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Abstract: We perform a full analytical and numerical treatment, to the first post-Newtonian (1pN)
order, of the general relativistic long-term spin precession of an orbiting gyroscope due to the mass
quadrupole moment |, of its primary without any restriction on either the gyro’s orbital configuration
and the orientation in space of the symmetry axis k of the central body. We apply our results to the
past spaceborne Gravity Probe B (GP-B) mission by finding a secular rate of its spin’s declination
6 which may be as large as <30-40 milliarcseconds per year (masyr~!), depending on the initial
orbital phase fj. Both our analytical calculation and our simultaneous integration of the equations for
the parallel transport of the spin 4-vector S and of the geodesic equations of motion of the gyroscope
confirm such a finding. For GP-B, the reported mean error in measuring the spin’s declination
rate amounts to (TJGP*B = 18.3masyr~!. We also calculate the general analytical expressions of the
gravitomagnetic spin precession induced by the primary’s angular momentum J. In view of their
generality, our results can be extended also to other astronomical and astrophysical scenarios of
interest like, e.g., stars orbiting galactic supermassive black holes, exoplanets close to their parent
stars, tight binaries hosting compact stellar corpses.

Keywords: general relativity and gravitation; experimental studies of gravity; experimental tests of
gravitational theories; satellite orbits; harmonics of the gravity potential field

1. Introduction

To the first post-Newtonian (1pN) level of order O (¢~?), where c is the speed of light in vacuum,
the geodesic motion of a test particle through the deformed spacetime outside an axially symmetric
oblate body of mass M, equatorial radius R and dimensionless mass quadrupole moment J; is
characterized by certain secular orbital precessions [1-4]. They have recently gained attention, being
possibly detectable in some proposed space-based experiments like, e.g., HERO [5].

Here, we will look at the long-term 1pN rate of change, proportional to J, ¢ =2, of the spin S of
a pointlike gyroscope freely moving with velocity v around an oblate primary. The analogous 1pN
gyro’s precessional effects due to only the mass monopole (the mass M) and the spin dipole (the proper
angular momentum J) moments of the central body acting as source of the gravitational field are the
time-honored de Sitter-Fokker (or geodetic) [6,7] and Pugh-Schiff [8,9] precessions, respectively. They
were recently measured by the spaceborne mission Gravity Probe B (GP-B) in the field of Earth to
~0.3% and ~19%, respectively, [10,11], despite a higher accuracy had been originally expected [12,13].
GP-B’s data were used also to put constraints on some modified models of gravity; see, e.g., [14]. We
will not restrict ourselves to any particular orbital configuration of the moving gyroscope, and the
symmetry axis of the oblate primary will retain an arbitrary orientation in space. We will calculate
the sought effect both numerically and analytically by finding, among other things, that it depends
on the initial position of the gyro along its orbit. In the case of GP-B, it turns out that the rate of
change of the spin’s declination (DEC) ¢, averaged over an orbital revolution, may be as large as
~30-40 milliarcseconds per year (masyr~!). Thus, it may be potentially measurable in a future data
reanalysis since the reported average experimental accuracy in measuring the temporal evolution
of 4 is [10,11] %GP_B = 18.3masyr~!. For previous analytical calculations, relying upon various
simplifying assumptions concerning the gyro’s orbit and different computational approaches, see
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Adler & Silbergleit [15], Barker & O’Connell [16], Breakwell [17], O’Connell [18]. Even putting aside
the issue of the particular orbital configurations adopted, they are, at least, incomplete since they
neglect an important feature in the averaging procedure yielding to the dependence on the gyro’s
initial conditions which, instead, we will take into account. Our simultaneous numerical integrations
of the equations of motion of the gyro and of its spin will display it, by supporting our analytical
findings. Moreover, it seems that the aforementioned works return incorrect results even for the part
which is independent of the initial conditions, being also in mutual disagreement. In the following,
we will not deal too much with the spin’s right ascension (RA) « since it turns out that, for GP-B,
its total rate of change of the order of O (], c~?) is negligible.

For the sake of completeness, we will analytically derive also the generalization of the Pugh-Schiff
gravitomagnetic spin precession valid for an arbitrary orientation of the primary’s angular momentum
J and for a generic orbital configuration of the gyroscope.

The generality of our approach allows our results to be extended also to other astronomical and
astrophysical scenarios of interest like, e.g., other planets of our solar system, exoplanets, binaries with
compact stellar corpses, supermassive black holes orbited by planets and stars. To this aim, it may
be interesting to recall that Haas & Ross [19] investigated the possibility of using spacecraft-based
missions to measure the angular momenta of Jupiter an the Sun by means of the gravitomagnetic
Pugh-Schiff spin precession.

The outline of the paper is as follows. In Section2, we numerically calculate the total spin
precession of the order of O (J,¢2) by simultaneously integrating the equations for the parallel
transport of the gyro’s spin 4-vector and the geodesic equations of motion of the gyroscope. The spin
and orbital configurations of GP-B are used. Section 3 is devoted to the analytical calculation. It, first,
includes the direct effects (Section 3.1), which are the de Sitter precession for an arbitrary orbital
configuration (Section 3.1.1), and the component of the spin rate of change of the order of O (J,¢~?)
arising from using a fixed Keplerian ellipse for the orbital average (Section 3.1.2). Then, in Section 3.2,
we calculate the indirect, or mixed, components of the sought precession. They are those arising
from averaging the instantaneous 1pN de Sitter-like spin rate over the orbital period of a J,-driven
precessing ellipse (Section 3.2.1), and those coming from the inclusion of the instantaneous orbital
shifts caused by ], in the averaging procedure (Section 3.2.2). The total analytical spin precession of
the order of O (], ¢~2) is discussed in Section 3.3, where the GP-B case is illustrated and compared
with the numerical results of Section 2. The general expression of the gravitomagnetic spin precession
is analytically calculated in Section 4. Section 5 summarizes our finding and offers our conclusions.

2. Numerical Simulations: Simultaneously Integrating the Equations for the Motion of the
Gyroscope and of Its Spin

The equations for the parallel transport of the spin 4-vector S of a pointlike gyroscope freely
moving in the deformed spacetime of a central body are [20-23]

dsv 5 dxP

7:_1/ JR— —
= MpS' g v=0123 1)

where 7 is the gyro’s proper time,

1 9871 | 9848 982
v Louy 0 B P AB=012 2
/\ﬁ 2g <ax‘5+ax)\ ax'Y),Ul Iﬁ 0///3 ()
are the spacetime’s Christoffel symbols, g1, g”’)‘, v, A =0, 1, 2, 3 are the components of the spacetime
metric tensor and of its inverse, respectively, and dxP/dr, B =0,1, 2, 3 are the components of the
gyro’s 4-velocity u. The space-like components of S are the components of the gyro’s spin vector S,
ie, S =S, i=1,2, 3. The time-like component 5% of S is determined by the constraint 1

dx”

8oo SF = =0. ®)

1 TItis so because, in the gyro's rest frame, S is space-like, while u is time-like; thus, they are orthogonal.
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The geodesic equations of motion of the pointlike gyroscope are

d?x , dx? dxf
Sz = g g v =0123 @)

In standard pN isotropic coordinates, the components of the metric tensor of the spacetime of an
isolated body are [3,24]

2U 2U? _6
g0 =14+ +O(c ) ®)
gol.:(o(c*3),i:1, 2,3, (6)
2U _4\ ..
81]2751] (16‘2>+O(C )111]2112131 (7)
where ;
)1 fori=j . . _
(Sl]_{ 0 fori#j, bi=123 ®

is the Kronecker delta. In the following, we will use cartesian coordinates, so that x! = x, x> =y, x3 =
z, 81 =8, %= Sy, $3=5,.In Equations (5)—(7), the potential U (r) of the oblate mass is

u=-£ ll]z <1:>2 P2 (¢)

In Equation (9), p = GM is the gravitational parameter of the central body, G is the Newtonian constant
of gravitation,

: ©)

2 _
P2 (G) = 3'”771 (10)

is the Legendre polynomial of degree 2, while
E=k-# (11)

is the cosine of the angle between the body’s symmetry axis k and the unit position vector 7. In the
case of a diagonal metric, as for Equations (5)—(7), Equation (3) yields

1 dx dy dz
SO = (S g1+ +Sy92 -2 +5:933 — | - 12
Z200 ( 2811 g S8 g F zg33dT) (12)
We set up a numerical code to simultaneously integrate both Equation (1) and Equation (4) for an
arbitrary orientation of k in space and unrestricted orbital configurations for the moving gyroscope.
The space-like components of S are parameterized in terms of two spherical angles «, § as

Sy = cosd cosa, (13)
Sy = cosd sing, (14)
S, =sinJ, (15)

which, in the case of Earth and an equatorial coordinate system, are the spin’s right ascension and
declination, respectively. As initial conditions for both the gyroscope orbit and its spin, we adopt those
of GP-B [25], summarized in Table 1. As far as the initial value of S° is concerned, it can be retrieved
from the condition of Equation (3). The initial values of the space-like components of the 4-velocity u
can be obtained from
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Ut = % v,i=1,23, (16)

where v/, i = 1, 2, 3 are the components of the velocity v (see Equation (46)), and

dt 1
L (17)
dr 8oo B 47

Table 1. Initial conditions common to all the numerical integrations. They were retrieved
from Kahn [25] for GP-B. The true anomaly at epoch fj is changed from one run to another.

Orbital and Spin Parameter Symbol Value Unit

Semimajor axis a 7027.4 km
Eccentricity e 0.0014 -

Inclination I 90.007 deg

Longitude of the ascending node Q) 163.26 deg

Argument of perigee w 71.3 deg

True anomaly at epoch fo variable  deg

DEC of the spin axis 0 0 deg

RA of the spin axis « 0O +180° deg

We, first, test our routine by successfully reproducing the de Sitter precession, shown in Figure 1.

GP—-B: numerical 1pN de Sitter spin rate
0""""""""""":
~1000 |
~2000 |
~3000 |
4000 |
~5000 |
—6000 |

0.0 0.2 0.4 0.6 0.8 1.0
7 (yr)

J(7) (mas)

Figure 1. Numerically produced 1pN de Sitter time series ¢ (7), in mas, of the declination J of the
spin axis of a gyroscope orbiting the Earth along a Keplerian ellipse for some different initial
values of the true anomaly fy. Each of the times series was obtained by simultaneously integrating
Equations (1) and (4) with J, = 0 in Equations (5)-(9), and calculating arcsin S, (7) for the resulting
solution S, (T) of each run. It turned out that essentially the same outcome can also be obtained
by replacing Equation (4) with the 3-dimensional Newtonian acceleration ANy = — (u/ r2) # for
the gyroscope. The initial conditions adopted, common to all of the integrations, were those of
GP-B [25], summarized in Table 1. All the shifts are independent of fj, and their slopes amount just to
d4s = —6603.8 masyr—!, as expected.
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The time series in it were obtained by switching off J; in both Equations (1) and (4).
They correspond to the orbital average over a Keplerian ellipse? of the 1pN components of the
right-hand-sides of Equation (1) fori = 1, 2, 3 and ], = 0. As expected, all the signatures in Figure 1
are independent of fy.

Figure 2 displays the “direct” part of the spin precession of the order of O (], c~2) obtained by
restoring | in Equation (1), but not in Equation (4), and subtracting from the resulting signatures the
purely de Sitter ones.

GP-B: direct numerical 1pN spin rate due to J,

6F ]
P fo=0° ]

St So=10° ]

~ [ fOZ 200 ]
v 4 ]
R |
30— fomaor g
{ 2F ]
< ]
1F .

O ;1 I I I 1 I I I 1 I I I 1 I I I 1 I I I lé
0.0 0.2 0.4 0.6 0.8 1.0

7 (yr)

Figure 2. Numerically produced direct 1pN J»-induced yearly shifts Ad (7), in mas, of the declination
0 of the spin axis of a gyroscope orbiting the Earth along a fictitious Keplerian ellipse for some different
initial values of the true anomaly fj. Each of the times series Ad (T) was obtained by simultaneously
integrating Equation (1) with J, # 0 and Equation (4) with J, = 0, and subtracting from each of
them the corresponding time series obtained by integrating both Equation (1) and Equation (4) with
J> = 0 (the de Sitter trends). Then, arcsin S, (T) was calculated for each of the resulting solutions
Sz (7). The initial conditions adopted, common to all of the runs, were those of GP-B [25], summarized
in Table 1. All the shifts are independent of fj, and agree with the result calculated analytically in
Section 3.1.2. The slope amounts to Ad = 5.8 masyr 1.

It essentially corresponds to the orbital average of the IpN components of the right-hand-sides of
Equation (1) for i = 1, 2, 3 and ], # 0 over an actually non-existent Keplerian ellipse®. Clearly, it is an
unphysical situation which is just an intermediate check of our analytical calculation, to be displayed
in Section 3.1.2, and of the results existing in the literature. Its slope amounts to 5.8 mas yr’l, and is
independent of fy. As we will see in Section 3.1.2, our analytical outcome for the direct precession of the
order of O (], c~2) agrees with Figure 2 to within ~ 0.6 mas yr~!. Instead, the part of Equation (53) of
Barker & O’Connell [16] containing J, allows to obtain Ad = 4.1 mas yr‘l, while the J-dependent part
of (Q)¢g) in ([15], p. 153) corresponds to Aé = 6.6 mas yr’l. As it will be demonstrated in Section 3.1.2,
both of them disagree with our analytical calculation.

The total spin precessions of the order of O (], ¢~2), obtained by simultaneously integrating both
Equation (1) and Equation (4) with ], # 0 for different values of fy and subtracting the purely de Sitter
trends from the resulting signatures, are displayed in Figure 3.

2 In fact, even switching off J, in Equation (4) does not correspond to a purely Keplerian path but to a (slowly) precessing
ellipse affected, to the 1pN level, by a perigee precession analogous to the Einstein precession of the perihelion of Mercury.
However, its impact on the spin precession is negligible, being of the order of O (c™*).

3 If J # 0, the actual trajectory is a (slowly) precessing ellipse [26]. See also Footnote 2.
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Figure 3. Numerically produced full 1pN J,-induced yearly shifts Ad () of the declination ¢ of the
spin axis of a gyroscope orbiting the oblate Earth along a realistic precessing Keplerian ellipse for
different values of the true anomaly fj. Each of the time series Ad (7) was obtained by simultaneously
integrating Equation (1) and Equation (4), both with ], # 0 in Equations (5)-(9) and subtracting the
corresponding de Sitter trends from each of them, and calculating arcsin S () for the resulting solution
S; (T) of each run. The initial conditions adopted, common to all of the integrations, were those of
GP-B [25], summarized in Table 1. All the numerically integrated shifts agree with those calculated
analytically in Section 3.3 to within <5-8 mas yr~!. Such a discrepancy is not statistically significative

since it is smaller than (7561)73 = 18.3mas yr*1 [10,11].

They can be thought as the sum of the direct precession of Figure2 and of the “indirect”,
or “mixed”, ones arising from the fact that, in this case, the trajectory of the gyroscope is, more
realistically, a (slowly) precessing ellipse mainly driven by* J,. It can be thought as if, in addition to
the Keplerian average of the J,-dependent parts of the space-like components of Equation (1), the de
Sitter-like 1pN components of the right-hand-sides of Equation (1) fori = 1, 2, 3 and [, = 0 were
averaged over one orbital revolution by taking now into account also the J,-induced instantaneous
changes of the osculating Keplerian orbital elements parameterizing the varying ellipse, and the fact
that the orbital period is the time interval between two successive passages at a changing perigee.
The same, in principle, would hold also for the 1pN orbital changes which, however, would affect
the spin precession to the 1/c* level. Effects of the order of O (J3 ¢~2) would arise by repeating the
same average for the 1pN components of the right-hand-sides of Equation (1) fori =1, 2, 3and J, # 0.
Our numerical integration accounts simultaneously for all such negligible effects of higher order as
well. A striking feature of Figure 3 is that the indirect effects induce a neat dependence on fy which can
yield spin precessions as large as ~30-40 mas yr~!. It is a quite important finding since the reported
mean error in measuring the spin’s declination precession of GP-B is %GP_B = 18.3masyr ! [10,11],
and it may prompt some reanalysis of the mission data. Such a dependence on f; induced by the
mixed effects is captured and reproduced by our analytical calculation of the overall precession in

4 See Footnote 2.
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Sections 3.1.2-3.2.2 to within <5-8 masyr~!; cfr. with Figure4 in Section 3.3. Instead, it is missing
in the literature. Indeed, if, on the one hand, Adler & Silbergleit [15] seemingly dealt only with the
direct J,-induced precession, on the other hand, Barker & O’Connell [16] were aware of such an issue,
but they somehow treated it only partly since their Equation (52) does not contain any dependence on
the initial orbital phase. Should it ever be related to the aforementioned issue of the orbital period in a
precessing orbit, it is in disagreement with our analytical results for it, as we will show in Section 3.2.1.

In all the previous integrations, the Earth’s spin axis was kept fixed and aligned with the reference
z axis. In principle, one should, at least, account also for precession and nutation displacing it over
the years. In a further series of runs over 1 yr, we modeled them as per Montenbruck & Gill [27] by
accounting, among other things, for the largest nutation harmonic term due to the motion of the lunar
node. The resulting pictures did not display any noticeable change with respect to the previous ones.
Thus, we conclude that the slow change of the orientation of the Earth’s spin axis does not produce
detectable 1pN Jp-driven effects during the time span considered.

3. Analytical Calculation
By expanding
ds’
dr
calculated with Equation (9) in Equations (5)—(7), to the order of O (c_z) , one obtains the instantaneous
rates of change of the gyro’s spin components as

B
C}ii, i=1,2,3, (18)

d(ix = (T8+TR) 5o+ (TE+78) 5, + (TE+TR) 5., 19)
% = (Tﬁ; T Tiz’f) Sx+ (T§§ + Tfy) Sy + (T§ZS + Tﬁé) S., (20)
d(iz = (T8 +Th) 5o+ (TS +75) 5, + (TS +72) 5., 1)

where the coefficients of the matrices T9°, T/2 are, in general, time-dependent. They are

TH=an (yytoz), 22)
T = ap (2o toy), 23)
T = % (—2v;x+ vy 2), (24)
Tie = % (oyx —20xy), (25)
T;; = % (vxx+v:2), (26)
T = % (—2v:y+vyz2), 27)
TE = . (vzx — 20y 2), (28)
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T8 = (o 20,2), @)
TE = 5 (eextoyy), (30)
and

T{fy:—% (20, x — vy y) <x2+y2—422), (32)
Th — 356]2252 [3yx <x2 + y2> z—20,2° — 20, x (x2 +y* - 422)] , (33)
kA ) (20542) o
T = 2R [o0s (2 42) 2-202 b (R 44747, 2
T = 321?22:7{2 :3% (xz +y2> 2—20y2° — 20y (x2 Ty - 422” ’ (36)
Th = 3;;252 :—6 Uy (xz + yz) z4+40, 2 +o,x <x2 + yz — 422)} , (37)
% = 3;c]22§2 60y (P 497) 24 4uy Pty (P47 -42)], %)
TA = 32” C]fr]fz (oxx+oyy) (2 +12 —422). (39)

As far as the rates of change of the spin’s spherical angles «, ¢ are concerned, from Equations (13)—(15)
one gets

d_ 1 ds
dt = cosé dt’

da\ 2 1 ds,\*  /ds,\? 5 (dS:\?
— | =—= || 5 —= | —tan"J | — . 41
(dt) cos? & [(dt) +<dt> an (dt) 41
Since we are interested in the long-term rate of change of S, we must properly average the
right-hand-sides of Equations (19)-(21) over one orbital period B,. It requires care, especially for the
effects of the order of O (J,¢~2). Indeed, the actual orbital path of the gyroscope around its distorted

primary is a generally slowly precessing ellipse [26], not a fixed Keplerian one as it would be if it were®
Jo = 0. This implies that, during an orbital revolution, all the Keplerian orbital elements characterizing

(40)

5 See Footnote 2.
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the shape, the size and the orientation of the ellipse undergo instantaneous variations due to J, which
should be taken into account in the averaging procedure since they give rise to effects which are just of
the order of® © ( I cz). Moreover, the fact that the line of the apsides, from which the time-dependent
true anomaly” f is reckoned, does vary during the orbital motion because of ] has to be taken into
account as well, yielding further contributions of the order of O (]2 cz). Such “indirect”, or “mixed”,
features are to be added to the direct ones arising from a straightforward average of Equations (31)—(39)
over an unperturbed Keplerian ellipse assumed as reference trajectory.

From a computational point of view, we can split the calculation of the averaged 1pN gyro’s spin
precession in two parts.

3.1. The Direct Effects

The first one deals with what one may define as the “direct” effects, denoted in the following
with the superscript “dir”, arising from averaging Equations (22)~(39), evaluated onto an unchanging®
Keplerian ellipse. The latter is characterized by [1]

pza(l—eZ), (42)
p
— 4
"Tire cos f’ (43)
dt r?
de_ 2 (84)
af — vip
r=r (Pcosf+Qsinf), (45)
v:\/z [—Psinf+Q (cosf+e)]. (46)
In Equations (45) and (46), it is
P=1cosw+ sinw, (47)
Q = —Isinw+m cosw, (48)
with
i= {cos ), sinQ), 0}, (49)
i = {—coslsin(), cosI cosQ, sinl}. (50)

In Equations (42)-(50), p, a,e, I, (), w are the semilatus rectum, the semimajor axis, the eccentricity,
the inclination, the longitude of the ascending node, and the argument of pericentre, respectively, of the
Keplerian ellipse. The size and the shape of the latter are fixed by a and e, respectively. The inclination
and the position of the orbital plane with respect to the reference {x, y} plane are determined by I and
Q), respectively; the line of the nodes is the intersection of the orbital plane with the reference {x, y}
plane. The orientation of the ellipse within the orbital plane itself is characterized by w. The unit vector

In principle, also the spin components entering linearly the right-hand-sides of Equations (19)-(21) do vary instantaneously.
Nonetheless, since their changes are of the order of O (c=2) due to the de Sitter precession, they can be neglected in the
average since they would affect the spin rates to the order of O (c~%).

The true anomaly yields the instantaneous position of the test particle along its orbit.

It is considered, in the first instance, as fixed over a timescale comparable with the orbital period.
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[ is directed along the line of the nodes toward the ascending node, while 7 lies in the orbital plane
perpendicularly to I. The unit vector P is directed along the line of the apsides toward the pericentre
in the orbital plane where Q stays transversely to P itself. Finally, we mention also the unit vector

h= {sinIsinQ), —sinI cos (), cosI}, (51)

directed along the orbital angular momentum perpendicularly to the orbital plane’.

The resulting direct effects consist of the usual de Sitter precession, and of one part of the 1pN
spin’s rate of change due to J;. In Sections3.1.1 and 3.1.2, we will display the explicit expressions
of the averaged matrix elements of Equations (22)—(39). For the sake of simplicity, we will omit the
brackets (...) denoting the average over one orbital period throughout the paper.

3.1.1. The de Sitter Precession
Let us introduce the following dimensional amplitude having the dimension of reciprocal time

.3 Rs 1
Ads = 4y <> a=a (52)

a

where Rs = 21/ c? is the primary’s Schwarzschild radius. The analytical expressions of the average of
Equations (22)-(30) yield the geodetic precession for an arbitrary orbital configuration of the moving
gyroscope. We have

TE =0, (53)
Tf; = —Ags cos |, (54)
ds _ :
TS = —Ags sin! cos ), (55)
T;li' = Agg cos |, (56)
dS _
Ty, =0, (57)
T = — Ays sinl sinQ) 58
vz = ds sinl sin (), (58)
TS = Ays sinl cos O
sy = Ags sinl cos ), (59)
T = Ays sin I sinQ 60
zy — ds Sl smil, ( )
TS = 0. (61)

From Equations (40) and (41) and Equations (53)—(61), it is possible to obtain

% = Ags sin cos (« — Q)), (62)

9 It turns out that I, #1, fi are a right-handed triad of unit vectors.
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2
<fg> = Aﬁs (cosI+sinl tané sin (& — Q))z )

Figure 1 agrees with Equation (62) calculated for GP-B. Equations (53)—(61) show that the 1pN spin
rate due to the mass monopole of the primary can be written as

— = Qs X S, (64)
with A
Qg5 = Ags h. (65)

The vectorial expression of Equation (64) agrees with, e.g., (10.146a) of Poisson & Will [24] in the limit
e — 0.

3.1.2. The ], c~2 Spin Rate of Change: Direct Part

Let us introduce the following dimensional amplitude having the dimension of reciprocal time:

Ly (Rs\ (RN?  J» 2 (R\* ]
v=3 (%) (3) i-ep 3 (%) A-ap™® (%0

In the following, we will display the averaged expressions of Equations (31)—(39). For the sake of
simplicity, we will limit here to the case in which the reference z axis is aligned with the unit vector k
of the body’s symmetry axis. We have

15

-I—Iz dir Y
= 512

Ap, { =€ [(5+20 cos 21 +7 cos4l) cos 20+
+4 (547 cos2I) sin’ I} sin2w — 4 {ez (3 cos I +5 cos3I) cos2w+

+4 (2 + 3e2) cos I sin® 1} sin 20}, (67)

3

Jpdir _
T =55

Ap, {4 (3 cosI+5 cos3I) (12+ 18 % 4+ 5¢? cos 2w cosZQ) +

+80 cos I [9 % cos2w + (2 +3 ez) cos ZQ] sin? [—

~5¢% (5420 cos2I + 7 cos4l) sin2w sinZQ} , (68)
i 15
T{fzdlr = “55¢ Ay, {4 {6 +9¢e? + cos2I (10 +15¢6% — 4¢? cos2w)} cos () sin [+
+¢% (22 sin2I — 7 sin4l) sin2w sinQ} , (69)
3

Tﬁzxdir = Ay, {20 cos 31 (—12 —18¢? + 5¢% cos 2w cos ZQ) +

512

+4 cos I {15 e? c0s2w (—6+ 6 cos2I + cos2Q)) +
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2 (243¢) (~9+10 cos20sin’ ) | -
~5¢% (5420 cos2I + 7 cos4l) sin2w sinZQ} ,
T2 — 512 0 4, {ez [(5+ 20 cos2I + 7 cos4l) cos 20—
—4 (547 cos2I) sin® I} sin2w + 4 [62 (3 cosI+5 cos3I) cos2w+
+4 (2 + 362) cos I sin? I} sinZQ} ,
Thdir — 256 0 A, [ cosQ (~22 sin21 +7 sin4l) sin2w-+
+8¢2 cos2w (sinI — sin3I) sin Q) + 2 (2 + 3e2) (sinl +5 sin3I) sin Q} ,

TR = 256 Ay, [—20 e cos2w cos Q) (sinI — 7 sin3I) —

~14 (2 + 3e2) cos Q) (sin] +5 sin3I) — 5¢? (26 sin 2 + 7 sin4I) sin 2w sin Q} ,

Thdir — 25 ~ Ay, [5¢% cos Q2 (26 sin21 +7 sin4l) sin2w—

—20¢€? cos2w (sin —7 sin3[) sin () — 14 (2+3€2) (sinI + 5 sin3I) sinQ} ,

i 1
TR = —£ Aj, e (547 cos2I) sin® I sin2w.

12 0f 23

(70)

(71)

(72)

(73)

(74)

(75)

It can be noted that Equations (67)—(75) are independent of fy, in agreement with Figure 2. In the
case of GP-B, Equations (73)—(75) and Equation (40) yield 6 = 5.1 mas yr’l ; cfr. with Figure 2. For an

exactly circular (¢ = 0) and polar (I = 90°) orbit, by posing

(0) - My RS R 2
A =7 (a) (a> s

one has, from Equations (73)—(75) and Equation (40),

do _é 0)
i A} cos (6 — Q).

It agrees neither with Equation (53) of Barker & O’Connell [16], which allows to obtain

d5_ 9A(0)

- 3 cos (0 — Q)),

(76)

(77)

(78)
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nor with (Q)¢) of Adler & Silbergleit [15] (pag. 153), from which one gets

dé 27
T 16 A}S) cos (o — Q). (79)

3.2. The Indirect Effects

This part treats what one may call the “indirect”, or “mixed”, effects arising from the precession
of the orbit of the gyro caused by the oblateness of the primary. When applied to Equations (22)-(30),
they give rise to further components of the gyro’s spin rate of change of the order of ], c~? which are
to be added to the direct ones of Section 3.1.2 in order to have the total expression of the 1pN spin rate
due to J. In turn, the calculation of the mixed effects can be split into two parts.

The first one, tagged in the following with the superscript “mix1”, consists of averaging
Equations (22)—(30), to be evaluated onto the unperturbed Keplerian ellipse, by means of [1,24]

@
df eviip
It accounts for the instantaneous change of the line of the apsides; indeed, the orbital period P, is

just the time required by the test particle to return at the (moving) pericentre position along its path.
In Equation (80),

[—Coszr—f— (1 + ;) siant] . (80)

A =A-7 (81)

At:A-(ﬁxf) (82)

are the radial and transverse components, respectively, of the perturbing acceleration A inducing the
slow variation of the otherwise fixed Keplerian ellipse. In the present case, it is

Aj, = 3V2154R2 { {5 (fc-?)z —1} Fo2 (kr) k} (83)

The second part, labeled in the following with the superscript “mixII”, takes into account the
Jo-driven instantaneous changes experienced by the osculating Keplerian elements during an orbital
revolution. The mean variation of any of the spin components’ rates dS'/dt, i = 1, 2, 3 over an orbital
period occurring due to the aforementioned shifts can be worked out as

. 5 fo+2m | 9 dSi/dt dt .
As :% ;/O {(a%)} A‘Pj(foff)d*fdf,l:l,Z,?; (84)
= K

where f is the true anomaly at a referenced epoch tg, and ¢1 =a, ¢ =¢, 3 =1, ps = Q, 5 = w.
The instantaneous shifts of the Keplerian orbital elements

df,

are to be calculated in the usual perturbative way by integrating the right-hand-sides of the
corresponding Gauss equations (e.g., [24,28,29]) from fy to a generic f. In the present case,
the shifts of Equation (85) are due to the acceleration of Equation (83). The curly brackets {...}¢
in Equations (84)—(85) denote that their content has to be evaluated onto the unperturbed Keplerian
ellipse. In particular, dS/dt, i = 1, 2, 3 are to be calculated by evaluating Equations (22)~(30) onto the
Keplerian ellipse, while Equation (44) has to be used for the (Keplerian) expression of dt/df entering
Equation (84).

A¢j(fo,f)=/}j{ }K df,j=1,...5, (85)
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3.2.1. The Impact of the Motion of the Line of the Apsides on the Orbital Period: The I-Type
Indirect Effects

Here, we display the analytical expressions of the average of Equations (22)—(30) performed by
means of Equation (80). To avoid extremely cumbersome formulas, we show only those valid in an
equatorial coordinate system. They turn out to be

3
1024

Tz mix] Aj, (462 sin* I sin4w + 2 cos2Q) {{12 (7—|—2€2) cos 21+
+ (114 6¢%) (3+ cos4l)| sin2w + ¢ (3 + cos2l) sin I sindw | +
+4 (8+3€2) (5 cos I+ 3 cos3I) cos2w sin2Q+

18 sin2 1 { [9 6+ (11 n 6e2) cos 21} sin 2w+

+cos (20 1762 4 2 cos4a)) sin 20}) , (86)

__3

-I—]2 mix [ _
Y 512

Aj, (12 cos 31 [18 + cos 2w (1 —264+4 cosZQ)} +
44 cosl {9o+36e2+cos2w [—3+6e2 + (20+3e2+9e2 coszl) coszn} +
+ {—54 e + (20 + 7% +¢e? cos 4w) Ccos ZQ} sin® I} —

—{[12 (7+2e2) cos2l + (11+6e2) (3+cos41)} sin 2w+

+¢ (3+ cos2I) sin?I sin 4w} sin zn) , (87)

3
256

JomixI
TE =

Ap, (cosQsinI {92+ 256+ (4+30¢%) cos2w+
+cos2I [196+47e2 —6 (—10+e2) COSZw} 1262 cosdw sin® 1} -

- {z [5 + (11 n 6e2) cos 21} sin 21 sin2w +2¢2 cos I sin® I sin4w} sin Q) ) 88)

T%{mixl )

=52 Aj, (48 cos3I cos2w cos 20+

+4 cos 1 {—36 <4+e2) + [54 <4+ez) + (20 +76%+¢? cos4w) cosZQ} sin? [+

1 cos2w [(20+3e2+9e2 coszl) 0820 + 12 (1—2e2) sinzl}}—
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— { [12 (7+2€2) cos2I + (11 +6ez) (3+cos4l)} sin 2w+

+¢® (3 + cos2I) sin? I sin 4w} sin 20) , (89)

3

JomixI
Tw " =512

Ap, (—2€ sin* I sindw + cos20 {[12 (7+2¢) cos2l+
+ (11 +662> 3+ cos41)} sin2w + €% (3 + cos 2I) sin® sin4w} +

+2 (8+3€2) (5 cos I +3 cos3I) cos2w sin20) + 4 sin’ [ {— [9—6€2+

+ (11 + 662) cos 21} sin2w + cos I (20 +76% 4 ¢ cos4a)) sin ZQ}) , (90)
Tlmix! — —% A, (2 cos Q) {[5 + (11 n 6e2) cosZI} sin2[ sin 2w+

+e? cos I sin® I sin4w} +sin {92 +256% + (4 + 3082) Ccos 2w+

4 cos2l [196 1472 -6 (—10 + e2) cos 24 1262 cosdw sin® 1} sin Q) ) 91)

3
256

JomixI
T2 -

Ap, (cosQsinT {~52-11¢2+2 (14— 9¢?) cos2w+

+c0s21 [~236 = 61¢* +6 (6+7¢) cos2w| +2¢* cosdw sin I} —

_ {2 [5 n (11 + 662) coszl} sin 21 sin2cw + 2 ¢ cos I sin® I sin4w} sin Q) , (92)
Thm = —% Ap, sinl (2 cos cosQ {2 [5+ (11+6¢?) cos21] sin2w-+

+e? sin? 1 sin4w} + {—52 —116*+2 (14 — 982) Cos 2w+

+ cos2l [—236—61 2416 (6+7e2) cosZa)} 1262 cosdw sinzl} sin Q) (93)
LmixI _ 3 .2 2 2 . 2 27
T2 = T8 Aj, sin” I {2 [1—1—66‘ + (11+6e ) cosZI] sin2w + e~ sin“ | sm4w}. (94)

It can be noted that Equations (86)—(94) are independent of fj. For an exactly circular and polar orbit,
Equations (92)-(94) and Equation (40) yield

% = 3% .A;S) [(—23 + cos2w) cos (@ — Q) + 5 sin2w tand]. (95)



Universe 2020, 6, 85 16 of 23

While, seemingly, Adler & Silbergleit [15] did not deal with the issue of the indirect effects at all, Barker
& O’Connell [16] did partly so. Their Equation (52) allows to infer

dé 3 (o

i g‘A]z cos (o — Q)), (96)
which disagrees with Equation (95). However, since it is unclear how Barker & O’Connell [16] actually
calculated their indirect precession, it is uncertain that Equation (96) can meaningfully be compared
with Equation (95).

3.2.2. The Impact of the Instantaneous Shifts of the Orbital Elements during an Orbital Revolution:
The II-Type Indirect Effects

Here, we display the analytical expressions of the average of Equations (22)—(30) calculated
according to Equations (84)—(85). Because of their exceptional cumbersomeness, we can only show
their limit for e — 0 in an equatorial coordinate system.

One has

(0)

: A
Tl mixIl 51]22 {—48 cos® I cos2Q) sin I — 3 [(15 + 44 cos 2] + 5 cos4I) cos 20+

44 (745 cos2I) sin’ I} sin2w + 12 [(7 420 cos2I 4+ 5 cos 4I) cos 20+

+4 (3+5 cos2I) sin? 1} sin2 (fo + w) +

+8 cosI [3sin2 (I — Q) + (—23+26 cos2I—

—9cos2 (I —w) —6 cos2w +24 cos2 (fo— I +w) —9 cos2 (I +w)+

+24 cos2 (fo+ [+ w)) sin2Q)]}, (97)
(0)
TE™_ 2k (4 (3 cos3I (~7 + 6 cos? 20 I {6 cos (21 — 202
%y = 515 [4 (3 cos3I (=7 +6 cos2w) cos20) 4 cos I {6 cos (21 —20)) +

+[5 (546 cos2w) —2 cos2I (54 48 cos2 (fo+ w))] cos2Q0—

36 {3+ (3 cos2w + 8 cos2 (fy + w)) sin 1} } — 72 cos2 (fo + w) sinI sin2I—

—81 cscI sin4l) —3 {16 cos® I sin [ + (15 + 44 cos2I + 5 cos4I) sin2w—

—4 (7420 cos2I + 5 cos4l) sin2 (fy + w)] sin2Q)], (98)

(0)

JomixIl ‘A]z
T = e {2 [-116 — 376 cos2I +45 cos2 (I — w) — 42 cos2w — 120 cos2 (fo + w) +

+60 cos2 (fo — I +w) 445 cos2 (I +w) 4 60 cos2 (fo + I + w)] cos Q) sin [+

+12 cos (I — Q) sin2] — 3 [5 sin4! sin2w + 6 sin2I (16 7 + sin2w) +
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+8 cosI sin?I (1+20 sinI sin2 (fo+ w))} sinQ}, (99)

_ .A(O)
TR = % [4 (3 cos3I (—7 + 6 cos2w) cos2Q) + cos I {108 + 6 cos (2] — 2Q0) +

+[5 (546 cos2w) —2 cos2I (5+48 cos2(fp+ w))] cos20+
436 (3 cos2w + 8 cos2 (fy + w)) sin? I} +

+72 cos2 (fop+w) sinI sin2] + 81 cscl sin4l) —
~3 [16 cos? I sin [ + (15+ 44 cos 21 +5 cos4l) sin 2w

—4 (7420 cos2I + 5 cos4l) sin2 (fo + w)] sin2Q)], (100)

TR = 5% cscl <—i [8 (7 +5 cos2I) sin® I + cos2Q) (14 sinI — 39 sin3]—

—5 sin5I)] sin2w + 6 {8 (345 cos2I) sin® [ + cos2Q) [6 sin [—

—5 (3 sin3I + sin5I)]} sin2 (fo +w) +2 [2 (234 6 cos2w) sin2I+

+ (=23 + 18 cos2w — 48 cos 2 (fy + w)) sin4l] sin2Q)), (101)

(0)
_ ‘A]z

= 138 (3 sin2] {cos ) 481+ 2 sinI+ (3+5 cos2l) sin2w+

mix II
T2

+40 sin? Isin2 (fo + w)| — 2 sin (1 - Q) } +
+ (=116 — 376 cos2I + 45 cos2 (I — w) —

—42 cos 2w — 120 cos 2 (fo + w) + 60 cos2 (fo — I + w) +45 cos2 (I + w) +

+60 cos2 (fo+ I+ w)) sinl sinQ)), (102)

(0)
Jo mixIl Ajz
T = D8 ([100 4+ 272 cos2I — 9 cos2 (I — w) + 66 cos2w + 24 cos2 (fo + w) —

—156 cos2 (fo— I+ w) —9 cos2 (I + w) — 156 cos2 (fo + I + w)] cos Q2 sin I+

+3sin2l {2 cos (I — Q)+ [48 1 —2sin] — (345 cos2I) sin2w+
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+4 (745 cos2l) sin2 (fo + w)] sinQ}), (103)

(0)

‘ A
Tl = —% {3 cos Q) [13 cos 31 sin I sin2w 4 sin4l (=9 sin2w + 10 sin2 (fo + w)) +

+sin2l (487 —2sinl+7 cosw sinw + 28 sin2 (fo + w))] + 6 sin 21 sin (I — Q) +
+ [—100 — 272 cos2I +9 cos2 (I — w) — 66 cos2w — 24 cos2 (fo + w) +
4156 cos2 (fo — [+ w) +9 cos2 (I +w) + 156 cos2 (fo + [ + w)] sinI sinQ},  (104)

(0)

. 3A
Tizzmlxn = —Tf sin® [ {4 (345 cos2I) cos2w sin2fy+

+[1—5cos2I +4 cos2fy (3+5 cos2I)] sin2w}. (105)

The dependence of Equations (97)—(105) on f is apparent.

3.3. The Total (Direct + Mixed) Spin Precessions of the Order of O (Jo¢~2)

The results of Sections 3.1.2-3.2.2 allow to obtain the total 1pN spin precession due to the
oblateness of the primary. It is not possible to display them here in full due to their cumbersomeness.
As an example, for an exactly circular and polar orbit, we have

(0)

A
% = 1162 [(=77 4+ 12 cos 2w + 42 cos2 (fy + w)) cos (x — Q) +
+3 (sin2w + 2 sin2 (fo + w)) tand], (106)

da\? (A(O))2
<a> = 4(?96 sec?§ (16 [(—67 4 6 cos2w + 30 cos2 (fo + w)) sind+

+3 €088 cos (& — Q) (sin2w + 2 sin 2 (fy + w))]* sin? O+
+ {4 cosQ [(67 — 6 cos2w — 30 cos2 (fp +w)) sind—

—3 coswa cosd cos Q) (sin2w +2 sin2 (fo + w))] —
—6 cosd sina (sin2w +2 sin2 (fy + w)) sin2Q}? —

—16 sin?J [(—77 + 12 cos 2w + 42 cos2 (fo + w)) cos (a — Q) +

+3 (sin2w +2 sin2 (fy + w)) tan 5]2) . (107)
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If 6 =0° a = )+ 180°, as for GP-B, Equations (106) and (107) reduce to.
0
b AY
= 1 7712 cos2w +42 cos2 (fo +w)], (108)
da\? 9 0N\2 , . . 2
<dt> = 55¢ (Afz ) (sin2w +2 sin2 (fop + w))”~. (109)

From Equations (108) and (109) it can be noted that, since the pericentre of a polar orbit, in general,
does undergo a secular precession due to ], [26], the shift of the spin’s right ascension is, actually,
a harmonic signal with half the period!'? P,, of the pericentre, while the spin’s declination experiences
a genuine secular trend superimposed to a harmonic pattern with P, /2.

In the case of GP-B, we plot its spin’s declination precession as a function of fy in Figure 4.

GP-B: total analytical 1pN spin rate due to J,
30+

(\9)
W
——

I

20¢ ]

J(fo) (mas yr ')

15} ]

10} :
0 50 100 150 200 250 300 350
fo (deg)

Figure 4. Total (direct + indirect) analytically computed 1pN J,-induced rate of change 4 (yellow
curve, in mas yr~') of the declination ¢ of the spin axis of a gyroscope orbiting the oblate Earth as a
function of the initial value fj of the true anomaly of the gyro’s orbit. We adopted the GP-B’s orbital
and spin configuration [25] summarized in Table 1, so that, essentially, the plot of Equation (108) is
shown. The shaded area, in light blue, is delimited by the GP-B’s experimental mean uncertainty
U{SP_B = 18.3masyr~! [10,11] in measuring the long-term rates of change of 6. Cfr. with Figure 3.

It can be noted that the predicted rate is larger than GSP_B for 0° < fo < 70°,150° < fo S

~

250°, 325° < fp < 360°, with peaks of more than 30 mas yr’l. A comparison with Figure 3 shows
agreement between our analytical and numerical results up to a few masyr—!.

We do not display the total GP-B’s 1pN right ascension rate due to ], since it turned out to
be smaller than 2 mas yr~!, while the reported experimental accuracy in measuring & is as large as
GaGP*B = 7.2mas yr_1 [10,11].

10 For GP-B, itis P, = —0.3 yI.
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4. The Gravitomagnetic Spin Precession

The long-term gravitomagnetic spin precession induced by the proper angular momentum J of
the primary can be analytically worked out by including [30,31]

Gejy Jl x5
Q0 = ;’37 i=1,2,3, (110)
where
+1 if(i,j,k)is(1,2,3),(2,3,1),0r (3,1, 2)
gijg =4 —1 if (i,j,k)is (3,2,1),(1,3,2),0r (2, 1, 3) (111)
0 ifi=jorj=kork=i

is the 3-dimensional Levi-Civita symbol [32], in the spacetime metric tensor of Equations (5)—(7),
and averaging the resulting J-dependent part of the expansion of Equation (18) to the order of O (¢~2)
over a Keplerian ellipse. Smaller terms of the order of O ( 2] c’z), arising from using a J,-driven
precessing ellipse for the orbital average, will be neglected.

By defining the following dimensional amplitude having the dimension of reciprocal time

Agm = c2a3(1G—]ez)3/2 (112)
one finally has
dci" = —% [— (JySz+2Sy Jz) (143 cos2I)+
+6JyS. cos2Q sin® I +6 (S fy — Sz Jz) cos Q) sin2I — 6 J S sin2I sin Q—
68, sin? 1 sinzn} , (113)
% — —% (S +25:J2) (1+3 cos2I) +6 ] S cos202 sin? I

— 6SxJy cosQ sin2l +6 (Sx Jy — S- J2) sin2I sinQ + 6], S; sin® I sin2Q)|, (114

ds A . . . .
dTZ = _% [—Jx Sy +Sx Jy + (—3Jx Sy + 35« J) cos2I—

— 6 (Jx Sy + Sy Jy) cos2Q2 sin? [ + 6 J, sin2I (Sx cosQ+ S, sinQ) +

+6 (Sy Jx — Sy Jy) sin? I sin2Q)], (115)

where f s fy, fz are the components of the spin axis f of the primary. The gravitomagnetic averaged
precessions of Equations (113)—(115) can be cast in the following vectorial form

% = Qg X S, (116)
with
ngz%{\% [(F-0) I+ (J i) ) =2} (117)
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It can be noted that Equation (116) agrees with, e.g., Equation (10.146b) of Poisson & Will [24] for
fy = fy =0,J,=1ande — 0. Itisalsoin agreement with Equation (29) of Barker & O’Connell [16] for
any orientation of f and e # 0.

Let us adopt a coordinate system aligned with the primary’s equatorial plane such that fy = fy =
0, ), =1. According to Equations (40) and (41) and Equations (113)—(115), the gravitomagnetic spin
precessions of J, « turn out to be

do
= —% Agm sin2I cos (« — Q), (118)
2 A? 2
((31?:) = ngn (1 43 cos? I — 3 sin? I + 3 sin 2] tand sin (« — Q)) . (119)

5. Summary and Conclusions

The quadrupole mass moment |, of a body affects, among other things, also the general relativistic
precession of the spin of an orbiting gyroscope. We worked out it, to the 1pN level, both numerically
and analytically by taking into account also the effect that the J,-driven change of the gyro’s orbit has
on the the long-term spin rate itself. Indeed, limiting to averaging out the instantaneous J-dependent
part of the spin precession onto a Keplerian orbit is not sufficient to correctly reproduce the total spin
rate of change to the order of O ( 1P C72). Also the instantaneous Newtonian orbital shifts due to ],
have to be taken into account when the average of the 1pN de Sitter-like instantaneous part of the spin
precession is performed. The latter contribution introduces a dependence of the total averaged spin
rate of the order of O (], c2) on the initial orbital phase fy. Such a feature was confirmed, among other
things, also by the simultaneous numerical integrations of the equations for the parallel transport of
the spin and of the geodesic equations of the gyro’s motion that we performed by varying fy.

We applied our results to the past GP-B mission in the field of Earth by finding a net precession of
the declination of the spin axis which may be as large as ~30-40 mas yr~!. Since the reported error in
measuring the GP-B’s declination rate amounts to 18.3 mas yr~!, our result may prompt a reanalysis of
the data in order to see if the effect we predicted could be detected.

For the sake of completeness, we analytically worked out, to the 1pN level, also the general
expression of the gravitomagnetic spin precession induced by the proper angular momentum J of the
central body.

Both our numerical and analytical methods hold for an arbitrary orientation of the body’s
symmetry axis and for a general orbital configuration of the gyro. As such, they can be extended also
to other astronomical and astrophysical scenarios of interest like, e.g., other planets of our solar system,
exoplanets close to their parent stars, stars orbiting galactic supermassive black holes, tight binaries
hosting compact stellar corpses. It is hardly necessary to mention that, years ago, spacecraft-based
missions were proposed to measure the angular momenta of Jupiter and the Sun by means of the
gravitomagnetic Pugh-Schiff spin precessions.
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