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Abstract: Hypersurface deformation algebra consists of a fruitful approach to derive deformed
solutions of general relativity based on symmetry considerations with quantum-gravity effects,
of which the linearization has been recently demonstrated to be connected to the DSR program
by κ-Poincaré symmetry. Based on this approach, we analyzed the solution derived for
the interior of a black hole and we found similarities with the so-called rainbow metrics,
like a momentum-dependence of the metric functions. Moreover, we derived an effective,
time-dependent Planck length and compared different regularization schemes.

Keywords: quantum-gravity phenomenology; hypersurface deformation algebra; loop quantum
gravity; black holes

1. Introduction

Despite tenacious and enduring efforts over many years of research, the dream of quantizing
gravity is still far from being accomplished. Various attempts, which seemed particularly promising at
their birth, were faced with insurmountable obstacles in the form of several formal complexities [1–7].
In light of this, a more pragmatic approach to the problem of quantum gravity (QG) consisted in
looking for simplified (or, better to say, effective) models, able to encode a few characteristics of what
we expect to be the theory of QG [3,8–11]. Of course, these models could not provide us with the
“final theory”, but may capture some key ingredients of QG, optimistically those that may allow us to
perform experimental tests needed to guide our intuition as well as the construction of more reliable
formal approaches to the problem. Typically, fully fledged QG approaches and more phenomenological
models moved along parallel tracks. However, in the last few years, some steps to shorten the gap
between these two complementary views have been taken.

Given the complexity and variety of the QG panorama, it is useful and common to divide
different approaches in two broad categories: covariant and canonical approaches. The former class
is based on the assumption of diffeomorphism invariance, and seems to leave no room for quantum
deformations of it. On the other hand, the canonical procedure makes the covariance of general
relativity (GR) less evident by construction [12–16] and, indeed, symmetries need to be checked directly
by means of the calculation of the Poisson brackets between gravitational constraints. Interestingly,
such a procedure has been recently proven to allow for modifications of GR covariance that preserve
a certain symmetry structure in a deformed sense [17,18]. We feel this could be insightful for the
construction of QG models, as well as the relations between different models and, hopefully, also for
its phenomenological signatures.

Universe 2018, 4, 139; doi:10.3390/universe4120139 www.mdpi.com/journal/universe

http://www.mdpi.com/journal/universe
http://www.mdpi.com
https://orcid.org/0000-0002-1055-407X
https://orcid.org/0000-0002-2160-2452
http://dx.doi.org/10.3390/universe4120139
http://www.mdpi.com/journal/universe
http://www.mdpi.com/2218-1997/4/12/139?type=check_update&version=1


Universe 2018, 4, 139 2 of 18

In particular, the approach of canonical loop QG (LQG) [14–16], that counts remarkable
accomplishments, such as singularity resolution in various cosmological and black-hole scenarios
and a meaningful space discretization, faces major difficulties in finding quantum realization of
the Hamiltonian, difficulties that so far remained unsolved [19–21]. Given that a number of recent
analyses [22–25] have tried to circumvent such a problem by constructing canonical effective theories of
QG, analogously to what is being done for modified theories of gravity in the study of dark matter or
dark energy with several toy models. In this way, one can write modified gravitational constraints
(i.e., Hamiltonian density and momenta) which take into account quantum corrections in the form
of nonlinear modifications of phase-space variables inspired by the LQG quantization techniques.
Remarkably, at least in symmetry-reduced LQG models, it has been shown that modified constraints
still form a closed set of Poisson brackets, which is alternatively deformed with respect to the
case of Arnowitt–Deser–Misner (ADM) GR [24,26–31]. These first studies, performed within the
framework of effective LQG, have attracted renewed interest in the possibility of QG-induced
symmetry deformations, and inspired further analyses in other approaches beyond general relativity,
namely, the gravity sector of multifractional models [32], a certain class of (minimally) modified
theories of gravity in the canonical formulation [9], and finally canonical noncommutative gravity
with ?-product deformations of algebra [33]. Thus, this gave additional support to claim that QG may
require a deformation of GR covariance.

Intriguingly, the possibility of symmetry deformations induced by quantum effects is not
something new in the QG research, but rather a recurring idea that, from time to time, has taken
different concrete forms in the literature. Most significantly, it is at the core of the class of models
that goes under the name of deformed (or doubly) special relativity (DSR), where the Planck
length, the characteristic scale of QG physics, is supposed to play the role of a relativistic invariant
scale, analogous to the speed of light [34–38]. Concretely, such a proposal has been realized
in the studies of noncommutative spacetime geometries where, as a consequence of spacetime
noncommutativity, the special relativistic symmetries are modified by Planckian corrections and
in some cases, most notably in the so-called κ-Minkowski geometry, which is the noncommutative
spacetime dual to the κ-Poincaré algebra, MP actually represents a relativistic invariant quantity [39,40].
For the purposes of this work, it is of particular importance that, in the Minkowski limit, LQG-deformed
symmetries are consistent with the κ-Minkowski noncommutative spacetime as shown by one of us in
Reference [41].

The main importance of the results on covariance derived in modified canonical models is
that they may serve to bridge the gap between LQG and observable low-energy physics. In fact,
some studies [42,43] have outlined how modified dispersion relations (MDR), i.e., Planck-scale
corrections to the on-shell relation, and a reduction of dimensions at the Planck scale [44,45]
can be derived from the modified brackets of gravitational constraints. Moreover, the analysis of
Reference [46] suggested that the type of modifications introduced in the gravitational constraints
affects directly the form of the MDR in such a way that future tests of Planck-scale departures
from special relativistic symmetries could hopefully distinguish different theoretical scenarios in
the not-too-distant future. Within the context of deformed covariance, another strategy to extract
phenomenology could be the computation of effective metrics from the LQG-deformed constraint
equations. Such an approach has already proved its richness in the case of loop quantum cosmology
where effective Friedmann–Robertson–Walker (FRW) spacetimes allowed researchers to find robust
solutions to the singularity problem as in bouncing cosmological models. Very recently, effective
line elements for black-hole models have been derived by solving deformed Einstein-like equations
implied by the deformed algebra of constraints [47,48]. This opens the way to the investigation of
semiclassical black-hole solutions with LQG corrections.

In both cases, one has to address the issue of coarse-graining at larger scales (i.e., lower energies)
the microscopic texture of the geometry, which at the Planck scale is described nonperturbatively by
quantum operators and the associated states on a Hilbert space. It is worth stressing that a satisfactory
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definition of the (semi-)classical continuum limit has not been accomplished yet by working within the
full complexity of LQG formalism. However, several encouraging results have been obtained in the
context of symmetry-reduced models. In those cases, the problem of dynamics is greatly simplified and
an analytic expression for the scalar constraint can be found. Then, semiclassical states are defined by
peaking around classical trajectories, and it has been shown that these states exponentially dominate
the partition function that sums over geometries [49]. Thus, effective models can be eventually
considered in analogy with gauge theories defined on a discrete lattice, whereby constraint operators
are regularized by some lattice parameter identified with (or close to) Planck length. As a consequence,
the continuum limit is automatically obtained once such a regulator is removed.

Here, building on the results of Reference [48], we show that LQG modifications of the black-hole
metric can be written as functions of the total radial momentum, thereby introducing an explicit
dependence of the metric on Poincaré charges as proposed in the approach of rainbow gravity
(RG) [35,36,50–53]. Such an observation we here put forward to strengthen the lacking synergy between
fundamental approaches and phenomenological toy models that can be important in order to both
improve our intuition about the formal structures required by QG theory and, at the same time,
conceive experimental tests of potential Planck-scale effects.

The paper is organized as follows: in Section 2 we review basics properties of the algebra of
gravitational constraints (or HDA) and its deformations from LQG corrections, as well as the modified
black-hole solutions derived in Reference [48]. In Section 3 we further analyze this map in order to
map the effective metric found in Reference [48] and rainbow metrics. In Section 4 we compare our
results with the ones previously found in the literature. Then, we conclude in Section 5.

2. Hypersurface Deformation Algebra

In the last decade, one of the most interesting results in LQG has been the emergence of
nonclassical spacetime structures from simplified analyses relying on effective field theory models for
QG. These departures from smooth classical spacetime manifolds can be meaningfully traced back to
quantum modifications of so-called hypersurface deformation algebra (HDA). In classical Hamiltonian
GR, the HDA is given by the following set of Poisson brackets [12,13]:

{D[Ma], D[Na]} = D[L ~M Na],

{D[Na], H[M]} = H[L~N M],

{H[M], H[N]} = D[hab(M∂bN − N∂b M)] ,

(1)

which encodes covariance in the Hamiltonian formulation of classical GR. Here, D[Ma] is
the momentum (or spatial) constraint that generates deformations along the three-dimensional
hypersurfaces by an amount Ma (with a = 1, 2, 3), while H[N] is the Hamiltonian (or time) constraint
responsible for translations along the normal direction to these hypersurfaces; finally, hab are the
components of the inverse three metrics. More precisely, given a generic phase-space function
f (hij, πij), πij being the gravitational momentum conjugate to the metric, one has that:

δ−→M f (hij, πij) = { f (hij), D[
−→
M]} , δN f (hij) = { f (hij, πij), H[N]}. (2)

The search for a quantum version of gravitational constraints represents the main objective of
the approach known as canonical quantum gravity and, so far, has not been conclusive. However,
in spite of the fact that full quantum theory is not available (mainly due to renowned difficulties in the
regularization of the Hamiltonian operator), consistency relations implied by the desire to preserve
spacetime symmetries can be used to identify an effective formulation of LQG where a consistent set of
closed Poisson brackets can be found by introducing restricted and simplified correction functions into
the Hamiltonian, which are inspired by the LQG quantization technique (see e.g., Reference [54] and
references therein).
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Therefore, the first step consists of correcting the classical scalar and diffeomorphism constraints
with possible modifications motivated by LQG. There is a certain degree of arbitrariness in the specific
choice of these correction functions, greater than what is commonly acknowledged, and this will be
discussed in some detail later on (see also Reference [46]). Nonetheless, we can fairly divide them
into two broad classes: inverse triad and holonomy corrections. Here, we consider only the latter
type of quantum (or, better to say, semiclassical) contributions. They can be motivated by the fact that
holonomies of Ashtekar connections are the basic LQG variables and, at the effective level, can be taken
into account by replacing the mean connection by a periodic function in the Hamiltonian constraint.
The former are the inverse-triad corrections that come from terms in the Hamiltonian constraint that
cannot be quantized directly, but only after being re-expressed as a Poisson bracket, a procedure
that is usually referred to as the Thiemann trick for the quantization of H[N] [55]. However, as we
already said, they are not contemplated here. One then works with (modified) classical phase-space
functionals that can be understood as the result of the evaluation of a distribution-valued operator
over an orthonormal basis in terms of spin-network states that span the Hilbert space. These quantum
corrections may or may not spoil the symmetry of classical theory under diffeomorphisms. Indeed,
one has to prove that the quantum-corrected constraints form a closed algebra, thereby eliminating the
same number of spurious degrees of freedom as in the classical theory given their role of generators of
gauge transformations. This poses the issue of anomaly freedom, which is the focus of the so-called
deformed-algebra approach to (effective) LQG [24,26–31,56,57]. The goal consists of introducing
these effective quantum corrections into the classical gravitational constraints and then computing
the Poisson brackets between them in order to check the compatibility with the symmetry under
diffeomorphism. A closure of the HDA despite the presence of holonomy corrections would imply
that symmetries are preserved, and it could be regarded as a strong hint that LQG is not anomalous.
On the other hand, any kind of modifications to the brackets (1) could signal that diffeomorphism
transformations are deformed due to “quantum” effects.

In particular, one starts from polymerizing the angular extrinsic curvature component:

K2
φ → h(Kφ) =

[sin(ρKφ)]2

ρ2 , (3)

where ρ is related to some scale, usually `P, as suggested, for instance, by the discrete spectrum of
the area operator (ρ is proportional to the square root of the minimum eigenvalue, or the ‘area gap’
from LQG) or on the size of the loop considered for the definition of holonomies. Clearly, the classical
regime is recovered in the limit ρ −→ 0.1 The above Substitution (3) can be justified as follows.
In quantum theory, there is no well-defined operator corresponding to the Ashtekar–Barbero
connection Ai

a on the LQG kinematical Hilbert space. Instead, in the loop representation, a well-defined
object is the holonomy operator that is defined as parallel transport of the connection:

hα(A) = P exp(
∫

α
ėa Ai

aτi) , (4)

where P is the path-ordering operator and ėa is the three-vector tangent to the curve α. For our analysis,
of particular interest are the holonomies of connections along homogeneous directions, which simplify
as [25]:

hj(A) = exp(µAτj) = cos(µA)I+ sin(µA)σj (5)

and do not require a spatial integration, since they transform as scalars. In fact, so far, one knows
only how to implement (local) holonomy corrections for connections along homogeneous directions

1 The fact that zero does not belong to the spectrum of the area operator in LQG is precisely the input from the full theory
which gives a nontrivial quantum geometrical effect.
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(for a negative result concerning implementation of nonlocal (extended) holonomy corrections in
spherical symmetry, see Reference [58]). In our case, this is given by γKφ (= Aφ cos α):

hφ(r, µ) = exp(µAφ cos αΛA
φ )

= cos(µγKφ)I+ sin(µγKφ)Λ (6)

In order to see how Replacement (3) is implied by Equation (6) one must take into account that
the scalar constraint is quantized by utilizing the Thiemann trick

√
Er ∝ {Kφ, V} (where V is the

volume), whose quantum version contains the commutator hφ[h−1
φ , V̂] = hφh−1

φ V̂ − V̂h−1
φ V̂hφ. (This is

equivalent to regularizing the curvature of the connection by holonomies, with the minimum area
being the ‘area gap’ from LQG.) Using Equation (6) one can easily see that products of holonomies are
given by cosine and sine functions of Kφ. Finally, it turns out that the resulting quantum or ‘effective’
(since we are going to ignore operator ordering issues by working in a semiclassical setting, as they
are not crucial to our goals) scalar constraint could be obtained simply making the replacement of
Equation (3). This justifies the following form of effective Hamiltonian constraint HQ:

HQ[N] = − 1
2G

∫
B

drN

[
[sin(Kφρ)]2

ρ2 Eφ + 2Kr
sin(Kφρ)

ρ
Er + (1− Γ2

φ)Eφ + 2Γ
′
φEr

]
. (7)

On the other hand, the diffeomorphism constraint remains undeformed, since spatial
diffeomorphism invariance translates into vertex-position independence in LQG, which is
implemented directly at the kinematical level by unitary operators generating finite transformations2.
As aforementioned, the crucial point of the deformed algebra approach is to ensure that the resulting
algebra of constraints remains consistent so that Poisson brackets between quantum-corrected
constraints are proportional to a quantum-corrected constraint. Such a procedure has to be performed
“off-shell”, i.e., before the quantum-corrected equations have been solved. In the case of gravity, this is
the only way to guarantee that quantum theory is fully consistent. With a rather straightforward
but lengthy calculation, one can show that gravitational constraints with LQG corrections close the
algebra nonpertubatively. Particularly remarkable is the fact that, at least for symmetry-reduced cases,
there is a unique solution to the anomaly freedom problem. In fact, the full deformed HDA is given
by [24,26–29]:

{D[Ma], D[Na]} = D[L ~M Na],

{D[Na], HQ[M]} = HQ[L~N M],

{HQ[M], HQ[N]} = D[βhab(M∂bN − N∂b M)] .

(8)

Thus, these modifications amount to a deformation of the brackets closed by the gravitational
constraints that generate space and time gauge transformations. Specifically, only the Poisson bracket
involving two Hamiltionain constraints is modified by the presence of a deformation function that
depends on the phase-space variables, i.e., β = β(hij, πij) (or, equally, β = β(Aa

i , Ej
b)), whose particular

form depends on the specific holonomy corrections considered, as well as on the symmetry reductions
implemented and so forth.

The angular component of extrinsic curvature Kφ can be consistently quantized and produces
the above result. To see that, we have to briefly introduce the spherically symmetric reduction of
Hamiltonian gravity in Ashtekar–Barbero variables (see e.g., Reference [60]) in the presence of LQG
deformations. In this case, ADM foliation [13] allows a decomposition of the spacetime manifold

2 In fact, there is no well-defined infinitesimal quantum diffeomorphism constraint in LQG for the basis spin network states.
Some progress in constructing it has been achieved in Reference [59].
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asM = R× Σ =M1+1 × S2, whereM1+1 is a two-dimensional manifold spanned by (t, r) and S2

stands for the two-sphere. Given that, the line element reads:

ds2 = −N2dt2 + hrr(dr + Nrdt)2 + hθθ [dθ2 + (sin(θ))2dφ2] , (9)

where the shift vector is purely radial, i.e., Ni = (Nr, 0, 0), due to spherical symmetry, and,
consequently, we are left only with radial diffeomorphisms generated by D[Nr] =

∫
drNrHr (whereHr

is the only nonvanishing component of the momentum density) and time transformations, generated
by H[N] =

∫
drNH (where H is the Hamiltonian density). The components of the spatial metric

(hrr, hθθ) can be written in terms of rotationally invariant densitized triads that are given by:

E = Ea
i τi ∂

∂xa = Er(r)τ3 sin θ
∂

∂r
+ Eφ(r)τ1 sin θ

∂

∂θ
+ Eφ(r)τ2

∂

∂φ
, (10)

where τj = − 1
2 iσj represent SU(2) generators. The densitized triads are canonically conjugate to

the extrinsic curvature components, which, in the presence of spherical symmetry, are conveniently
described as follows:

K = Ki
aτidxa = Kr(r)τ3dr + Kφ(r)τ1dθ + Kφ(r)τ2 sin θdφ . (11)

As a result, the components of the three metrics are:

hθθ = Er(r) , hrr =
(Eφ(r))2

Er(r)
. (12)

At this point, one can show that the bracket {HQ[N], HQ[M]} in Equation (8) reads:

{HQ[N], HQ[M]} = D[β(ρKφ)
Er

(Eφ)2 (N∂r M−M∂r N)] , (13)

where β is related to the second derivative of the holonomy-correction function, i.e., β = h
′′
/2.

In particular, for the simplest case including only local holonomy corrections as in Equation (3)
(see also References [61,62] for a detailed construction and the related discussion), with γ ∈ R and
j = 1/2, deformation β takes the form:

h =
[sin(ρKφ)]2

ρ2 =⇒ β = cos(2ρKφ) . (14)

However, more complicated expressions are possible and are discussed in the next section.
As shown explicitly in Reference [48], given the modified HDA, one can then obtain Einstein-like
equations of motion with LQG corrections from

Ḟ = {F, HQ[N] + D[Mr]} , (15)

with F = (Er, Eφ, Kφ, Kr). For instance, the equations of motion for the two independent triads,
extrinsic curvature Kφ, and the Hamiltonian constraint (that can be used to find Kr) are:

Ėr = N
√

Erh′(Kφ) + Mr∂rEr ,

Ėφ =
N
2

(√
ErKrh

′′
(Kφ) +

Eφ

√
Er

h
′
(Kφ)

)
+ ∂r(MrEφ) ,

K̇φ = − N
2
√

Er
[1 + f (Kφ)] ,

h′(Kφ)ErKr + (1 + h(Kφ))Eφ = 0 .

(16)
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In Reference [48], the above LQG-corrected Einstein equations have been solved explicitly for the
interior of a static black hole. The solutions for the triads read:

Er = t2 , Eφ =
rS
2

h
′
(Kφ)

1 + h(Kφ)
, (17)

and that of the extrinsic curvature Kφ is:

h(Kφ) =
rs

t
− 1 . (18)

where rS is the Schwarzschild radius.3 Finally, the LQG-modified line element is:

ds2 = − 1
F(t)

dt2 + F(t)dr2 + t2dΩ2 , (19)

with

F(t) =
(

2
dh−1

dx

∣∣∣
x= rS

t −1

)−2

. (20)

3. Effective Rainbow Metric

In general, one has as the solution a deformed metric that depends on the spacetime co-ordinates
and on deformation parameter ρ. However, recently, deformation function h(Kφ) gained a different
role. It was shown that such a function, in fact, deforms the Lorentz algebra of the spacetime found
in the flat version of the HDA described above (see Reference [41] and references therein. See also
Reference [42] for a different analysis leading to similar outcomes, i.e., deformed Poincaré symmetries
in the Minkowski limit of (8)).

For our purposes, it is of pivotal importance to find a way to write β in terms of symmetry
generators (see also References [41–43]) and, to this end, it is valuable to notice that observables of the
Brown–York momentum [63],

P = 2
∫

∂Σ
d2zυb(naπab − naπab) , (21)

can be identified by extrinsic curvature components. In Equation (21), we have that υa = ∂/∂xa,
na is the conormal of the boundary of spatial region Σ, and πab plays the role of gravitational
momentum (while the overbarred symbols in the above equation are the same functions but evaluated
at the boundary). From this, it is possible to establish that the radial Brown–York momentum Pr is
related to extrinsic curvature component Kφ in the following way (see, e.g., Reference [43])

Pr = −
Kφ√
|Er|

. (22)

The flat case was discussed in Reference [41] in the context of DSR symmetries. In that case,
since Er is a constant, it was possible to set parameter ρ ∝ |Er|−1/2, which allows to relate deformation
function β to the generator of radial translations Pr:

β = cos(λPr) , (23)

3 We omitted the solution for Kr because it is not used in our analysis.
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where λ is a parameter of the order of the Planck length (λ ∼ `P ∼ 1/MP).4 Such identification
allowed the authors to derive deformed relations for the symmetry generators of the flat spacetime.

That is, on one hand, this approach traces a map between DSR and the Minkowski limit of the
HDA from the point of view of deformed symmetries. On the other hand, an exact solution was
recently found of the field equations derived from a HDA for the curved case of the black-hole interior.
In principle, these two approaches are independent, i.e., there is not yet a local DSR description of the
symmetries of the deformed metric, or a metric description that emerges from this DSR proposal.

A metric description that is able to encode these aspects of the formalism is still unknown.
In this paper, we aim to contribute to this subject by describing the curved effective metric in the light of
the discovered relation between HDA and DSR. In fact, a relevant approach to the metric description
inspired by the DSR scenario conjectures that the spacetime metric determined by an observer by
measurements done with an energetic particle depends on the particle’s energy as measured by that
observer. The deformed relativistic metric description should be given in terms of a rainbow metric [50].
Therefore, we wanted to study whether the intuition of rainbow gravity finds support in this recently
found effective curved metric from HDA, when one uses the prescription that relates HDA and DSR.

3.1. Rainbow Gravity

In this subsection, we review the main aspects of the standard rainbow gravity as proposed in
Reference [50]. In this case, consider an MDR of the type:5

m2 = E2 f 2
1 (`PE)− p2 f 2

2 (`PE), (24)

that can be represented by a simple norm m2 = ηµνU[p]µU[p]ν, where U is the map in
momentum space

U[p]µ = (U[p]0, U[p]i) = (E f1(`PE), pi f2(`PE)) , (25)

where Greek indices like (µ, ν), run from 0, ..., 4, and Latin indices like (i, j), run from 1, ..., 3.
The idea is to write this dispersion relation with an energy-dependent metric η̃µν(`PE),

such that ηµνU[p]µU[p]ν = η̃µν(`PE)pµ pν, which could also be generalized for a curved
spacetime. A simple way for achieving this consists in transforming the orthonormal frame as
ẽ µ

A = ( f1(`PE)e µ
0 , f2(`PE)e µ

I ), such that

ηµνU[p]µU[p]ν = ηAB ẽ µ
A ẽ ν

B pµ pν, (26)

which defines an energy-dependent metric η̃µν(`PE) = ηAB ẽ µ
A ẽ ν

B . Here, indices like (A, B) run from
0, ..., 4 and ones like (I, J) run from 1, ..., 3.

This construction can be directly generalized to curved vielbeins. In fact, if one uses the same
definition above, it is possible to construct a metric

g̃µν(`PE) = ηAB ẽ µ
A ẽ ν

B , (27)

whose inverse is given by
g̃µν(`PE) = ηAB ẽA

µ ẽB
ν, (28)

where ẽA
µ =

(
( f1(`PE))−1e0

µ , ( f2(`PE))−1eI
µ

)
: this is a rainbow metric.6 This way, one can use this

kind of metric as an input into the Einstein equations as an ansatz for the so-called rainbow gravity.

4 Keep in mind that its exact value also depends on quantization ambiguities [46].
5 We are considering c = h̄ = 1, which implies having the Planck length as the inverse of the Planck energy `P = E−1

P .
6 Energy-momentum dependent metrics, like in curved momentum space have been originally considered in [64].
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For instance, a known solution [50] of the Einstein equation for the static and spherically symmetric
case is the metric

ds2 = − 1− 2M/r

( f1(`PE))2 dt2 +
(1− 2M/r)−1

( f2(`PE))2 dr2 +
r2

( f2(`PE))2 dΩ2. (29)

So, this is a deformation of the Schwarzschild line element by functions that depend on the
energy of the particles that probe such spacetime. Since this is a static spacetime, the energy of a
test particle is, in fact, a conserved quantity and corresponds to the generator of time translations
in this manifold, thus implying that the Schwarzschild metric is being essentially deformed by the
time-translation generator.

When crossing the horizon, the roles of the radial and the time co-ordinates change.
Such modification takes the metric from a static configuration to a purely time-dependent tensor,
which also implies that the energy acquires the role of the conserved radial momentum, i.e.,
the generator of radial translations. In fact, the metric assumes the form

ds2 = − (2M/t− 1)−1

( f2(`PPr))
2 dt2 +

2M/t− 1

( f1(`PPr))
2 dr2 +

t2

( f2(`PPr))
2 dΩ2. (30)

In the next section, we compare this rainbow metric inside the event horizon of a black hole with
the one found from the HDA.

3.2. Momentum-Dependent Metric

Using Equation (18), we can write Equation (20) as

F(t) =
[

2
dKφ(rs/t− 1)

d (rs/t− 1)

]−2

. (31)

However, if we define G(rs/t − 1) .
= dKφ(rs/t − 1)/d(rs/t − 1), which, using Equation (18),

allows us to define Kφ-dependent function Ĝ(Kφ)
.
= G ◦ h(Kφ).

Recalling the relation between the extrinsic curvature and the radial momentum (22), we are able to
define a metric that presents Pr-dependent corrections. It should be stressed that, in this case,
Pr corresponds to the quasilocal radial gravitational momentum, which means that it presents the
information of the test particle in this spacetime (as described in References [41,65] for deforming the
Poincaré symmetry where there is no gravitational field) and of the gravitational interaction (that was
absent in the flat case).

To illustrate this construction, let us consider some examples.

3.2.1. First Case

The most natural choice to begin our analysis is the one exemplified in Reference [48]. In this case

h(Kφ) =
[sin(ρKφ)]2

ρ2 =
rs

t
− 1 (32)

with
β(Kφ) = h′′(Kφ)/2 = cos(2ρKφ). (33)

From Equation (31), we can derive the co-ordinate dependence of the metric function F(t) that
was found in Reference [48]:

F(t) =
( rs

t
− 1
) [

1− ρ2
( rs

t
− 1
)]

. (34)
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However, in order to analyze this effective metric in light of rainbow gravity, we propose to
take a step back and realize that, in fact, the Schwarzschild metric gets deformed due to parameter ρ,
and that such deformation is proportional to rs/t− 1, which, on the other hand, equals to function
h(Kφ) (by Equation (18)), which, in turn, is related to radial momentum Pr by (22).

Combining these expressions, we have:

F(t, Pr) =
( rs

t
− 1
)
[cos (ρt Pr)]

2, (35)

which implies in a rainbow-like metric:

ds2 = −
( rs

t
− 1
)−1

[cos (ρt Pr)]
−2 dt2 +

( rs

t
− 1
)
[cos (ρt Pr)]

2 dr2 + t2 dΩ2. (36)

In this case, the second horizon occurs in the phase space for ρt Pr = (2n + 1)π/2,
which corresponds to th = ρ2rs/(1 + ρ2). In fact, this metric presents the same Penrose diagram,
as pointed out in Reference [48]. According to References [47,48], due to the deformation of the
Hamiltonian constraint in Equation (8), the time reparametrization of the theory also needs to be
modified, leading to a rescaling of lapse function N in Equation (9) as:

N → β(Kφ)N = cos(2ρtPr)N, (37)

which leads to a Euclideanization of the metric for ρtPr = (2n + 1)π/4. For details, see Reference [47].
This rainbow metric presents some differences with respect to the usual approach presented

before (Equation (30)). For instance, there is no rainbow function in the angular sector of the line
element; this rainbow metric presents contributions from the single-particle momentum and from
the gravity sector; and the momentum Pr is multiplied by ρt, instead of the usual Planck length `P.
Such features are repeated in the next examples.

Indeed, we noted that holonomy corrections can be implemented in different ways. Specifically,
the polymerization function (i.e., K 7→ f (K)) depends on some choices we can make such as:
the value of the Barbero–Immirzi parameter, the internal gauge group, and finally the spin
representation of the group. How these choices affect symmetry deformation in Equation (8) and,
perhaps, lead to different phenomenological predictions for the form of the MDR, has been recently
discussed [46]. Here, following that line of reasoning, we briefly discuss how, as the reader could
easily expect, these formal ambiguities affect the shape of these effective rainbow metrics, too.

3.2.2. Second Case

A second, rather natural, choice is represented by the complex Ashtekar variables that,
once we turn to the associated effective quantum corrections, give rise to a similar deformation function
through a sort of “Wick rotation” ρ 7→ iρ (see Reference [43]) of the standard SU(2) polymerization
Function (3), i.e.,

h(Kφ) = ρ−2[sinh(ρKφ)]
2, (38)

producing the deformed rainbow metric

ds2 = −
( rs

t
− 1
)−1

[cosh (ρt Pr)]
−2 dt2 +

( rs

t
− 1
)
[cosh (ρt Pr)]

2 dr2 + t2 dΩ2. (39)

In this case, since the hyperbolic cosine is never null, there is just the usual horizon for this
black hole.

3.2.3. Third Case

Although complex connection formulations of LQG are receiving restored attention in the recent
literature, it is well known that they also raise major difficulties (for instance, in the analysis of the
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observables of the theory, which need to be real valued operators) for which nobody has been able to
fully and satisfactorily account. Partial progress is given by the proposal of an “analytic continuation”
procedure (see e.g., Reference [66]), which has the advantage of preserving the reality of the spectrum of
the area operator. We direct interested readers to Reference [66]. From References [43,67], we have

h(Kφ) = −
[sinh(ρKφ)]2

ρ2
3

s(s2 + 1) sinh(θφ)

∂

∂θφ

(
sin(sθφ)

sinh(θφ)

)
, (40)

where

sinh
(

θφ

2

)
=

[
sinh

(
ρKφ

2

)]2
. (41)

Leading to

ds2 ≈ −
( rs

t
− 1
)−1

[
1 + (ρt)2 P2

r −
(3s2 + 4)

24
(ρt)4 P4

r

]−1

dt2 (42)

+
( rs

t
− 1
) [

1 + (ρt)2 P2
r −

(3s2 + 4)
24

(ρt)4 P4
r

]
dr2 + t2 dΩ2.

Until the first order, this result coincides with the second case of Section 3.2.2, which is coherent
with results reported in Reference [43] in the flat case. We considered just the second-order deformation
due to the complexity of this deformation function.

3.2.4. Fourth Case

Another possibility is represented by higher spin representations of the internal SU(2) group.
For instance, in this quantization approach to effective LQG, from Reference [46], i.e., j = 1 HR
(holonomy regularization) scheme for regularization, one has:

β(Kφ) = [cos(ρKφ)]
3 − [sin(ρKφ)]

4 − 7
4

sin(ρKφ) sin(2ρKφ) +
3
4
[sin(2ρKφ)]

2, (43)

where β(Kφ) = h′′(Kφ)/2. Then

ds2 ≈ −
( rs

t
− 1
)−1

[
1− (ρt)2 P2

r −
7

24
(ρt)4 P4

r

]−1
dt2 (44)

+
( rs

t
− 1
) [

1− (ρt)2 P2
r −

7
24

(ρt)4 P4
r

]
dr2 + t2 dΩ2.

We also considered just a second-order approximation, which was sufficient for our discussions.

3.2.5. Fifth Case

Now, we consider the case j = 1, but in the connection regularization (CR) scheme. In this case,
following Reference [46], we have

β(Kφ) = [cos(ρKφ)]
4 − [sin(ρKφ)]

4 − 3
2
[sin(2ρKφ)]

2. (45)

Following the same procedures as the previous cases, we are led to the following line element:

ds2 ≈ −
( rs

t
− 1
)−1

[
1− 4 (ρt)2 P2

r +
16
3
(ρt)4 P4

r

]−1
dt2 (46)

+
( rs

t
− 1
) [

1− 4 (ρt)2 P2
r +

16
3
(ρt)4 P4

r

]
dr2 + t2 dΩ2.
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4. Comparison with Previous Definitions

Now that we have discussed these three cases motivated by three different ways to introduce
LQG-inspired corrections into Hamiltonian GR, we recognize that, in general, we obtain metric
deformations of the type

F(t) ≈
( rs

t
− 1
)
[1 + ξ1(ρt)2 P2

r + ξ2(ρt)4 P4
r +O(ρt)6], (47)

where ξi are real numbers. Obviously, the first and second cases could be exactly solved, but they also
match this form by performing a Taylor expansion. Therefore, we can characterize each of the solutions
derived from the HDA by parameters ξi, as can be seen in Table 1 for different j-representations:

Table 1. j-representations and their ξi-parameters.

j ξ1 ξ2
1/2 −1 1/3
∼i/2 1 1/3

1
2 (−1 + is) 1 − 3s2 + 4

24

1 (HR) −1 − 7
24

1 (CR) −4 16
3

The cases analyzed so far do not present deformations as odd functions; therefore, terms with
odd powers of tPr cannot appear, i.e., the first-order correction appears quadratically, the second-order
correction appears in the fourth power, and so on. This could be the consequence of some symmetry
principle underlying the LQG construction that, for instance, would preserve the parity of the MDR
under transformation Pr 7→ −Pr.

Originally, rainbow gravity was introduced by the so-called rainbow functions of the particle’s
energy f1,2(`PE), which, in the case of the Schwarzschild metric inside the black hole, reads as
Equation (29). There are some fundamental differences with respect to our case:

• Usual rainbow function f2 deforms the angular sector of the metric, i.e., the line element of unit
sphere S2 is momentum-dependent in usual rainbow gravity;

• our deforming function F(t, Pr) depends on ρt Pr instead of the usual `PPr;
• momentum Pr consists of the momentum of the single test particle and the momentum of the

gravitational field.

The last two points deserve further discussion. Regarding the second point, we are led to speculate
whether the rainbow metric inspired by the HDA is deformed by an effective Planck length given by7

`eff
P = ρt. (48)

This is being generated by the presence of a deformation function on the brackets (Equation (8)).
Therefore, a possible direction that we could investigate consists of searching for a representation of
scalar-tensor theories in rainbow gravity, where Newton’s constant is a scalar field, which would
induce a variable Planck length, comparable to what we found in the present paper.

As a matter of fact, if fundamental constants like h̄, G, and c are functions of spacetime co-ordinates,
this behavior could be explained, as long as

`P(t) =

√
h̄(t) G(t)

c3(t)
= ρt. (49)

7 In the present case, co-ordinate time must satisfy t < rs.
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This is an important difference with respect to previous approaches that build bridges between
energy-momentum-dependent metrics and quantum gravity, since, for the first time, we see a
deformation “parameter” that is co-ordinate-dependent in this particular context. These possible
phenomenological possibilities deserve further investigation.

Such dependence relies on the relation between radial momentum and the extrinsic curvature
given by Equation (22). For the flat case, there is no co-ordinate dependence since the triad Er is
constant, which explains why this feature did not appear in previous analysis of the HDA and DSR,
like Reference [41]. In that case, the term ρt is replaced by a dimensionful parameter λ of the order of
the Planck length.

In this regard, we notice that the possibility of scale-dependence of the characteristic regime at
which we should expect QG effects to be relevant is not something new in the literature. Indeed,
some kind of running of Planck-scale physics is at the cornerstones of many approaches to the QG
problem. Among them, we can count causal dynamical triangulation [68], asymptotic safety [69],
and multifractional geometries [70]. In particular, working within this latter approach, one of us [71,72]
found that the multifractional scale (i.e., the ultraviolet scale at which the spacetime dimension changes,
as it happens by construction in multifractional geometries), `∗, is related to the scale of the observation
at which the measurement is being performed, s, i.e., `∗ = `2

P/s . Within a completely different scenario
and framework, here we obtained a similar outcome. Such an interesting suggestion could be worth
exploring elsewhere.

The third point, by itself, also deserves a deeper investigation about whether it is possible to
uncouple momenta contributions coming from the gravity and test particle sectors, in order to
approximate this new effective metric to the usual one from rainbow gravity, probably similarly to
what was done in Reference [73] in the context of Palatini f (R, Q) gravity (where R is the usual Ricci
scalar and Q = RµνRµν).

We close this section with a remark concerning how one could coherently make contact with
the aforementioned Minkowski limit of the deformed HDA. Since the original Schwarzschild metric
already violates Lorentz invariance, in our approach we do not need to consider deformations of the
Lorentz symmetry. We would need to be concerned about this issue if we had a Minkowski limit of
this metric. However, following the procedures of Reference [48], we cannot simply place rs = 0,
because function h(Kφ) = rs/t− 1 should be a positive definite function; hence, the no-gravity limit
needs to be carefully treated, in order to work on the effective spacetime symmetries of this metric
description. However, this will be the subject for future investigations.

5. Final Remarks

Based on the recently found black-hole solution inside the event horizon from deformations of GR
due to quantum gravitational corrections [48], and on the link between the hypersurface deformation
algebra and deformed Poincaré algebra in the flat limit [41], we connected these two perspectives of the
same problem using the so-called rainbow metrics. In the present case, we found a metric description
for the solutions found in Reference [48] based on the relation between the radial triad, the extrinsic
curvature and the radial momentum given by Pr = −Kφ/

√
|Er|, which is on the very basis of the

linearization of the HDA in terms of DSR symmetries. Such a metric assumes the form of a rainbow
metric, in the sense that it depends on spacetime co-ordinates and on momentum Pr.

We analyzed different realizations of this quantization scheme and realized that a pattern emerged
for the general form of the rainbow metric. We only have even functions of dimensionless quantity
ρt Pr, that we expanded in a Taylor series and collected the first two terms in Table 1.

Important differences with respect to the usual rainbow metric ansatz were found, like the
absence of a rainbow function in the line element of sphere S2. The presence of a variable, effective
Planck length that governs the deformation `eff

P = ρt, which is a novelty in attempts to find rainbow
metrics from quantum-gravity considerations, and the dependence of the metric on the gravitational
and single particle momenta.
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We should stress that, although effective metrics can already be found from the solution of
Reference [48], we here showed a new ansatz of rainbow metrics, given by Equations (19) and (47),
inspired by this approach. Alternative formulations of the rainbow-gravity initial proposal have been
proposed [74–82] and the issue is still under debate. Since the exact form of the semiclassical spacetime
description from quantum gravity is not yet known, we should rely on phenomenological possibilities
driven by deformation functions, like the HDA approach or rainbow-gravity models.

Another key issue on rainbow-gravity and quantum-gravity phenomenology, in general, concerns
the deformed trajectories of test particles, i.e., the geodesics of a quantum spacetime. Following an
approach similar to ours, some efforts have been pushed forward in Reference [83], and MDRs in flat
spacetime have been considered in References [41,43,46], which could, on principle, allow us to find
trajectories from the Hamilton equations. However, for our purposes, it is of pivotal importance to
find exterior or near-horizon metric solutions in order to check deviations of the geodesic equations
from GR in the direction of confronting our findings with observations and with the near-horizon
phenomenology that has been recently developed (see, for instance, Reference [84]).

As discussed in References [41,65], the deformation of the hypersurface algebra induces a
deformation of the Poincaré algebra. On the other hand, we found that the effective metric description
found in References [47,48] resembles rainbow metrics, which are historically related to the DSR
program. Therefore, we wonder whether our approach could be useful for discovering an effective
metric description of the DSR algebraic formalism, such that trajectories found from deformed
Hamilton equations are geodesics, and the deformed symmetries are generated by Killing vectors of
the metric.

Coherently passing from the “gravity-on” to the “gravity-off” geometric description while
preserving the aforementioned structures would be an important step toward a “quantum equivalence
principle”, in which the relations between the geometrical quantities in such emergent spacetime are
preserved even when considering quantum corrections.

In the future, we intend to explore this metric no-gravity limit in order to find a coherent relativistic
metric description of DSR, and to better understand the transition from curved to flat metrics in this
semiclassical approach.
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