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Abstract: The first and second observational runs of Advanced Laser Interferometer Gravitational-
wave Observatory (LIGO) have marked the first direct detections of gravitational waves, either from
black hole binaries or, in one case, from coalescing neutron stars. These observations opened up the
era of gravitational wave astronomy, but also of gravitational wave cosmology, in the form of an
independent derivation of the Hubble constant. They were equally important to prove false a plethora
of modified gravity theories predicting gravitational wave propagation speed different from that of
light. For a continued and improved testing of general relativity, the precise description of compact
binary dynamics, not only in the final coalescence phase but also earlier, when precessional effects
dominate, are required. We report on the derivation of the full secular dynamics for compact binaries,
valid over the precessional time-scale, in the form of an autonomous closed system of differential
equations for the set of spin angles and periastron. The system can be applied for mapping the
parameter space for the occurrence of the spin flip-flop effect and for more accurately analyzing the
spin-flip effect, which could explain the formation of X-shaped radio galaxies.
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1. Introduction

One century after Einstein first proposed the existence of gravitational waves [1], as predicted
by his general theory of relativity, their direct detection by the pair of Advanced Laser Interferometer
Gravitational-wave Observatory (LIGO) laser-interferometric detectors [2] has been announced [3]
by the LIGO Scientific Collaboration and Virgo Collaboration. The excitement generated by this
marvellous scientific achievement has been further amplified by the second [4] and the third direct
detection [5] by the twin LIGO detectors. The sources were identified in all three cases to be coalescing
astrophysical black hole binaries, with masses slightly higher than expected from stellar evolution.
The localization of these sources was however poor, with only these two detectors being in operation at
that time. This has been improved to 60 deg2 in the case of the fourth direct detection [6] of gravitational
waves also generated by coalescing black hole binaries, which was signaled by the then operational
Advanced Virgo detector too [7]. Moreover, a fifth event [8] has been reported, this time generated
by a pair of colliding neutron stars. The low SNR = 2.0 of this event in the Virgo Observatory has
put stringent constraints on its sky localization, which was reduced to 28 deg2. Although better than
the localization of the source in gamma-rays, this is still far too large compared to usual localization
accuracy at other frequencies in the electromagnetic spectrum, making it clear that, for reliable
sky localization, more detectors are needed. In this respect the soon-to-be commissioned Kamioka
Gravitational Wave Detector (KAGRA) detector [9] and the planned LIGO India [10] observatory will
play important roles.

The fifth event [8] was followed after 1.7 s by the soft gamma ray burst GRB170817A from
the same sky region [11] and in a few hours the source has been precisely identified in almost all
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frequencies of the electromagnetic spectrum [12]. It has been confirmed that neutron star mergers are
the sources of soft gamma ray bursts. The merger was followed by a kilonova explosion, producing
an abundance of heavy elements. The determination of the luminosity distance from the gravitational
wave measurement and of the redshift from the electromagnetic observations (although with yet
large error) has led to a new way of calculating the Hubble constant [13], for which supernova
IA measurements and cosmic microwave background observations led to values in slight tension.

Based on Lorentz’s assumption [14] from as early as 1904 that all forces should transform under
translation in the same way as electric forces in an electrostatic system, Poincaré advanced the idea
a decade before general relativity was born that gravitational waves should propagate with the speed
of light [15]. Indeed, this is what follows from general relativity both in the weak field limit and in
the geometric optics approximation of perturbations in strong field. However, is general relativity the
final theory of gravity? While for the solar system all of its predictions were spectacularly confirmed
by accurate observations, on the galactic scale and beyond there is need to add roughly six times
as much dark matter as baryonic matter in order to be in agreement with observations on galactic
clusters and galactic rotation curves. Moreover, on a cosmological scale there is need for yet another
three times as much dark energy, responsible for late-time cosmological acceleration. The numerous
attempts to identify dark matter as a new type of particle (supersymmetric [16], sterile neutrino [17],
weekly interacting massive particle (WIMP) [18], axion [19]) or extra-dimensional effect [20] or massive
compact halo objects (MACHOs) [21] turned out to be unsuccessful. Therefore, modified gravity
models were advanced in order to eliminate the need for exotic particles. In some of these more exotic
theories the gravitational waves would propagate with a velocity different from the speed of light [22].
Such theories were proven false by the direct observations of gravitational waves, either (i) based on
the models of soft gamma ray production by neutron star mergers and the detected time difference of
1.7 s between GW170817 and the subsequent gamma ray burst GRB170817A [11]; or (ii) considering
a hypothetical massive-graviton theory and determining the corresponding Compton-wavelength by
constraining the magnitude of the related 1PN phase term [23]; or (iii) considering a dispersion relation
allowing for local Lorentz-invariance violation, and as a particular subcase, for graviton mass [5].
Many modified gravity theories, however, still survived and among the ways to either confirm or
falsify them, continued rigorous gravitational wave observations could have a leading role.

Given that all detections of gravitational waves were sourced by coalescing compact binary
systems, it is of uttermost importance to accurately describe their evolution, both in general relativity
and in modified gravity theories. In the gravitational wave dominated dissipative regime the evolution
can be divided into the inspiral, merger and ringdown phase. The precise understanding of the entire
evolution is desired both for understanding the details of the inspiral process and for working out
predictions for future detectors.

In this paper we summarize our work done in investigating compact binary dynamics in the
inspiral regime in the framework of general relativity. This process is characterized by three time-scales.
The shortest is the orbital time-scale, during which the binary evolution undergoes one radial period.
This might only slightly differ from a Keplerian orbit in the weak-field regime. The respective dynamics
has been discussed in detail, first by including the post-Newtonian (PN) effects [24], then by inclusion
of the spin–orbit (SO) and spin–spin (SS) effects [25–30], of the mass quadrupole–mass monopole
(QM) effect [31,32] up to 2PN orders. This dynamics has been rigorously analyzed [33,34] through
a closed system of first order ordinary differential equations derived for the orbital elements of the
osculating ellipse and for the angles characterizing the spin orientations with respect to the osculating
orbit. Based on this a proof was given that (i) the only binary black hole configuration allowing for
spin precession with equal angular velocities about a common instantaneous axis roughly aligned
to the normal of the osculating orbit, is the equal mass and parallel (aligned or antialigned) spin
configuration. It has been also proven that (ii) the relative angle of the spins stays constant for equal
mass black holes, irrespective of their orientation, found previously in [35] (with inclusion of only
SO and SS contributions) and [36] (with all relevant contributions included, but only for circular
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orbits), and (iii) the special configuration of equal mass black holes with equal, but antialigned spins,
both laying in the plane of motion (leading to large recoils found in numerical simulations [37,38],
although the largest was found for binaries with partially aligned spins [39]) is preserved at the
second post-Newtonian (2PN) level of accuracy, for generic eccentric, parabolic or hyperbolic orbits.
Further, the closed system of first-order differential equations has been rewritten in a compact form,
for a set of dimensionless variables encompassing both orbital elements and spin angles, and a
consistency check run to prove that the constraints are preserved during evolution [40]. As an
application, the existence of a new type of interesting orbit, the chameleon orbit, has been shown,
whose local, orbital parameters evolve from elliptic near pericenter, towards hyperbolic at large
distances [40].

On a much larger timescale the precessional evolutions [41,42] of the spin vectors of the compact
objects and of the orbital angular momentum dominate. Physical processes occurring on such
time-scales are easily monitored by using a simplified dynamics, encompassing equations obtained by
orbital averaging methods. These precessional evolutions were averaged for circular orbits including
the SO and SS terms [35]; also for eccentric orbits with SO terms [27,28], SS terms [30], QM terms [32]
included. The averaged angular dynamics has been integrated exactly for black hole binaries (assuming
quadrupole parameters wi = 1) on circular orbits in [36], where a new constant of motion was also
identified. More recently a full multi-timescale analysis was performed in [43,44], where the motion
was averaged on both the orbital and the inspiral timescales. These efforts were exploited in [45] to
build waveforms.

The most comprehensive instantaneous, 2PN accurate non-circular dynamics with generic
quadrupole parameters discussed in [40] with consistency condition checked and the number of
independent variables identified has been orbit averaged in the eccentric case [46]. In this conference
presentation we succinctly summarize these secular dynamics and indicate possible applications.

2. Secular Dynamics and Spin Flip-Flop

The dynamics up to 2PN orders, including the SO, SS and QM couplings of compact binaries in
terms of dimensionless osculating orbital elements and spin angles is given by Equations (36)–(42) of [40].
The two dimensionless shape variables characterizing the orbits of the object with reduced mass
µ moving around another body having total mass m are introduced by

lr =
cLN
Gmµ

, (1)

and
er =

AN
Gmµ

, (2)

the latter being the eccentricity. Here, c is the speed of light, G is the gravitational constant,
LN and AN are the magnitudes of the orbital angular momentum vector LN and Laplace–Runge–Lenz
vector AN , respectively. The next set of orbital elements are the Euler angles, i.e., the inclination:

α = arccos
(
Ĵ · L̂N

)
, (3)

the longitude of the ascending node:

− φn = arccos
(

x̂ · l̂
)

, (4)

and the argument of the periastron:

ψp = arccos
(

l̂ · ÂN

)
, (5)
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where J is the total angular momentum including contributions from LN and from the spins S1,2, the hat
denotes unit vectors and we have introduced l̂ = L̂N × Ĵ and a constant unit vector x̂ perpendicular to
Ĵ. The final set required for spinning dynamics are the polar and azimuthal spin angles:

κi = arccos
(
Ŝi · L̂N

)
, (6)

ζi = arccos
(

Ŝ⊥i · ÂN

)
, (7)

with S⊥i = Si − L̂N
(
Si · L̂N

)
. The magnitude of the spins characterized by

χi = Si
c
G

m−2
i (8)

is constant of motion up to 2PN orders, they occur as parameters in the evolution equations. The angles
α, φn, ψp, κi and ψi = ζi + ψp were represented on Figure 2 of [33].

The modulations occurring within one orbital period can be removed by averaging any function
f over it:

T f̄ =
∫ T

0
f (t) dt =

∫ 2π

0
f
(
χp
) 1

χ̇p
dχp . (9)

Here, the true anomaly χp is the angle between AN and the position vector of the object with
reduced mass. Applying (9) for the time derivatives of Υ =

{
lr, er, α, φn, ψp, κi, ζi

}
, i.e., f = Υ̇, yields the

secular dynamics derived in [46]. On the secular time-scale the shape variables are constant of motion
¯̇lr = ¯̇er = 0. The equations for α, φn and κi contain only contributions due to the SO, SS and QM
couplings, while in addition to these the equations for ψp and ζi also contain PN and 2PN relativistic
terms. We give here the leading-order (PN and SO) secular contributions of the Euler angle evolutions:

¯̇ψPN
p =

6π

T l̄2r
, (10)

¯̇ψSO
p = − ηπ

T l̄3r

2

∑
k=1

(
4ν2k−3 + 3

)
χk [2 cos κk + cot α sin κk sin

(
ψp + ζk

)]
, (11)

¯̇αSO =
ηπ

T l̄3r

2

∑
k=1

(
4ν2k−3 + 3

)
χk sin κk cos

(
ψp + ζk

)
, (12)

¯̇φSO
n = − ηπ

T l̄
3
r sin α

2

∑
k=1

(
4ν2k−3 + 3

)
χk sin κk sin

(
ψp + ζk

)
, (13)

and of the spin angles
¯̇ζPN
i = − ¯̇ψPN

p , (14)

¯̇ζSO
i = ηπ

T l̄3r

{
l̄r
(
4 + 3ν3−2i) + 3

(
4ν2i−3 + 3

)
χi cos κi

+
(
4ν2j−3 + 3

)
χj
[
2 cos κj + cot κi sin κj cos

(
ζi − ζ j

)]}
,

(15)

¯̇κSO
i =

ηπ

T l̄3r

(
4ν2j−3 + 3

)
χj sin κj sin

(
ζi − ζ j

)
. (16)

The full set of contributions can be found in [46].
In order to ascertain the validity of the secular dynamics we compare it with the instantaneous

dynamics of [40]. We depict the evolution of the nine variables under 5600 orbital periods on Figure 1.
The secular and the instantaneous evolutions are shown in green and red, respectively. On the small
attached figures the first two periods are also represented for better understanding. We conclude
that the two dynamics follow each other on timescales which are sufficiently long as compared to the
orbital period. This is a generic feature for any initial parameters.
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Figure 1. From the upper left diagram to the lower right, the evolutions of lr, er, α, φn, ψp, κi, ζi (i = 1, 2) are depicted, respectively, as function of the number of orbital
periods. They are driven by the secular (green curves) and the instantaneous dynamics (red curves). The parameters and initial conditions are chosen as: total mass
m = 10M�, mass ratio ν = 1.0, dimensionless spin parameters χ1 = 0.95, χ2 = 0.05, eccentricity er = 0.1, spin polar angles κ1 = π/2, κ2 = 0.001, spin azimuthal
angles ζ1 = 0, ζ2 = 0, longitude of the ascending node φn = 0. The shape variables lr, er gives the post-Newtonian parameter ε = (1 + er) l2r .
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In the presented case, one of the spins is much smaller than the other χ2 = 19χ1. The initial data
was chosen with the dominant spin perpendicular to L̂N. As the middle figures in the last two columns
on Figure 1 show, the dominant spin undergoes a rotation about the direction of L̂N, and it remains
almost perpendicular to L̂N during the evolution. However the smaller spin ventures from pole to
pole (defined by L̂N). This feature was initially identified in [47] as spin flip-flop. Other configurations
were discussed as either spin instabilities [48] or unstable flip-flops [49] or generic flip-flops [50].
These results are easily reproduced by the derived secular dynamics [46]. In addition, the ascending
node l̂ rotates around the total angular momentum. In the instantaneous plane of the motion AN rotates
around LN. Since cos α > 0, both rotations are anticlockwise from the direction of Ĵ.

The secular evolutions of the spins directions are shown on Figure 2 in the frame determined by
ÂN , L̂N × ÂN and L̂N. The motion of the dominant spin (red), is almost a pure rotation around L̂N.
This rotation is clockwise about L̂N. The orbit of the tip of the smaller spin (the blue curve) encircles the
unit sphere several times on a helical path from North pole to South pole and vice-versa. The direction
of the movement is clockwise about L̂N under the full evolution.

Κ1 HredL and Κ2 HblueL

Figure 2. The evolutions of the unit spin vectors in the frame determined by ÂN , L̂N × ÂN and L̂N.
The movement of the dominant spin Ŝ1 and the smaller spin Ŝ2 are depicted in red and blue, respectively.

3. Conclusions

The dynamics of a spinning compact binary is complicated enough, even at a conservative level,
as given in detail in [40]. Hence, for processes occurring over the precessional time-scale of the spin and
orbital angular vectors, the details of the orbital dynamics could be suppressed by a proper averaging
over the orbital period. This process gives a simpler, yet also complicated secular dynamics of the
set of angles characterizing the relative orientations of the vectors involved (spin and Euler angles).
This dynamics has been derived in [46] in the form of an autonomous closed system of first-order
differential equations for the pairs of polar and azimuthal angles of the spins and orbital angular
momentum vector together with the periastron angle. These variables are subject to two algebraic
constraints.

The effects occurring on this time-scale are easier to monitor in this system. Indeed, we explored
the possibility to analyze the occurrence and extent of the spin flip-flop effect by studying this system
analytically over the entire parameter space. Here, we presented one example of this analysis.

The time-scale over which radiation-reaction has a significant effect (this is the gravitational
radiation time-scale) depends on the value of the PN parameter. At the end of the inspiral,
this time-scale becomes short enough such that the orbit evolves dissipatively and the gravitational
waves change accordingly. Over the radiation–reaction time-scale the secular dynamics may also be
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useful. One of the present authors has been involved in the derivation of the spin-flip effect occurring
during the inspiral [51] of a subdominant black-hole into a much larger one, which can explain the
formation of the X-shaped radio galaxies [52]. This was based on a much simpler account of the
secular dynamics. We plan to supplement the secular dynamics presented here and in [46] with the
corresponding leading-order radiation-reaction terms in order to study the spin-flip process more
accurately and in greater detail.
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