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Abstract: We construct a dense matter equation of state (EoS) starting from a hadronic density
dependent relativistic mean-field model with a DD2 parametrization including the excluded volume
corrections at low densities. The high density part is given by a Nambu–Jona–Lasinio (NJL) model with
multi-quark interactions. This EoS is characterized by increasing speed of sound below and above the
phase transition region. The first order transition region has a large latent heat leaving a distinctive
signature in the mass-radii relations in terms of twin stars.
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1. Introduction

We know from finite temperature lattice Quantum Chromodynamics (QCD) that the transition
from hadrons to quarks and gluons is a crossover [1]. At finite chemical potential and especially at small
temperatures and large chemical potentials, appropriate for neutron stars, the situation is completely
different—first principle lattice calculations have a sign problem and so it is an open question whether
the transition remains a crossover or if it becomes a first order with the corresponding critical point
somewhere in the temperature-chemical potential plane.

This question could hopefully be resolved by colliding heavy ions, but one should be aware of
various uncertainties related to the system size and lifetime as well as the possibility that it just may
not be possible to reach sufficiently high densities where we would find deconfined quark matter.
By contrast, in the case of compact stars, we have a huge system which is long lived and potentially
very dense.

As on the theoretical side we still cannot get a first principle information on finite density QCD,
in this work, we will assume some model equation of state (EoS). Additionally, we assume the EoS
has a first order transition from hadron to quarks at finite density. Our purpose is then to provide
a systematic model study of the EoS and the mass-radii (M–R) relations of compact stars which can be
used to verify this scenario with simultaneous observations of masses and radii.

2. Twin Stars

Compact stars can be divided into families, such as white dwarfs, neutron stars and sometimes
hybrid stars with a quark core and a nuclear mantle as a third family is considered. Purely quark
stars is another example of a third family, but we do not consider such possibility as it involves more
assumptions. In the case of third families, it is possible to get the so-called twin stars phenomena ([2,3]),
where the neutron and the hybrid stars would have same mass but different radii. The main interest
here is that, to get twin stars, we need strong first order transition and so measuring twins would
provide evidence for first order transitions in QCD.

Recently, astrophysical observations pointed out the existence of several compact stars with
masses at 2M� [4–6], pressing a clear understanding of the interior structure in terms of its equation of
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state (EoS) at very high density. The purpose of our work in [7] was to revisit the twin stars scenario
with the goal of understanding qualitatively and quantitatively (within a model) systematics of twin stars
at 2M�. Some more recent works include Bayesian analysis [8,9], relation to the CEP [10], impact of
rotation [11], twins in protoneutron stars [12] and a triplet of stars with same mass and different
radii [13] (see Alford et al. [14] and Zacchi et al. [15] for classification studies).

3. Equation of state

How should a strong first order transition be engineered? We first calculate the hadron and the
quark EoS separately and we use Maxwell construction—this is always first order by construction.
To get strong first order, the two EoS must have different slopes on the p− µB plot.

For hadrons, we use the density dependent relativistic mean field model with the DD2
parameterization [16]. We can use this EoS (or any kind of hadron EoS, for that matter) until some
density where the quarks from different baryons start to overlap. Increasing the number of baryons
further is disfavored because of Pauli blocking effects between quarks. We mimic this effect by
taking into account the finite size of hadrons via the excluded volume approach (see, e.g., [17,18] and
references therein). We introduce a quantity Φ

Φ =
Vav

V
= 1− v ∑

i=n,p
ni , (1)

which is the ratio of the available volume Vav for hadrons and the total volume of the system. This can
also be written in terms of the excluded volume parameter denoted by small v and the number
densities, as in the second line of Equation (1). By looking at single particle energies,

Ei = µi −Vi −
v
Φ ∑

j=p,n
pj , (2)

where µi is the chemical potential and Vi the vector mean field, we see that v acts in a similar way
as the vector mean field and so an EoS should become more stiff with excluded volume. In this
work, we consider two flavor case so that the hyperon problem is avoided by a phase transition to
quark matter.

For quarks, we use the Nambu–Jona–Lasinio (NJL) model with scalar and vector interactions and
we add the higher order interactions in the scalar

Lscal =
g20

Λ2 (q̄q)2 +
g40

Λ8 (q̄q)4 , (3)

and in the vector channel
Lvec =

g02

Λ2 (q̄γµq)2 +
g04

Λ8 (q̄γµq)4 . (4)

Refer to Benić [7] and Benić et al. [19] for more details. It turns out that higher order scalar interactions
do not change the chiral transition much. However, the higher order vector interactions should be
more and more important as we increase the density in terms of stiffness of the EoS [7,19].

4. Impact of the Choice of the Equation of State on the Mass-Radii Relations

Now, we discuss some EoS systematics where we control the repulsion in the hadron and the
quark EoS. Characteristic EoS are shown on Figure 1. If there is no repulsion (Figure 1a) in both phases,
then this particular model cannot pass the 2M� constraint. Typically, one introduces some quark
repulsions as in Figure 1b. This delays the onset of quarks and at the same time reduces the latent
heat. Because quark EoS becomes stiffer we can get to 2M� and typically at first we have hybrid stars.
Increasing the quark repulsions more and more it becomes hard to get the hadron and the quark EoS
to cross. This is the familiar problem of vector interactions in the quark phase [20].
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Figure 1. Generic systematics of the different possibilities of the hybrid Equation of State (EoS) within
the density dependent relativistic mean field hadronic model with the DD2 parametrization and
Nambu-Jona-Lasinio model with 8-quark interactions (DD2-NJL8) hybrid EoS model in terms of the
absence (soft EoS) or presence (stiff EoS) of the repulsive interactions: (a) soft-to-soft; (b) soft-to-stiff;
(c) stiff-to-soft; and (d) stiff-to-stiff EoS.

On the other hand, if we have some repulsions in hadron phase and no repulsion in quark phase
(see Figure 1c), then we get an interesting situation that the onset of quarks is lowered and the latent
heat becomes increased. Because we put more repulsions, we can pass the 2M� limit and typically we
get neutron stars. In other words, with the simultaneous combination of the increase of the repulsions
in the hadron phase, large latent heat and a soft quark phase, hybrid stars quickly become unstable.

The most interesting situation is when we turn on repulsions in the hadron and the quark phase,
as shown in Figure 1d. Then, we can explore also hybrid stars with very stiff quark matter EoS which
was not possible previously. Because both the quark and the hadron phase are now stiff, we can easily
pass the 2M� constraint. In particular, in this window of parameters, we can get twin stars because
there is also considerable latent heat.

Figure 2 summarizes the previous discussion. Without repulsions in either of the phases. we can
only have the conventional hybrid stars within this particular model. Adding repulsions in either
phase hybrid stars turn to neutron stars. If there are some finite quark and hadron repulsions, we can
get twin stars.
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Figure 2. Summary of impact of repulsions in the hadron and in the quark phase on the M–R characteristics.
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5. Results

Now, we show some selected results of model calculations performed in [7]. For a density
functional approach to such class of EoS, see [21]. Further astrophysical implications are discussed
in [22–24]. In the left panel of Figure 3, we show the pressure and the speed of sound as a function of
the energy density. First, let us appreciate that the DD2 EoS with the excluded volume is significantly
stiffer than the standard DD2 EoS. After the phase transition, we change the stiffness of quark matter by
the 8-quark vector coupling. We see that its effect on the stiffness becomes more and more significant
by increasing the density. It is essentially the reason why the transition can achieve considerable latent
heat. In other words, changing the higher order vector coupling controls the high density part of the
EoS while it does not influence the phase transition much. The latter is completely controlled by the
excluded volume of the hadron EoS.

In the right panel, we show the M–R relations using this hybrid EoS model. First, because
of the very stiff hadron EoS, we get stars with large radii: of the order of 14.5 km or even 15 km.
Second, because the latent heat is also quite large, we can get the twin stars: the radii difference is
around a 0.5 km or 1 km depending on the model details.

Figure 3. (Left) Equation of state (EoS) and speed of sound as a function of the energy density; and
(Right) M–R relation for the corresponding EoS. Different curves correspond to a variation of the high
density quark EoS in terms of a NJL 8-vector coupling parameter η4. Figure from [7].

6. Conclusions

To conclude, we showed that, to get twin stars at 2M�, we need strong repulsions in nuclear and in
quark matter. Measurements of twin stars has strong potential, as it could exclude the approaches with
stiffening EoS in the transition regions [25–27]. On the other hand, the two EoS scenario (quark stars
and neutron stars) cannot be excluded by radii measurements provided that the quark star has a large
radii as well. In our case, twin stars at 2M� require very stiff EoS already in the hadron phase, that is,
below the hadron–quark transition. The EoS at these densities controls the radius of the star, and so in
our calculation we get big, dilute stars. Measurements of very small radii may disfavor our scenario.

Finally, we make a couple of remarks on the possible caveats. Provided we measure twin stars
we can say transition in beta equilibrium is strong first order but this does not mean transition in
symmetric matter is also first order. Some effective models suggest chiral transition should become
more strong in symmetric matter [28] but in QCD this question does not have a definite answer yet.
Additionally, to get twins, we need strong first order but this is not completely correct. It is in fact
sufficient for the EoS to just be very soft in a wide region of densities [29,30].
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