrossRef]
647. De Martino, I.; De Laurentis, M.; Atrio-Barandela, F.; Capozziello, S. Constraining f(R) gravity with Planck

data on galaxy cluster profiles. Mon. Not. R. Astron. Soc. 2014, 442, 921–928. [CrossRef]

http://dx.doi.org/10.1093/mnras/stw2140
http://dx.doi.org/10.1093/mnras/staa460
http://dx.doi.org/10.3847/1538-4357/aaaaad
http://dx.doi.org/10.1016/j.physletb.2020.135238
http://dx.doi.org/10.12942/lrr-2010-3
http://www.ncbi.nlm.nih.gov/pubmed/28179828
http://dx.doi.org/10.1016/j.physrep.2011.09.003
http://dx.doi.org/10.1016/j.physrep.2011.04.001
http://dx.doi.org/10.1016/0370-2693(80)90670-X
http://dx.doi.org/10.1103/PhysRevD.76.064004
http://dx.doi.org/10.1134/S0021364007150027
http://dx.doi.org/10.1007/s10714-007-0551-y
http://dx.doi.org/10.1103/PhysRevLett.102.221101
http://dx.doi.org/10.1103/PhysRevD.75.084010
http://dx.doi.org/10.1016/j.physletb.2007.12.041
http://dx.doi.org/10.1088/1475-7516/2009/02/034
http://dx.doi.org/10.3390/universe1020123
http://dx.doi.org/10.1140/epjc/s10052-019-6613-y
http://dx.doi.org/10.1016/j.dark.2019.100305
http://dx.doi.org/10.1140/epjc/s10052-018-5711-6
http://dx.doi.org/10.1103/PhysRevD.16.953
http://dx.doi.org/10.1016/j.physleta.2004.04.081
http://dx.doi.org/10.1111/j.1365-2966.2007.11401.x
http://dx.doi.org/10.1111/j.1365-2966.2007.12273.x
http://dx.doi.org/10.1051/0004-6361/200911992
http://dx.doi.org/10.1111/j.1365-2966.2011.18465.x
http://dx.doi.org/10.1103/PhysRevD.85.044022
http://dx.doi.org/10.1093/mnras/stt216
http://dx.doi.org/10.1093/mnras/stu903


Universe 2020, 6, 107 84 of 84

648. de Laurentis, M.; de Martino, I. Probing the physical and mathematical structure of f(R)-gravity by PSR J0348
+ 0432. Int. J. Geom. Methods Mod. Phys. 2015, 12, 1550040. [CrossRef]

649. De Martino, I. f (R )-gravity model of the Sunyaev-Zeldovich profile of the Coma cluster compatible with
Planck data. Phys. Rev. D 2016, 93, 124043. [CrossRef]

650. De Laurentis, M.; De Martino, I.; Lazkoz, R. Analysis of the Yukawa gravitational potential in f (R ) gravity.
II. Relativistic periastron advance. Phys. Rev. D 2018, 97, 104068. [CrossRef]

651. De Martino, I.; Lazkoz, R.; De Laurentis, M. Analysis of the Yukawa gravitational potential in f (R ) gravity. I.
Semiclassical periastron advance. Phys. Rev. D 2018, 97, 104067. [CrossRef]

652. De Laurentis, M.; De Martino, I.; Lazkoz, R. Modified gravity revealed along geodesic tracks. Eur. Phys. J. C
2018, 78, 916. [CrossRef]

653. Salucci, P.; Frigerio Martins, C.; Karukes, E. Rn gravity is kicking and alive: The cases of Orion and NGC
3198. Int. J. Mod. Phys. D 2014, 23, 1442005. [CrossRef]

654. de Almeida, Á.; Amendola, L.; Niro, V. Galaxy rotation curves in modified gravity models. J. Cosmol.
Astropart. Phys. 2018, 2018, 012. [CrossRef]

655. Brax, P.; van de Bruck, C.; Davis, A.C.; Shaw, D.J. f(R)gravity and chameleon theories. Phys. Rev. D 2008, 78.
[CrossRef]

656. Naik, A.P.; Puchwein, E.; Davis, A.C.; Sijacki, D.; Desmond, H. Constraints on chameleon f(R)-gravity from
galaxy rotation curves of the SPARC sample. Mon. Not. R. Astron. Soc. 2019, 489, 771–787. [CrossRef]

657. Brada, R.; Milgrom, M. Dwarf Satellite Galaxies in the Modified Dynamics. Astrophys. J. 2000, 541, 556–564.
[CrossRef]

658. McGaugh, S.S.; Wolf, J. Local Group Dwarf Spheroidals: Correlated Deviations from the Baryonic Tully-Fisher
Relation. Astrophys. J. 2010, 722, 248–261. [CrossRef]

659. McGaugh, S.S. MOND Prediction for the Velocity Dispersion of the “Feeble Giant” Crater II. Astrophys. J.
Lett. 2016, 832, L8. [CrossRef]

660. Li, B.; Zhao, G.B.; Teyssier, R.; Koyama, K. ECOSMOG: An Efficient COde for Simulating MOdified Gravity.
J. Cosmol. Astropart. Phys. 2012, 2012, 051. [CrossRef]

661. Puchwein, E.; Baldi, M.; Springel, V. Modified-Gravity-GADGET: A new code for cosmological
hydrodynamical simulations of modified gravity models. Mon. Not. R. Astron. Soc. 2013, 436, 348–360.
[CrossRef]

662. Llinares, C.; Mota, D.F.; Winther, H.A. ISIS: A new N-body cosmological code with scalar fields based on
RAMSES. Code presentation and application to the shapes of clusters. Astron. Astrophys. 2014, 562, A78.
[CrossRef]

663. Baldi, M.; Villaescusa-Navarro, F.; Viel, M.; Puchwein, E.; Springel, V.; Moscardini, L. Cosmic degeneracies—I.
Joint N-body simulations of modified gravity and massive neutrinos. Mon. Not. R. Astron. Soc. 2014,
440, 75–88. [CrossRef]

664. Baldi, M.; Villaescusa-Navarro, F. Cosmic degeneracies - II. Structure formation in joint simulations of warm
dark matter and f(R) gravity. Mon. Not. R. Astron. Soc. 2017, 473, 3226–3240. [CrossRef]

665. Arnold, C.; Li, B. Simulating galaxy formation in f(R) modified gravity: Matter, halo, and galaxy statistics.
Mon. Not. R. Astron. Soc. 2019, 490, 2507–2520. [CrossRef]
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