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Abstract: The sixfold direct detection of gravitational waves opened the era of gravitational wave
astronomy. All of these gravitational waves were emitted by black hole or neutron star binaries.
The determination of the parameters characterizing compact binaries requires the accurate knowledge
of waveforms. Three different waveforms (Spin Dominated, SpinTaylorT4 and Spinning Effective
One Body fitted to Numerical Relativity, SEOBNR) are considered in the spin-aligned and precessing
cases, in the parameter ranges where the larger spin dominates over the orbital angular momentum.
The degeneracy in the parameter space of each waveform is analyzed, then the matches among
the waveforms are investigated. Our results show that in the spin-aligned case only the inspiral
Spin-dominated and SpinTaylorT4 waveforms agree well with each other. The highest matches of
these with SEOBNR are at different parameters as compared to where SEOBNR shows the best match
with itself, reflecting SEOBNR being full inspiral-merger-ringdown waveform, with coefficients
fitted to numerical relativity, rather than arising from post-Newtonian (PN) calculations. In the
precessing case, the matches between the pairs of all waveforms are significantly lower. We identify
possible causes of this in (1) the implementation of the angular dynamics carried out at different
levels of accuracy for different waveforms; (2) differences in the inclusiveness of the merger process
and in the PN coefficients of the inspiral waveforms (Spin-Dominated, SpinTaylorT4) and the full
SEOBNR waveform.

Keywords: gravitational waves; compact binary; waveform match

1. Introduction

It was forecasted soon after the establishment of general relativity that gravitational waves
can emerge from systems undergoing quadrupole deformations [1]. Recently, the LIGO Scientific
Collaboration and Virgo Collaboration, based on data acquired by the Advanced LIGO [2] and
Advanced Virgo [3] detectors, have announced detections of gravitational waves from coalescing
stellar mass black hole binaries [4–9] and a neutron star binary [10]. This opened up the era of
gravitational wave astronomy.

The motion of compact binaries, i.e black holes and/or neutron stars, under each other’s
gravitational fields is divided into three phases: (i) the inspiral; (ii) the merger; (iii) the ringdown,
when the newly created compact object evolves to a stable configuration. In this paper we investigate
the inspiral phase, characterized by a small post-Newtonian (PN) parameter ε [11,12]. The order of the
PN parameter is given by ε = O

(
Gm/c2r

)
= O

(
v2/c2), where G is the gravitational constant, m is the
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total mass, r and v are the relative distance and velocity of the compact objects, respectively, and c is the
speed of light. Their motion is restricted to a plane when the orbital angular momentum (LN) and the
spins (S1,2) are aligned, or anti-aligned. However if the spins are not parallel with the orbital angular
momentum, all vectors LN , S1,2 undergo a complicated precession-like motion [12]. As the plane of the
motion changes, the gravitational waveforms arising from these systems contain modulations, and they
are called precessing waveforms. The purpose of this paper is to compare waveforms (Spin-Dominated,
(approximant name: SpinDominatedWf) [13], SpinTaylorT4 [14] (approximant name: SpinTaylorT4),
Spinning Effective One Body fitted to Numerical Relativity (approximant name: SEOBNRv3) [15,16])
derived in different approaches for circular orbits, with or without precession. In addition, we analyze
the internal parameter degeneracies of the waveforms. These investigations emphasize the dependency
of the parameter estimation on the chosen waveform in gravitational wave astronomy.

Previous studies compared several PN approximants and effective-one-body (EOB) models.
In [17] the effectualness of PN Taylor approximants (TaylorT1, TaylorT2, TaylorT3, TaylorT4, TaylorEt,
TaylorF2) and the EOB model were compared. Each approximant was compared to the others
at 2PN, 3PN and 3.5PN orders. It was found that below 12M� total mass the PN approximants
are consistent with each other at 3PN and 3.5PN orders. For higher masses the late stages of the
inspiral (only contained in the EOB model) enter the detector sensitivity band, hence the effectualness
of the Taylor approximants drops as compared to EOB. In [18] frequency domain PN (TaylorF2) and
phenomenological non-spinning (PhenV1) waveforms were tested for effectualness and accuracy
against EOB model. The two closed-form frequency domain models show ≤97% effectualness for
advanced LIGO. Analytical waveforms were also compared to numerical relativity (NR) waveforms
in [19–23], showing that higher order corrections to the phase evolution follow the phase evolution
of NR waveforms more closely. In [23] it is found that both SEOBNR and PN models are effectual
for detecting neutron star-black hole systems, the PN models give high bias in parameter recovery.
In order to avoid creating excessively long, computer time consuming NR waveforms methods were
developed to create hybrid waveforms, built of analytical inspiral and NR waveforms for the late
inspiral and merger-ringdown phases. Methods were advanced to determine the required number of
cycles of NR waveforms for fitting them accurately to analytical waveforms in [24–27].

In the inspiral-merger-ringdown consistency test [7], the results of parameter estimation using
only the inspiral, and only the ringdown waveforms were compared, finding consistency with
general relativity results in both phases. Hence the reliability of inspiral only waveforms is also
important. In this paper we carry out a comparative analysis of the inspiral only SpinDominatedWf
and SpinTaylorT4 waveforms also with the inspiral-merger-ringdown SEOBNRv3 waveform.

2. Comparison of Gravitational Waveforms

2.1. Method and Waveforms

For comparison of the waveforms the matched filtering algorithm will be used. For this purpose
we use the inner product of g1 and g2 which is defined by

〈g1|g2〉 = 4<
∫ fmax

fmin

g̃1 ( f ) g̃∗2 ( f )
S ( f )

d f , (1)

where the tilde denotes the Fourier-transforms of time domain functions and S ( f ) is the power-spectral
density which is taken as the design sensitivity of the Advanced LIGO detectors [2]. The integration is
taken between fmin to fmax, determined by the frequency sensitivity of the detector. The match is an
inner product of two normalised waveforms e1 = h1/ 〈h1|h1〉 and e2 = h2/ 〈h2|h2〉:

M ≡ 〈e1|e2〉 ≤ 1 , (2)
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A value of the match (2) close to 1 means that the waveforms agree well. The + polarizations of
each waveforms are used in calculating the match.

During the inspiral the order of the ratio of the spin with respect to the orbital angular
momentum is

O

(
Si
LN

)
= ν2i−3O (ε) , (3)

where ν = m2/m1 with component masses m1 and m2 of the binary and i = 1, 2. For small mass ratio
ν ∈ [0.3, 0.03], the spin S1 dominates over the orbital angular momentum at the end of the inspiral.
SpinDominatedWf [13] describes the radiation originating from such binaries. In this case the second
spin becomes negligible, the angles between S1 and LN κ1 = arccos

(
Ŝ1 · L̂N

)
, also between LN and the

total angular momentum J α = arccos
(
L̂N · Ĵ

)
are quasi-constants on conservative timescale (where

the effect of radiation backreaction is negligible), resulting in the dynamics being described in terms of
two angle variables. These are the longitude of the ascending node φn = arccos

(
x̂ · l̂

)
(where x̂ is a

constant axis perpendicular to Ĵ and l̂ = L̂N × Ĵ/
∣∣L̂N × Ĵ

∣∣ ), and the orbital phase ψ [28]. In addition
to these variables, the following set of time-independent parameters occur in the parametrization of
waveforms: m, ν, the dimensionless spin parameter

χ1 = S1
c
G

m−2
1 , (4)

where the hat denotes unit vectors.
When generating gravitational waves, besides the SpinDominatedWf [13], the dynamics of the

angular variables should be taken into account. All waveforms used in this paper were generated
by the PyCBC software [29–31], which implements LALSUITE [32] containing the coded waveforms.
As a first approximation, time-dependent SpinDominatedWf was implemented in LALSUITE with
the above described approximation for κ1 and α, but with radiation reaction included in the evolution
of the parameters φn, ψ and the orbital angular frequency ω. The approximation is supported by
the corresponding evolutions of SpinTaylorT4. The waveforms also depend on the direction of the
propagation, hence on the parameter ι which is the angle between LN and the line of sight. The length
of a detectable gravitational waveform depends on the total mass, mass ratio and the frequency band
of the detector. The lower frequency for the waveforms was chosen as 10Hz, the total mass and mass
ratio were varied in the ranges [75M�, 250M�] [0.01, 0.03] respectively. The length of these waveforms
is less than 15 s. On this timescale the radiation backreaction only affects significantly the angles φn,
ω and ψ.

SpinTaylorT4 [14] also applies PN approximation and it is valid for any mass ratio. The evolution
of this waveform is characterized by nine variables: the components of orbital angular momentum
vector LN , those of spin unit vectors Ŝi and of a unit vector determined by S1 and L̂N at the start of the
evolution tin as Ê1 =

(
S1 × L̂N

)
× L̂N/

∣∣(S1 × L̂N
)
× L̂N

∣∣ | (t = tin), the orbital angular frequency ω

and the orbital phase ψ. In addition, the time independent quantities m, ν, χi and ι also occur in the
parametrization of waveforms. The gravitational radiation backreaction is taken into account by the
decrease in the separation of the binary due to energy loss. This separation appears in the equations
governing the nine variables. It is to be expected that an additional expansion in a small parameter
related to the mass ratio would generate similar results to SpinDominatedWf, although the expansion
is subtle [13].

Another popular approach is the spinning effective one body formalism [15,16], also valid for
any mass ratio. This description relies on a Hamiltonian formalism, in which the variables are the
separation vector between the binary components r, its canonically conjugated momentum p and the
two spin vectors Si, with two time-independent parameters m, ν. The time derivatives of r, p and
Si are related to the derivatives of the Hamiltonian with respect to p, r and Si, respectively. In this
approach the conservative dynamics is mapped onto an effective one body problem, where the body
with reduced mass moves on an effective background. This map results in an effective Hamiltonian
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in which additional parameters {zk} occur. The effects of gravitational radiation backreaction of
this system are included by the decrease in the separation of binary due to energy loss. The set of
parameters {zk} are calibrated such that the resulting SEOBNRv3 matches well with NR waveforms.
The calibration procedure has been applied at mass ratios close to one and at the extreme mass-ratio
limit, while the waveforms considered in this paper were generated in the mass ratio parameter range
ν ∈ [0.01, 0.03]. The SEOBNRv3, just like the other waveforms, contains the parameter ι.

In the comparisons we take two waveforms and calculate the match, which is the overlap
maximized over time and phase. The PN waveforms (SpinDominatedWf and SpinTaylorT4) have the
same length. However since the SEOBNRv3 waveform is longer than the PN waveforms, the latter are
extended by zeros to get the same length in the comparison [33].

2.2. Spin Aligned Case

In this case the orbital motion of the binary is constrained to a plane to which the spins are
perpendicular. The waveforms are compared within the common region of validity, i.e., for small
mass ratios and in the spin-dominated regime. Then the sub-dominant spin is set to zero, hence the
waveforms are characterized by m, ν and χ1. For the exploration of the internal parameter degeneracies
we match each waveform with itself such that one of the pair has fixed parameters m = 100M�,
ν = 0.02 and χ1 = 0.75 while the other is varied. The matches are plotted on Figure 1 in the parameter
spaces (m, ν), (m, χ1) and (ν, χ1). The first, the second and the third row contain the comparison
of SpinDominatedWf-SpinDominatedWf, SpinTaylorT4-SpinTaylorT4 and SEOBNRv3-SEOBNRv3,
respectively. The fixed waveform is indicated by a central dot on all figures. We mention that the
global maximum (M = 1) of the matches coincides with the dots. Nevertheless there are several local
maxima of M most noticeably appearing in the case of SpinDominatedWf-SpinDominatedWf, but also
occurring for SpinTaylorT4-SpinTaylorT4 and SEOBNRv3-SEOBNRv3. The steps on all comparison
figures are 1M� in total mass, 0.01 in ν and 0.016 in χ1. On each figure, the parameters not represented
on the axes have the same values as the signal. The local maxima show up irrespective of the resolution
of the sampling and these are always lower than the global maximum.

The degeneracies among different waveforms are represented in Figure 2. The matches are
calculated with one of the compared waveforms having the fixed parameters m = 100M�, ν = 0.02
and χ1 = 0.75. The result are shown in the parameter planes (m,ν), (m,χ1) and (ν,χ1) for the
pairs SpinTaylorT4-SpinDominatedWf, SpinDominatedWf-SEOBNRv3, SpinTaylorT4-SEOBNRv3.
In all cases the second waveform has the fixed parameters denoted by a dot on the pictures.
The matches between the waveforms SpinDominatedWf-SpinTaylorT4 having the same parameters
are very good while those between SpinDominatedWf-SEOBNRv3 and SpinTaylorT4-SEOBNRv3 are
unsatisfactory, however this is not entirely surprising as SEOBNRv3 is a full inspiral-merger-ringdown
waveform containing coefficients fitted to NR [15], rather than derived analytically. In the case of
SpinDominatedWf-SpinTaylorT4, the global maximum occurs at the fixed waveform parameters
(indicated by a dot). The matches in the last two rows are best at different parameters as compared to
where SEOBNRv3 matched well with itself and the global maxima are below 0.8.

2.3. Precessing Spins and Orbital Angular Momentum

The waveforms arising from precessing binaries are much more complicated. Figures 3–5 show
the internal degeneracies in the parameter planes (κ1, χ1), (ν, χ1), (ν,κ1), (ν,m), (κ1, m) and (χ1, m).

While the match of each waveform with itself is good, showing differences with respect to
the aligned case only in the degeneracy patterns, the match between pairs of different waveforms
deteriorated severely. The best of them was for SpinTaylorT4 and SpinDominatedWf, represented in
Figure 6 with the parameters of the SpinDominatedWf fixed. Compared to the aligned case, the local
maxima are spread over a larger region and the global maximum is far from the fixed parameters.
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Figure 1. Match values M for two waveforms in the restricted parameter spaces [m, ν], [m, χ1]

and [ν, χ1] from left to right (the three rows representing SpinDominatedWf-SpinDominatedWf,
SpinTaylorT4-SpinTaylorT4, SEOBNRv3-SEOBNRv3 matches). The parameters of the first waveform
(the template) are varied, while those of the second waveform (the signal, represented by a dot) are
fixed as m = 100M�, ν = 0.02 and χ1 = 0.75. The other parameters were chosen as flow = 10 Hz,
ι = 0.5 The spins are aligned. The black lines on the plots in the first column represent the chirp mass
of the signal waveform.
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Figure 2. Match values M for two waveforms in the restricted parameter spaces [m, ν],
[m, χ1] and [ν, χ1] from left to right (the three rows representing SpinTaylorT4-SpinDominatedWf,
SpinDominatedWf-SEOBNRv3, SpinTaylorT4-SEOBNRv3 matches). The parameters of the first
waveform (the template) are varied, while those of the second waveform (the signal, represented
by a dot) are fixed as m = 100M�, ν = 0.02 and χ1 = 0.75. The other parameters were chosen as
flow = 10 Hz, ι = 0.5 The spins are aligned.
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Figure 3. SpinDominatedWf is matched with itself and match values M are presented in different
parameter planes (κ1, χ1), (ν, χ1), (ν,κ1), (ν,m), (κ1, m) and (χ1, m). The parameters of the first waveform
(the template) are varied, while those of the second waveform (the signal, represented by a dot) are fixed
as m = 200M�, ν = 0.02, χ = 0.75 and κ1 = 0.5. The other parameters were chosen as flow = 10 Hz,
ι = 0.5. Spins are precessing in this case.
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Figure 4. SpinTaylorT4 is matched with itself and and match values M are presented in different
parameter planes (κ1, χ1), (ν, χ1), (ν,κ1), (ν,m), (κ1, m) and (χ1, m). The parameters of the first waveform
(the template) are varied, while those of the second waveform (the signal, represented by a dot) are fixed
as m = 200M�, ν = 0.02, χ = 0.75 and κ1 = 0.5. The other parameters were chosen as flow = 10 Hz,
ι = 0.5. Spins are precessing in this case.
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Figure 5. SEOBNRv3 is matched with itself and and match values M are presented in different
parameter planes (κ1, χ1), (ν, χ1), (ν,κ1), (ν,m), (κ1, m) and (χ1, m). The parameters of the first waveform
(the template) are varied, while those of the second waveform (the signal, represented by a dot) are fixed
as m = 200M�, ν = 0.02, χ = 0.75 and κ1 = 0.5. The other parameters were chosen as flow = 10 Hz,
ι = 0.5. Spins are precessing in this case.
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Figure 6. The match values M between SpinTaylorT4 and SpinDominatedWf are presented in
the parameter planes (κ1, χ1), (ν, χ1), (ν,κ1), (ν,m), (κ1, m) and (χ1, m). The parameters of the first
waveform (the template, SpinTaylorT4) are varied, while those of the second waveform (the signal,
SpinDominatedWf, represented by a dot) are fixed as. m = 200M�, ν = 0.02, χ = 0.75 and κ1 = 0.5.
The other parameters were chosen as flow = 10 Hz, ι = 0.5. Spins are precessing in this case.

3. Conclusions

The match among three waveforms derived in different approximations were investigated in the
spin-dominated regime. We calculated the match of the waveforms compared to themselves, with one
of the waveforms having fixed parameters, both in the aligned and the precessing cases. For all three
waveforms degeneracies appear: several local maxima of M also emerge. We also compared the
evolutions of the angles κ1, α, ψ and φn implemented in LALSUITE for all three waveform families.
For SpinTaylorT4 and SEOBNRv3 we calculated these angles from the available variables.

In the aligned case we calculated the match between each waveform pair. SpinDominatedWf and
SpinTaylorT4 match quite well, with values of M = 0.99 for the global maximum arising at the fixed
parameter values.
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However, when either of these two is compared to SEOBNRv3, the global maximum of M is
shifted noticeably as compared to the parameters of the fixed waveform and its value is reduced to 0.86
and 0.85 for SpinDominatedWf and SpinTaylorT4, respectively. This is expected since the SEOBNRv3
model is fitted to NR waveforms [15], hence the inspiral part will be different from purely analytical
waveforms and it also contains the merger and ringdown contributions.

Investigations of the match between waveforms compared to themselves in the precessing case
have shown that the local maxima of M are closer to the global maximum and they extend over a
larger parameter space than in the aligned case, indicating the appearance of additional degeneracies
due to the increased parameter space.

Further, the precession heavily deteriorates the matches between any pairs of waveform families.
The best of them was between SpinDominatedWf and SpinTaylorT4, with M = 0.7 at the global
maximum, which occurs at different parameters as compared to where they match best with themselves.

This poor match of the three different waveforms calls for further investigation. We suspect that
it can be traced back to (1) different coefficients identified in either being matched to NR results,
or identified from PN analytics; (2) differences in the incorporated dynamics, specifically in the level
of PN accuracy of their implementation; and (3) differences in the validity of the waveforms, i.e.,
SpinDominatedWf and SpinTaylorT4 with implemented stopping conditions (having ending frequency
of 24 Hz for 200M� systems) and until the time of coalescence for SEOBNRv3.

As a first difference we remark that in contrast to SEOBNRv3, the SpinDominatedWf and
SpinTaylorT4 explore dynamics averaged over one radial period describing secular effects. This can
be seen in Figure 7 presenting the evolutions of the angles κ1 and α for SEOBNRv3 as compared to
their identical constant value in the case of SpinDominatedWf and SpinTaylorT4. The parameters
of the system for this figure are as follows: m = 200M�, ν = 0.025, χ = 0.75, flow = 10 Hz, ι = 0.2
and κ1 = 0.12. The ending frequency is at 24 Hz for SpinDominatedWf and SpinTaylorT4, while
SEOBNRv3 extends until coalescence. The relative changes in κ1 and α governed by SEOBNRv3
dynamics are of order of 1% and 5%, respectively.
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Figure 7. The evolutions of the angles κ1 and α for SEOBNRv3 (green), SpinTaylorT4 (blue) and
SpinDominatedWf (red).

The evolutions of the orbital phase ψ and the longitude of the ascending node φn are depicted
on Figure 8. A difference of about 20% is accumulated between SpinDominatedWf and SEOBNRv3
at the end of the evolution in the angle ψ, while the respective SpinTaylorT4 evolution runs in
between. Similarly, a difference of about 50% appears between the angles ψ of SpinDominatedWf and
SpinTaylorT4, with the SEOBNRv3 evolution in between. We traced back the jumps in both angles for
SEOBNRv3 to a simultaneous vanishing of the x- and y-components of the orbital angular momentum,
leading to a singularity in φ̇n, indicating a possible coordinate singularity. The evolution equation of
the phase (see Equation (3.11) of [34] and Equation (15) of [35]) contains the derivative of the angle φn.
This means that when the precession differs among the waveform families, the phase evolution will be
different as well, lowering match values.
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The identified differences in the angular dynamics of the three waveform families, including the
implementation of radiation reaction to different accuracies are the subject of further investigations
meant to improve these waveform families and their match.
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